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LIMIT PROPERTIES FOR WEIGHTED SUMS OF
RESIDUALLY /#-INTEGRABLE WOD RANDOM
VARIABLES UNDER SUB-LINEAR EXPECTATIONS

ZHEN WANG AND YI WU *

(Communicated by Z. S. Szewczak)

Abstract. In this work, the weak law of large numbers for weighted sums of residually 7%-
integrable widely orthant dependent random variables are established. Under some stronger
conditions, i.e., strongly residually %-integrability, we further investigate the complete conver-
gence and complete integral convergence for weighted sums of widely orthant dependent ran-
dom variables. These results obtained in this paper improve and extend some existing ones in
the probability space as well as sub-linear expectation space.

1. Introduction

Classical probability theory is built upon the assumption of additive probabil-
ity measures and mathematical expectations. This framework, however, presupposes
distribution-certainty and model-certainty, which are often untenable in practical appli-
cations such as financial risk measurement and super-hedging (see, e.g., El Karoui et
al., 1997; Artzner et al., 1997; Chen and Epstein, 2002; Follmer and Schied, 2004).
To address model uncertainty, nonlinear expectations which do not rely on a single
prior distribution have been developed and widely applied in fields like finance and
control theory. Notable developments include the g-expectation (Peng, 1997) within
the framework of backward stochastic differential equations and the subsequent G-
expectation (Peng, 2006). For further applications, refer to Denis and Martini (2006),
Gilboa (1987), Marinacci (1999), and Peng (1999, 2008a). A central advancement was
Peng’s (2006, 2008a, 2008b) introduction of a coherent sub-linear expectation frame-
work. This generalizes the classical linear expectation by relaxing its additivity to the
properties of sub-additivity and positive homogeneity, establishing a foundation for
limit theory under model ambiguity.

Let (Q,.%) be a given measurable space and ¢ be a linear space of real functions
defined on (Q,.%#) such thatif Xj,---,X, € 7 then ¢(Xy,---,X,) € 7 foreach ¢ €
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Ci 1ip(R"), where C; 1;,(R") denotes the linear space of (local Lipschitz) functions ¢
satisfying

() =) < C(L+ ™+ [y[")|x =y, Vx,y €R",

for some C >0, m € N depending on ¢. S can be considered as a space of “random
variables”. In this case we denote X € J7 .

DEFINITION 1.1. A sub-linear expectation & on .7 is a function £l : 2 — R
satisfying the following properties: for all X,Y € ¢, we have

(a) Monotonicity: If X > ¥, then E[X] > E[Y];

(b) Constant preserving: E[c] = ¢, where ¢ is a constant;

(c) Sub-additivity: E[X +Y] < E[X]+E[Y] whenever E[X]+E[Y] is not the form
+o0—00 Or —oo oo}

(d) Positive homogeneity: E[AX] = AE[X], A > 0.

Here R = [—oo,4-o0]. The triple (Q,.7,1) is called a sub-linear expectation

space. For a given sub-linear expectation |, the conjugate expectation € of B is
denoted by

EX]:=-E[-X],VX €.
It is easy to obtain by the definition that gx X]1< R[], B[X +c] = E[X]+c and E[X —
Y] > Ex] Ry ] for all X,Y € .2 with E[Y] being finite. Furthermore, if E[|X]] is

finite, then both € [X [X] and E[X] are finite.

EXAMPLE 1.1. Let (Q, 57 ,]E) be a sub-linear expectation space. Peng (2010)
proved that for such a space, there exists a family of finitely additive probabilities
{Po}oco on (R, A(R)) satisfying for all X € 77,

£IX] = sup Ep, [X].
0coO
A common instance arises from a family &2 of probability measures on (Q,.% ). One
standard construction is to define the upper expectation E[-] as B[X] = supp. » Ep[X],
with Ep denoting the classical expectation under P. The functional £ defined in this
way is a sub-linear expectation.

