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SINGULAR VALUE AND NORM INEQUALITIES

VIA POSITIVE BLOCK MATRICES
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(Communicated by S. Furuichi)

Abstract. Using positivity of 2× 2 operator block matrices, we establish several singular value
inequalities for matrices, with emphasis on mixed products generated by positive semidefinite
inputs. Our approach starts from the classical Audeh–Kittaneh and Burqan–Kittaneh singular-
value comparisons for off-diagonal blocks and shows that they remain effective under four exten-
sions: (i) lifting block positivity through 2-positive linear maps, leading to map-valued singular
value bounds; (ii) stacking multiple matrix pairs into a single Gram-type block matrix, yielding
aggregated Cauchy–Schwarz and Heinz-type estimates for sums of mixed products; (iii) intro-
ducing a positive weight parameter in the anticommutator comparison, producing a continuous
family of bounds for XY +YX ; and (iv) replacing power functions by continuous pairs ( f ,g)
satisfying a natural domination condition f (t)g(t) � t , which yields functional Kato-type in-
equalities. As consequences, we obtain Ky Fan and unitarily invariant norm inequalities. We
also provide explicit low-dimensional examples and a brief illustration showing how the 2-
positive-map framework applies to completely positive maps. In particular, our results recover
and extend the estimates of Meniz, Türkmen and Dragomir (Filomat 40 (2) (2026), 763–772).

1. Introduction

Singular value and norm inequalities for matrices and operators are a central topic
in matrix analysis and operator theory. A particularly effective approach is to encode an
inequality into the positivity of a 2× 2 block matrix and then apply general singular-
value estimates for its off-diagonal block. A classical illustration is the arithmetic–
geometric mean inequality of Bhatia and Kittaneh [3]: for X ,Y ∈Mn(C) ,

s j(XY ∗) � 1
2 s j(|X |2 + |Y |2), j = 1, . . . ,n,

which follows from the positivity of the Gram-type block matrix(
XX∗ XY ∗
YX∗ YY ∗

)
=

(
X
Y

)(
X
Y

)∗
� 0.

Two fundamental tools in this direction are the inequalities of Audeh–Kittaneh [1]
and Burqan–Kittaneh [7]:

s j(C) � s j(A⊕B) whenever

(
A C
C∗ B

)
� 0, (1)
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and

s j(C+C∗) � s j
(
(A+B)⊕ (A+B)

)
whenever

(
A C
C∗ B

)
� 0. (2)

These block-positivity bounds have recently been exploited to obtain inequalities for
positive semidefinite matrices; see, for instance, Meniz, Türkmen and Dragomir [14]
for Heinz-type symmetrized products and Kato-type estimates related to the polar de-
composition [9, 10].

Main results and contributions. In this paper we prove several extensions of (1)–(2)
that generate new families of singular value inequalities and their consequences for Ky
Fan and unitarily invariant norms. In particular, our results include:

• 2 -positive map liftings. We show that 2× 2 block positivity is preserved under
any 2-positive linear map  , which yields map-valued analogues of (1)–(2) for
(C) and (C)+(C)∗ .

• Aggregation (stacking) inequalities. By stacking several matrix pairs into a single
Gram-type block matrix, we obtain singular value bounds for sums of mixed prod-
ucts, leading in particular to multi-term Cauchy–Schwarz/Heinz-type estimates.

• A weighted anticommutator family. Introducing a weight parameter t > 0 into
the anticommutator comparison produces a continuous family of inequalities bound-
ing XY +YX in terms of tX2 + t−1Y 2 , which can be optimized in applications to
norms.

• Functional Kato-type bounds. Replacing power functions by continuous pairs
( f ,g) satisfying a domination condition f (t)g(t) � t yields a functional version
of Kato-type singular value inequalities, with power-function cases recovered as
special instances.

• Norm consequences. Using Ky Fan dominance, each pointwise singular-value
estimate immediately implies inequalities for Ky Fan norms and for arbitrary uni-
tarily invariant norms.

To make the abstract bounds more concrete, we also include a short section of
numerical examples and an application-oriented illustration involving completely
positive maps.

All of the above families recover the corresponding inequalities of [14] as spe-
cial cases. In particular, the 2-positive-map liftings, the multi-pair aggregation results,
and the functional extension under the domination condition f (t)g(t) � t broaden the
block-matrix method beyond the setting treated in [14]; the weighted anticommuta-
tor family provides a complementary one-parameter refinement of the comparison step
underlying the Heinz-type bounds.
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Organization

Section 2 collects definitions and the block-matrix lemmas used throughout. Sec-
tion 3 develops the 2-positive map liftings. Section 4 proves the multi-pair aggregation
results. Section 5 contains the weighted anticommutator family. Section 6 gives the
functional extension of Kato-type singular value bounds. Section 7 derives Ky Fan and
unitarily invariant norm consequences. Section 8 presents numerical examples and an
application-oriented illustration for completely positive maps. Finally, Section 9 con-
cludes with open questions and further directions.

2. Preliminaries

Throughout, Mn(C) denotes the algebra of all n× n complex matrices. For A ∈
Mn(C) , the singular values are denoted by

s1(A) � s2(A) � · · ·� sn(A) � 0.

If A � 0, then s j(A) =  j(A) for each j , where 1(A) � · · · � n(A) � 0 are the
eigenvalues of A arranged in decreasing order. We write A⊕B for the block diagonal

matrix

(
A 0
0 B

)
.

