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QUADRATIC NUMERICAL RADIUS INEQUALITIES FOR THE
OFF-DIAGONAL PARTS OF 2 x 2 OPERATOR MATRICES

XIAOMEI DONG* AND DEYU WU

(Communicated by M. Kian)

Abstract. In this paper, some new bounds for the quadratic numerical radius of the off-diagonal
parts of 2 x 2 operator matrices are obtained, which refine the existing ones. Furthermore,
we employ these bounds to generalize and refine some known numerical radius inequalities of
bounded linear operators.

1. Introduction

Let #(H) denote the C*-algebra of all bounded linear operators on a complex
Hilbert space H with inner product (-,-). The range of T € Z(H) is denoted by
R(T). For T € #(H), the resolvent set p(T), the spectrum o(7T'), the point spectrum
0,(T) and the residual spectrum o,(7T) of T are, respectively, defined as

p(T)={A €C:T—AI is abijection},

o(T) = C\p(T),
0,(T) ={A € C:T — Al is not injective}

and
0,(T)={A €C:T—Al isinjective, R(T —AI)#H}.

The numerical range, the numerical radius and the operator norm of 7', denoted as
W(T), w(T) and ||T||, respectively, are defined as [28]

W(T)={(Tx,x):x€ H,||x|| =1},

w(T) = sup{[(Tx,x)| : x € H, [|x]| = 1}

and
|7 = sup{||Tx|| : x € H, [|x]| = 1}.
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It is easy to see that the numerical range of T satisfies the following spectral inclusion
property:

6,(T)UG,(T) CW(T), o(T)CW(T).

Moreover, the numerical radius w(-) defines a norm on Z(H ), which is equivalent to
the operator norm || - ||. In fact, for every T € #A(H),

1
ST <w() <7l 1)

The inequalities in (1) are sharp. The first inequality becomes an equality if 72 = 0.
The second inequality becomes an equality if 7 is normal. The power inequality for
the numerical radius, which is an important property of the numerical radius, asserts
that

w(T") < [w(T)]" for n=1,2,.... (2)

For more basic facts about the numerical radius, we refer to [6, 18, 19].
In [22], Kittaneh refined the bounds in (1), and obtained the following result:

1 1
TP+ T < po(T)P < SITP+ (TP, 3
The second inequality in (3) is a special case of the following more general form [15]:
1
(TP < ST+ (77| for r>1, )

where |T| = (T*T)?.
In [2], Abu-Omar and Kittaneh refined the second inequality in (3), and proved
that

1 1
()PP < TP+ [T + Sw(T?). 5)

In [5], Bhunia et al. showed that the upper bounds in (4) and (5) can be generalized
as follows:

1 1
(TP < TP+ TP+ 3T for 1. (6)

In [12], Dragomir showed the following numerical radius inequality involving the
product of two operators:

1
[W(B*C)]" < EH|C|2’+ |B|*"|| for r>1. (7)

The importance of the study of the numerical range has led to its generalizations
in different directions, see, e.g. [1, 10, 13, 14, 17, 31] and the references therein. One
of them is the quadratic numerical range which were introduced by Tretter and Langer
et. al. in 1998 in [29] and further studied in [23, 24, 30].
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The direct sum of two copies of H is denoted by H & H. Due to this decompo-
sition, every bounded linear operator <7 € #(H @ H) can be represented as a 2 x 2
operator matrix of the form

®)

-

CD

where A,B,C,D € #(H). Let M>(C) denote the set of all 2 x 2 complex matrices.
For f,g € H with || f|| = ||g]| = 1, we define the 2 x 2 matrix

| (Af.f) (Bs.f)
e = [<Cf,g> <Dg,g>} € M2(0).

The set
W2(427) = U Op(Ayg)
Ifl=llgll=1

is called the quadratic numerical range of the operator </ (with respect to the operator
matrix representation (8)). Obviously, W? («7) can also be written as

W) ={A€C:3f,geH,|fl|l=|gll=1,det(w, — AI) =0}

) | o (Af,f)—A  (Bg,f) ]_}
_{)LG(C.EIf,geH,Hf—||g||—1’det (Cf,g) (Dg,g)—A =0y

In addition, the quadratic numerical range is always contained in the numerical range,
and it has the spectral inclusion property [29]:

W () C W (),

o) C W),
op()Uo, () C W ().