Peng (2008b) put forward the definitions of the independence and identical distri-
bution through the sub-linear expectation. A random vector Y = (Yy,---.Y,), Y; €
is said to be independent to another random vector X = (X1,---,X,), X; € S under
[, if for each test function ¢ € CrLip(R™ xR"),

Elo(X,Y)] =E [E[p(x,Y)]],_x] (1.1)

whenever @(x) :=E[|@(x,Y)|] < oo forall x and E[|¢(X)|] < eo. A sequence {X,,
n = 1} of random variables is said to be independent if

]E[(p(Xla e 7Xn7Xn+l)] = E [E[@(Xl, e 7xn7Xn+l)] ‘X1:X17'”7xn:Xn:|
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forall n>1 and ¢ € Cpp;,(R™1).

Let X1 and X, be two n-dimensional random vectors defined, respectively in sub-
linear expectation spaces (Ql,%ﬂl,@l) and (Qz,j‘fé,@z). They are called identically
distributed, if

Eilp(X1)] =Ea2[o(X2)], Vo € Crpip(R"),

whenever the upper expectations are finite. Under this framework, many limit theorems
have been established successively. We refer the readers to Peng (2008b, 2010), Chen
and Hu (2014), Zhang (2015), Zhang (2016a, 2016b), Wu and Jiang (2018), Yu and
Wu (2018), Wu et al. (2018), Liang and Wu (2019), Tang et al. (2019), and Zhang
(2020) among others. Since many basic properties or tools for classical probability
theory are no longer available for sub-additive expectation, the study of limit theorems
under sub-additive expectation is still a challenging work.

Zhang (2022) introduced the following concept of extended independence under
sub-linear expectations.

DEFINITION 1.2. In a sub-linear expectation space (Q,.7#,]), a sequence {X,,
n > 1} of random variables is said to be extended independent, if

B

[TeiXx) | =T]El@(Xx)], Vn=2, Vei(Xi) € Criip(R). (1.2)
i=1 i=1

An array {X,;,1 <i<n,n> 1} is said to be rowwise extended independent, if for any
fixed n > 1, {X,;,1 <i< n} are extended independent random variables.

The extended independence employed here is a weaker and more verifiable condi-
tion than that proposed by Peng (2008b). In the classical linear case, both definitions are
equivalent, but under sub-linear expectations they are fundamentally different. Specif-
ically, Peng’s version (1.1) is directional (i.e., ¥ independent of X does not imply X
independent of Y'), while the independence defined in (1.2) is non-directional. Rec-
ognizing limitations in this extended independence, Zhang (2022) further generalized
the framework by introducing the concept of extended negative dependence (END, in
short), which we present next.

DEFINITION 1.3. In a sub-linear expectation space (Q,.7#,]), a sequence {X,,
n > 1} of random variables is said to be upper (resp. lower) END if there exists some
dominating constant K > 1 such that

B \[]ei(x)| < K[]Elgi(X:)], Vn>1, (1.3)
i=1 i=1
whenever the non-negative functions g; € Gy 1;,(R), i =1,2,..., are all non-decreasing

(resp. all non-increasing). They are called END if they are both upper END and lower
END.

Inspired by Wang et al. (2013) and Zhang (2022), Wu et al. (2025) introduced
the concept of widely orthant dependent (WOD, in short) random variables under sub-
linear expectations as follows.
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DEFINITION 1.4. In a sub-linear expectation space (Q,.,1), a sequence {X,,
n > 1} of random variables is said to be upper (resp. lower) WOD if there exist some
dominating coefficients g(n) > 1 such that

n n
E|[Thi(x:)| <) [TEMR(X)], Vn>1, (1.4)
i=1 i=1
whenever the non-negative functions #; € Cp 1;,(R), i=1,2,..., are all non-decreasing

(resp. all non-increasing). They are called WOD if they both upper WOD and lower
WOD.

Anarray {Xp;,1 <i<n,n>1} issaid to be rowwise WOD, if for any fixed n > 1,
{Xni, 1 <i<n} are WOD.

Obviously, if {X,,n > 1} is a sequence of upper WOD random variables and
@1(x),@2(x),... € Cy 1ip(R) are all non-decreasing (resp. all non-increasing) functions,
then {@,(X,),n > 1} is also a sequence of upper (resp. lower) WOD random variables.
Moreover, if we choose g(n) = K, then (1.4) is equivalent to (1.3). Consequently, the
concept of WOD random variables under the sub-linear expectation is weaker than the
extended negative dependence defined in (1.3) and is a general extension of the widely
orthant dependence with respect to the classical probability theory.

