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LYAPUNOV-TYPE INEQUALITY FOR FRACTIONAL
BVPS INVOLVING TWO HADAMARD FRACTIONAL
DERIVATIVES OF DIFFERENT ORDERS

ZAID LAADJAL

(Communicated by A. Silva)

Abstract. This paper establishes a Lyapunov-type inequality for a class of fractional boundary
value problems (BVPs) involving two Hadamard fractional derivatives of different orders with
Dirichlet boundary conditions. The method is based on the construction of the corresponding
Green'’s function and establishing its maximum value through rigorous analytical techniques.
The obtained inequality provides the necessary conditions for the existence of nontrivial solu-
tions to the proposed problem. Finally, we illustrate the applicability of our results by establish-
ing nonexistence criteria for nontrivial solutions to certain problems and providing examples.

1. Introduction

Fractional calculus, which extends the concepts of differentiation and integration
to non-integer orders, has become an essential tool in mathematical modeling across
various scientific and engineering disciplines. Unlike classical integer-order deriva-
tives, fractional derivatives possess non-local properties and memory effects, making
them particularly suitable for describing complex phenomena in physics, biology, con-
trol theory, and viscoelasticity, etc. (see, e.g., [2,12, 14,17, 18]). The flexibility offered
by fractional calculus has led to the development of numerous fractional derivative op-
erators, each with distinct characteristics and applications.

Among the various fractional derivative operators, the Hadamard fractional deriva-
tive stands out due to its logarithmic kernel, which makes it especially useful in prob-
lems involving logarithmic functions [1]. While much of the existing literature focuses
on fractional BVPs involving a single fractional derivative operator, there is growing
interest in studying problems that incorporate multiple fractional operators of different
orders. Such formulations can better capture the multi-scale nature of certain physical
phenomena.

The qualitative analysis of differential equations has long relied on a collection
of fundamental analytical tools, among which Lyapunov-type inequalities occupy a
prominent place. The foundation of this inequality was laid in 1907 when the Russian
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mathematician A. M. Lyapunov [6] studied the classical second-order linear differential
equation

x(t1) =x() =0,

where ¢ : [t],12] — R is a continuous function. Lyapunov’s work showed that any
nontrivial solution to this problem must satisfy the following inequality

{u”(t) +q)x(r) =0, 1 <t<n,

This fine and profound result ignited extensive investigations into similar inequalities
for various classes of ordinary differential equations, culminating in the comprehensive
expositions presented in the surveys of Tiryaki [16] and Pinasco [13].

In recent years, the extension of Lyapunov-type inequalities to fractional differ-
ential equations has attracted considerable attention. Researchers have established
such inequalities for BVPs involving Riemann-Liouville, Caputo, Hilfer, and y -Hilfer
derivatives, among others, under diverse boundary conditions. For a comprehensive
treatment of these developments and their numerous applications, we direct interested
readers to the surveys [7—11],and the references therein. Below, we present three promi-
nent studies that constitute the direct impetus for this work:

Ferreira [3] established a Lyapunov-type inequality for the Riemann-Liouville
fractional BVP

(RD7,x) (1) +qt)x(1) =0, n<t<n,1<o<2,
x(tl) :x(tg) =0.

He proved that the existence of a nontrivial continuous solution u necessarily requires
the function ¢ to satisfy

4°-1(o)
(p—1)° 1"

A significant advancement in the context of Hadamard fractional derivatives was
achieved by Laadjal et al. [5], who analyzed the BVP

{Wngxo+ﬂwww

(5]
| latolas >
1

0, 1<H<t<n,l<o<?2,
x(t1) =x(r) =0.

Their investigation demonstrated that the existence of a nontrivial solution imposes the

integral bound
t In2 xIn?2 e
[ la@)lds =T [~ 2]

)
151 In 7

where p is given by

p =exp (% [2(0— 1)+ In(t11) — \/4(0— 1)2+ In? ;—QD .

1
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Very recently, Silva [15] investigated a new class of fractional BVPs involving two
Riemann-Liouville fractional derivatives of different orders:

(RO x) (1) + (D qx)(t) =0, 1 <1<n,
x(t1) = x(2) =0,

where 1 < 0 <2 and 0 < Kk < 0 — 1. The author established that any nontrivial solution
to this problem must satisfy the inequality

(o —K)(ta—1;) 7oK
K

Ck— —Kk—1 _ —1°
(2%—1(—12)6 ‘ (ZUO;KI—Z)G

(5]
[ lats)las >
1

These fractional versions not only generalize the classical results but also prove
useful in establishing lower bounds for eigenvalues of fractional differential operators
and in deriving criteria for the absence of nontrivial solutions.

