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QUADRATIC NUMERICAL RADIUS INEQUALITIES FOR THE

OFF–DIAGONAL PARTS OF 2× 2 OPERATOR MATRICES

XIAOMEI DONG ∗ AND DEYU WU

(Communicated by M. Kian)

Abstract. In this paper, some new bounds for the quadratic numerical radius of the off-diagonal
parts of 2× 2 operator matrices are obtained, which refine the existing ones. Furthermore,
we employ these bounds to generalize and refine some known numerical radius inequalities of
bounded linear operators.

1. Introduction

Let B(H) denote the C∗ -algebra of all bounded linear operators on a complex
Hilbert space H with inner product 〈·, ·〉 . The range of T ∈ B(H) is denoted by
R(T ) . For T ∈ B(H) , the resolvent set ρ(T ) , the spectrum σ(T ) , the point spectrum
σp(T ) and the residual spectrum σr(T ) of T are, respectively, defined as

ρ(T ) = {λ ∈ C : T −λ I is a bijection},
σ(T ) = C\ρ(T),

σp(T ) = {λ ∈ C : T −λ I is not injective}
and

σr(T ) = {λ ∈ C : T −λ I is injective, R(T −λ I) �= H}.
The numerical range, the numerical radius and the operator norm of T , denoted as
W (T ) , w(T ) and ‖T‖ , respectively, are defined as [28]

W (T ) = {〈Tx,x〉 : x ∈ H,‖x‖ = 1},
w(T ) = sup{|〈Tx,x〉| : x ∈ H,‖x‖ = 1}

and
‖T‖ = sup{‖Tx‖ : x ∈ H,‖x‖ = 1}.
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It is easy to see that the numerical range of T satisfies the following spectral inclusion
property:

σp(T )∪σr(T ) ⊂W (T ), σ(T ) ⊂W (T ).

Moreover, the numerical radius w(·) defines a norm on B(H) , which is equivalent to
the operator norm ‖ · ‖ . In fact, for every T ∈ B(H) ,

1
2
‖T‖ � w(T ) � ‖T‖. (1)

The inequalities in (1) are sharp. The first inequality becomes an equality if T 2 = 0.
The second inequality becomes an equality if T is normal. The power inequality for
the numerical radius, which is an important property of the numerical radius, asserts
that

w(Tn) � [w(T )]n for n = 1,2, . . . . (2)

For more basic facts about the numerical radius, we refer to [6, 18, 19].
In [22], Kittaneh refined the bounds in (1), and obtained the following result:

1
4
‖|T |2 + |T ∗|2‖ � [w(T )]2 � 1

2
‖|T |2 + |T∗|2‖. (3)

The second inequality in (3) is a special case of the following more general form [15]:

[w(T )]2r � 1
2
‖|T |2r + |T ∗|2r‖ for r � 1, (4)

where |T | = (T ∗T )
1
2 .

In [2], Abu-Omar and Kittaneh refined the second inequality in (3), and proved
that

[w(T )]2 � 1
4
‖|T |2 + |T∗|2‖+

1
2
w(T 2). (5)

In [5], Bhunia et al. showed that the upper bounds in (4) and (5) can be generalized
as follows:

[w(T )]2r � 1
4
‖|T |2r + |T ∗|2r‖+

1
2
[w(T 2)]r for r � 1. (6)

In [12], Dragomir showed the following numerical radius inequality involving the
product of two operators:

[w(B∗C)]r � 1
2
‖|C|2r + |B|2r‖ for r � 1. (7)

The importance of the study of the numerical range has led to its generalizations
in different directions, see, e.g. [1, 10, 13, 14, 17, 31] and the references therein. One
of them is the quadratic numerical range which were introduced by Tretter and Langer
et. al. in 1998 in [29] and further studied in [23, 24, 30].
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The direct sum of two copies of H is denoted by H ⊕H . Due to this decompo-
sition, every bounded linear operator A ∈ B(H ⊕H) can be represented as a 2× 2
operator matrix of the form

A =
[

A B
C D

]
(8)

where A,B,C,D ∈ B(H) . Let M2(C) denote the set of all 2× 2 complex matrices.
For f ,g ∈ H with ‖ f‖ = ‖g‖ = 1, we define the 2×2 matrix

A f ,g =
[ 〈A f , f 〉 〈Bg, f 〉
〈C f ,g〉 〈Dg,g〉

]
∈ M2(C).

The set
W 2(A ) =

⋃
‖ f‖=‖g‖=1

σp(A f ,g)

is called the quadratic numerical range of the operator A (with respect to the operator
matrix representation (8)). Obviously, W 2(A ) can also be written as

W 2(A ) =
{

λ ∈ C : ∃ f ,g ∈ H,‖ f‖ = ‖g‖ = 1,det(A f ,g−λ I) = 0
}

=
{

λ ∈ C : ∃ f ,g ∈ H,‖ f‖ = ‖g‖ = 1,det

[ 〈A f , f 〉−λ 〈Bg, f 〉
〈C f ,g〉 〈Dg,g〉−λ

]
= 0

}
.

In addition, the quadratic numerical range is always contained in the numerical range,
and it has the spectral inclusion property [29]:

W 2(A ) ⊂W (A ),

σ(A ) ⊂W 2(A ),

σp(A )∪σr(A ) ⊂W 2(A ).

Therefore, for the characterization of the spectrum of bounded linear operators, the
quadratic range can provide more accurate information than the numerical range.

