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SOME ANALYTIC INEQUALITIES AND THEIR
APPLICATIONS TO A CLASS OF REAL SEQUENCES

STEVO STEVIC

(Communicated by M. Krni¢)

Abstract. We prove several analytic inequalities and apply them in investigating of the bound-
edness and monotonicity character of a class of real sequences with three parameters of some
interest. Our main results improve some ones in the literature.

1. Introduction

Let N be the set of positive integers, Z the set of integers, R the set of reals,
Ny={j€Z:j>1},l€Z,and C}, 0 <k <n, k,n € Ny, be the binomial coefficients,
that is, G = gty (12,21D).

A real sequence (x,),en, is monotone if x,41 > X, or x,41 <x, forall n € N,
strictly monotone if x,,+1 > x;, or x,4 < x, for all n € N;, and eventually monotone if
there is k > [, k € Z such that (x,),en, is monotone, but (x,),en, , is not. Since such
sequences are defined by inequalities, they are closely related to various inequalities
some of which can be found, for instance, in [2, 14, 16,20]. The monotone sequences
frequently appear in difference equations (that is, recursive relations) of the first order
[2,22], as well as in higher-order difference equations [3,4,24,25,29]. They also appear
in problems of finding some specific solutions of difference equations and systems [5,
6,30,31,38], including eventually constant ones [32].

The problem in [40] (see [8]) motivated us to study convex combinations of the
sequences

kn 1 kn 1
Xn = 2 - and Yn = Z =
j=n+1 j=nJ

n,k € N, in detail (for some older results on the sequences see, for instance, [1, 20,
22]; see also [9, 23] for some related sequences). Two methods for dealing with the
sequences are presented in [34], one of which uses the Hadamard-Hermite inequalities
([12,13,20]), and the other one uses their monotonicity (see also [41]). The use of the
Hadamard-Hermite inequalities is another example of connections of some inequalities
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and monotonicity of sequences of real numbers. Some of the ideas in [34] have been
successfully used in studying some other pairs of sequences (see [33,36,39]).
Motivated by several problems dealing with some special cases of the sequence

n+p
o
al (o) = (H;) , neN, (1)
(see, for instance, [11, 14, 16, 17,27, 28], and especially Problems 168 and 172 [26,
Chapter 1]), in [35,37] we gave, among other things, a complete picture on the mono-

tonicity character of the sequence (1), when o > 0 and p > 0. The most famous

cases are the sequence (8510)(1)),,61\1 that is strictly increasing, and (ﬁfql)(l))neN that is

strictly decreasing ([14,15,18,22,42]). For some other cases see, for example, [11], [16,
p.422], [17, p.17] and [19]. The monotonicity and boundedness character of the se-
quence (1) and its special cases have been studied by using various inequalities. Some
special cases are usually dealt with the Bernoulli inequality and the inequality of arith-
metic and geometric means (see, for instance, [14,20]).

It is a natural problem to study the following extension of the sequence in (1)

n+p
aff’)(a,ﬁ)=<l+$) . neN, @)

where p >0, c>0and > —1.
Since
a?(0.8)=1, neN,

the case o = 0 is of no interest, so we regard that o > 0. Since
a? (0, B) — ¢,

as n — +oo, it is natural to study relations between the sequence and the limit, and the
monotonicity character of the sequence, in terms of the parameters p, o and 3.

Using the idea of connecting analytic inequalities with the sequences of the form
in (1), here, we prove several analytic inequalities and apply them in studying of the
boundedness and monotonicity character of the class of sequences in (2), extending
some results in the literature.