2.1. A monotonicity principle for eigenvalues (used later)

We will repeatedly use the basic fact that Loewner order implies eigenvalue (hence
singular value) order.

LEMMA 2.1. (Eigenvalue monotonicity) Let X ,Y ∈ Mn(C) be Hermitian. If
X � Y (i.e. Y −X � 0 ), then

 j(X) �  j(Y ), j = 1, . . . ,n.

In particular, if 0 � X � Y , then s j(X) � s j(Y ) for all j .

Proof. By the Courant–Fischer min–max principle, for Hermitian H we have

 j(H) = min
dimS =n− j+1

max
x∈S
‖x‖=1

〈Hx,x〉 .

If X � Y , then 〈Xx,x〉 � 〈Yx,x〉 for every unit vector x , hence for every subspace S
the corresponding maxima satisfy max‖x‖=1,x∈S 〈Xx,x〉 � max‖x‖=1,x∈S 〈Yx,x〉 . Tak-
ing minima over all S gives the claim. �



632 D- . V. PHÚC

2.2. Ky Fan norms and unitarily invariant norms

DEFINITION 2.2. (Ky Fan norms) For 1 � k � n , the Ky Fan k -norm of A ∈
Mn(C) is

‖A‖(k) :=
k


j=1

s j(A).

REMARK 2.3. (Zero-padding convention for Ky Fan norms) For A∈Mn(C) and
1 � k � 2n , we interpret ‖A‖(k) as the Ky Fan k -norm of the embedded matrix A⊕0n ∈
M2n(C) . Equivalently,

‖A‖(k) =
min{k,n}

j=1

s j(A).

In particular, if k > n then ‖A‖(k) = ‖A‖(n) .
A norm ‖‖·‖‖ on Mn(C) is unitarily invariant if ‖‖UAV‖‖= ‖‖A‖‖ for all unitary

U,V . It is standard that unitarily invariant norms are increasing functions of the singular
values and obey Ky Fan dominance; see, e.g., [6, Chapter IV].

2.3. Block positivity and a mixed Cauchy–Schwarz inequality

The following equivalence is classical; see, for instance, [14, Lemma 1.1] (cf.
[11]).

LEMMA 2.4. (Block positivity and a mixed Cauchy–Schwarz inequality) Let A,B
∈Mn(C) be Hermitian and C ∈Mn(C) . Then the following are equivalent:

(i)

(
A C
C∗ B

)
� 0 .

(ii) A � 0 , B � 0 , and for all x,y ∈ C
n ,

|〈Cy,x〉|2 � 〈Ax,x〉 〈By,y〉 . (3)

2.4. Singular value bounds from block positivity

The next two lemmas are due to Audeh–Kittaneh [1] and Burqan–Kittaneh [7].

LEMMA 2.5. (Audeh–Kittaneh) If

(
A C
C∗ B

)
� 0 in M2n(C) , then

s j(C) � s j(A⊕B), j = 1, . . . ,n.

LEMMA 2.6. (Burqan–Kittaneh) If

(
A C
C∗ B

)
� 0 in M2n(C) , then

s j(C+C∗) � s j
(
(A+B)⊕ (A+B)

)
, j = 1, . . . ,n.
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We will also use the following estimate (a convenient formulation of Bhatia–
Kittaneh [5, Lemma 6.1]).

LEMMA 2.7. (Bhatia–Kittaneh) Let X ,Y ∈ Mn(C) be Hermitian and assume
±Y � X . Then

s j(Y ) � s j(X⊕X), j = 1, . . . ,n.

2.5. 2 -positive maps

DEFINITION 2.8. (2-positive maps) Let  : Mn(C)→Mm(C) be C-linear. It
is positive if (A) � 0 whenever A � 0. It is 2 -positive if the ampliation id2⊗ :
M2(Mn(C))→M2(Mm(C)) is positive, i.e. it sends positive 2×2 block matrices with
entries in Mn(C) to positive block matrices with entries in Mm(C) .

Completely positive maps are k -positive for all k ; see [8]. For further background
on positive linear maps, operator systems, and completely positive maps in finite di-
mensions, see [4, Chapters 2 and 3].

REMARK 2.9. A positive linear map  is automatically *-preserving: (X∗) =
(X)∗ for all X ∈Mn(C) . Indeed, for Hermitian H we have H = H∗ and positivity
implies (H) is Hermitian; then write any X = H + iK with Hermitian H,K and check
(X∗) = (H− iK) = (H)− i(K) = (X)∗ .

2.6. Kittaneh’s mixed Schwarz inequality

LEMMA 2.10. (Kittaneh [11, Theorem 1]) Let T ∈Mn(C) and let f ,g : [0,)→
[0,) be continuous functions satisfying

f (t)g(t) = t for all t � 0. (4)

Then for all x,y ∈Cn ,

|〈Tx,y〉|� ‖ f (|T |)x‖ ‖g(|T ∗|)y‖ . (5)

3. 2 -positive map liftings

The Audeh–Kittaneh and Burqan–Kittaneh lemmas are purely block-positivity state-
ments, so it is natural to ask: what survives after applying a linear map to the blocks?
We show that 2-positivity is exactly what is needed to preserve block-positivity, and
then we combine this with the classical lemmas to obtain map-valued singular value
bounds. Finally, we illustrate the method on the key block matrix used by [14] to de-
duce a 2-positive-map analogue of their Theorem 2.5.