The definition of the block numerical radius for bounded operator matrix was in-
troduced in 2014 in [26] . In this paper, we only discuss the quadratic numerical radius.
With respect to the block operator representation (8), then

w2(A ) = sup{|λ | : λ ∈W 2(A )}.

Recently, in [25], Li et al. obtained the following inequality:

[w2(A )]4r � 3
8
‖|B|4r + |C∗|4r‖+

1
8
‖|B|2r + |C∗|2r‖[w(CB)]r for r � 1. (9)

In [27], Sarina et al. proved that

[w2(A )]2 � ‖B‖ · ‖C‖ (10)
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and

[w2(A )]2 � 1
4
‖|B|+ |C∗|‖‖|C|+ |B∗|‖. (11)

In this paper, we give some inequalities for the quadratic numerical radius of the
off-diagonal parts of 2× 2 operator matrices, which refine inequalities (9), (10) and
(11). Furthermore, we obtain new upper and lower bounds for the numerical radius of
bounded linear operators, which refine and generalize inequalities (3), (4), (5) and (6).

2. Preliminaries

In order to prove our results, we need the following lemmas. The first lemma
follows from the spectral theorem for positive operators and Jensen’s inequality.

LEMMA 1. ([20]) Let T be a positive bounded linear operator on Hilbert space
H , and let x ∈ H be any unit vector. Then for r � 1 , we have

〈Tx,x〉r � 〈T rx,x〉.
The second Lemma is the extension of Buzano inequality.

LEMMA 2. ([21]) Let x,y,e ∈ H with ‖e‖ = 1 and α ∈ C\{0} . Then

|〈x,e〉〈e,y〉| � 1
|α| (max{1, |α −1|}‖x‖‖y‖+ |〈x,y〉|).

In particular, if α = 2 , then above inequality becomes the Buzano inequality ([8])

|〈x,e〉〈e,y〉| � 1
2
(|〈x,y〉|+‖x‖‖y‖).

LEMMA 3. ([3]) Let x,y,e ∈ H with ‖e‖ = 1 . Then

|〈x,e〉〈e,y〉|r � 1+ α
2

‖x‖r‖y‖r +
1−α

2
|〈x,y〉|r

for every 0 � α � 1 and r � 1 .

The next lemma is a generalization of Young inequality.

LEMMA 4. ([4]) If p,q > 1 such that 1
p + 1

q = 1 , then for all positive real num-
bers a,b, we have

(a
1
p b

1
q )m + rm

0 (a
m
2 −b

m
2 )2 �

(
a
p

+
b
q

)m

,

where r0 = min{ 1
p , 1

q} and m = 1,2, · · · . In particular, if p = q = 2 , then

(a
1
2 b

1
2 )m +

(
1
2

)m

(a
m
2 −b

m
2 )2 � 2−m(a+b)m.
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LEMMA 5. ([25]) Let B ∈ B(H) . Then

w2

([
0 B

eiθ B 0

])
= w(B)

for every θ ∈ R .

3. Main results

In this section, we give some bounds for the quadratic numerical radius of the off-

diagonal operator matrix A =
[

0 B
C 0

]
. Considering that when B = 0 or C = 0, then

w2(A ) = 0. So we assume that B �= 0 and C �= 0. First of all, we give an upper and
lower bounds for the quadratic numerical radius of the off-diagonal operator matrices.

THEOREM 1. Let A =
[

0 B
C 0

]
∈ B(H ⊕H) and r � 1 . Then

[w2(A )]2r � min

{
1
4
‖|B∗|2r + |C|2r‖+

1
2
[w(BC)]r,

1
4
‖|B|2r + |C∗|2r‖+

1
2
[w(CB)]r

}

(12)

and

[w2(A )]2r (13)

� 4max{[w(BC)]2r, [w(CB)]2r}
4r−1 min{‖|B∗|2r+|C|2r‖+2[w(BC)]r,‖|B|2r+|C∗|2r‖+2[w(CB)]r}+‖B−C∗‖2r .

(14)

Proof. Let f and g be any two unit vectors in H . Using the identity sup
θ∈R

|eiθ a+

e−iθ b| = |a|+ |b| , where a,b ∈ C , it follows that

|〈Bg, f 〉〈C f ,g〉|r = |〈Bg, f 〉|r|〈C f ,g〉|r

� 1
4r (|〈Bg, f 〉|+ |〈C f ,g〉|)2r

=
1
4r sup

θ∈R

|eiθ 〈Bg, f 〉+ e−iθ 〈C∗g, f 〉|2r

=
1
4r sup

θ∈R

|〈(eiθ B+ e−iθC∗)g, f 〉|2r.

By taking the supremum in the above inequality over f ,g ∈ H with ‖ f‖ = ‖g‖ = 1,
and using the fact that ‖TT ∗‖ = ‖T‖2 and w(T ) = sup

θ∈R

‖Re(eiθT )‖ for any operator
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T , we have

[w2(A )]2r = sup
‖ f‖=‖g‖=1

|〈Bg, f 〉〈C f ,g〉|r

� 1
4r sup

θ∈R

‖eiθB+ e−iθC∗‖2r

=
1
4r sup

θ∈R

‖(eiθ B+ e−iθC∗)(e−iθ B∗ + eiθC)‖r

� 1
4r sup

θ∈R

(‖|B∗|2 + |C|2‖+2‖Re(eiθBC)‖)r

� 1
4r ·2r−1(‖|B∗|2 + |C|2‖r +2r sup

θ∈R

‖Re(eiθ BC)‖r)

=
1
2

∥∥∥∥
( |B∗|2 + |C|2

2

)r∥∥∥∥+
1
2
[w(BC)]r

� 1
4
‖|B∗|2r + |C|2r‖+

1
2
[w(BC)]r.

