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NORM INEQUALITIES FOR CONVEX FUNCTIONS
OF ACCRETIVE-DISSIPATIVE MATRICES

OMAR HIRZALLAH, FUAD KITTANEH AND KHALID SHEBRAWI

(Communicated by M. Krni¢)

Abstract. Let T be an accretive-dissipative 2n x 2n matrix partitioned as a 2 x 2 block matrix
= “:“ ;12] , where Tj; is an nx n matrix for i, j =1,2. Let ®: M, (C) — M, (C) be a pos-
21 Iz
D (T11) P(Ti2)
D (Try) ©(T2) |-
It is shown that if f is an increasing convex function on [0,e) with f(0) =0, then

|7 (1@ () + 1015 ) + £ CRe (@ (B0 @ (i) || < ||| @2 (£ (177)) ||

for every unitarily invariant norm. This inequality generalizes some earlier related inequalities.

itive unital linear map, and let ®, be the induced map defined by @, (T') = {

1. Introduction

Let M, (C) be the space of all n x n complex matrices. The Cartesian decompo-
sition of T € M, (C) is givenby T = A +iB, where A =ReT = % and B=1ImT =

TEI.T* are the real and imaginary parts of T, respectively. Let T;; € M, (C), i,j =1,2,

andlet T = {?1 ;12} . Then the Cartesian decomposition of 7' can be written as
21 122
Ty Tin A A | | . |Bu B
= +1 R 1.1
[T21 T22] [Afz A22] [sz B22] (b
where A = Ail A and B = Bil Bi are the real and imaginary parts of T,
12 A2 12 B2

respectively.

A matrix T € M, (C) is called accretive-dissipative if A =ReT and B =1ImT are
positive semidefinite, that is, x*Ax > 0 and x*Bx > 0 for all x € C".

The direct sum of two matrices A € M,,(C) and B € M, (C) is defined by A@B =

A0
0B|"
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The singular values of a matrix A € M,(C), denoted by s1(A),...,s, (A), are the
eigenvalues of |A| = (A*A)l/ 2 arranged in decreasing order and repeated according to
multiplicity.

For p > 1, the Schatten p-norm of A € M,,(C) is defined by [|A||, = tr(|A[?)"/?,

1/p
where tr(-) denotes the usual trace functional. Equivalently, ||A]|, = ( o1 s;’ (A))
and [|A[[; = |A]" 1.
The Ky Fan k-norm ||- ;) is a norm defined on M, (C) by [|A[[) = Z§:1 s;j(A)
fork=1,...,n, where A € M, (C).
The Schatten p-norms as well as the Ky Fan k-norms are typical examples of

unitarily invariant norms, i.e., norms, denoted by |[||-|||, that are defined on M, (C),
which satisfy |||UAV]|| = |||A]|| for all A € M,,(C) and all unitary matrices U,V €
M, (C).

For A,B € M, (C), the Ky Fan dominance principle asserts that
[||A]]| < |||B]|] for all unitarily invariant norms

if and only if
||AH(k) < HB||(k) for k=1,....n

(see, e.g., [4, p. 93] or [9, p. 72]).
It has been shown in [10] that if T € M, (C) is accretive-dissipative partitioned
as given in (1.1), and f is an increasing convex function on [0,e0) such that f(0) =0,

) . (s <l ()

for every unitarily invariant norm. Related unitarily invariant norm inequalities for
functions of positive semidefinite matrices can be found in [6], [7], [8], [10], [11],
and [15].

In this paper, we are interested in norm inequalities for functions of accretive-
dissipative matrices. In Section 2, we focus our study on accretive-dissipative matrices
and we introduce a generalization of the inequality (1.2). In Section 3, we employ
our results in Section 2 to introduce inequalities for convex functions of accretive-
dissipative matrices in the setting of the Schatten p-norms. Moreover, an investigation
of some equality conditions of the inequality (1.2) is also given.

2. Norm inequalities for convex functions of accretive-dissipative matrices

We start this section with some basic facts and lemmas that we need. For the
following lemma, see [14].

LEMMA 2.1. Let A = Ail A
A12 Axn

25i(A1n®0) < sj(A) for j=1,...,2n.