Now we give an example of random variables exhibiting WOD structure under the
sub-linear expectation .

EXAMPLE 1.2. Let (Q,.%) be a measurable space. 2 is a family of probability
measures defined on (Q,.%). Define a upper expectation E[-] by

E[X] = sup Ep[X].
Pe

Then [ is a sub-linear expectation. If {X,,n > 1} are WOD under each P € & with
the dominating coefficients g(n) = max(gy(n),g.(n)), then they are also WOD under
the sub-linear expectation .

Next, we recall the capacities corresponding to sub-linear expectations. Let ¢4 C
Z . A function V : ¢4 — [0,1] is called a capacity if

V($)=0,V(Q) =1, and V(A)<V(B), YACB,A,BEY.
It is called to be sub-additive if V(AUUB) < V(A)+V(B) forall A,B €% with A|UB €
. In the sub-linear space (Q,.77, 1), a pair (V, %) of capacities can be denoted by
V(A)=inf{R[E]: Iy, <E,Ec ), V(A)=1-V(A°), YAe.Z,

where A€ is the complement set of A. Obviously that V is sub-additive, and

el, ELF1<7(A)<Elg], if F<Iy<g and f,g€ H.

=»

E[f] <V(A) <
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The inequalities above can conclude Markov’s inequality in the same form of the clas-
sical probability space since I(|X| > x) < |X|P/xP € A. Also, the Choquet inte-
grals/expecations (Cy,Cy ) can be defined by

Cv[X] :/OOOV(X >t)dz+/l[x/(x > 1)~ 1)dr

with V being replaced by V and 7/, respectively.

The notion of complete integral convergence under sub-linear expectations is in-
troduced herein, drawing inspiration from the study of complete moment convergence
in Chow (1988) on classical probability space.

DEFINITION 1.5. Let {X,,n > 1} be a sequence of random variables defined on
(Q,#,E). Let {ay,n > 1} and {by,n > 1} be two sequences of positive constants,
andlet ¢ > 0. If

=

anCy{b, X, —€}] < oo forall € >0,

n=1

then {X,,,n > 1} is said to exhibit complete integral convergence behavior of order ¢
under sub-linear expectations.

Complete integral convergence represents a stronger concept than complete con-
vergence in the framework of sub-linear expectations, a fact demonstrated by Wang and
Wu (2025) through their proof that the former implies the latter.

Now we state the following concept of residually /4 -integrability (R - h-integrability,
in short) concerning the array of constants a,; under sub-linear expectations.

DEFINITION 1.6. Let {Xp;,u, <i < v,,n > 1} be an array of random variables,
where {u,,n > 1} and {v,,n > 1} are two sequences of integers such that u, < v, for
all n> 1 and v, —u, — oo as n — . Let moreover {ap;,u, <i < vy,n > 1} be an
array of nonnegative constants and {i(n),n > 1} be an increasing sequence of positive
constants with i(n) T e as n — eo. The array {Xp;,u, < i< vy,n > 1} is said to be
R-h-integrable concerning the array of constants ay; if

Vn

sup Y, anl|X,i < oo, (1.5)
nzlij=y,
and
Tim ¥ anl2(|Xul = h(n))1(|Xuil > h(n)) =0. (1.6)

1=UuUyn

We also present the following concept of strongly residually /-integrability (SR-
h-integrability, in short) concerning the array of constants a,; under sub-linear expec-
tations.

DEFINITION 1.7. Let {Xp;,un, <i < vy,n > 1} be an array of random variables.
Let moreover {ap;,u, <i<v,,n > 1} be an array of nonnegative constants and {%(n),
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n > 1} be an increasing sequence of positive constants with /(n) 7 oo as n — oo. The
array {Xui,un, <1< vy,n > 1} is said to be SR-h-integrable concerning the array of
constants a,; if (1.5) holds and

> >, (Xl — An)I(X,i] > h(n)) < . (1.7)
n=1i=uy,

This paper establishes the weak law of large numbers for weighted sums of WOD
random variables that are R-h-integrable, within the framework of sub-linear expecta-
tions. Under the stronger condition of SR-A-integrability, we further derive results on
the complete convergence and complete integral convergence for such weighted sums.
These findings represent improvements and extensions of related theorems in both clas-
sical probability spaces and sub-linear expectation spaces.