Similarly, using the fact that ‖T ∗T‖ = ‖T‖2 and w(T ) = sup
θ∈R

‖Re(eiθ T )‖ for any op-

erator T , we get

[w2(A )]2r � 1
4
‖|B|2r + |C∗|2r‖+

1
2
[w(CB)]r.

On the other hand, by the inequalities

√
ab � 2

1
a + 1

b

, a,b > 0

and

|a|p + |b|p � 1
2
(|a+b|p + |a−b|p), p � 2, a,b ∈ C,

we have

|〈Bg, f 〉〈C f ,g〉|r = |〈Bg, f 〉|r |〈C f ,g〉|r

� 2|〈Bg, f 〉|2r|〈C f ,g〉|2r

|〈Bg, f 〉|2r + |〈C f ,g〉|2r

� 2|〈Bg, f 〉|2r|〈C f ,g〉|2r

1
2 |〈Bg, f 〉+ 〈C∗g, f 〉|2r + 1

2 |〈Bg, f 〉− 〈C∗g, f 〉|2r

� 2|〈Bg, f 〉|2r|〈C f ,g〉|2r

1
2 (|〈Bg, f 〉|+ |〈C f ,g〉|)2r + 1

2 |〈(B−C∗)g, f 〉|2r

� 4|〈Bg, f 〉|2r|〈C f ,g〉|2r

(|〈Bg, f 〉|+ |〈C f ,g〉|)2r +‖B−C∗‖2r .
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From the proof of the first inequality, we get that

(|〈Bg, f 〉|+ |〈C f ,g〉|)2r

� 4r−1 min{‖|B∗|2r + |C|2r‖+2[w(BC)]r,‖|B|2r + |C∗|2r‖+2[w(CB)]r},

and hence

[w2(A )]2r = sup
‖ f‖=‖g‖=1

|〈Bg, f 〉〈C f ,g〉|r

�
4 sup
‖ f‖=‖g‖=1

|〈Bg, f 〉|2r|〈C f ,g〉|2r

4r−1 min{‖|B∗|2r + |C|2r‖+2[w(BC)]r,‖|B|2r + |C∗|2r‖+2[w(CB)]r}+‖B−C∗‖2r

�

4 sup
‖ f‖=‖g‖=1,g= C f

‖C f‖

|〈Bg, f 〉|2r|〈C f ,g〉|2r

4r−1 min{‖|B∗|2r + |C|2r‖+2[w(BC)]r,‖|B|2r + |C∗|2r‖+2[w(CB)]r}+‖B−C∗‖2r

=
4[w(BC)]2r

4r−1 min{‖|B∗|2r + |C|2r‖+2[w(BC)]r,‖|B|2r + |C∗|2r‖+2[w(CB)]r}+‖B−C∗‖2r .

Similarly, taking f = Bg
‖Bg‖ in above inequality, we have

[w2(A )]2r

� 4[w(CB)]2r

4r−1 min{‖|B∗|2r+|C|2r‖+2[w(BC)]r,‖|B|2r+|C∗|2r‖+2[w(CB)]r}+‖B−C∗‖2r .

This completes the proof. �
Now, we give an example to show that the inequality (12) (for r = 1) is better than

existing inequalities (10) and (11).

EXAMPLE 1. Let B =
[

1 0
0 0

]
and C =

[
0 0
2 0

]
. Then by elementary calculations,

we have
1
4
‖|B∗|2 + |C|2‖+

1
2
w(BC) =

1
4
×5+

1
2
×0 = 1.25,

1
4
‖|B|2 + |C∗|2‖+

1
2
w(CB) =

1
4
×4+

1
2
×1 = 1.5,

‖B‖‖C‖= 1×2 = 2

and
1
4
‖|B|+ |C∗|‖‖|C|+ |B∗|‖ =

1
4
×2×3 = 1.5.

Thus

min

{
1
4
‖|B∗|2 + |C|2‖+

1
2
w(BC),

1
4
‖|B|2 + |C∗|2‖+

1
2
w(CB)

}
< ‖B‖‖C‖
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and

min

{
1
4
‖|B∗|2 + |C|2‖+

1
2
w(BC),

1
4
‖|B|2 + |C∗|2‖+

1
2
w(CB)

}

<
1
4
‖|B|+ |C∗|‖‖|C|+ |B∗|‖.

In particular, considering B = C in Theorem 1 and using Lemma 5, we get the
following corollary.

COROLLARY 1. Let B ∈ B(H) and r � 1 . Then

[w(B)]2r � 1
4
‖|B|2r + |B∗|2r‖+

1
2
[w(B2)]r (15)

and

[w(B)]2r � 4[w(B2)]2r

4r−1
(‖|B|2r + |B∗|2r‖+2[w(B2)]r)+‖B−B∗‖2r

. (16)

REMARK 1. The inequality (15) was also obtained in (6). In addition, the in-
equality (16) for r = 1 refines the first inequality in (3) for some operators. If we

consider B =
[

2 0
0 0

]
, then (16) gives [w(B)]2 � 4, whereas the first inequality in (3)

gives [w(B)]2 � 2.