] € My, (C) be positive semidefinite. Then
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One of the basic facts of the singular values of functions of matrices (see, e.g., [4,
p. 291]) is that if A € M,(C) is positive semidefinite and f is a nonnegative increasing
function on [0,00), then f(s;(A)) =s;(f(A)) for j=1,...,n.

The following lemma follows from the fact that unitarily invariant norms are in-
creasing functions of the singular values.

LEMMA 2.2. Let A,B € M,,(C) be positive semidefinite, and let [ be a nonneg-
ative increasing function on [0,00). If s;(A) < s;(B) for j=1,...,n, then |||f(A)||| <
[|£(B)||| for every unitarily invariant norm.

For the following lemma see, e.g., [4, Proposition II1.5.1] or [13, Lemma 3.2].
LEMMA 2.3. Let T € M,,(C) be accretive-dissipative. Then
5 (Re(T)) <s;(T) and s;(Im(T)) <s;(T)
for j=1,....n.

For parts (a) and (b) of the following lemma, see, e.g., [3] and [12], respectively.

LEMMA 2.4. Let A,B € M,,(C) be positive semidefinite. Then, for every unitarily
invariant norm,

(a) H’f(‘#) | || < H)wm]‘orevery nonnegative convex function f on [0,e0),

(b) |IIf (A)+ Bl < |IIf (A+B)||| for every nonnegative convex function f on
[0,0) with f(0) = 0.

A general form of the following lemma can be found in [1].

LEMMA 2.5. Let A,B € M,,(C) be positive semidefinite, and let f be an increas-
ing function on [0,0) with f(0) =0 such that f (\/t_) is convex. Then

Il (52) e (552 <52

for every unitarily invariant norm.

A linear map @ : M[,(C) — M, (C) is called unital if ®(I,) = I,,, where I, is the
identity matrix in M,(C). Also, @ is called positive if ®(A) is positive semidefinite
whenever A is positive semidefinite. Moreover, @ is called 2-positive if the induced
map @, : M (M, (C)) — M, (M, (C)) defined by

o (|7 ) =[S o)
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is positive semidefinite, where T;; € M, (C) for 7, j = 1,2. It can be easily seen that if
@ is 2-positive, then @ is positive. Indeed, if T € M, (C) is partitioned as given in
(1.1), then
@, (T) = [q’(An) q’(Alz)] i[q’(Bn) q’(Blz)]
P (A],) @ (An) @ (B},) ®(Bxn)

is the Cartesian decomposition of the matrix @, (7). Consequently, if @ is a positive
linear map and T is accretive-dissipative, then @, (T') is also accretive-dissipative.

Some interesting properties of positive unital linear maps can be seen in the fol-
lowing two lemmas. For the first lemma, see, e.g., [5, p. 40, 74], while the second
lemma can be found in [2].

LEMMA 2.6. Let A € M,(C), and let @ : M,,(C) — M, (C) be a unital linear
map. Then the inequality

@ (4) < @ (Ja])
holds if any of the following conditions holds:
(a) A is normal and @ is positive.

(b) @ is 2-positive.

LEMMA 2.7. Let A € M,,(C) be positive semidefinite, and let f :[0,00) — [0,00)
be an increasing convex function with f(0) =0. If ® : M,(C) — M,,(C) is a positive
unital linear map, then

sj (f(@(A))) <57 (P(f(A)))
for j=1,....n.
REMARK 2.8. Let A € M,(C), and let ®@ : M,,(C) — M,,(C) be a linear map.

(a) If A is Hermitian and @ is positive, then

D% (A) < D (A?).

(b) Every positive linear map is adjoint-preserving, that is, ® (A*) = ® (A)" for every
A eM,(C).

(c) If @, is the induced map by the positive linear map @, then ®, is positive (see,
e.g., [5,p. 72]).

Now, we are in a position to formulate our first result in this section.

THEOREM 2.9. Let T € M, (C) be accretive-dissipative partitioned as given in
(1.1), and let f be an increasing convex function on [0,00) with f(0)=0. If ®:
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M, (C) — M, (C) is a positive unital linear map and ®, is the induced map defined in
(2.1), then

£ (10 @)+ 10(7)1) + £ 2 Re (@ () @ (Ti)) )| || < |2 (£ (1712) )

(2.2)
for every unitarily invariant norm.