2. Some new analytic inequalities

Here we prove several analytic inequalities some of which are applied in the next
section.
LEMMA 1. Let o >0 and B > —1. Then, the function

hoplt) = ——2

% 3
n(i+.5) " )

is strictly increasing for t > —f3 and

ha75(t)<%+ﬁ, for t>—0. 4)
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Proof. We have

2
(1) = ¢ —1,

(t+ﬁ)(t+a+ﬁ)ln2(l+ﬁ)

and

o—tln(1+ %
lim hp(t) = lim a-tn(l+7p)
t—4oo ) t——+oo In (1 + ﬁ)

—1

:lm<w4mu+%0+?2)

AT D))

e In(1+%+0(%)

Let o
ga(t) :=1(t+ o) n’ <1 + 7>7
then

g:X(t):(2t+a)ln<l+%><ln<l+%> 2a ) >0

C2i+a
due to the inequality

2s

) <In(l+s) for s>0,

(see, for example, [20]), with s = .
So, gu(t) is strictly increasing for # > 0, and since

: _ 2
tEng(Z(t) =as,

we have
gu(t) <o for 1>0.
From (5), (8), and since § > —1, we have

wpt) >0, for 1>-P,

615

&)

(6)

(7

®)

€))

80, hg p(t) is strictly increasing for # > —f. This fact, together with (6), implies

@. O
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LEMMA 2. Let ke Ny, t >0 and

kIn(1+ ) — (k= 1) In(1 + =)

Tp(t) = (i + ) — (1 55 (10)
Then,
t
m—k>fﬁ,k+1(f), (11)
fort >0 and k € N.
Proof. Let
A P (k+ 1) In(1+ prgry) —kIn(1 + £5)
Bk ln(1+ﬁ) ln(l+ﬁ)_1n(1+k+é+l)
_ 2p.x(?) )
(In(1+ ) — (1 + g ) In(1+ )
where
t
gﬁ,k(t):<l—kln(l+m>><ln(l k+B> In <1+k+ﬁ+1>)
t
Then,
g57k(0) =0 (13)
and
/ _ hﬁJ{(Z)
where
hpi(t) = (B+k+1)*In <1+ﬁ> (14 B+k+1)1In <1+k+;7+1> -
We have,
and

hbvk(l):z(ﬁ—’—k—’_t)ln(l—'—ﬁ)_2(1+ﬁ+k+t)ln(1+k+;37+1>7
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and consequently
Mg £(0) =0 (16)

and

hg7k(t):21n<l+ﬁ> —21n<1—|—k+;7+1> >0, a7)

for t > 0.
Relations (16) and (17), imply hﬁ k( ) > 0 for 7 > 0, from which and (15), we

have hg (t) > 0 for £ > 0, from which and (14), we have g’ﬁ (t) >0 for r >0, from
which and (13), we have gg (t) > 0 for # > 0, from which and (12), we easily obtain
(an. O

LEMMA 3. Let k € N and fg(t) be the functions defined in (10). Then,
0 < fai—1(t) < fpi(t), (18)
fort >0 and k € Ny, fg () is strictly increasing for t > 0, and

t
Jim fyu6) =5 +P. (19)
Proof. We have
t k—1 Ckl
(1+k—1+B> "X
1
_ ﬂ
_g E 1+ p) t, (20)
and
oo
( k+ﬁ> ZZJ k+ﬁ
k
_ (k—j+1)
_g k+B) t/ (1)
From (20), (21), and the Bernoulli inequality ([2, p. 70]), we have
g o _(k—l)---(k—j+1>< ko k—j )
(k+B)  (k—1+B)] J! (k+B)/  (k—1+pB)/

by )

(k= 1)k j+ 1) .
> ' (k—1+p) (k(l_m>_(k_])>
(k1))