Next we obtain the following upper bound for the quadratic numerical radius of
the off-diagonal operator matrices, which is a refinement of the inequality (9).

THEOREM 2. Let A =
[

0 B
C 0

]
∈ B(H⊕H) . Then for 0 � α � 1 and r � 1 , we

have

[w2(A )]2r � 1+ α
4

‖|B|2r + |C∗|2r‖+
1−α

2
[w(CB)]r − 1+ α

4
inf

‖g‖=1
ξ (g),

where
ξ (g) =

(〈|B|2rg,g〉 1
2 −〈|C∗|2rg,g〉 1

2
)2

.

Proof. Let f and g be any two unit vectors in H . Then

|〈Bg, f 〉〈C f ,g〉|r
= |〈Bg, f 〉〈 f ,C∗g〉|r

� 1+ α
2

‖Bg‖r‖C∗g‖r +
1−α

2
|〈Bg,C∗g〉|r (by Lemma 3)

=
1+ α

2
〈B∗Bg,g〉 r

2 〈CC∗g,g〉 r
2 +

1−α
2

|〈CBg,g〉|r

� 1+ α
2

〈|B|2rg,g〉 1
2 〈|C∗|2rg,g〉 1

2 +
1−α

2
|〈CBg,g〉|r (by Lemma 1)
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� 1+ α
2

(
1
2
(〈|B|2rg,g〉+ 〈|C∗|2rg,g〉)− 1

2
(〈|B|2rg,g〉 1

2 −〈|C∗|2rg,g〉 1
2 )2

)

+
1−α

2
|〈CBg,g〉|r (by Lemma 4)

=
1+ α

4

(
〈(|B|2r + |C∗|2r)g,g〉− (〈|B|2rg,g〉 1

2 −〈|C∗|2rg,g〉 1
2 )2

)
+

1−α
2

|〈CBg,g〉|r

� 1+ α
4

‖|B|2r + |C∗|2r‖+
1−α

2
[w(CB)]r − 1+ α

4
inf

‖g‖=1
ξ (g).

Therefore, taking the supremum over f ,g ∈ H with ‖ f‖ = ‖g‖ = 1 in the above in-
equality, we have

[w2(A )]2r = sup
‖ f‖=‖g‖=1

|〈Bg, f 〉〈C f ,g〉|r

� 1+ α
4

‖|B|2r + |C∗|2r‖+
1−α

2
[w(CB)]r − 1+ α

4
inf

‖g‖=1
ξ (g),

where
ξ (g) =

(〈|B|2rg,g〉 1
2 −〈|C∗|2rg,g〉 1

2
)2

. �

REMARK 2. If f ,g ∈ H with ‖ f‖ = ‖g‖ = 1, then by using the identity

|〈Bg, f 〉〈C f ,g〉|r = |〈C f ,g〉〈g,B∗ f 〉|r

and the same argument in the proof of the Theorem 2, the following inequality is de-
rived:

[w2(A )]2r � 1+ α
4

‖|B∗|2r + |C|2r
∥∥+

1−α
2

[w(BC)]r − 1+ α
4

inf
‖g‖=1

ξ (g),

where
ξ (g) =

(〈|B∗|2rg,g〉 1
2 −〈|C|2rg,g〉 1

2
)2

.

REMARK 3. The upper bound in Theorem 2 for 0 � α � 1
2 and r = 2 is a re-

finement of the upper bound given in (9) for r = 1. To prove this, note that for every
0 � α � 1

2 , we have

[w2(A )]4

� 1+ α
4

‖|B|4 + |C∗|4‖+
1−α

2
[w(CB)]2 − 1+ α

4

(〈|B∗|2rg,g〉 1
2 −〈|C|2rg,g〉 1

2
)2

� 1+ α
4

‖|B|4 + |C∗|4‖+
1−2α

4
[w(CB)]2 +

1
4
[w(CB)]2

− 1+ α
4

(〈|B∗|2rg,g〉 1
2 −〈|C|2rg,g〉 1

2
)2

� 1+ α
4

‖|B|4 + |C∗|4‖+
1−2α

8
‖|B|4 + |C∗|4‖+

1
8
‖|B|2 + |C∗|2‖w(CB)

− 1+ α
4

(〈|B∗|2rg,g〉 1
2 −〈|C|2rg,g〉 1

2
)2

(by inequality (7))
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=
3
8
‖|B|4 + |C∗|4‖+

1
8
‖|B|2 + |C∗|2‖w(CB)

− 1+ α
4

(〈|B∗|2rg,g〉 1
2 −〈|C|2rg,g〉 1

2
)2

� 3
8
‖|B|4 + |C∗|4‖+

1
8
‖|B|2 + |C∗|2‖w(CB).

The following example shows that Theorem 2 (for 0 � α � 1
2 and r = 2) is a

nontrivial refinement of inequality (9) (for r = 1).

EXAMPLE 2. Let B =
[

0 2
0 0

]
and C =

[
1 0
0 −1

]
. Then by elementary calcula-

tions, we have

1+ α
4

‖|B|4 + |C∗|4‖+
1−α

2
[w(CB)]2 − 1+ α

4
inf

‖g‖=1

(〈|B∗|2rg,g〉 1
2 −〈|C|2rg,g〉 1

2
)2

=
1+ α

4
×17+

1−α
2

×1+
1+ α

4
×0 =

19+15α
4

and

3
8
‖|B|4 + |C∗|4‖+

1
8
‖|B|2 + |C∗|2‖w(CB) =

3
8
×17+

1
8
×5×1 = 7.