Inspired by the above-mentioned works, we establish Lyapunov-type inequality
for the following fractional BVPs involving two Hadamard fractional derivative opera-
tors of different orders:

("D (1) + ("D yqx)(1) =0, 0<n <r<n, "
x(t1) =x(r) =0,

where 1 <o<2and 0<k<o—1; H’D,yl . denotes the Hadamard fractional deriva-
tive of order y € {0, x}, and ¢ : [f1,#2] — R is a continuous function.

The standard methodology for deriving Lyapunov inequalities, applicable to clas-
sical and fractional differential equations, relies on a well-established analytical tech-
nique. The first step consists of reformulating the BVP of differential equation as an
equivalent Fredholm integral equation characterized by an appropriate kernel function
(known as the Green’s function). The second step involves obtaining precise estimates
for the maximum of this kernel across its domain of definition.

To the best of our knowledge, such problems with two Hadamard derivatives have
not been previously investigated in the context of Lyapunov-type inequalities. Our re-
sults were obtained through the explicit construction of Green’s function associated
with the given problem and a detailed analysis of its properties, particularly the deter-
mination of its maximum value.

This paper is organized as follows: Section 2 presents the necessary preliminar-
ies on Hadamard fractional calculus and establishes key properties that will be used
throughout the paper. In Section 3, we construct the Green’s function for the BVP un-
der consideration and derive its maximum value. Section 4 contains the main results
of the paper, where we establish the Lyapunov-type inequality for the problem under
study. Finally, we show our results’ applicability through nonexistence criteria for non-
trivial solutions, with illustrative examples.
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2. Preliminaries

In this section, we present some basic definitions and properties of Hadamard
fractional calculus that will be essential throughout this paper. For more details, we
refer the reader to [1,4].

DEFINITION 1. Let 0 > 0 and 0 <t <t < oo. The left-sided Hadamard frac-
tional integral of order & of a function x € L?[r,1;], (1 < p < o), is defined by

("3 2) (1) = x(1),

1/ t\7 " x()
Hyo z:—/(l —) M) ge. for 00,
( t1+x)() ) Jy Hg c S or o

where I'(+) denotes the Euler Gamma function.

and

DEFINITION 2. Letn €N and 0 >0 suchthat n—1 < o <n, and let 0 :t% and
ACE11, 1) = {x: [t1,12] = R : 8" 'x € AC[t1,12] } . The left-sided Hadamard fractional
derivative of order o of a function x € AC§|[t1,1,] is defined by

("Dp ) (1) = x(1),

and
(H’Dngx)(t) = 5"(H3Z10x)(t) for o> 0.

REMARK 3. When o =n € N, the Hadamard fractional derivative reduces to
("D} x)(1) = 8"x(t).

The following lemmas present fundamental properties of Hadamard fractional op-
erators.

LEMMA 4. Let 6,k >0, where n—1 < o < n with n € N. Then, the following
properties hold:

1 (95,790 (1) = (ITEN0),

2. (DI X)) =x(t),
- o .
3. (M35, HDE X (1) = x(1) ~ Ty (mﬁ) . GER, j=12,...n

LEMMA 5. For o,k >0, we have

Hjo- lni K—1 B & lni K+o—1
A\ - I'(k+0) f ’

K—1 K—o—1
Hyo r __I'(x) r
Z)t1+ <lnt1> _F(K—G) (lnt1> .
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3. Green’s function construction and maximum analysis

In this section, we construct the Green’s function associated with the fractional
BVP (1) and establish its fundamental properties. We do this by first transforming the
BVP into an integral operator formulation involving an a Green’s function, which will
serve as a crucial tool for obtaining our main results.

LEMMA 6. Let 1 < 0 < 2. Then, x € C([t1,12],R) is a solution of the fractional
boundary value problem (1) if, and only if, x satisfies the integral equation

0= [ G.c)ae)x(g)de, 1€ n.na) @

3l

where the Green’s function G : [t1,13] X [t1,12] — R has the form

— 1 El(t7g)a n<t<g<iy,
G(l‘,g)_f‘(g—x) {E <c<i< (3)

with

1
Eilrg) = o x 1 A : )

(ln%)a (ln%?GKl 1 (1115)0'1(1' )

Proof. According to the first property of Lemma 4, we have
~ H ~O—K _ Hr H
H37, oM =TI Ko Mk, o DK (6)