PROPOSITION 3.1. (Block positivity under 2-positive maps) Let  : Mn(C)→
Mm(C) be 2 -positive. If (

A C
C∗ B

)
� 0 in M2(Mn(C)),
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then (
(A) (C)
(C)∗ (B)

)
� 0 in M2

(
Mm(C)

)∼= M2m(C).

Proof. Set M =
(

A C
C∗ B

)
∈M2(Mn(C)) . By assumption, M � 0. Since  is

2-positive, the ampliation id2⊗ is a positive map on M2(Mn(C)) . Therefore,

(id2⊗)(M ) � 0.

But the ampliation acts entrywise on the 2×2 block matrix:

(id2⊗)(M ) =
(
(A) (C)
(C∗) (B)

)
.

By Remark 2.9, (C∗) =(C)∗ , so the last matrix is exactly the claimed block matrix,
which is therefore positive semidefinite. �

THEOREM 3.2. (2-positive lifting of Audeh–Kittaneh) Let  : Mn(C)→Mm(C)

be 2 -positive. If

(
A C
C∗ B

)
� 0 , then

s j((C)) � s j
(
(A)⊕(B)

)
, j = 1, . . . ,m.

Proof. By Proposition 3.1, the 2m×2m block matrix

M :=
(
(A) (C)
(C)∗ (B)

)

is positive semidefinite. Lemma 2.5 applies to M (with n replaced by m) and yields

s j((C)) � s j((A)⊕(B)), j = 1, . . . ,m,

which is the desired inequality. �

THEOREM 3.3. (2-positive lifting of Burqan–Kittaneh) Let  : Mn(C)→Mm(C)

be 2 -positive. If

(
A C
C∗ B

)
� 0 , then

s j
(
(C)+(C)∗

)
� s j

((
(A)+(B)

)⊕ (
(A)+(B)

))
, j = 1, . . . ,m.

Proof. As in the proof of Theorem 3.2, Proposition 3.1 yields(
(A) (C)
(C)∗ (B)

)
� 0.

Apply Lemma 2.6 (with n = m and with the displayed blocks) to obtain

s j
(
(C)+(C)∗

)
� s j

(
((A)+(B))⊕ ((A)+(B))

)
,

for j = 1, . . . ,m . �
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COROLLARY 3.4. (A 2-positive-map version of Theorem 2.5 in [14]) Let A,B∈
Mn(C) be positive semidefinite and  ∈ [0,1] . Let  : Mn(C)→Mm(C) be 2 -positive.
Then for j = 1, . . . ,m,

s j
(
(AB1−)+(AB1−)∗

)
� s j

((
(A2)+(B2−2)

)⊕(
(A2)+(B2−2)

))
.

(6)

Proof. Step 1 : A canonical positive 2× 2 block matrix. Consider the block row
matrix

R :=
(
A B1−) ∈Mn×2n(C).

Then R∗R is automatically positive semidefinite and has the explicit 2×2 block form

R∗R =
(

(A)∗A (A)∗B1−

(B1−)∗A (B1−)∗B1−

)
.

Since A and B1− are positive semidefinite (hence Hermitian), we have (A)∗ = A

and (B1−)∗ = B1− , so

R∗R =
(

A2 AB1−
B1−A B2−2

)
� 0.

Step 2 : Apply the lifted Burqan–Kittaneh inequality. Now apply Theorem 3.3 to
the block matrix R∗R with

A← A2 , B← B2−2 , C← AB1− .

Theorem 3.3 yields, for j = 1, . . . ,m ,

s j
(
(AB1−)+(AB1−)∗

)
� s j

((
(A2)+(B2−2)

)⊕(
(A2)+(B2−2)

))
,

which is exactly (6). �

4. Multi-pair aggregation inequalities

Whereas [14] begins from a single positive 2×2 block matrix built from one pair
(A,B) , we show that stacking several such pairs into tall block columns produces a new
positive 2× 2 block matrix whose off-diagonal block is a sum of the original mixed
terms. Applying Lemma 2.4 or Lemma 2.6 then yields inequalities for aggregated
Heinz-type expressions.

4.1. Aggregating symmetrized weighted products

THEOREM 4.1. (Multi-pair version of Theorem 2.5 in [14]) Let Ak,Bk ∈Mn(C)
be positive semidefinite for k = 1, . . . ,r and let  ∈ [0,1] . Define

C :=
r


k=1

A
k B1−

k , P :=
r


k=1

A2
k , Q :=

r


k=1

B2−2
k .
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Then for j = 1, . . . ,n,

s j(C+C∗) � s j
(
(P+Q)⊕ (P+Q)

)
. (7)

Proof. Step 1 : Build tall block columns. Define rn×n block columns

X :=

⎛
⎜⎜⎜⎝

A
1

A
2
...

A
r

⎞
⎟⎟⎟⎠ , Y :=

⎛
⎜⎜⎜⎝

B1−
1

B1−
2
...

B1−
r

⎞
⎟⎟⎟⎠ .