We establish the following notational conventions. Let C represent a positive
constant not depending on n, which may differ in various contexts. The notation a, =
o(b,) indicates that lim,_.a,/b, = 0. Furthermore, we define the positive part as
x+ =xI(x > 0), with I(A) denoting the indicator function of an event A.

2. Main results
We begin by establishing the following weak law of large numbers for weighted
sums of R-h-integrable WOD random variables under sub-linear expectations.

THEOREM 2.1. Let {Xpi,un < i< vy,n > 1} be an array of rowwise R-h-inte-
grable WOD random variables concerning the array of nonnegative constants {ani, un <
i <vy,n = 1}, Assume further that h(n) 1 oo as n — o and

sup ayih(n) =0 ((g(vn —un+1))7%)

up<i<vp

for some T > 0. Then for any € >0,

Vn A Vn N
v ({ N ani(Xni — EXui) < —E}U{ N i (Xni — £Xi) > 8}) —0 as n— oo,
i=uy i=uy
(2.1)
By virtue of Theorem 2.1, we can obtain the following result.

COROLLARY 2.1. Let {X,,n > 1} be a sequence of identically distributed WOD
random variables with g(n) = O(n®) for some ¢ > 0. If limq—o E[|X|| — c]+ =0, then
E|X| < oo implies for any € >0,

V({M_§X1<_E}U{M—I@X1>E})—>O as n—oo. (2.2)

n n

REMARK 2.1. Zhang (2022) obtained the weak law of large numbers for END
random variables, while Corollary 2.1 extends it to WOD random variable under sub-
linear expectations. Moreover, in Corollary 2.1, the dominating coefficients g(n) can



LIMIT PROPERTIES FOR WEIGHTED SUMS 601

increase polynomially and the moment condition is unrelated to g(n). It is a new result
for WOD random variables under sub-linear expectations.

REMARK 2.2. Wang and Wu (2025) also obtained similar result as Theorem 2.1
for weighted sums of R-h-integrable END random variables. However, a review of
their proof reveals that their methodology cannot be directly adopted to substantiate
our findings. Direct application would entail an extra condition EV” aniE(|Xm’| —
h(n)I(|1Xni| > h(n)) = o((g(va —un+1))~F), which is quite restrictive and difficult
to verify, as revealed in the proof of Corollary 2.1.

Subsequently, we focus on deriving the complete convergence for weighted sums
involving SR-h-integrable WOD random variables under sub-linear expectations.

THEOREM 2.2. Let {Xuj,uy <1< vy,n = 1} be an array of rowwise SR-h-
integrable WOD random variables concerning the array of nonnegative constants
{ani,un < i< vy,n > 1}, Assume further that h(n) T e as n — e and

oo n
Zg(vn—un—l-l)( sup am-h(n)> < oo (2.3)

n=1 Up SISV

for some > 0. Then for any € >0,

i V ( i ani(Xni _I@an‘) > 8) < oo, (24)

n=1 i=uy

and thus

i <{2am m_A )< E}U{i Clni(Xni—]EXm‘)>8}> < oo,

REMARK 2.3. Liang and Wu (2019) obtained the result on complete convergence
for partial sums of END random variables under sub-linear expectations. Wang and
Wu (2025) improved the result of Liang and Wu (2019) to weighted sums and re-
leased the unreasonable restrictions Y (h(n)/k,)>~")/" < oo for some 1 < r < 2 and
o1 (va — up)h(n) /k, < eo. Noting that END implies WOD, our result improves the
corresponding one of Wang and Wu (2025) as well as Liang and Wu (2019). Similarly
to Theorem 2.1, our approach of proving Theorem 2.2 diverges from that of Wang and
Wu (2025). Adopting their method would require the more restrictive condition that for
some 1 >0,