Therefore, for the characterization of the spectrum of bounded linear operators, the
quadratic range can provide more accurate information than the numerical range.

The definition of the block numerical radius for bounded operator matrix was in-
troduced in 2014 in [26] . In this paper, we only discuss the quadratic numerical radius.
With respect to the block operator representation (8), then

wa (/) =sup{|A|: A € W?(&)}.
Recently, in [25], Li et al. obtained the following inequality:
a7 < SIBY +1C] + S NIB+ICPIw(CB)Y for r>1. ©)
n [27], Sarina et al. proved that

w2 ()2 < |1B]|-|C| (10)
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and .
[wa()]* < MBI+ ICINE]+ B (11)

In this paper, we give some inequalities for the quadratic numerical radius of the
off-diagonal parts of 2 x 2 operator matrices, which refine inequalities (9), (10) and
(11). Furthermore, we obtain new upper and lower bounds for the numerical radius of
bounded linear operators, which refine and generalize inequalities (3), (4), (5) and (6).

2. Preliminaries

In order to prove our results, we need the following lemmas. The first lemma
follows from the spectral theorem for positive operators and Jensen’s inequality.

LEMMA 1. ([20]) Let T be a positive bounded linear operator on Hilbert space
H, and let x € H be any unit vector. Then for r > 1, we have

(Tx,x)" <(T"x,x).
The second Lemma is the extension of Buzano inequality.

LEMMA 2. ([21]) Let x,y,e € H with |le|| =1 and oo € C\{0}. Then

[(xe) (e ) < ﬁ(max{l»la— I+ ey )-

In particular, if oo = 2, then above inequality becomes the Buzano inequality ([8])

[{xe){e, )] < %(Kx,y)\ + [y

LEMMA 3. ([3]) Let x,y,e € H with |le|| = 1. Then

2

r 1+(x r r a r
[, ede " < —= I Ixl"+ [(x,)]

forevery O< ax < land r> 1.

The next lemma is a generalization of Young inequality.

LEMMA 4. (4D If p,q > 1 such that % —1—5 = 1, then for all positive real num-
bers a,b, we have

1.1 m m a b "
@bt vt < (242

’ P4
where ry = min{%, é} and m=1,2,---. In particular, if p=q =2, then

1 mn m m
(a2b2)" + <§> (a? —b%)2 <27™(a+b)"
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LEMMA 5. ([25]) Let B € B(H). Then

o[ 08]) e

Jforevery 6 € R.

3. Main results

In this section, we give some bounds for the quadratic numerical radius of the off-
0B
co
wy(27) = 0. So we assume that B £ 0 and C # 0. First of all, we give an upper and
lower bounds for the quadratic numerical radius of the off-diagonal operator matrices.

diagonal operator matrix &/ = } . Considering that when B =0 or C = 0, then

0B

THEOREM 1. Let &/ = {C 0

] € BH®H) and r > 1. Then

r H 1 k r r 1 r 1 r k| ZF 1 r
pea(ef ) < min{ 118 +CP 4+ S BOY . B+ (" + S i |
(12)

and

[wa ()" (13)
4max{[w(BC)]*",[w(CB)]*"}
5 Pmin{][|B*[>+|C|*||+2[w (BC>]’,||\BP’+IC*\2’\\+2[W(CB>]’}+HB—C*”2[1.4)

Proof. Let f and g be any two unit vectors in H. Using the identity sup |¢'®a +
6eR

e 9b| = |a| + |b|, where a,b € C, it follows that

|(Bg, N){Cf )" =(Bg, NHI"[(CS.8)I"

< B NI+ (CL )