Concretely, X is the vertical concatenation of the n× n blocks A
k , and similarly for

Y . Then X∗X and Y ∗Y are n×n matrices and can be computed blockwise:

X∗X =
r


k=1

(A
k )∗A

k =
r


k=1

A2
k = P, Y ∗Y =

r


k=1

(B1−
k )∗B1−

k =
r


k=1

B2−2
k = Q,

using again that each A
k and B1−

k is Hermitian.
Similarly,

X∗Y =
r


k=1

(A
k )∗B1−

k =
r


k=1

A
k B1−

k = C,

and hence (X∗Y )∗ = Y ∗X = C∗ .
Step 2 : A positive 2× 2 block matrix whose off-diagonal is C . Consider the

2n×2n block matrix

M :=
(

X∗X X∗Y
Y ∗X Y ∗Y

)
=

(
P C
C∗ Q

)
.

This matrix is positive semidefinite because it is a Gram matrix:

M =
(

X∗
Y ∗

)(
X Y

)
=

(
X Y

)∗ (
X Y

)
� 0.

Step 3 : Apply Burqan–Kittaneh. Lemma 2.6 applied to M � 0 gives

s j(C+C∗) � s j
(
(P+Q)⊕ (P+Q)

)
, j = 1, . . . ,n,

which is (7). �

4.2. Aggregating Heinz-type sums: an inner-product estimate

THEOREM 4.2. (Multi-pair Heinz-type Cauchy–Schwarz inequality) Let Ak,Bk

∈Mn(C) be positive semidefinite for k = 1, . . . ,r and let  ∈ [0,1] . Define

H :=
r


k=1

(
A

k B1−
k +A1−

k B
k

)
, SA :=

r


k=1

(
A2

k +A2−2
k

)
, SB :=

r


k=1

(
B2

k +B2−2
k

)
.

Then for all x,y ∈C
n ,

|〈Hy,x〉|2 � 〈SAx,x〉 〈SBy,y〉 . (8)
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Proof. Step 1 : A positive block matrix for each pair. Fix k ∈ {1, . . . ,r} and define
the 2n×n block columns

Xk :=
(

A
k

A1−
k

)
, Yk :=

(
B1−

k
B

k

)
.

Compute the corresponding Gram-type 2×2 block matrix:

Nk :=
(

X∗k Xk X∗k Yk

Y ∗k Xk Y ∗k Yk

)
=

(
X∗k
Y ∗k

)(
Xk Yk

)
=

(
Xk Yk

)∗ (
Xk Yk

)
� 0.

Now compute each block explicitly:

X∗k Xk = (A
k )∗A

k +(A1−
k )∗A1−

k = A2
k +A2−2

k ,

Y ∗k Yk = (B1−
k )∗B1−

k +(B
k )∗B

k = B2−2
k +B2

k ,

and

X∗k Yk = (A
k )∗B1−

k +(A1−
k )∗B

k = A
k B1−

k +A1−
k B

k .

Thus Nk � 0 can be written as

Nk =
(

A2
k +A2−2

k A
k B1−

k +A1−
k B

k
B1−

k A
k +B

k A1−
k B2

k +B2−2
k

)
� 0.

Step 2 : Sum the block matrices. Since the cone of positive semidefinite matrices
is closed under addition,

N :=
r


k=1

Nk � 0.

Summing the blocks gives

N =
(

r
k=1(A

2
k +A2−2

k ) r
k=1(A


k B1−

k +A1−
k B

k )
r

k=1(B
1−
k A

k +B
k A1−

k ) r
k=1(B

2
k +B2−2

k )

)
=

(
SA H
H∗ SB

)
� 0.

(Here H∗ = r
k=1(B

1−
k A

k +B
k A1−

k ) ; in general H need not be Hermitian.)

Step 3 : Convert block positivity to a Cauchy–Schwarz inequality. Apply Lemma 2.4
to N � 0. This yields, for all x,y ∈Cn ,

|〈Hy,x〉|2 � 〈SAx,x〉 〈SBy,y〉 ,

which is (8). �

REMARK 4.3. When r = 1, (8) reduces to [14, Theorem 2.1].
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5. A weighted anticommutator family

The basic input in [14] for the symmetrized product AB1− + B1−A is an
anticommutator estimate applied to X = A and Y = B1− . We revisit that comparison
step and insert a positive parameter t > 0. This yields a convenient one-parameter
family of singular value inequalities; in applications to norms, one may then optimize
over t to obtain explicit estimates tailored to the norm under consideration.

LEMMA 5.1. (Weighted order bound for anticommutators) Let X ,Y ∈Mn(C) be
positive semidefinite and t > 0 . Then

− (tX2 + t−1Y 2) � XY +YX � tX2 + t−1Y 2. (9)

Proof. Because X ,Y are Hermitian and t > 0, the matrices
√

t X ± t−1/2Y are
Hermitian. Hence their squares are positive semidefinite:

0 � (
√

t X± t−1/2Y )2.

Expanding the squares gives

(
√

t X± t−1/2Y )2 = tX2 + t−1Y 2± (XY +YX).

Thus
tX2 + t−1Y 2± (XY +YX) � 0,

which is equivalent to the pair of inequalities ±(XY +YX) � tX2 + t−1Y 2 , i.e. (9). �

THEOREM 5.2. (Weighted singular value bound) Let X ,Y ∈Mn(C) be positive
semidefinite and let t > 0 . Then for j = 1, . . . ,n,

s j(XY +YX) � s j
(
(tX2 + t−1Y 2)⊕ (tX2 + t−1Y 2)

)
. (10)

Proof. By Lemma 5.1, the Hermitian matrix Y0 := XY +YX satisfies

−Y0 � X0 and Y0 � X0, where X0 := tX2 + t−1Y 2.