oo n
Zlg("n_”n‘f'l (Zam (1Xnil —h ())I(|Xm|>h(”))> < e

REMARK 2.4. Wu et al. (2019) obtained the complete convergence for weighted
sums of WOD random variables in classical probability space, one condition relative to
(1.7) is

o Vn

Y 8 —ttn+1) N @B (1Xuil = b7 ()" 1(1Xoil > h'/" () < o

n=1 i=uy
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for some 1 < r < 2. We establish a related result under a weaker set of conditions
for r = 1, employing a different proof strategy compared to Wu et al. (2019). This
advancement not only relaxes the theoretical assumptions but also partially extends the
applicability of their finding from classical probability spaces to the more general sub-
linear expectation space.

Finally, we will give a result on complete integral convergence for weighted sums
of SR-h-integrable WOD random variables under sub-linear expectations as follows.

THEOREM 2.3. Let {Xyj,uy <1< vy,n > 1} be an array of rowwise SR-h-
integrable WOD random variables concerning the array of nonnegative constants
{aniyun <i< vy,n > 1}, Assume further that h(n) | e as n — eo. Suppose that (2.3)
holds for some n > 1. If

o Vi n
2 gvn—u,+1) ( Z am’E(‘Xni‘ - h(n))l(‘Xm‘ > h(”))) <o, (2.5)

n=1 i=uy

and
ili Cy [ani(|Xni| — R(n)I(|Xpni| > h(n))] < oo, (2.6)

then for any € > 0,

i CV [( Vzn ani(Xni _I@Xni) - 8) ] < oo, (27)
n=1 +

i=uy

Moreover, if é X = ]EX,,,-, then

ol ) |-

REMARK 2.5. In comparison to Theorem 2.2, Theorem 2.3 requires two sup-
plementary conditions: (2.5) and (2.6). Within a classical probability space, condi-
tions (2.6) and (1.7) are equivalent. Under the framework of sub-linear expectations,
according to Lemma 3.9 (¢) in Zhang (2016b), if & is countably sub-additive, then
(2.6) implies (1.7). This property holds, for example, when K is defined by E[X] =
suppe » Ep[X]. Moreover, if there exists some M > 0 such that g(v, —u, + 1) < M,
then condition (2.5) follows immediately from (1.7). On the other hand, if for some
A >0 it holds that 3" anilf(|Xoi] — R(R)I(|Xni| > h(n)) = O(n*), then condition

(2.5) is trivially satisfied by selecting a sufficiently large 7.

Vn
2 ani(Xni - I,[;:Xni)

i=uy
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3. Some important lemmas

Before proving our main results, the following lemmas are indispensable.

LEMMA 3.1. Let {X,,n > 1} be a sequence of WOD random variables in
(Q,7,E) with E[X,] <0 for each n > 1. Let S, =Y} |X; and B, = ;'ZIE[Xiz}
foreach n > 1. Then for any x >0 and y > 0,

V(s >x)<V<maxX> >+ (n)ex {—L (14_%111(14_&))}
nZ IS VRSN TY ) TSR Ty ey U3 B.,)) [

Proof. The proof is completely analogous to that of Theorem 3.1 (a) in Zhang
(2022) except replacing the dominating coefficient M by g(n). The details are omit-
ted. [

From Lemma 3.1, we can obtain the following important conclusion, which will
be used frequently in the proofs of the main results.

LEMMA 3.2. Let {X,,n > 1} be a sequence of WOD random variables in
(Q,7,E) with E[X,] <0 for each n > 1. Let S, =Y} |X; and B, = ?ZIE[Xiz}
foreach n > 1. Then for any x >0 and y > 0,

V(Sn>x)<V<lmaxX >y>+g(n)< Ba )é‘v

<i< xy+B"

Proof. Note thatif B, < xy,

2

X 2 xy x 2 xy) X ( xy)
% (1+Zm(i+ 2 ) )< Zm(1+ 2 ) =—Zm(1+2 ),
2(xy+B,,)< 3 < Bn>) 4y 3 ( B, 6y B,

and if B, > xy,
x? 2 Xy x?
——(I+=In{14+—= .
2<xy+Bn>< 3 ( +m)) 48,

On the other hand, by the fundamental inequality # > In(1 +¢) for any 7 > 0, we have
that

Xy xy 1 xy
—n(1+22
4B, 6B, 6 n( +Bn)’

2
X X Xy
_ (142,
4B, = 6y n( +Bn)

Hence, it follows from Lemma 3.1 that

X Xy
<V - -
V(S,>x) <V (n\lza\an >y> exp{ 6y1n<1+Bn)}

which yields

X

6y
.0
(xy+B)

1<i<n

= (maxX >y
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4. The proofs of the main results

In view of the lemmas in Section 3, we will present the proofs of the main results
as follows.