1 o0
=5 Sup\e‘9<Bg £y e (Cg I

1 ) )
= 4 sup [(®B+e0C*)g, f)|*.
0ecR

By taking the supremum in the above inequality over f,g € H with ||| =gl =1,
and using the fact that ||77*|| = ||T||*> and w(T) = sup ||Re(¢’°T)|| for any operator
0cR
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T, we have

o) = sup  |(Bg,f)(Cf.8)|"
I71=lgl=1

1 0 10 v |2
4, SupHel B+e CH|™

1 .
4,« sup||( zOB+e—19C*)( _’eB*+e’9C)Hr

1 . .
;Sup(HlB *+[CPl +2|[Re(e®BO) )"
1

< 27 Y(I1B* >+ [CIP[)" + 2" sup |[Re (e BC) ")
4 0cR

/1B P+IcPY
) 2

1 1
< 1B P +1CP | + 5 w(BO))

+ 3w BO)

Similarly, using the fact that ||T*T|| = ||T||*> and w(T) = sup ||Re(¢’®T)|| for any op-
9eR

erator 7', we get
2r 1 2r *|2r 1 r
a7 ) < B +1C" | + 5 w(CB))
On the other hand, by the inequalities

Vab > T a,b>0

l
a b

and |
@l + b < S(la+blP +la=b]"), p>2. abeC,

we have

(Bg, f)(Cf.8)I" = (Bg, f)I"|(Cf.8)I"
_ 20(Bs. ) CS &)
~ (B, f) | +1(Cf.)
- 2/(Bg. /)I¥1(Cf.8) >
 31(Bg.f)+(Cg, )P + 3 I(Bg, f) — (C*g, )1
2/(Bg. f)|¥1(Cf.g) >
5([(Bg, N+ (CF,@))> + 51{(B—C*)g, )

ABeNPUCLOP
Z WBe 1)+ 1(Cr 8> +[B—CT

WV
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From the proof of the first inequality, we get that

(I(Bg. NI +1(Cr.8))*
<4 Tmin{|||B* P+ [CP ||+ 2(w(BO))", ||B* + |C*[*'[| + 2[w(CB)]'},

and hence
(wo(/)]" = sup  |(Bg,f)(Cf,8)["
I£11=lgl=1
4HfHSlipH [(Bg, /)| [{Cf,8)|*"

Fl=lgll=1

Z -
4r=tmin{]||B*[>"+ |C]>"|| + 2[w(BC)]", [||B|*" + |C*[?|| + 2[w(CB)]"} + || B — C*[|>"
4 sup [(Bg, )" I{Cf,8) "

- 17 1=Negll=1.e=qekr
4 tmin{|[[B*[2 + [C2r | + 2[w(BO)J", [[[B*" + |C* || + 2[w(CB)]} + [|B — C*[|*
4[w(BC)]*"
BO)", [|IBI* + |C*[r[| +2[w(CB)]"} + [|B — C*||>

4 Tmin{][[BP+ O +20w(
Similarly, taking f = ng—g\\ in above inequality, we have

pa ()"
. apw(cB)”
> T Tmin{ 1B P ICP T+ 2lw(BO)Y [[BR+C P [+ 2Ww(CB) S +[B—C P

This completes the proof. [

Now, we give an example to show that the inequality (12) (for » = 1) is better than
existing inequalities (10) and (11).

EXAMPLE 1. Let B= [(1) 8} and C = [(2) 8} . Then by elementary calculations,

we have . . | |

Z||\B*\2+ IC?| +3W(BC) = 7 x5+ x0=125,

1H|B|2+ IC* || +1W(CB) _ Lo 1.5,

4 2 4 2

IBIIIC =1x2=2
and | |
ZMBIHICINCT+ B[ = 7 x2x3=L5.

Thus

1 1 1 o1
min{ ZI1BF +1CF |+ 3w(80), 1B+ 1C"Fl1+ 3w(ca) | < gllc]
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and
. 1 *12 2 1 1 2 * |2 1
min § —|[|[B*|* +[C|*[| + 5w(BC), - || |B]* + |C*|*|| + 5w(CB)
4 2 4 2
1 .
< ZMBI+1CHCT + B

In particular, considering B = C in Theorem 1 and using Lemma 5, we get the
following corollary.