Equivalently, ±Y0 � X0 . Lemma 2.7 applies to (X0,Y0) and yields

s j(Y0) � s j(X0⊕X0), j = 1, . . . ,n.

Substituting Y0 = XY +YX and X0 = tX2 + t−1Y 2 gives (10). �

COROLLARY 5.3. (Weighted refinement of Theorem 2.5 in [14]) Let A,B∈Mn(C)
be positive semidefinite,  ∈ [0,1] , and t > 0 . Then for j = 1, . . . ,n,

s j
(
AB1− +B1−A)

� s j

(
(tA2 + t−1B2−2)⊕ (tA2 + t−1B2−2)

)
.

In particular, taking t = 1 recovers Theorem 2.5 of [14].



SINGULAR VALUE AND NORM INEQUALITIES VIA POSITIVE BLOCK MATRICES 639

Proof. Apply Theorem 5.2 with X = A and Y = B1− . Then XY +YX =
AB1− +B1−A and tX2 + t−1Y 2 = tA2 + t−1B2−2 . Substituting into (10) yields
the stated inequality. �

REMARK 5.4. As already observed in [14, Theorems 2.5 and 2.11], the same
Heinz-type singular-value bound admits more than one block-matrix proof. In this
sense, Corollary 5.3 may be viewed as a weighted refinement of that common conclu-
sion.

5.1. Choosing the parameter t : examples for standard unitarily invariant norms

The family (10)–Corollary 5.3 contains a free parameter t > 0. While the point-
wise singular value bound is already useful, in applications one often evaluates it through
a specific unitarily invariant norm. We record here a few concrete choices of t that lead
to explicit and computable estimates.

REMARK 5.5. (Direct sums for common norms) Let ‖‖ ·‖‖ be a unitarily invari-
ant norm. For the block diagonal duplication A⊕A one has the following standard
identities:

(a) (Spectral norm) ‖A⊕A‖= ‖A‖ .
(b) (Frobenius/Hilbert–Schmidt norm) ‖A⊕A‖2 =

√
2‖A‖2 .

(c) (Ky Fan norms) for 1 � k � 2n ,

‖A⊕A‖(k) = ‖A‖(
k/2�) +‖A‖(�k/2�).

In particular, if k = 2r is even then ‖A⊕A‖(2r) = 2‖A‖(r) , while if k = 2r−1 is
odd then ‖A⊕A‖(2r−1) = ‖A‖(r) +‖A‖(r−1) .

More generally, for Schatten p -norms (1 � p < ), ‖A⊕A‖p = 21/p‖A‖p .

EXAMPLE 5.6. (A computable choice of t for the spectral norm) Let X ,Y ∈
Mn(C) be positive semidefinite. Applying the operator norm to (10) and using Re-
mark 5.5(a) gives

‖XY +YX‖� ‖tX2 + t−1Y 2‖ (t > 0). (11)

Although minimizing the right-hand side of (11) exactly may depend on fine spectral
data of X and Y , one always has the elementary upper bound

‖tX2 + t−1Y 2‖� t‖X2‖+ t−1‖Y 2‖= t‖X‖2 + t−1‖Y‖2,
by the triangle inequality and homogeneity of the operator norm. If ‖X‖‖Y‖= 0, then
XY +YX = 0, and (12) is trivial. Assume therefore that ‖X‖> 0 and ‖Y‖ > 0. Then
the scalar function t �→ t‖X‖2 + t−1‖Y‖2 is minimized at

t∗ =
‖Y‖
‖X‖ ,
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and its minimum equals 2‖X‖‖Y‖ . Hence

‖XY +YX‖� 2‖X‖‖Y‖. (12)

In particular, (12) holds for the Heinz-type choice X = A , Y = B1− .

EXAMPLE 5.7. (A closed-form optimizer for the Frobenius norm) Let X ,Y ∈
Mn(C) be positive semidefinite and let ‖ · ‖2 denote the Frobenius norm. Applying
‖ · ‖2 to (10) and using Remark 5.5(b) gives

‖XY +YX‖2 �
√

2‖tX2 + t−1Y 2‖2 (t > 0). (13)

Since X2 and Y 2 are Hermitian, we can expand

‖tX2 + t−1Y 2‖22 = tr
(
(tX2 + t−1Y 2)2) = t2 tr(X4)+ t−2 tr(Y 4)+2tr(X2Y 2).

Note that tr(X2Y 2) = tr(XY 2X) = ‖YX‖22 � 0.
Setting a := tr(X4) = ‖X2‖22 and b := tr(Y 4) = ‖Y 2‖22 , we first note that if ab = 0,

then either X = 0 or Y = 0, hence XY +YX = 0 and (14) is trivial. Assume therefore
that a > 0 and b > 0. Then the function t �→ t2a+ t−2b is minimized at

t∗ = (b/a)1/4 =
√
‖Y 2‖2/‖X2‖2,

giving
min
t>0
‖tX2 + t−1Y 2‖22 = 2‖X2‖2 ‖Y 2‖2 +2‖YX‖22.