Proof of Theorem 2.1. We first prove

Vi
V(Z ani(Xni — EXp) >8> —0 as n-— oo, 4.1
i=uy
Define a nondecreasing function f.(x) = —cV (xAc). Thenitis easy to see that f.(x) €

C.1ip(R). Denote
Yni(l) = fh(n) (Xni) = _h(n)l(xm < _h(n)) +Xnil(|Xni‘ < h(n)) +h(n)I(Xm > h(n))a
Zui(1) = Xoi — Yi(1) = (Xpi + B(0)) (Xui < —h(1)) + (Xui — B(0)) (Xui > h(n)).

Then {Y,i(1),u, < i< vy,n> 1} is still an array of rowwise WOD random variables
in (Q,5,E). Note that

A\ ( 2 am-(Xm- —EXm') > E)

i=uy

=V ( Z ani(BYi (1) = BXpi + Zni (1) + Yi(1) — EY,i(1)) > s> .

i=uy

Hence, in order to prove (4.1), it suffices to show

Y an(EY,(1) —EX,)| > 0 as n— oo, (4.2)
V(Z aniZpi(1) > s) —0 as n— oo, 4.3)
and
\% ( 2 am-(Ym-(l) —I@Yni(l)) > E) — 0 as n— oo, 4.4)
i=uy

Noting that |Z,;(1)| = (|Xui| — h(n))I(|Xni| > h(n)) € S, it is easy to obtain by (1.6)
that

Vn
2 ani(EYni(l) - Ean)

i=uy

Vn
< 2 aniE|Xni - Ym(l)l

i=uy

Vn
= 2 anilB(|Xpi| — R(n)I(|Xni| > h(n)) =0 as n— oo,

i=uy
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which implies (4.2). On another hand, we can obtain by Markov’s inequality and (1.6)

again that
Vn Vn
Vv 2 am-Zm-(l) >e| < A\ 2 am-\Zm-(l)| > €
i=uy i=uy

e ! D anilB(|Xpi| — R(n) (| Xl > h(n)) — 0 as n — oo,

i=uy

which yields (4.3).

Finally, we will verify (4.4). Noting that g(-) > 1 and thus sup, <<, anih(n) =
o((g(vn—un+1))"7) =o0(1), we have by |¥,;(1)| < h(n) that for any € > 0 and n
large enough,

max a,i|¥i(1) =Y, (1) <2 sup a,h(n) < te/6.

Un SISV Un i<y

Hence, applying Lemma 3.2 with x = &, y = 7€ /6, we can obtain by sup,, ., anih(n)
=0((g(va—up+1))~7) and (1.5) that

(iam m EYnz( )) 8)

i=up

< V( max ap(Yu(1) — EYm(l))>r£/6>

Uy <i<vy

" (1) — By (1))
_un—|—1 ( 82/6 )

1/t
< Cg(vy—up+1) (2 a2 R|y,(1 |>

1/t
sup apih 2 anilf| V(1 )|>
Up << vy i=uy

1/t vy 1/t
< Cg(vp—up+1) ( sup am-h(n)> . (2 ani]EXni>

<i<vp i=uy,

< Cg(vyp—up+1)

— 0 as n— oo,

Hence, (4.4) has been proved, which together with (4.2) and (4.3) yields (4.1). Replac-
ing X,; by —Xp,; in (4.1) and noting that

({Zam ni — A )< E}U{vzn ani(Xni_EXni)>€}>

A\ ( 2 am-(Xm-— éXm') < —&‘) +V < 2 am-(X,,i—I@X,,i) > E) R

i=uy i=uy
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we can obtain the desired result (2.1) immediately. The proof is completed. [