Thus

1+ α
4

‖|B|4 + |C∗|4‖+
1−α

2
[w(CB)]2 − 1+ α

4
inf

‖g‖=1

(〈|B∗|2rg,g〉 1
2 −〈|C|2rg,g〉 1

2
)2

<
3
8
‖|B|4 + |C∗|4‖+

1
8
‖|B|2 + |C∗|2‖w(CB).

In particular, considering B = C in Theorem 2 and using Lemma 5, we get the
following corollary.

COROLLARY 2. Let B ∈ B(H) , Then for 0 � α � 1 and r � 1 , we have

[w(B)]2r � 1+ α
4

‖|B|2r + |B∗|2r‖+
1−α

2
[w(B2)]r − 1+ α

4
inf

‖g‖=1
δ (g), (17)

where
δ (g) =

(〈|B|2rg,g〉 1
2 −〈|B∗|2rg,g〉 1

2
)2

.

REMARK 4. The inequality (17) is a refinement of the inequality (4) and [3, Corol-
lary 2.8]:

[w(B)]2r � 1+ α
4

‖|B|2r + |B∗|2r‖+
1−α

2
[w(B2)]r.



QUADRATIC NUMERICAL RADIUS INEQUALITIES 677

In particular, if we take α = 0 in inequality (17), then we get

[w(B)]2r � 1
4
‖|B|2r + |B∗|2r‖+

1
2
[w(B2)]r − inf

‖g‖=1

(〈|B|2rg,g〉 1
2 −〈|C∗|2rg,g〉 1

2
)2

,

which is a refinement of the inequality (6). If we take r = 2 in inequality (17), then we
get

[w(B)]4 � 1+ α
4

‖|B|4 + |B∗|4‖+
1−α

2
[w(B2)]2 − inf

‖g‖=1

(〈|B|4g,g〉 1
2 −〈|C∗|4g,g〉 1

2
)2

,

which is a refinement of the inequality in [16, Theorem 2.1], namely

[w(B)]4 � 3
8
‖|B|4 + |B∗|4‖+

1
8
‖|B|2 + |B∗|2‖w(B2).

In the next theorem, we obtain another upper bound for the quadratic numerical
radius of off-diagonal operator matrices.

THEOREM 3. Let A =
[

0 B
C 0

]
∈ B(H ⊕H) , α ∈ C\{0} . Then

[w2(A )]2 � max{1, |α −1|}
2|α|

(
‖|B|2 + |C∗|2‖− inf

‖g‖=1
ϕ(g)

)
+

1
|α|w(CB),

where
ϕ(g) =

(〈|B|2g,g〉 1
2 −〈|C∗|2g,g〉 1

2
)2

.

Proof. Let f and g be any two unit vectors in H , and for α ∈ C\{0} , we have

|〈Bg, f 〉〈C f ,g〉|2
= |〈Bg, f 〉〈 f ,C∗g〉|2

� max{1, |α −1|}
|α| ‖Bg‖‖C∗g‖+

1
|α| |〈Bg,C∗g〉| (by Lemma 2)

=
max{1, |α −1|}

|α| 〈B∗Bg,g〉 1
2 〈CC∗g,g〉 1

2 +
1
|α| |〈CBg,g〉|

� max{1, |α −1|}
|α|

(
1
2
(〈|B|2g,g〉+ 〈|C∗|2g,g〉)− 1

2
(〈|B|2g,g〉 1

2 −〈|C∗|2g,g〉 1
2 )2

)

+
1
|α| |〈CBg,g〉| (by Lemma 4)

=
max{1, |α −1|}

2|α|
(
〈(|B|2 + |C∗|2)g,g〉− (〈|B|2g,g〉 1

2 −〈|C∗|2g,g〉 1
2 )2

)

+
1
|α| |〈CBg,g〉|

� max{1, |α −1|}
2|α|

(
‖|B|2 + |C∗|2‖− inf

‖g‖=1
ϕ(g)

)
+

1
|α|w(CB).
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Therefore, taking the supremum over f ,g ∈ H with ‖ f‖ = ‖g‖ = 1 in the above in-
equality, we have

[w2(A )]2 = sup
‖ f‖=‖g‖=1

|〈Bg, f 〉〈C f ,g〉|

� max{1, |α −1|}
2|α|

(
‖|B|2 + |C∗|2‖− inf

‖g‖=1
ϕ(g)

)
+

1
|α|w(CB),

where
ϕ(g) =

(〈|B|2g,g〉 1
2 −〈|C∗|2g,g〉 1

2
)2

. �

REMARK 5. If f ,g ∈ H with ‖ f‖ = ‖g‖ = 1, then by using the identity

|〈Bg, f 〉〈C f ,g〉|2 = |〈C f ,g〉〈g,B∗ f 〉|2

and the same argument in the proof of the Theorem 3, we get the following inequality:

[w2(A )]2 � max{1, |α −1|}
2|α|

(
‖|B∗|2 + |C|2‖− inf

‖g‖=1
ϕ(g)

)
+

1
|α|w(BC),

where
ϕ(g) =

(〈|C|2g,g〉 1
2 −〈|B∗|2g,g〉 1

2
)2

.

Now, we consider an example to show that the inequality in Theorem 3 is better
than the existing ones.