COROLLARY 1. Let B€ A(H) and r > 1. Then
1 x| 2F 1 r
B < ZIIBP + 1B+ 5 [w(B*)] (15)
and

- Apw(B)
[w(B)] >4P%MM”+WWW+2ww%H+WB_WW”

(16)

REMARK 1. The inequality (15) was also obtained in (6). In addition, the in-

equality (16) for r = 1 refines the first inequality in (3) for some operators. If we
20

consider B = [ 0 0} , then (16) gives [w(B)]? > 4, whereas the first inequality in (3)
gives [w(B)]? > 2.

Next we obtain the following upper bound for the quadratic numerical radius of
the off-diagonal operator matrices, which is a refinement of the inequality (9).

THEOREM 2. Let &7 = {gg] € BHDH). Thenfor 0< a<landr>1, we
have
1+a l1—o 1+o .
[wa ()" < ——=|||B]* + |C*["|| + —— [w(CB)]" — —— inf &(g),
2 4 Jlgl=t
where

r 1 k|27 1 2
£(e) = ((IB"g:8)? —(IC""g,8)7)".
Proof. Let f and g be any two unit vectors in H. Then

[(Bg, [)(Cf,8)|"
=[(Bg, /){f.C"g)|"
1 1—
< ﬂIIBgH [Cgll" +—|<Bg,C* )" (by Lemma 3)
1+
2

1+OC r L * |21 L l—o r
< ——(B[g.)> (IC*|? 8.8)* + ——|(CBg.g)| (by Lemma 1)

« r % r l—o
——(B"Bg,8)2(CC"g,g)? +—2

CBg. )"
7 |(CBg,g)|



QUADRATIC NUMERICAL RADIUS INEQUALITIES 675

1

<50 (%(<B|2rg7g> HCPrg.0) 5 (BP8.)* <'C*'2rg’g>2)2>

l—o
TS |(CBg,g)|”  (by Lemma4)

l+o r * |21 r 1 %21 L -« r
== (((IBI2 +|C*? )g,g> —((|B|*g,8)2 — (|C*]? g,g>2)2> +——1(CBg.g)|
1+(x - 12 —o , 14o .
< g+ o+ 5 wiem) - 2 ot (o)

Therefore, taking the supremum over f,g € H with || f]| = ||g|]| = | in the above in-
equality, we have

o) = sup (B, f)(CT.8)!
I1=lgl=1
1 1
< LB I+ S B - S it E(g),
llgll=1

where 1 -
E(g) = ((|BI*g.8)2 = (|C*["g,8)?)". O

REMARK 2. If f,g € H with ||f|| = ||g]| = 1, then by using the identity
|<Bg7f><Cf7g>|r = |<Cfvg><g7B*f>‘r

and the same argument in the proof of the Theorem 2, the following inequality is de-
rived:

1 o 14+«

boa( ) < LB 1P+ () — % i E(e)

where 1

E(g) = ((IB"[7g.8)% — (IC/7g,8)*)".

REMARK 3. The upper bound in Theorem 2 for 0 < o < % and r =2 is a re-

finement of the upper bound given in (9) for r = 1. To prove this, note that for every
0<a< %,wehave

[wa(a)]*
R e > w(CB) (B Prg.)t (10 2
< ”"‘H|B|4+\c*\4 2B + yw(CB)P
lj"‘«w*ﬁf & (IcPg.)})?
< T NIBE 1O+ 22 NBY +C71) + 1B +1C7 P w(CB)
1—|—OC 1

~——(B"8.8)2 ~ (CP"5.8)2)" by inequality (7)
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3 1
= —||\B\4+ )+ —||\B\2+ |C*[*||w(CB)
l+a 1 1\2
— B P"e.8)7 = (IC1"g,8)°)
<§§m3ﬁ+ﬂcﬂﬂk+gmBV+WCWﬂHNCB)

The following example shows that Theorem 2 (for 0 < o < % and r=2)is a
nontrivial refinement of inequality (9) (for r = 1).