R T -
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for 1 < j<k—1.For j=0, we have

c* _ ci! 03
(k+B))  (k—=1+p)/"
From (20)-(23), we obtain
t t
kln <1+m) > (k—1)In <1+m), 4)
for > 0 and k € Ny, from which, together with the inequality
t t
ln(l+m>>ln(l+m>, (25)
we have that for each £k € Ny,
fpx—1(t)>0, for t>0.
Let
g x(t) = fpi(t) — fpi-1(2),
where t >0 and k € N;.
Then,
gp(t)
, 26
gplt) = (In(1+ p=75) — In(1+ =5)) (In(1 + =575) — In(1 + ={75)) (20)
where
t t
8p.0):= (kn (1 —g)—“‘—mn(”m))
t
( ( k— 2 ﬁ>_ln(l+k—1+ﬁ>>
t
(=) 0 (1))
t t
( _11“( —1+ﬁ> (k= 2>1“< k— 2+ﬁ>>
Hence,
gpx(0)=0 (27)
and
—~ o hﬁJ{(t)
)= B Bk T Bk 28)
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where

i (0) == (B + k0 (14— ) =2(B+ k= 1+1In (14 ——)

k+p k—1+p
+(B+k—2+t)21n<l+;>.
k—=2+p
‘We have,
hp x(0) =0 (29)
and
) = LI _ L
hﬁk(t)_2(B+k+t)ln<l+k+ﬁ> 4B +k 1+t)1n<1+B+k_1>
t
+2(B+k—2+l>ln(l+m>7
and consequently
h’ﬁvk(O) =0 (30)

and

t

fult) =2mn (14 )—4ln(l+m>+21n<l+m>,

o
k+pB
from which, it follows that

1§ (0) =0 31)

and

" _ 4
g (1) = (B+k—2+1)(B+k—1+1)(B+k+1)

>0, (32)

for r > 0.
From (31) and (32), we have hg (t) >0 for £ > 0, from which and (30), we have

h;}.k(t) >0 for # > 0, from which and (29), we have hg 4(t) > 0 for > 0, from which
and (28), we have fg”ﬁ () >0, for £ > 0, from which, together with (25), (26) and (27),

we have gg (1) > 0 for £ >0, thatis, fg(t) > fgs—1(t) fort >0 and k € N».
Further, we have

ZBJ{(I)
B+k—1+0)(B+k+1)(In(l+—5) —In(1+ g5))*’

fpp(t) = ( (33)

where

t

jl\&k(t) = (ﬁ-f—k—l-f—l)ln(l"’-m

)—(ﬁ+k+t)ln(l+ﬁ).
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Then,
hp (0) =0 (34)
and
) — oy o
hB7k(t)_ln<1—|—k_l+ﬁ> ln(1+k+B>>0, (35)
for ¢t > 0.

From (34) and (35), we have Zﬁﬂk(t) > 0 for t > 0, from which and (33), we have
fé () >0 for t > 0, implying the strict monotonicity of fg ; for z >0 and k € N.
We have

_ kIn(l+ ) — (k= DIn(1 + 7=5)
khm fp(t) = kllrJIrloo In(1+ ——)—In(1 + 17)
o B k=1+p kB
o KRR ) — (k= DIn( (1))

e (T ) ) I+ E(1 )

i kIn(1+£—%5+ B, B —Lo(L ))_(k_l)ln(”ki—ﬁ( B)2+( B2 )34_0(%))
= lm

kb n(1 gy — (B>2+(’3)3+0( ))—In(1+5—B+ B o( L))

B 1 2p 1
. ( k(i——+——W+ +3k3+0(—3))
e\ (el — i~ e O — (3 +OG)
B p? 2
(k_l)(ki_l (t )2"’([ )3_2(kt_1)2+ ktl

<ﬁr7#%—7—v+m%»—&—£—”+0<»

i (o i o)
(IE+1§7_§<_§_21<2+0( ))—(%—2—@—2,(2—#0( )

2

B 182 2B 1
==+ e — ey T T 3(1{71)2 + O(F)))
2
(f+ =%~ 2 +0G5) — ;= — 4= +0()
2 2

((x—%Jr’f—z—;—kJr )

& +0(%)

2 2
(t_%_%+%_tz_k_zk2+tﬁ+3k2+0(%))>

5= +0(%)

so (19) holds. [
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LEMMA 4. Let B > —1 and
— t —_— —
In(1+ f5)