EXAMPLE 3. Let B and C be the same as the matrices in Example 2. Then from
Theorem 3 with α = 2, we obtain [w2(A )]2 � 1.75, whereas the inequalities in (10)
and (11) give [w2(A )]2 � 2 and [w2(A )]2 � 2.25, respectively. Thus for this example,
the upper bound of [w2(A )]2 in Theorem 3 is better than the existing bounds.

In particular, considering B = C in Theorem 3 and using Lemma 5, we get the
following corollary.

COROLLARY 3. Let B ∈ B(H) , α ∈ C\{0} . Then

[w(B)]2 � max{1, |α −1|}
2|α|

(
‖|B|2 + |B∗|2‖− inf

‖g‖=1
ϕ(g)

)
+

1
|α|w(B2),

where
ϕ(g) =

(〈|B|2g,g〉 1
2 −〈|B∗|2g,g〉 1

2
)2

.

REMARK 6. If α = 2 in Corollary 3. Then we observe that

[w(B)]2 � 1
4
‖|B|2 + |B∗|2‖+

1
2
w(B2)− 1

4
inf

‖g‖=1

(〈|B|2g,g〉 1
2 −〈|B∗|2g,g〉 1

2
)2

. (18)

It is clear that the inequality (18) is a refinement of the inequality (5).
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For our next result, we need the following lemma.

LEMMA 6. Let x,y,e ∈ H with ‖e‖ = 1 . Then

|〈x,e〉〈e,y〉|2r � 1+ α
4

‖x‖2r‖y‖2r +
1−α

4
|〈x,y〉|2r +

1
2
‖x‖r‖y‖r|〈x,y〉|r

for every 0 � α � 1 and r � 1 .

Proof. By Buzano inequality and Jensen’s inequality, we have

|〈x,e〉〈e,y〉|2r

�
(‖x‖‖y‖

2
+

|〈x,y〉|
2

)2r

=
(

1
4
‖x‖2‖y‖2 +

1
2
‖x‖‖y‖|〈x,y〉|+ 1

4
|〈x,y〉|2

)r

� 1
4
‖x‖2r‖y‖2r +

1
2
‖x‖r‖y‖r|〈x,y〉|r +

1
4
|〈x,y〉|2r

=
1
4

(‖x‖2r‖y‖2r +2‖x‖r‖y‖r|〈x,y〉|r + α〈x,y〉|2r +(1−α)|〈x,y〉|2r)

� 1
4

(‖x‖2r‖y‖2r +2‖x‖r‖y‖r|〈x,y〉|r + α‖x‖2r‖y‖2r +(1−α)|〈x,y〉|2r)

=
1+ α

4
‖x‖2r‖y‖2r +

1−α
4

|〈x,y〉|2r +
1
2
‖x‖r‖y‖r|〈x,y〉|r. �

REMARK 7. In particular, if r = 1 in Lemma 6, then we get the inequality in [9,
Lemma 2.22]. Thus Lemma 6 is a generalization of [9, Lemma 2.22].

Now, based on Lemma 6, we obtain the following theorem, which is a refinement
of the inequality (9).

THEOREM 4. Let A =
[

0 B
C 0

]
∈ B(H⊕H) . Then for 0 � α � 1 and r � 1 , we

have

[w2(A )]4r � 1+ α
8

‖|B|4r + |C∗|4r‖+
1−α

4
[w(CB)]2r +

1
4
‖|B|2r + |C∗|2r‖[w(CB)]r.

Proof. Let f and g be any two unit vectors in H . Then

|〈Bg, f 〉〈C f ,g〉|2r

= |〈Bg, f 〉〈 f ,C∗g〉|2r

� 1+ α
4

‖Bg‖2r‖C∗g‖2r +
1−α

4
|〈Bg,C∗g〉|2r +

1
2
‖Bg‖r‖C∗g‖r|〈Bg,C∗g〉|r

� 1+ α
8

(‖Bg‖4r +‖C∗g‖4r)+
1−α

4
|〈CBg,g〉|2r +

1
4
(‖Bg‖2r +‖C∗g‖2r)|〈CBg,g〉|r



680 X. DONG AND D. WU

� 1+ α
8

〈(|B|4r + |C∗|4r)g,g〉+ 1−α
4

|〈CBg,g〉|2r +
1
4
〈(|B|2r + |C∗|2r)g,g〉|〈CBg,g〉|r

� 1+ α
8

‖|B|4r + |C∗|4r‖+
1−α

4
[w(CB)]2r +

1
4
‖|B|2r + |C∗|2r‖[w(CB)]r.

Therefore, taking the supremum over f ,g ∈ H with ‖ f‖ = ‖g‖ = 1 in the above in-
equality, we have

[w2(A )]4r = sup
‖ f‖=‖g‖=1

|〈Bg, f 〉〈C f ,g〉|2r

� 1+ α
8

‖|B|4r + |C∗|4r‖+
1−α

4
[w(CB)]2r

+
1
4
‖|B|2r + |C∗|2r‖[w(CB)]r. �

REMARK 8. If f ,g ∈ H with ‖ f‖ = ‖g‖ = 1, then by using the identity

|〈Bg, f 〉〈C f ,g〉|2r = |〈C f ,g〉〈g,B∗ f 〉|2r

and the same argument in the proof of the Theorem 4, we get the following inequality:

[w2(A )]4r � 1+ α
8

‖|B∗|4r + |C|4r‖+
1−α

4
[w(BC)]2r +

1
4
‖|B∗|2r + |C|2r‖[w(BC)]r.