EXAMPLE 2. Let B = [8 (2)] and C = [ (1) _01} . Then by elementary calcula-

tions, we have

1+a N -« 1+a . 1 1.2
——IBI*+|c*|* H+T[W(CB)}2—TH1H 1(<\ B*|”g,8)7 —(ICI"g,8)?)
l+a 11—« 1+« 19+ 15
= x 17+ 2 ><I+T O—T
and

3 1 3 1
§||\B\4+\C*\4||+§||\B\2+\C*\2||W(CB) =g X 17+§ x5x1=7

Thus

1+a o 1+o

——lIB[*+cf? H+T[W(CB)}2—

. *|2r 1 r 7\2
nt ((1B"5.8)* ~ (ICPg.6)?)

< gII\B\4+ 1+ gII\B\2 +[C*Plw(CB).

In particular, considering B = C in Theorem 2 and using Lemma 5, we get the
following corollary.

COROLLARY 2. Let B€ #(H), Thenfor 0 < oo < 1 and r > 1, we have

1+a 11—« 1+o .
—— B + \B*\z’\\JrT[w(BZ)]’—T inf 3(g), (17)

2r
BT < lgl=1

where
1

5(¢) = ((1Bg,8)* — (1B g.:)?)".

REMARK 4. Theinequality (17) is a refinement of the inequality (4) and [3, Corol-
lary 2.8]:

1

(B < 1B+ 1B+ 1 B



QUADRATIC NUMERICAL RADIUS INEQUALITIES 677

In particular, if we take o = 0 in inequality (17), then we get

(B < ZIBP + B+ 5 0w(BA) — inf (1B, 8)% — (C*["5.2))’,
4 2 =1

which is a refinement of the inequality (6). If we take r = 2 in inequality (17), then we
get
1

+(x " . 1 " 1.2
I1B|*+ B*|* ||+ 3 2 (B —H;ﬁil(<lBl4g,g>2—<IC *g,8)2)",

wB)* < ——
which is a refinement of the inequality in [16, Theorem 2.1], namely

3 » 1 %
B < SUIBI B+ S 1BI+ B [w(B?).

In the next theorem, we obtain another upper bound for the quadratic numerical
radius of off-diagonal operator matrices.

THEOREM 3. Ler of = {g Ig] € BH®H), oo € C\{0}. Then
max{l,|o—1 N 1
poa(er ) < P (il i o))+ i)

where
0(2) = ((IBPg,g)? — (IC* e, )h)%.

Proof. Let f and g be any two unit vectors in H, and for o € C\{0}, we have

|(Bg, f)(CS,8)
= |(Bg./)(f.C8)”
max{1, o — 1]} " 1 «
< IBEllIC el + ol (Be.Cg)l by Lemma )
_max{Llo 1]} pep o iccre gt + Ll
] (B"Bg,8)2(CC’g,8) |a|\< $.8)|
1jo—1 . ! T (|C*Pg.)?
< W ( ((IBI*g.8) +(IC"*g. 8)) — 5 (1B’ 8)* = {IC Izg,g>2)2)
‘ ‘|<CBg ,2) (by Lemma 4)
1jo—1 ' '
= W (1B +1C*P)g. ) - ((1BIPg.8) = (1C"Pg.8)1)?)
T ‘|<CBg 8)|
max{1,|o— 1]} 2 10t !
< T <|B| +IC* 7| - H1‘1‘1f1(p( )) EW(CB).
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Therefore, taking the supremum over f,g € H with ||f|| = |/g|]| =1 in the above in-
equality, we have

wa()* = sup |(Bg,f)(Cf.g)|

If1I=llgll=1
max{1,|a—1|}< ) <2 . ) 1
{—— B|*+|C — inf ¢(g) | + —w(CB),
Sal - (JIBE+ICPI = inf () ) + orw(CB)

where . L
o(g) = ((|BI*g.8)2 — (|IC*|*g.8)2)". O

REMARK 5. If f,g € H with ||f|| = ||g|| = 1, then by using the identity

[(Bg, f)(Cf.8)|* = [(Cf.8) (s, B )I?

and the same argument in the proof of the Theorem 3, we get the following inequality:
max{l,|oo—1 N . 1
poa(er ) < P (el e o))+ e
2|a| lgll=1 o

where . 1
0(g) = ({(|CPg,8)7 — (|B">8.8)?)".

Now, we consider an example to show that the inequality in Theorem 3 is better
than the existing ones.