Proof. Since the linear map ® is positive, Remark 2.8 (c) implies that @, is

positive. So, Re (D, (7)) = {q)(All)q)(Alz)

D(AL,) D Azz)] is positive semidefinite. Lemma 2.1

implies that
25j(®(A12) ©0) <5 (Re (P2 (T))) (2.3)

for j=1,...,2n. Lemma 2.7 together with inequalities (2.3) imply that
5 (£ (410)P) ©0) <s; (£ ((Re(@2(1)))?)) (2.4)

for j=1,...,2n. Since T is accretive-dissipative and @, is positive, we have @, (T')
is accretive-dissipative. It follows from Lemma 2.3 that

55 (Re (@2 (7)) < 55 (| (7))

and since f is an increasing function on [0, ), we have

55 (f (Re (@2 (1)) < 55 (£ (102(T))) 2.5)

for j=1,...,2n. Since unitarily invariant norms are increasing functions in the singu-
lar values, the inequalities (2.4) and (2.5) imply that

r(soin)] <l (wetomrn) |
< (o) |
Similarly, we have
(im0 <l (meon o) |
< () |
Also, we have

@ (Ti2) + @ (T5))]” — @ (T12) — @ (T3)) = 4Re (@ (T21) @ (T12)) . (2.8)
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Now,

o oo -l
£ (10(Ti) P+ (75)1°)
o )
£ (10(A2) +i® (Bi) P + 1@ (A12) — i (B12) )
+f (2] )P - @ B)P)) H'

_ f<4q)(A12)2+4|CD(312)2>+f<

|®(712) Jr‘1’(T21)‘ “D (Ti2)-®(73))

41D (Ap)[* — 4@ (B1o)|”
2

2

)l

<5 |l (se@)R) + 7 (410 @R || by Lemma25)
< 1<H‘f (4@ Ap) 2>H‘+H‘f (4\@ B1») 2))“) (by the triangle inequality)
< H) f(|<I>2 ))H (by the inequalities (2.6) and (2.7)). (2.9)
Since ®, is positive and unital, we have
)] < o () otz
< mch( (\T\ ))H) (by Lemma 2.7). (2.10)

Thus, the result follows from the relation (2.8) and the inequalities (2.9) and (2.10). [
An application of Theorem 2.9 can be seen as follows.
COROLLARY 2.10. Let T € My, (C) be accretive-dissipative partitioned as given
n (1.1), and let f be an increasing convex function on [0,e0) with f(0) = 0. If

@ : M, (C) — M, (C) is a positive unital linear map and @, is the induced map defined
in (2.1), then

o)< o ) |

for every unitarily invariant norm, where

(@ (7)) =max (||| (10 (Ti2) P+ 1@ (73)P) ||| 117 @ Re (@ (T @ (1))

Proof. Since
[ (10(T2)P + 10 (73)P)

<[ (@ ma)P +10@m)P) +reRe@ @@ @12
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and

f

19(Ti2) + (T3] = [ (Ti2) — (75 lll
2

<|J£ (@ @2)P +10(T0)P) + 7 2 Re (@ (7o) (Ti2))]) @.13)

then the result follows from Theorem 2.9 and the inequalities (2.12) and (2.13). [

One can infer that the inequalities (2.2) and (2.11) form generalizations of the
inequality (1.2).
Another result can be seen as follows.

COROLLARY 2.11. Let T € My, (C) be accretive-dissipative partitioned as given
n (1.1), and let f be an increasing convex function on [0,e0) with f(0) =0. If
@ : M, (C) — M, (C) is a positive unital linear map and @, is the induced map defined
in (2.1), then

o) s o) < s e ()| oo

for every unitarily invariant norm.

Proof. Since f (¢)is convex on [0,e), Lemma 2.4(b) implies that

(£ (lo@2)P) + £ (lomP) ||| <[ (@ @)+ em@m)P) ||| @15

Thus, the inequality (2.14) follows from Corollary 2.10 and the inequality (2.15). O

Another application of Theorem 2.9 can be stated as follows.