Applying this composition rule to the function gx and utilizing the third property
of Lemma 4 and then using Lemma 5, we obtain

o—1
3o (MDE (qx)) (1) = 3T (q)(1) A (1}) , )

where A = ¢1I'(k)/T'(o) for some constant ¢; € R.
Next, we apply the operator Hjtl . to both sides of the differential equation

D7 x(t) = -"Df, (qx) (1), (8)

we obtain

¢ o—1 ¢ o2 ¢ o—1
w=p(nl) te(ml) Mg -a(nl) L ©
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where p1,0; € R. By taking £ = p; — A and & = p,, equation (9) becomes

=4 (1) g (1) g (10)

1

Using the boundary conditions x(7;) = 0, and x(#;) = 0, we get & =0 and

- 1 2\ a(9)x()
\ (lni%)GlF(c—K)/’l <1 gz) s s

Substituting the values of &; and &, in (10), we obtain

()™ T e
= <1n§—f)6_lf(a—1<)/tl (1“52> s

() s

We decompose the first integral in (11) as follows

/fz <lnr_z>"“q(g>x(g> dg:/’ <lnt_z>"“q(g>x(g> de
1 S S 1 S S

Substituting this decomposition into equation (11), we obtain the desired integral equa-
tion (2).

Conversely, it is clear that if x satisfies equation (2), then (1) follows directly. The
proofis ended. [

The subsequent theorem provides sharp bounds on the Green’s function, which
serves as the cornerstone for deriving our Lyapunov-type inequality.

PROPOSITION 7. For the Green’s function G defined by (3)—(5), we have

max {Q, U}
max |G(t,¢)| = —————1 (12)
(rme[turz]z‘ ) I'(c—k)

where
X0'71 ) n _x o—k—1
2 ntl 2

NO-1
(ln ﬁ) 1 eX2

K K | 6\ o Kt
— 1— “(m2
O O'—l( O'—l) l‘1<nl‘1> ’ (14

Q=

) (13)
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. 1 .
with X € (0,In2), given by

2
X2:%<ln%+2(0—1)—1<—\/£), A= (ln%_'() +4(o-1)(c—-1-x).
(15)

Proof. We split the analysis into two cases based on the relative position of ¢ and

Case 1: 1 <t< g <.
In this case, the Green’s function takes the form

l(t’g)

G(1:6) = gy (16)

where E(¢,¢) is given by (4). Clearly, Z;(z,5) > 0 for all (¢,¢) in this domain, with
E|(t,12) = 0. To locate the maximum, we fix ¢ € [t],2] , and for ¢ € [£,£2) compute
the partial derivative

It o—1 1 ,
dEi(t,6) _ (nﬁ> % 1 [<lnt_2>6_'c_ +(o—K—1) (1nt_2>6_,<_ ]
g2 S

Jg (ln;—f)Gil

<O0. 7)

This shows that Z;(z,¢) is decreasing with respect to ¢ for each fixed ¢. Therefore,
0<Ei(r,6) SEI(t,1) =Ea(t,1), n<t<g<h. (18)

Define the auxiliary function

o—1
InL In2)7 * !

SO

Observe that h(r;) = h(t;) =0 and h(r) is a continuous function with %(r) > 0 for all
t € [t1,12]. Then, there exists a point * € (¢1,#;) where A attains its maximum. So, to
find the maximum value, computing the derivative of 4 on (t1,%;), we get

1 t o-1 ) o—k—1 1 t o-2 15} o—k—1
Hit)=—=(Int (1 —) “le—1n(mi (1 —>
®) t2<nt1) ny +t2 (0=1) ntl "7

t o-1 ) o—K—2
_(a_K_1)<1nE> <1n7) 1 (20)
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we get

W (t) = tlz <ln£>62 (lnt?z>6—1<—2
J-n () () (n2) - @-x-n ()] e

Taking /(1) = 0 and using the equality In? = In> —In -, and introducing the
change of variable X = In % , (here X € (0,1n %) ), the critical points equation becomes

15 15
—X(lnt—z—X>+(0'—l)<lnt—2—X)—(G—K—I)X:O. (22)
1 1
Expanding and simplifying yields
X2—(ln;—z+2(0—1)—K>X+(G—l)ln;—2:O. (23)
1 1

The discriminant of this quadratic equation is
t 2 t
A= (lnt—2+2(0'— 1)— K) —4(0— 1)1nt3
1 1

2
t t 15
= (mf) +4(c—1)+K>+4(0— l)lnt—2—4(0'— 1);<—2;<1nt—2
1 1 1

—4(c-1)n2
151
15 2
:<lnt——1<) +4(oc—1)(c—1—-kK)>0. (24)
1

X1:%<ln;—2+2(0'—1)—1<+\/£>, 25)