EXAMPLE 3. Let B and C be the same as the matrices in Example 2. Then from
Theorem 3 with o = 2, we obtain [w,(7)]? < 1.75, whereas the inequalities in (10)
and (11) give [wy(«7)]* <2 and [wy (/)] < 2.25, respectively. Thus for this example,
the upper bound of [w,(27)]? in Theorem 3 is better than the existing bounds.

In particular, considering B = C in Theorem 3 and using Lemma 5, we get the
following corollary.

COROLLARY 3. Let B€ #(H), oo € C\{0}. Then

W 2 max{l7\a—l|} 2 * 120 _ i LW 2
@) < I (i 5 - in o) ) + o8,

where 1

0(2) = ((1Bg,8)* — (B Pg,2)*)".

REMARK 6. If o =2 in Corollary 3. Then we observe that
1 N 1 . 1 " 1y2
[w(B)]® < ZII\B\2+IB |2H+EW(B2)—— inf ((1Blg,8) = (IB*[’8,8)7)".  (18)

It is clear that the inequality (18) is a refinement of the inequality (5).
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For our next result, we need the following lemma.

LEMMA 6. Let x,y,e € H with |le|| = 1. Then

1+ -« 1
[Geoede )P < == X I + — =[G P+ S el Iyl e

forevery 0< a<1landr>1.

Proof. By Buzano inequality and Jensen’s inequality, we have

>‘2r
\hWﬂ\ H)”

(4uyw —xwyuxw%~«xw)
< LI I+ )
1

7 (PP 201 1 9+ e ) 4 (1= @) [ ) )

—UMWWﬂ”+NﬂWﬂH%WV+aWWWM”+U—aH@JW7

1+OC r r l-o r 1 r r r
——[IxIP Iy + -jr%@JH2+§HﬂHﬂH@JH- O

REMARK 7. In particular, if =1 in Lemma 6, then we get the inequality in [9,
Lemma 2.22]. Thus Lemma 6 is a generalization of [9, Lemma 2.22].

Now, based on Lemma 6, we obtain the following theorem, which is a refinement
of the inequality (9).

0B

THEOREM 4. Let o7 = [C 0] € BHDH). Thenfor 0< a<landr>1, we
have

1

a1 < 1B+ 1C ) + 1 2D (B + 5 1B +1C P bw(CB

Proof. Let f and g be any two unit vectors in H. Then

(Bg, f)(Cf.8)|*"

= |(Bg./){(f.C 8"
lI+a 2w 2r L O s vz, L I * ol|T * o\ |7
< 5 IBslTICT8lI™ + == (Bg.Cg) | + 5 | BsII'lIC"s]I" (Bg. C"g)

1+a 1-a 1
< —g (IBel" +ICe") + ——=(CBg. )+ 5 (IBe [ +[IC¢ ™) (CBg. &)
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+a r * | 4r l-o r 1 r * |21 r
< —<(|B|4 +|c* )g,g>+—|<C15’g,g>|2 +1<(IBI2 +]C**")g.8)|(CBg. g)|
1+a 1
< H|B|4’+\C*\4’H+ 1 [ (CB)* ZH|B|2r+\C*\zr\\[W(CB)]’~

Therefore, taking the supremum over f,g € H with ||f|| = ||g|]| =1 in the above in-
equality, we have

wa()]¥ = sup  [(Bg,f)(Cf.8)*
I flI=lgll=1

1—|—oc "
S e P y) Zw(eB)

+ZHIBI2’+\C*\”H[W(CB)]’- O

REMARK 8. If f,g € H with | f]| = ||g|| = 1. then by using the identity
(B, /)(CL.)" = (CT.8) (. B NI

and the same argument in the proof of the Theorem 4, we get the following inequality:

r 1+(x *|4r r r 1 *|2r r r
wa ()] < — 1B e+ =2 ) 2 w(BO)P + +lIB P+ ICP N w(BC)]".