Proof of Corollary 2.1. Choose u, =1, v, =n, as;=1/nfor 1 <i<n, hin)=
n® for 0 < o0 < 1. Itis easy to see that sup, <;c, anih(n) =n*"' =0 ((g(n))~") for any
7> 0if ¢ =0 or forsome 0 < 7 < (1 —a)/¢ if ¢ > 0. Hence, it remains to verify
(1.5) and (1.6). It follows from limCHwE[|X1\ —c]+ =0 that

Vi
lim Y |aulE(1X;| — h(n))I(|Xi] > h(n)) = lim E[|X;| —n%]+ =0,

i=uy

which implies (1.6) holds. Moreover, it follows from ]E\X1| < oo that (1.5) also holds.
The desired result (2.2) follows from Theorem 2.1 immediately. The proof is com-
pleted. [

Proof of Theorem 2.2. We use the same notations as those in the proof of Theorem
2.1. Note that (1.7) implies (1.6). In view of (4.2), to prove (2.4), we only need to
demonstrate

i \Y ( Z aniZpi(1) > s) < oo, 4.5)
n=1 i=uy,

and

i=uy

i <2am ni(1>—I@Yni(1>>>s><w. (4.6)

Actually, it follows from the Markov’s inequality and (1.7) that

ilV ( VZ" am-Zm-(l) > E) < 8_1 i i aniI@(|Xni\ —h(}’l))l(|Xm‘ > h(n)) < oo,

i=uy n=1i=uy,

which implies (4.5). Now we turn to prove (4.6). Note by (2.3) that sup,, <<, anih(n)=
o(1). Hence, analogous to the proof of Theorem 2.1, applying Lemma 3.2 with x = ¢,
y=¢/(6n), we derive by (2.3) and (1.5) that

( Y ani(Yi(1) = E¥ui(1)) > £>

i=up

2
2 ( max  ani(Yu(1) —EYy(1)) > i)

<i<vy 6n
= S a2 B ((1) — BY(1))2 )"
+n§llg(vn—un+l)< &2/(6n) )

hd Vn n
< ng("n —un+1) (Z aziE|Yni(l)2>

n=1 i=uy
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oo Vi n
<C 2 gvp—up+1) ( sup  apih(n)- Z aniI@Yni(l)|>

up <i<vp i=uy

n=1 Uy <i<vy n>1 i=up

oo n Vn n
<C 2 gvp—uy+1) ( sup am-h(n)> . (sup 2 am-]EXm-> <oo, [I

Proof of Theorem 2.3. Tt is evident that

Vn N
( 2 ani(Xni - IE:Xni) - 8) ]
i=uy +
3i/mw<2am i — m)—£>3t>d
n=170

1=UuUyn

32/ ( ani( ni—I@Xni)>s>dt

oo oo Vi
+3) /1 \% ( S ani(Xni — EXyi) > 3t> dt
n=1

i=uy

2, Cv
n=1

N

=: 311 4+ 3D,.

By virtue of Theorem 2.2, we have that

I = Z \Y ( 2 am-(Xm-—I@Xm-) > E) < oo,

n=1 i=uy,
Fort>1 and n > 1, denote
Yni(z) = fﬁ (anani)

1 t
- ——1< X ) piXonil ( niXni )
T2y \@nifni < =) +a lnidoil < T2

t t
gy \nidtni > o
Zm(z) - anani - Ym(z)

t t t t
= <ame + == 12n )I(amxm <= 1277) + (am'Xni - m>l<an1Xm > 1277)
It is easy to see that {¥,;(2),u, <i < vy,n > 1} is still an array of rowwise WOD

random variables in (Q,.7, ). It follows from (2.3) that SUp,, <i<y, @nif(n) — 0 and
thus sup, i, anih(n) < ﬁ for all n large enough. Hence, we have by the fact
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|Xni| < 2(]Xni| — h(n)) if and only if |X,;| > 2h(n) that for any r > 1,

t 1
Zni 2)| = < nani - ) ( niAni ) me I( me )
2u@)] = (ol = g3 ) 1 (il > 15 < et (ool > 57