COROLLARY 2.12. Let T € M, (C) be accretive-dissipative partitioned as given
n (1.1), andlet r = 1. If ® : M,(C) — M,,(C) is a positive unital linear map and ®,
is the induced map defined in (2.1), then
<o (1)

(10 (T2) P+ 1@ (T5)P) +2 [Re (@(T21) @ (T12))

H (2.16)

and

e\‘D(le)\2+\‘P(Tz*1)|2 + 2Re(@(T21)®(Ti2))| _ 2]n’ H < H)q)z (e|T|2> _]2n‘ H (2.17)
for every unitarily invariant norm.
Proof. Let f(t) =t", t € [0,0) and r > 1. Then f(¢) is an increasing convex

function with f(0) = 0. So, the inequality (2.16) follows by applying Theorem 2.9 to
the function f.
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On the other hand, taking f (1) =¢' — 1, 1 € [0,o0), we have f (¢) is an increasing
convex function with f(0) = 0. Applying Theorem 2.9 to the function f, we have

e“l’(le)lzﬂ‘I’(Tz*l”2 + 2Re(®(T)®(Ti2))| _ 21”‘ H S ’HCI)z (e\TIZ - I2"> ’ H

= ’qu (6‘”2) — @) (L)

= [} () 2l

which proves the inequality (2.17), where the last equality follows since ®; is uni-
tal. O

|

Utilizing the Ky Fan dominance principle, enables us to give the following appli-
cation of Corollary 2.12.

COROLLARY 2.13. Let T € M, (C) be accretive-dissipative partitioned as given
n (1.1). If ®: M, (C) — M, (C) is a positive unital linear map and ®, is the induced
map defined in (2.1), then

A2
0T[5 _|_e2|Re(‘1>(T21)‘1>(T12))|H' < [[[@: (7Y + m |
for every unitarily invariant norm.

Proof. Applying the inequality (2.17) to the Ky Fan k-norms, we have

H <e|<p(m)2+|d>(rz*l)|2 1 2Re(@(To)@(Tio))]| _ 21") @0

© S Hq)2 (eW) ~ b )

for k=1,...,2n. Now, for k € {1,...,n}, we have

H <+62\RC(‘D(T21)¢(T12))\2> @OH(M ok

_ <e|<1>(r12)|2+|<b(T2*1)|2+e2Re(<I>(T21)‘D(T12))_21n> @0

(k)

S CURN
ok

=% (e‘”z) )

and so

‘ <e|<1><ru>2+|<I>(T5a)|2 +e2RC(‘D(T21)‘D(T12))) ©0

(k)
<= (77 ++

_ Hcpz (emz) +12,,H(k>, (2.18)
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On the other hand, for k € {n+1,...,2n}, we have

” <e|<D(T12)2+|<I>(T2*l)|2 +ezRe(<I>(T21)<I>(le))) @0 —2k
®)
< <e|<l>(T12)|2+|<I>(T2"1)|2 +62R6(‘D(T21)‘I’(T12))) @0l —2n
(k)

_ <e|<1><ru>|2+l<1>(T£1)I2 + ¢2Re(@(R)®(Ti2))| _ 21n> 0
(®)

< | () _12”H<k>

_ T _
®> (e ) ‘(k) k
and so
H <e|<1>(T12)2+|<D(T2*1)|2 +e2Re(¢(T21)¢(T12))) 50 (2.19)
(k)
< \T[?
= H% (e )H(k)+k
_ T
Hch <e )+12,1H(k). (2.20)
The inequalities (2.18) and (2.20) imply that
H<e<1>(Tu)|2+<b(T;1)|2 +ezRe<<1><r21><b<ru>>|)@0 < [@2 (¢77) 412 o 22D
(k)

for k=1,2,...,2n. Now, the desired inequality follows from the inequality (2.21) and
the Ky Fan dominance principle. [

3. Inequalities for the Schatten p-norms

In this section, we devoted our results for the Schatten p-norms. We start with the
following result.