1

X2:l<lnt—2+2(a—1)—1<— A). (26)
2 n

However, by using the value of A found in the first line of (24), we get

1. ¢ n\? t
X > = 1n—2—|— <1n—2) :1n—2,
2 1 n

which implies X; ¢ (0,1n ;—f) . Hence, X, is the the unique solution of the equation (23)
on (0,In?).
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Consequently, the unique admissible critical point of the the function % is t*
t1eX2 € (11,1,), and we obtain

h(l*) X20-71 (lntl —Xz) ot

— I3

trgta<xt :'l(tat> = o—1 = 10-,1 5 (27)
INS2 <1n;—f> <1n;—f> 1 X2

where X, is given by (26).
Case 2: t) < g <t <1ty

In this case (7] < ¢ <t < 1y), the Green’s function is given by

G(l‘,g) _ 52(t’g)

. 28
I'o—x) (28)
Note that, if # = ¢ we have G(¢,t) = FE(é(ﬁtlz) = Fg(g(ﬁtyz).

For t < ¢, we examine the monotonicity of Z, with respect to ¢ for fixed ¢ €

[t1,22] . We have

ozing  (m)"
dg

; o—1
) 0 e
’ (]ntl>0-_l g o
¢*(In?
o—Kk—1 o—K—2
S S

; (29)

()7 ()| .

To determine the sign of this derivative, we establish key inequalities. Note that

lné ln%—ln%2 In2
n = o 0
In E In c In E

In2 InZ2-n2 It

[ N o 31

>1-— =T =T 31D
In In In
n n n

. . . In Int
Since 0 < 60—k —1 < 0 —1 < 1 and the ratio satisfies 0 < —
deduce

s
1 5

1n’l< Q<l,we
Bt S

In

Inl o—k—1 Inl o—1 Int o—1
S S t
W) -(e) -(m) - (”)
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Furthermore, since 0 — K —2 < 0 and o — 1 > 0, we conclude that

(1 [)G—K—Z (1 )6—1
n=- n-—
52 S and

<lntl>0-_K_2 (lntl)G_l
S n

<1, (33)

which implies

— > 0. 34)

P o—K—2 P o—1
<1nE2> <1nf>

Combining (32) and (34), both terms in the brackets of (30) are positive, hence

% > 0. (35)
Js
This establishes that Z;(z,¢) is increasing with respect to 6. So, we get
Ea(t,11) < Ea(r,6) < Bp(t,t), forallg € [r,z]. (36)
Consequently, in the case #; < ¢ <t <1y, we have
max [%2(,6) =maX{tg[}?7t<2]|~2(t | S

Since we already established that Z;(7,¢) = E1(¢,#) > 0 in Case 1, it remains to
analyze E(7,#;). We have

=2

o—k—1
On%) i)’ 1| <0 38
== 7 —1] <o.

(ln%>0'—l<—l lntL K
)| =—2—— 1 =] |. (39)

Therefore,

(ln%>0'—l<—l lntL K
)= Bt =~ 1 ()| el w0
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Observe that §(7;) = (1) =0 and {(¢) is a continuous function with {(z) >0
for all ¢ € [ty,1,]. So, to find the maximum value, we compute the derivative of § for
te(n,n):

— — = - 41)

o—Kk—1 o—1
A Ay (42)

(lnt—> (lnn)

from which we obtain
| 1
~ O—K— L )

=t — ] In=]|. 43
(2520 ] "

1 R
Since 0 < % <1, wehave 0 < (%) ® <1, whichensures 1] <7 <t,.
Consequently, we find

A

max [Ey(t,01)| = max |[C(z)| = E(7)

1€ty 2] 1€ty )
1 o—k—1
l|(fo—k—1\* 1B o-k—1
1 o—1 1 o-1
o—k—1
1 k-1 X o—Kk—1
_lf{o-—x-1 £ (2 . (44)
151 o—1 o—1 151

Rearranging the expression, we obtain

1 k \ Tk 6\ o K !
Zh(t,11)] = 1— In= . 45
rg[}?,)fz]‘ 21| tlr(G—K)< a—l) a—l(nz1> 45)

Combining the maximum values from both cases, specifically equations (18), (27)
and (45), we conclude that for o € (1,2) and x € (0,0 — 1), the maximum of the
Green’s function over [t,%,] X [t1,%,] is given by

max {Q, U}
max |G(t,¢)| = ——, (46)
(ng)e[rl.,zzP‘ ) I'(c—x)
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where

with X, defined as in (26). This completes the proof. [

4. Lyapunov-type inequality for the problem at hand

We now present the main Lyapunov-type inequality for the Hadamard fractional
BVP (1). This result provides a necessary condition for the existence of nontrivial
solutions.