Combining this with (13) yields the explicit Frobenius estimate

‖XY +YX‖2 � 2
√
‖X2‖2 ‖Y 2‖2 +‖YX‖22. (14)

EXAMPLE 5.8. (A Ky Fan choice of t ) Let X ,Y ∈Mn(C) be positive semidefi-
nite and fix 1 � k � n . Applying the Ky Fan 2k -norm to (10) and using Remark 2.3
together with Remark 5.5(c) gives

‖XY +YX‖(2k) = ‖(XY +YX)⊕0n‖(2k)

� ‖(tX2 + t−1Y 2)⊕ (tX2 + t−1Y 2)‖(2k)

= 2‖tX2 + t−1Y 2‖(k).
By the triangle inequality for Ky Fan norms,

‖tX2 + t−1Y 2‖(k) � t‖X2‖(k) + t−1‖Y 2‖(k).
If ‖X2‖(k) ‖Y 2‖(k) = 0, then one of the positive matrices X2,Y 2 is zero, so XY +

YX = 0 and (15) is trivial. Assume therefore that ‖X2‖(k) > 0 and ‖Y 2‖(k) > 0. Mini-
mizing the scalar function t �→ t‖X2‖(k) + t−1‖Y 2‖(k) yields the choice

t∗ =
√
‖Y 2‖(k)/‖X2‖(k),

and hence the bound

‖XY +YX‖(2k) � 4
√
‖X2‖(k) ‖Y 2‖(k). (15)
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6. Functional extensions of Kato-type singular value bounds

Theorem 2.10 of [14] is essentially a singular-value form of a Young/Kato inequal-
ity tailored to the power functions t and t1− . Kittaneh’s mixed Schwarz inequality
[11] suggests that the power functions are not essential: what matters is the factoriza-
tion condition f (t)g(t) = t . We show that a weaker domination condition f (t)g(t) � t
already yields a block-positivity statement, and from it a clean singular value bound
that recovers [14, Theorem 2.10] as a special case.

THEOREM 6.1. (Functional singular value bound) Let T ∈Mn(C) and let f ,g :
[0,)→ [0,) be continuous functions satisfying

f (t)g(t) � t for all t � 0. (16)

Then for j = 1, . . . ,n,
s j(T ) � s j

(
f (|T |)2⊕g(|T ∗|)2). (17)

Proof. Step 1 : A reduction to an exact factorization on the relevant spectra. As-
sume that t0 > 0 and g(t0) = 0. Then (16) gives f (t0)g(t0) � t0 > 0, a contradiction.
Hence g(t) > 0 for all t > 0.

Define
h(0) := 0, h(t) :=

t
g(t)

(t > 0).

Then h(t)g(t) = t for all t > 0, and (16) implies 0 � h(t) � f (t) for all t > 0; also
h(0) = 0 � f (0) , so 0 � h(t) � f (t) for all t � 0.

We note that h need not be continuous at 0 . However, since we work in finite
dimensions, all functions of |T | and |T ∗| below are interpreted via the spectral decom-
position, so it suffices to control these functions on the finite sets (|T |) and (|T ∗|) .

Step 2 : Regularization and application of Kittaneh’s mixed Schwarz inequality.
For  > 0, set

g(t) := g(t)+ , h(t) :=
t

g(t)+ 
(t � 0).

Then g > 0 on [0,) , both g and h are continuous on [0,) , and

h(t)g(t) = t (t � 0).

Hence Lemma 2.10 applied to (h ,g) yields, for all x,y ∈ Cn ,

|〈Tx,y〉|� ‖h(|T |)x‖ ‖g(|T ∗|)y‖ .
Now let  ↓ 0. Since (|T |) and (|T ∗|) are finite, we have

h( )→ h( ) ( ∈ (|T |)),
and

g()→ g() ( ∈ (|T ∗|)).
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Therefore,

h(|T |)→ h(|T |) and g(|T ∗|)→ g(|T ∗|)
in operator norm. Passing to the limit gives

|〈Tx,y〉|� ‖h(|T |)x‖ ‖g(|T ∗|)y‖ (x,y ∈C
n).

Squaring and writing norms as quadratic forms, we obtain

|〈Tx,y〉|2 �
〈
h(|T |)2x,x

〉 〈
g(|T ∗|)2y,y

〉
.

Step 3 : Convert to block positivity. By Lemma 2.4, the last inequality is equivalent
to (

h(|T |)2 T ∗
T g(|T ∗|)2

)
� 0.

Step 4 : Apply Audeh–Kittaneh. Lemma 2.5 yields

s j(T ) � s j
(
h(|T |)2⊕g(|T∗|)2), j = 1, . . . ,n.

Step 5 : Replace h by f . Since 0 � h(t) � f (t) for all t � 0, spectral calculus for
the positive matrix |T | gives

0 � h(|T |)2 � f (|T |)2.

Hence

0 �
(
h(|T |)2⊕g(|T∗|)2) �

(
f (|T |)2⊕g(|T∗|)2).

By Lemma 2.1,

s j
(
h(|T |)2⊕g(|T ∗|)2) � s j

(
f (|T |)2⊕g(|T∗|)2), j = 1, . . . ,n.