REMARK 9. The upper bound in Theorem 4 is a refinement of the upper bound
given in (9). To prove this, note that for every 0 < o < 1, we have
[wa ()]
1 r X |ar 1 r k| ZF r
< &g oo+ 22 y) Zlw(cB) —IHB\2 +[C* || [w(CB)]
1

+a
< H|B|4’+\C*\4’H+ ZNBI + jc* 1l + 4 H|B|2’+\C*\2’H[( B)|"
_ B4r C*4r - B2r C*2r CB)I" + = B2 ou CB)I"
= IH " ICT + HI [+ 17w ( )]+8H| >+ [C*P[lw(CB)]
—HIBI4’+IC*I4’H+ HIBI2’+\C*\2’H2 II\B\2’+IC*I2’II[W(CB)}’
k 1 k
= —II\B\4’ +IC |4’H+ H(IBIZ’ ) ||+—|HB\2’+|C "I v(cB))

. 2|B|2r+2‘c*|2r 1
II\B\4’+ ¥ + <f §||\B\2’+ C*["[|[w(CB)]

1 r % r 1 r * r 1 r % r r
< ZHIBI4 +c? HJrgHIBI4 +lc H+§II\B\2 +|C*P"I[w(CB)]
3 . 1
= gII\B\4’+IC il +§HIBI2’+ IC* 7| w(CB)]".

Now, we give an example to show that Theorem 4 is a nontrivial refinement of
inequality (9).
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EXAMPLE 4. Let B= [0 1} and C = [ ! 0} . Then by elementary calculations,

00 00
we have
1+a r % r 1 r % r r
—IHB\4 +c|t ||+ y) 2 wics) 4—1II\B\2 +[C* || [w(CB)]
1+a l—o 1 1 1
=g Mt ety
1+ 1—a+2"
= +
8 4 x 4r
O 3IXA 42+ [(o0—=2)4" 42" +2(1 — )]
o 8 x4
and

3 4r ® |41 1 2r *|2r r 3 1 1
B +1C7 [+ SIBP + TP w(CB)Y = % x 1+ x x5

3 x4+
T 8x4r

We note that when r > 1l and 0 < o < I, (¢ —2)4"+2"+2(1 — &) < 0. Thus

1+a y 1 ,
—— B[ +|c I‘"IlwL ) L) ZII\B\2’+IC | w(cB))

< §||\3\4’+ ¥+ §H|B|2’+ P lIw(cB))".

In particular, considering B = C in Theorem 4 and using Lemma 5, we get the
following corollary.

COROLLARY 4. Let B€ #(H), Thenfor 0 < oo < | and r > 1, we have

1+a

1
B < = B 4 B ) (B + + MBI 1B ([w(B)])". (19)

REMARK 10. If r =1 in Corollary 4, then we get the inequality in [9, Corollary
2.24], which is a refinement of the inequality in [7, Remark 3.2] as well as the inequality
4 for r=2

In the next theorem, we obtain both lower and upper bounds for the quadratic

numerical radius of off-diagonal operator matrices. To achieve our goal, we need the
following lemmas.

LEMMA 7. ([11]) Forany a,b € H

(@b + [{a, ) < alP(1{b,b) P+ 21 (b,c) P+ (e, ) ).
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LEMMA 8. ([32]) Forany o, € C

sup  [Ca+ &P =al +|BI>
ER+Hg<1

LEMMA 9. ([32]) Let S,R€ B(H). Forany {, €C
1GS+ERIF< (IEP+IEP)IIS* S+ RR)||.

0B

THEOREM 5. Let &/ = {C 0

] € B(HDH). Then
.1 " 1 L 1
(et < min ZIIB+1C° 1+ 3 (CBIR. 18" 4+ €T + 5 (B}
(20)
and
2max{[w(BC)]*, [w(CB)]*}

4
b2l > BT [C T+ 2lw(CB)P- BT+ [CP + 2w (BOF}

ey

Proof. Let f and g be any two unit vectors in H. Then
|(Bg,f)(Cf.8)l

(B /)P +(Cr.)7\
<( St

(|<f,Bg>|2+|<f,C* )*)?
I£11*(1(Bg, Bg)|* +2|(Bg,C*g)|* +(C*g,C"¢)|*)  (by Lemma7)

(I{IBI*g,8)* +[(IC* 8, )* +2/(CBg.8)I*)