THEOREM 8. Suppose that problem (1) has a nontrivial continuous solution. Then,
the following inequality holds:

) I'o—x)
/tl lq(s)|ds > m» 47

where max {Q, U} is a constant defined in Proposition 1.

Proof. Consider the Banach space E = C([r1,1],R) equipped with the supremum
norm
[[xlleo = sup[x(r)]- (48)

1€ty 1)

Let x be a nontrivial continuous solution of problem (1). By Lemma 6, x satisfies
the integral equation (2). Taking absolute values, we obtain

1< | % 16(,¢)a(5)| x(c) de. (49)

From this we get
MO1< max (6.5 [ la(e)l )l ds. (50
(t,5) €l 0)?
Taking the supremum over 7 € [f],#;] on both sides of (50), we derive
ol < e max 1G0.9)] [ ()]s (5D
9IS

Since x is a nontrivial solution, (i.e., ||xHoo > 0). Dividing both sides of (51) by
[|lx|| yields

1< max tg|/

(1,5)€ltr 0

¢)lds. (52)
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Using Proposition 7, we obtain the desired inequality (47). U

Theorem 8 yields directly the following corollary.

COROLLARY 9. [fthe following problem

(DT x) () +A(TDEx)(1) =0, 0<1<t<n, AcR* 53)
x(tl) Zx(tz) = O,
has a nontrivial continuous solution, then
I'(o—k)
z —————=(h—11), 4
Mz gy ) (54

where Q and U are defined as in Proposition 7.

5. Applications

In this section, we apply the main Lyapunov-type inequality established in The-
orem 8 to derive criteria for the nonexistence of nontrivial solutions to the Hadamard
fractional BVP (1), with examples.

COROLLARY 10. Assume that

) I'o—x)
/[l lq(g)|ds < max{Q, 0} (55)

where Q and U are defined as in Proposition 7. Then problem (1) has no nontrivial
solutions.

Corollary 10 yields directly the following result.

COROLLARY 11. Let Q and U be as defined in Proposition 7 . If

I'o—k)

4] < max {Q, U}

(t2 _t1)7 (56)

then the problem (53) has no nontrivial solutions.

We now illustrate the applicability of our results through examples.

EXAMPLE 12. Consider the Hadamard fractional BVP

x(1) =x(e) =0, ©7

where 0 = 1.75, k = 0.5, [t;,12] = [1,¢], and ¢(¢) = Int.

{(H@}Jﬁxm + (D n()x()(1) =0, 1<i<e,
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We first compute the necessary constants:

A=(1-x)’+4(c—-1)(6—1-x)
=(1-0.5)24+4(1.75-1)(1.75-1-0.5) = 1.

1
X =3 <1+2(0— 1)—;<—\/K)
1
= E[l +2(0.75)—-0.5—-1]=0.5.
Now, we evaluate Q and U:
o—1 t o—Kk—1
(Xz) (lng —X2>

P o—1
(hl%) n eX2

0.5)°73(1-0.5)%%
_ (05) 1E< - S 03032653299,
o—k—1

— o—Kk—1
P - ! lnt—2
o—1 o—1 1 141

0.5
_ 05 (1 0'5) x 1 x 192 =0.3849001795,

Q=

~ 075\ 075
and
(0 — k) =I'(1.25) = 0.9064024771.
‘We obtain I )
o—K
— = =12.3549027134.
max {Q, U}

Next, computing the integral

/1 |1ng\dg:/1 Ingdg = (slng —¢)2 = 1.

Since 1 < 2.3549027134, the condition (55) is satisfied. Therefore, by Corollary
10, problem (57) has no nontrivial solutions.

EXAMPLE 13. Consider the BVP

{(H@}J%)(:) +AMDN) (1) =0, 1<i<e,

x(1) =x(e) =0, %)

where A € R*.
Using the values 6 = 1.75, k = 0.5, and [r1,5;] = [1,¢], the calculations from
Example 12 yield

I'lo — k)

2 ) _(e—1)=2.3549027134 x (e — 1) = 4.0463865405.
maX{Q,U}(e ) = 2.3549027134 x (e — 1) = 4.0463865405
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By Corollary 11, if |A| < 4.0463865405, then problem (58) has no nontrivial

solutions.
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