Combining this with Step 4 yields (17). �

COROLLARY 6.2. (Recovery of Theorem 2.10 in [14]) Let T ∈Mn(C) and  ∈
[0,1] . Then for j = 1, . . . ,n,

s j(T ) � s j
(
(T ∗T ) ⊕ (TT ∗)1−)

.

Proof. Apply Theorem 6.1 with f (t) = t and g(t)= t1− , which satisfy f (t)g(t)
= t . Then f (|T |)2 = |T |2 = (T ∗T ) and g(|T ∗|)2 = |T ∗|2−2 = (TT ∗)1− . Substi-
tute into (17). �
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7. Ky Fan and unitarily invariant norm consequences

Recall that every unitarily invariant norm on Mn(C) is obtained by applying a
symmetric gauge function to the singular-value vector s(A) ; see [6, Ch. IV, Sec. IV.2,
Thm. IV.2.1]. In particular, the Ky Fan k -norms are given by ‖A‖(k) = k

j=1 s j(A) [6,
Ch. IV, Sec. IV.2, eq. (IV.33)]. The key point is that dominance of all Ky Fan norms
implies dominance for every unitarily invariant norm, by the Fan Dominance Theorem
[6, Ch. IV, Sec. IV.2, Thm. IV.2.2]. Therefore, the pointwise singular-value inequalities
proved in Sections 3–6 automatically yield Ky Fan and unitarily invariant norm in-
equalities; we record this passage explicitly so that each of our extensions immediately
produces a corresponding family of norm bounds.

Convention. When comparing matrices of different sizes, we use the same symmetric
gauge function on the corresponding singular-value lists after zero-padding the shorter
list. Equivalently, we identify a matrix A ∈Mn(C) with A⊕0r ∈Mn+r(C) whenever
needed. In particular, this is the convention already adopted in Remark 2.3 for Ky Fan
norms.

PROPOSITION 7.1. (Ky Fan dominance principle) Let A∈Mp(C) and B∈Mq(C) .
Suppose that, after zero-padding the shorter singular-value list if necessary, one has

s j(A) � s j(B) for all j � 1.

Then
‖A‖(k) � ‖B‖(k) for all k � 1.

Consequently, every unitarily invariant norm ‖‖·‖‖ associated with the same symmetric
gauge function satisfies

‖‖A‖‖� ‖‖B‖‖.

Proof. Summing the pointwise inequalities s j(A) � s j(B) over j = 1, . . . ,k gives

‖A‖(k) � ‖B‖(k) (k � 1).

The conclusion for arbitrary unitarily invariant norms follows from the Fan Dominance
Theorem [6, Ch. IV, Sec. IV.2, Thm. IV.2.2]. �

Representative norm versions

COROLLARY 7.2. (Norm form of Corollary 3.4) Under the assumptions of Corol-
lary 3.4, for every unitarily invariant norm ‖‖ · ‖‖ on Mm(C) ,

‖‖(AB1−)+(AB1−)∗‖‖� ‖‖((A2)+(B2−2)
)⊕(

(A2)+(B2−2)
)‖‖.

Proof. Corollary 3.4 gives the pointwise singular value inequality (6). Apply
Proposition 7.1 (with n replaced by m) to pass from singular value bounds to Ky Fan
bounds, and then to an arbitrary unitarily invariant norm. �
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COROLLARY 7.3. (Norm form of Theorem 4.1) Under the assumptions of Theo-
rem 4.1, for every unitarily invariant norm ‖‖ · ‖‖ on Mn(C) ,

‖‖C+C∗‖‖� ‖‖(P+Q)⊕ (P+Q)‖‖.

Proof. Apply Proposition 7.1 to the singular value bound (7). �

COROLLARY 7.4. (Norm form of the weighted family) Under the assumptions of
Theorem 5.2, for every unitarily invariant norm ‖‖ · ‖‖ on Mn(C) ,

‖‖XY +YX‖‖� ‖‖(tX2 + t−1Y 2)⊕ (tX2 + t−1Y 2)‖‖, t > 0.

Proof. Apply Proposition 7.1 to (10). �

8. Numerical examples and an application-oriented illustration

To illustrate the abstract singular-value inequalities established above, we present
two explicit 2× 2 examples. The first concerns the weighted Heinz-type estimate in
a commuting setting, where the bound can be evaluated completely and the optimal
choice of the parameter t is transparent. The second shows concretely how the 2-
positive-map lifting behaves for a basic completely positive pinching map.

EXAMPLE 8.1. (A weighted Heinz-type estimate in the commuting case) Let

A =
(

4 0
0 1

)
, B =

(
9 0
0 1

)
,  = 1

2 .

Since A and B are diagonal, they commute, and

A1/2 =
(

2 0
0 1

)
, B1/2 =

(
3 0
0 1

)
.

Hence

A1/2B1/2 +B1/2A1/2 = 2A1/2B1/2 =
(

12 0
0 2

)
.

Therefore the singular values are

s1
(
A1/2B1/2 +B1/2A1/2) = 12, s2

(
A1/2B1/2 +B1/2A1/2) = 2.

Now Corollary 5.3 yields, for every t > 0,

s j
(
A1/2B1/2 +B1/2A1/2) � s j

(
(tA+ t−1B)⊕ (tA+ t−1B)

)
, j = 1,2.

A direct computation gives

tA+ t−1B =
(

4t +9t−1 0

0 t + t−1

)
.
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Since
(4t +9t−1)− (t + t−1) = 3t +8t−1 > 0 (t > 0),

it follows that

‖tA+ t−1B‖= max{4t +9t−1, t + t−1}= 4t +9t−1.