REMARK 9. The upper bound in Theorem 4 is a refinement of the upper bound
given in (9). To prove this, note that for every 0 � α � 1, we have

[w2(A )]4r

� 1+ α
8

‖|B|4r + |C∗|4r‖+
1−α

4
[w(CB)]2r +

1
4
‖|B|2r + |C∗|2r‖[w(CB)]r

� 1+ α
8

‖|B|4r + |C∗|4r‖+
1−α

8
‖|B|4r + |C∗|4r‖+

1
4
‖|B|2r + |C∗|2r‖[w(CB)]r

=
1
4
‖|B|4r + |C∗|4r‖+

1
8
‖|B|2r + |C∗|2r‖[w(CB)]r +

1
8
‖|B|2 + |C∗|2[‖w(CB)]r

� 1
4
‖|B|4r + |C∗|4r‖+

1
16

‖|B|2r + |C∗|2r‖2 +
1
8
‖|B|2r + |C∗|2r‖[w(CB)]r

=
1
4
‖|B|4r + |C∗|4r‖+

1
16

‖(|B|2r + |C∗|2r)2‖+
1
8
‖|B|2r + |C∗|2r‖[w(CB)]r

=
1
4
‖|B|4r + |C∗|4r‖+

1
16

∥∥∥∥∥
(

2|B|2r +2|C∗|2r

2

)2
∥∥∥∥∥+

1
8
‖|B|2r + |C∗|2r‖[w(CB)]r

� 1
4
‖|B|4r + |C∗|4r‖+

1
8
‖|B|4r + |C∗|4r‖+

1
8
‖|B|2r + |C∗|2r‖[w(CB)]r

=
3
8
‖|B|4r + |C∗|4r‖+

1
8
‖|B|2r + |C∗|2r‖[w(CB)]r.

Now, we give an example to show that Theorem 4 is a nontrivial refinement of
inequality (9).
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EXAMPLE 4. Let B =
[

0 1
0 0

]
and C =

[
1 0
0 0

]
. Then by elementary calculations,

we have

1+ α
8

‖|B|4r + |C∗|4r‖+
1−α

4
[w(CB)]2r +

1
4
‖|B|2r + |C∗|2r‖[w(CB)]r

=
1+ α

8
×1+

1−α
4

× 1
22r +

1
4
×1× 1

2r

=
1+ α

8
+

1−α +2r

4×4r

=
3×4r +2r +[(α −2)4r +2r +2(1−α)]

8×4r

and

3
8
‖|B|4r + |C∗|4r‖+

1
8
‖|B|2r + |C∗|2r‖[w(CB)]r =

3
8
×1+

1
8
×1× 1

2r

=
3×4r +2r

8×4r .

We note that when r � 1 and 0 � α � 1, (α −2)4r +2r +2(1−α) < 0. Thus

1+ α
8

‖|B|4r + |C∗|4r‖+
1−α

4
[w(CB)]2r +

1
4
‖|B|2r + |C∗|2r‖[w(CB)]r

<
3
8
‖|B|4r + |C∗|4r‖+

1
8
‖|B|2r + |C∗|2r‖[w(CB)]r.

In particular, considering B = C in Theorem 4 and using Lemma 5, we get the
following corollary.

COROLLARY 4. Let B ∈ B(H) , Then for 0 � α � 1 and r � 1 , we have

[w(B)]4r � 1+ α
8

‖|B|4r + |B∗|4r‖+
1−α

4
[w(B2)]2r +

1
4
‖|B|2r + |B∗|2r‖[w(B2)]r. (19)

REMARK 10. If r = 1 in Corollary 4, then we get the inequality in [9, Corollary
2.24], which is a refinement of the inequality in [7, Remark 3.2] as well as the inequality
(4) for r = 2.

In the next theorem, we obtain both lower and upper bounds for the quadratic
numerical radius of off-diagonal operator matrices. To achieve our goal, we need the
following lemmas.

LEMMA 7. ([11]) For any a,b ∈ H

|〈a,b〉|2 + |〈a,c〉|2 � ‖a‖2(|〈b,b〉|2 +2|〈b,c〉|2 + |〈c,c〉|2) 1
2 .
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LEMMA 8. ([32]) For any α,β ∈ C

sup
|ζ |2+|ξ |2�1

|ζα + ξ β |2 = |α|2 + |β |2.

LEMMA 9. ([32]) Let S,R ∈ B(H) . For any ζ ,ξ ∈ C

‖ζS+ ξR‖2 � (|ζ |2 + |ξ |2)‖S∗S+R∗R‖.

THEOREM 5. Let A =
[

0 B
C 0

]
∈ B(H ⊕H) . Then

[w2(A )]4 � min

{
1
4
‖|B|4 + |C∗|4‖+

1
2
[w(CB)]2,

1
4
‖|B∗|4 + |C|4‖+

1
2
[w(BC)]2

}

(20)

and

[w2(A )]4 � 2max{[w(BC)]4, [w(CB)]4}
min{‖|B|4 + |C∗|4‖+2[w(CB)]2,‖|B∗|4 + |C|4‖+2[w(BC)]2} . (21)