Then, fg(t) is strictly increasing and concave for t > 0, and

fp(1): -B. (36)

t(1+PB) t
m<fﬁ(f)<§, (37)
fort>0.
Proof. We have,
1 t

f/g(t)zln(uﬁ) (14 B+0)n? (1+5)

1+B
_(1+B+t)1n(1+ﬁ)—t
B (1+B+z)1n2(1+ﬁ)

o
ln(l+ﬁ)— Lh

—(1+B+1) UTE s (38)
(1+B+z)1n2(1+1i5) ’
due to the well known inequality
s
In(1 f 0 39
n( +s)>1+s or 5>0, (39)

[7,18,20,28], with s = ﬁ . From (38), it follows that fg (¢) is strictly increasing for
t>0.

‘We have,

| 1~ @+ mEp)n(+rp)

(AR ANTESC RS

for t > 0, due to the inequality (7) with s = ﬁ . Hence, fg is a concave for 7 > 0.
Note that

2t
t 1+B
1n(1+ 1+B) - ﬁ*‘rz

t
3 /B =(+26+2) 2In (1+ )

> 0.

due to inequality (7) with s = ﬁ , which is the second inequality in (37).

Let
(1) =1y 0) ~ 15
C2(14B)(t+ 1+ B)hg(t)

2014 B) (14 55)” (“40)
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where
tit+2(1+P))

t
") = B 14 B) _ln(Hm)

Then,

g T 1+
(r"‘l)z—l t
:7—1n<1+—>>0, 41
2gg+1) 1+ “D
due to the known inequality
2 _
lnx<x 1, for x>1,
2x

with x = ﬁ + 1, which is, for example, a consequence of one of the Hadamard-

Hermite inequalities applied to the function f(x) =1 on the interval [1,x] (12,13,20]).
Using (41) in (40), we get that gg(¢) > 0 for # > 0, which is the first inequality in
(37). O

3. Some properties of the sequence (2)

Here, we present some results on the sequence in (2).

THEOREM 1. Let k€N, p=0, >0, B> —1, (@ (0, B))nen be defined in
(2), and fg ;(t) be defined in (10). Then,

(a) the inequality holds
ai (o, B) < e, “2)

holds for n > k, if and only if

o

pgln(1+ﬁ)_k; @
(b) the inequality
* <a(a.B), (44)
holds for n € N, if and only if
a/2+B < p; 45)

(¢) the sequence (a,(qp)(a, B))nen s strictly decreasing if and only if (45) holds;



(d)
()
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if §+4B > p, then the sequence (aﬁ,p )(Oc ,B))nen is eventually strictly increasing;
if
2In(1+ 3%5) —In(1+ 1¥5)

Osp< ln(1+%)—ln(l+ﬁ) ' (46)
Then, the sequence (a,(qp )(Ot, B))nen strictly increasingly converges to e*;
i
2In(1+5%5) —In(1+ 1¥5)
P= In(1+ %) —In(1+5%) “7
Then,
a” (e, B) = a” (cr,B) (48)
and the subsequence (aﬁ,p ) (00, B))nen, strictly increasingly converges to e%;
if
Tk (@) <P < fBror1(Q0), (49)

for some ko € Ny, then the subsequence (a,(f)(a,B))ngNko strictly increasingly

converges to e*, whereas the finite subsequence (a,(lp )(Ot,B))];O:1 is strictly de-

creasing;

if
P = fBry+1(Q), (50)
for some ko € Ny, then
a (. B) =a”, (e, B) (51)

the subsequence (a,(f )(Ot7 B))neNkO L1 Strictly increasingly converges to e*, whereas

the finite subsequence (a,(f )(Ot7 B))]ZO: | is strictly decreasing.