Thus minimizing the operator norm ‖tA+t−1B‖ reduces to minimizing the scalar func-
tion t �→ 4t +9t−1 for t > 0, whose minimum is attained at

t∗ =

√
9
4

=
3
2
.

At this value,

t∗A+ t−1
∗ B =

(
12 0

0 13
6

)
,

so that
‖t∗A+ t−1

∗ B‖= 12.

Consequently, ∥∥A1/2B1/2 +B1/2A1/2
∥∥ = 12 = ‖t∗A+ t−1

∗ B‖.
The singular values of

(t∗A+ t−1
∗ B)⊕ (t∗A+ t−1

∗ B)

are

12, 12,
13
6

,
13
6

,

so the bound is attained at the level of the largest singular value. Thus the weighted
estimate is sharp for the largest singular value in this commuting example.

EXAMPLE 8.2. (A completely positive pinching example) Let

A =
(

1 1
1 1

)
, B = I2,  = 1

2 ,

and consider the pinching map

(X) = E11XE11 +E22XE22, X ∈M2(C),

where E11,E22 are the standard matrix units. Equivalently,


((

x11 x12

x21 x22

))
=

(
x11 0
0 x22

)
.

This is a basic completely positive pinching map.
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To compute the relevant quantities, note that

A = 2P, P =
1
2

(
1 1
1 1

)
,

where P is a rank-one orthogonal projection. Hence

A1/2 =
√

2P =
1√
2

(
1 1
1 1

)
.

Since B = I2 , we also have B1/2 = I2 , and therefore

AB1− = A1/2B1/2 = A1/2.

Applying  gives

(AB1−) = (A1/2) =
1√
2
I2.

Because this matrix is Hermitian,

(AB1−)+(AB1−)∗ =
√

2 I2.

On the other hand,
A2 = A, B2−2 = B,

so
(A2)+(B2−2) = (A)+(B) = I2 + I2 = 2I2.

Therefore Corollary 3.4 gives

s j(
√

2 I2) � s j
(
(2I2)⊕ (2I2)

)
, j = 1,2.

Since the singular values of
√

2 I2 are
√

2,
√

2, whereas those of (2I2)⊕ (2I2) are
2,2,2,2, the inequality reduces simply to

√
2� 2, j = 1,2. This verifies concretely that

the 2-positive-map lifting remains valid after applying a completely positive pinching
(or measurement-type) operation.

REMARK 8.3. (Application perspective) Completely positive maps of the form

(X) =
N


�=1

V ∗� XV�

arise naturally in matrix compressions, conditional expectations, averaging procedures,
and quantum information theory. Theorems 3.2 and 3.3 therefore show that singular-
value inequalities derived from positive 2× 2 block matrices remain valid after such
transformations. In this way, the results apply not only to the original matrices, but also
to their compressed, processed, or measurement-induced versions arising in concrete
applications.
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9. Discussion and further directions

We close by highlighting a few natural directions that seem accessible through the
same block-matrix approach.

9.1. Remainder-type refinements beyond parameter tuning

Our weighted anticommutator estimates provide a one-parameter refinement of
the basic comparison step commonly used in Heinz-type singular value inequalities
(cf. [14]). A different kind of strengthening, well studied for scalar Young and Heinz
inequalities, is to incorporate remainder terms that quantify the deviation of the two
operands. For matrices, such refinements often lead to sharper trace and unitarily in-
variant norm bounds (e.g. [12, 15, 16]).

OPEN QUESTION 1. Can one build a positive block matrix whose off-diagonal
block equals AB1− +B1−A plus a nontrivial positive remainder (in the non-
commuting case) so that an Audeh–Kittaneh/Burqan–Kittaneh argument yields a
strict singular value improvement over Theorem 2.5 of [14]?

A positive answer would complement the weighted family of inequalities proved here
and would provide a stability theory for Heinz-type singular value bounds.

9.2. Higher block sizes and k -positivity

Our 2-positive map liftings show that 2-positivity is the right hypothesis to trans-
port 2×2 block positivity through a linear map. This suggests a natural hierarchy: one
may try to encode more complicated expressions by larger block matrices, and then ask
for analogous liftings under k -positive (or completely positive) maps.

OPEN QUESTION 2. Is there a systematic p× p block-matrix framework (with
p � 3) that produces new singular value bounds for sums of several off-diagonal
blocks and remains stable under p -positive maps?

Such a theory would unify multi-term constructions (as in the aggregation approach
of this paper) with structural map constraints (see [8]) and could interact with recent
operator-matrix techniques [13].

9.3. Majorization upgrades and log-majorization

The results of this paper are pointwise in the singular values. In many contexts,
stronger information is encoded by weak majorization or log-majorization relations;
see, for example, the block-matrix majorization method in [17, 18].

OPEN QUESTION 3. Can the pointwise bounds proved here be upgraded to vector
inequalities of the form s(C+C∗)≺w s

(
(P+Q)⊕(P+Q)

)
or even log-majorization

analogues under additional hypotheses?
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Establishing such upgrades would automatically yield families of new inequalities for
all symmetric gauge functions, hence for all unitarily invariant norms, and could reveal
sharper equality conditions.
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