Proof. Let f and g be any two unit vectors in H . Then

|〈Bg, f 〉〈C f ,g〉|2

�
( |〈Bg, f 〉|2 + |〈C f ,g〉|2

2

)2

=
1
4
(|〈 f ,Bg〉|2 + |〈 f ,C∗g〉|2)2

� 1
4
‖ f‖4(|〈Bg,Bg〉|2 +2|〈Bg,C∗g〉|2 + |〈C∗g,C∗g〉|2) (by Lemma 7)

=
1
4
(|〈|B|2g,g〉|2 + |〈|C∗|2g,g〉|2 +2|〈CBg,g〉|2)

� 1
4

sup
‖g‖=1

(|〈|B|2g,g〉|2 + |〈|C∗|2g,g〉|2)+
1
2
[w(CB)]2

=
1
4

sup
‖g‖=1

( sup
|ζ |2+|ξ |2�1

|ζ 〈|B|2g,g〉|+ ξ 〈|C∗|2g,g〉|2)+
1
2
[w(CB)]2 (by Lemma 8)

=
1
4

sup
|ζ |2+|ξ |2�1

( sup
‖g‖=1

|〈(ζ |B|2 + ξ |C∗|2)g,g〉|2)+
1
2
[w(CB)]2

� 1
4

sup
|ζ |2+|ξ |2�1

‖ζ |B|2 + ξ |C∗|2‖2 +
1
2
[w(CB)]2

(since ζ |B|2 + ξ |C∗|2 is a normal operator)

� 1
4

sup
|ζ |2+|ξ |2�1

(|ζ |2 + |ξ |2)‖|B|4 + |C∗|4‖+
1
2
[w(CB)]2 (by Lemma 9)

=
1
4
‖|B|4 + |C∗|4‖+

1
2
[w(CB)]2.
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Therefore, taking the supremum over f ,g ∈ H with ‖ f‖ = ‖g‖ = 1 in the above in-
equality, we have

[w2(A )]4 = sup
‖ f‖=‖g‖=1

|〈Bg, f 〉〈C f ,g〉|2

� 1
4
‖|B|4 + |C∗|4‖+

1
2
[w(CB)]2. (22)

Similarly, applying this fact

|〈Bg, f 〉〈C f ,g〉|2 �
( |〈Bg, f 〉|2 + |〈C f ,g〉|2

2

)2

=
1
4
(|〈g,B∗ f 〉|2 + |〈g,C f 〉|2)2.

and a similar argument to the proof of the inequality (22), we can get that

[w2(A )]4 � 1
4
‖|B∗|4 + |C|4‖+

1
2
[w(BC)]2.

This completes the proof of the first inequality.
On the other hand, by the elementary inequality

√
ab � 2

1
a + 1

b

, a,b > 0,

we have

|〈Bg, f 〉〈C f ,g〉|2 = |〈Bg, f 〉|2|〈C f ,g〉|2
� 2|〈Bg, f 〉|4|〈C f ,g〉|4(|〈Bg, f 〉|4 + |〈C f ,g〉|4)−1

� 2|〈Bg, f 〉|4|〈C f ,g〉|4(|〈Bg, f 〉|2 + |〈C f ,g〉|2)−2.

From the proof of the first inequality, we get that

(|〈Bg, f 〉|2+ |〈C f ,g〉|2)2 � min{‖|B|4+ |C∗|4‖+2[w(CB)]2,‖|B∗|4+ |C|4‖+2[w(BC)]2},
and hence

[w2(A )]4 = sup
‖ f‖=‖g‖=1

|〈Bg, f 〉〈C f ,g〉|2

�
2 sup
‖ f‖=‖g‖=1

|〈Bg, f 〉|4|〈C f ,g〉|4

min{‖|B|4 + |C∗|4‖+2[w(CB)]2,‖|B∗|4 + |C|4‖+2[w(BC)]2}

�

2 sup
‖ f‖=‖g‖=1,g= C f

‖C f‖

|〈Bg, f 〉|4|〈C f ,g〉|4

min{‖|B|4 + |C∗|4‖+2[w(CB)]2,‖|B∗|4 + |C|4‖+2[w(BC)]2}

=
2[w(BC)]4

min{‖|B|4 + |C∗|4‖+2[w(CB)]2,‖|B∗|4 + |C|4‖+2[w(BC)]2} .
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Similarly, taking f = Bg
‖Bg‖ in above inequality, we have

[w2(A )]4 � 2[w(CB)]4

min{‖|B|4 + |C∗|4‖+2[w(CB)]2,‖|B∗|4 + |C|4‖+2[w(BC)]2} .

This completes the proof. �
The following example shows that the upper bound of w2(A ) in Theorem 5 is

better than the upper bound in (9) (for r = 1).

EXAMPLE 5. Let B and C be the same as the matrices in Example 4. Then
from (20), we obtain [w2(A )]4 � 0.375, whereas the inequality in (9) for r = 1 gives
[w2(A )]4 � 0.438. Thus for this example, the upper bound of w2(A ) in Theorem 5 is
better than the existing bound.

In particular, considering B = C in Theorem 5 and using Lemma 5, we get the
following corollary.

COROLLARY 5. Let B ∈ B(H) , Then

[w(B)]4 � 1
4
‖|B|4 + |B∗|4‖+

1
2
[w(B2)]2 (23)

and

[w(B)]4 � 2[w(B2)]4

‖|B|4 + |B∗|4‖+2[w(B2)]2
. (24)

REMARK 11. Clearly [w(B2)]2 � [w(B)]4 � 1
2‖|B|4+ |B∗|4‖ . Thus, the inequality

(23) refines the inequality (4) for r = 2.
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