1
= ani\Xm-|I<am-h(n)|X,,i\ > mh(n)) < Llni|Xm"I(|Xm'| > 2/1(1’1))
< 20i(|Xni| = h(n))(|Xni| > 2h(n)) < 260i(|Xni| = h(n))I(|Xail > h(n)).
Subsequently, we have by (2.5) that

Vn

Vi
supt ™' | Y (BY,i(2) — KaniXu)| <sup Y, E[Z,:(2)]
=1 i=up 121 j=y,

2Zam (|1Xni] — R(n)I(|Xni] > h(n)) — 0 as n— oo,

= Up

Therefore, we obtain that

L = Z/ (
< [v(Saweuics (S

I=un
=:Ch| +Cl.

N (EY0i(2) — BaniXni + Zui(2) + Yni(2) — BYi(2)) > t) dr

(2) —EY,;(2)) > t) dt

1=UuUyn

Note that (X", Z,i(2) >1) C U, {laniXnil > 121,} Ui, {aniXni| I (|aniXnil > 12n)
> ﬁ} for each ¢ > 1. It follows from Markov’s inequality, sup, ;, a@ih(n) < 2477
for all n large enough, the fact |X,;| < 2(|X,;| — h(n)) when |X,;| > 2h(n) again, and
(2.6) that

L < 2/ A\ {|ame > — } dt
=11 ig,, 12n

* 1 t
4 0iXni | I (|aniXni A — | dt
S (ol Gankl > 530> 152

S A [ 1 t
- naniI ni Xni TA T
2:2/1 V(a | (a () [ K] > mh@)) > 12n>dt

n=1i=uy,
>V ) t
<cyY ¥y /1 v (am-|X,,i|I(|X,,i| > 2h(n)) > ﬁ) dr
n=1i=uy,
>V oo t
<cyY ¥ /1 v (am-(|Xm-| — h)([Xi] > h(n)) > m) di
n=1i=u,

Vn

Cz 2 Cv [ani(|Xnil = h(n))I(1Xpi| > h(n))] < ee.

n=li=u,
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Now we turn to deal with L. Recall that sup, <<, anih(n) =o(1). Hence, we have
by the fact |X,;| < 2(|Xui| — h(n)) when |X,;| > 2h(n) that for any ¢ > 1,

t
Vi) = @221 ((aniXoi] < 2anih(n)) + X2 (Zam-h<n><|am-xm<—)

12n
+ L 2 I |aniXni| > — !
12/)/7 am ni 121"’

< 2apih(n) - am\Xm|+ am|Xm|I(|X,,l| > 2h(n)) 4.7)
t t
ni Xm I me PN
+ el (Jau¥el > 1)

< 2apih(n) - ani| Xni| + nam(‘an‘ h(n))I(|Xpil > h(n)).

On the other hand, noting that |Y,,;(2)] < ﬁ, we have that for each > 1

A t
u,1n<lza<xv,, am‘Ym( ) - EYnz(2)| < a
Therefore, applying Lemma 3.2 with x =¢, y = 2, we can obtain by (4.7), (1.5), (2.3)

and (2.5) that

by = 2/ ( (2) — EY,i(2)) >t> dt

Z/ (max (Yui(2) — ,4(2)) > 6n>d¢

U <i<vp

o S0, Bi(2) — BY(2)2\ "
+n§1‘/1 g(vn—un+1)< 2/(6n) ) di

n
cz/ (v —ttn+ 1) (‘ZZEY,” 2) dr

i=up

o n Vn n oo
<C 2 glvy—up+1) ( sup am-h(n)> (sup 2 aan|Xm|> /1 1~2"dt

U <i<vp nzlij= Un

(<) n ()
+C Y, g(vn—un+1) (2 il (| Xi| — B(n))1(|Xil > h(n ))) /1 1t
n=1

i=up

o n . n
<C 2 gvn—uy+1) ( sup am-h(n)> . (sup 2 am-fE|Xm|>

n=1 Up i<y n>1 i=uy

o n
+C§g("n_“n+l (Zam ‘Xm‘_ ())I(‘an‘>h( )))

i=uy

< oo,
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Hence, the proof of the theorem is completed. [J
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