Proof. (a) Note that (42) is equivalent to

(04

————n, for n>k 52

PSa(it5) 62
From Lemma 1, we have that the sequence
a

Jap (k) := —k, keN, (53)

In (1+ %)
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is strictly increasing, implying that (52) is equivalent to (43).
(b) Note that (44) is equivalent to

(04
— o <), neN. 54)
ln(l+n+ﬁ)

The monotonicity of (53), implies that (54) holds if and only if
li k) < p,
Jm fopk) <p

which, together with (6), is equivalent to (45).
(¢) Assume that (45) holds. If in the formula

1+x & x2kl
1 =2 1
1 —x Z‘IZk o K<L
([10]), we take x = m7 n €N, we get

a oo o 2k—1
ina (a, ) = (n+l?)1n(1+m> (2n+2p) § 1(2n+2B+a>

> 2%-2
zz“ <2n+gﬁ+a>

+@2p—a— 2[52

o >2k—1 55)

2k—1(2n+2B+(x

From (45), (55) and since 8 > —1, we have that (lnag (a,B))nen is strictly de-

creasing. This fact, together with the monotonicity of the function ¢*, imply that

(a,(f )(OC, B))nen is strictly decreasing.
Now assume that Q + B > p. Then from (b) it follows that there is ng E N such

that agﬁ)(m B) <e* ThlS fact, along with the convergence of the sequence alf (a B)
to e, imply that the sequence cannot be strictly decreasing on the whole domain N.

(d) We have
+ﬁ) = (n+p)1n<1 +%<1 +§>_1>

Ina’ (oc B) (n+p)ln(1
(- p)in (1+__%+“_ﬁ2+0< ))
(04

) (2B B B Lo L))
:(n+p)<%_ oc(az:225)+ oc(3ﬁ2+3i(;cﬁ+oc )+0<ni4>>
a(2p—o—2p)

= _
* 2n

a(6B%+60p +202 —3p(O€+2B)) 1
6n? 0<_>’

(56)
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and consequently

() gy 2@p—a—2p)
Ina, .’ (o, B) =+ 2t 1)
a(6B%+60B+2a% —3p(a+2B)) 1
6(n 1) +0(55)- oD
Combining (56) and (57), and using the assumption % +B > p, we get
() a(o+2B—2p) 1
na’), (o, B) —na" (e, B) = D +0(n3) >0, (58)

for large enough n, from which the statement easily follows.
(e) By the inequality (11) with k = 1, we see that (46) implies that (a,(q (0, B))nen

satisfies (42). By Lemma 3, (fg(@))ien, is strictly increasing for any o > 0 and

B > —1. So, from (46) we have

kln(1+ ﬁ) —(k—1)In(1+ k—7?+ﬁ)

p< (59)

for k € Ny, which implies

"\ (@,B) < a (@, B)

for k € Ny, that is, (a,(q (&, B))nen is strictly increasing, and, of course, converges to
o
ev.

(f) Note that (47) is equivalent to (48), and the strict monotonicity of (f; g ())xen,

implies that (59) holds for k € N3. So, (a,(q (¢, B))nen, is strictly increasing, and, of
course, converges to e%.
(g) If (49) holds for some ko € Ny, then by Lemma 2 with k = ko and (a), the

subsequence (a,(q )(OC ﬁ))neNk satisfies (42). The monotonicity of (f; g(&))ken, im-

plies that (59) holds for k > ko + 1, so the subsequence (a,g (o, B))neNk is strictly

increasing. For 2 < k < ko, we have

kln(1+ ﬁ) —(k—1)In(1+ ﬁ)

; (60)
111(1 + ﬁ) —ln(l + ﬁ)

p>

that is, a,({ (o, B) > ak (a B) for 2 < k < ko. So, the subsequence (aﬁ,p)(a,ﬁ))ﬁozl
is strictly decreasing.

(h) Note that (50) is equivalent to (51), and that the strict monotonicity of

(fx,p(@))ren, implies that (59) holds for k € Ny ;2. Hence, the subsequence (a,(lp >(a,

ﬁ))neNk ARE strictly increasing. Further, we have that (60) holds for 2 < k < kg, that

is, a,({ (o, B) >ak (OC B) for 2 < k < ko. Hence, the subsequence (an (a B))n |18
strictly decreasing. [J
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