N

HS‘l‘lPl(|<|B|28’g>\2 +{C g 8) ) + %[W(CB)}2
¢l

. 1
sup (sup |{(|B*g, &)| +&(IC"*8.€)I*) + 5 [W(CB)]* (by Lemma 8)
lel=1 1¢P+Ep<1

sup  ( sup \<(C\BI2+§|C*\2)g,g>|2)+%[W(CB)}2
IC12+EP<T lgll=1

/N
4>|~ Bl— A= 4>|»—4>|»—4>|~4>|

o
sup [|EIBP +EICT P + 5 [w(CB)P
SRHERSI

(since {|B|? + &|C*[* is a normal operator)

1 a1
= sup  (ICPHIEPNBI*+IC* 1}l + 5w(CB)]*  (by Lemma 9)
3 CR+ERS 2

. 1
= JIBIHICT + SDrCBIP.



QUADRATIC NUMERICAL RADIUS INEQUALITIES 683

Therefore, taking the supremum over f,g € H with ||f|| = ||g|]| =1 in the above in-
equality, we have

wa()* = sup [(Bg.f)(Cf.g)|
IFI=lgl=1

1 1
< g IBE+IC Pl + S w(CB)]. (22)
Similarly, applying this fact

|<Bg7f>|2+ ‘<Cf7g>‘2)2
2

= 1 le B NP+ 1@ CRPY.

and a similar argument to the proof of the inequality (22), we can get that

[(Be, /)(CF.8)] < (

s )] < G IB°1 +1C14) + S w(BOP.

This completes the proof of the first inequality.
On the other hand, by the elementary inequality

2
vVab > T a,b >0,

Q=
=

we have

[(Bg, )P|(CS.8)I°
> 2(Bg, f)I*1(CF, ) (1(Bg, ) + [(CF.8) ") !
> 2|(Bg, f)*1(CF.)|* (1(Bg, )I* + [(CF,8)*) 2.

From the proof of the first inequality, we get that

[(Bg, f)(Cf,8)I

(1B, )P +1(Cr.8)7)* <min{|[|BI* +]C" ||| +2[w(CB), [[|B*[*+|CI*|| +2[w(BC)]*},

and hence
wa(e)]* = sup  |(Bg,/)(CS.8)[
Ifl=llgll=1
2HfHSlipH 1|<Bg,f>|4\<Cf,g>\4
> — Ll
min{|[|B[* 4 |C*|*|| +2[w(CB)]?, || B*|* + |C|*|| + 2[w(BC)|*}
2 sup (B, ))I*1(CS.8)I*

- I£I=Ngl=1.e=1ery
~ min{[[B[* +[C*[*]| + 2[w(CB)I2, || B*[* + |CI*]| +2[w(BC)]?}
_ 2[w(BO)*

min{|[|B|* +|C*[*|| +2[w(CB)]*, || |B*|* + |C[*|| + 2[w(BC)]?}
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Similarly, taking f = Hg_gH in above inequality, we have

- 2[w(CB)J*
= min{]|[B* + [C*[*]| +2[w(CB)]?, [[[B*[* + |C|*|| + 2[w(BC)]?}

[wa()]*

This completes the proof. [
The following example shows that the upper bound of w; (<) in Theorem 5 is
better than the upper bound in (9) (for r =1).

EXAMPLE 5. Let B and C be the same as the matrices in Example 4. Then
from (20), we obtain [wy(%7)]* < 0.375, whereas the inequality in (9) for r = 1 gives
[wa(27)]* < 0.438. Thus for this example, the upper bound of w»(.e7) in Theorem 5 is
better than the existing bound.

In particular, considering B = C in Theorem 5 and using Lemma 5, we get the
following corollary.

COROLLARY 5. Let B€ #A(H), Then
4_1 4 *|4 1 2112
wB)" < Z MBI+ B[] + 5 [w(B7)] (23)

and
(24)

W 4 Z[W(Bz)]4
B> TEE B T 2B

REMARK 11. Clearly [w(B*)]* < [w(B)]* < ||B|*+|B*|*||. Thus, the inequality
(23) refines the inequality (4) for r =2.
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