THEOREM 3.1. Let T € My, (C) be accretive-dissipative partitioned as given in
(1.1), and let f be an increasing convex function on [0,00) with f(0)=0. If ®:
M, (C) — M,,(C) is a positive unital linear map and ®, is the induced map defined in
(2.1), then

Hf(|q>(T12)|2+|®(Tz*1)|2>HZ 1 CRe(@ (T @(T) )} < @2 (£ (17P)) H’;
for p > 1. e
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Proof. Applying Theorem 2.9 to the trace norm ||-||, and replacing the function f
by the function f7, we have

[ (@@l +@@m)F) |+ I @IRe @ @) @ @)

= |7 (@) +10@)P) | + 177 @IRe (@B @ (T,
= |77 (10 @)l + 10 (T)P) + 17 @IRe (@ (T2) @ (T)) |
< |[s? <q>2 (\T|2>> Hl (by the inequality (2.9))

=[lr(@: ()]

@, (f (\T\2>> HZ (by Lemma 2.7),

N

as required. [J

An application of Theorem 3.1 can be stated as follows.

COROLLARY 3.2. Let T € My, (C) be accretive-dissipative partitioned as given
n (1.1), and let f be an increasing convex function on [0,e0) with f(0) =0. If

@ : M, (C) — M, (C) is a positive unital linear map and @, is the induced map defined
in (2.1), then

[ (il |+ [ (@ @F) | +1f @IRe (@ @) @ (I

s Hq>2 <f<|T|2>> ,1: (3.2)
I o)+ (o) <o () 6
and
|r (2Re@m@ @) | < |lo:(r(1rF))| G4
for p>1.

Proof. Since fP (t) is convex, we have
Hf<|‘1’(T12)|2)Hp+Hf(\q>(Tz*1)\2>Hp

- o), )|

= |7 (o ria)P) +r7 (J0 0P |

< |l (|CI>(T12)| + o ()] )H (by the inequality (2.15))

p

1

= |l (e @l + l0m)P) | . (35)
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Now, the result follows from the inequalities (3.1) and (3.5). O

Equality conditions for the inequalities (3.2), (3.3), and (3.4) can be seen in the
following corollary.

COROLLARY 3.3. Let T € My, (C) be accretive-dissipative partitioned as given
n (1.1), and let f be a strictly increasing convex function on [0,%0) with f(0) =
Let @ : M, (C) — M, (C) be a positive unital linear map and ®, be the induced map
defined in (2.1).

0 (7 005)7) | = o 1 (7)) > 1.
Re (@ (7{) @ (T21)) = 0.

o 1 () [+ (oso)|[ = o (7)) | o 511
Re(®(735) @ (Tan)) = 0.

() 11 |If 2IRe (@ () @(Ti)) |, = @2 (1 (I7F) ) | for p> 1, hen

() (le) =0and CD(Tzl) =0.

Proof. (a) Suppose that Hf <|(I)(T12)|2+ |CI>(T2*1)\2> Hp = HCI>2 (f (|T|2>> Hp Since

I (ot w2, < ()], <o (7))

we have

p

| (emar +iem)|, =7 (o (irF)) |

It follows from Theorem 3.1 that || (2[Re (® (T21) @ (Ti2))|)|, = 0, from which we

O(Ty2)+0 (13 ) | —|@(T12) (T3,
have f (‘ [o(ia) - 21)| 2‘ )-0(7)| ‘) 0. Since f is strictly increasing on

[0,00) with f(0) =0, we have =f~1(0)=0. Con-
sequently, |® (Ti2) + @ (T5,)|* = |® (T12) — @ (T3;)|*, which is equivalent to

“‘D Tio)+0(%3) | = |@(Tiz)—o(13,)| )
2

Re (D (T12) P (T21)) = 0.

(b) Suppose that Hf (|<I)(T12)\2> Hi-k Hf (|<I)(T2*1)\2> HZ = Hq)z <f<\T|2>> HZ It
follows from Corollary 3.2 that ||f (2 [Re (® (T21) ®(712))|)||, = 0, and so

Re (@ (T12)@(T21)) = 0.
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(¢) Suppose that [ (2Re (& (T21) @ (Ti))} [, = |2 (£ (717 ) | . So. Corol-

. . 2 P 2 14
lary 3.2 implies that Hf (\@(T12)| )H =0 and Hf <|d)(T2*1)| )H = 0. Consequently,
p p

q)(le):0andd>(T21):0. U
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