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Abstract. In this study, we have defined a new class of operator polynomials named the new
variant of Szász operators based on Bell-Sheffer polynomials. For this class of operators, we have
proved some direct results and error bounds using the modulus of continuity and smoothness.
Next, we evaluate the rate of convergence for the functions with bounded variation derivatives.
In the last part, we have proved some results in the weighted space of operators.

1. Introduction

The classical Szász-Mirakjan operators, introduced to approximate functions on
the unbounded interval [0,∞) , have served as a foundation for numerous generaliza-
tions aimed at improving approximation rates and flexibility. In recent years, many
authors have defined new forms of these operators based on various types of polyno-
mials and summability methods. Following the current trends in the literature, these
developments can be categorized as follows:

• Parametric and hybrid extensions: Recent works have introduced non-negative
parameters and parametric formulations to classical kernels to achieve better con-
trol over the approximation error. For instance, Braha et al. [8] investigated
Szász-Mirakjan operators including a parameter α , while parametric Baskakov-
Schurer-Szász operators were explored in [8] to enhance shape-preserving prop-
erties.

• Operators via specialized polynomials: The integration of unique polynomial se-
quences has led to significant results. This includes operators based on Bernoulli
polynomials of negative order [26], which provide distinct asymptotic behaviors,
as well as broader investigations into operators induced by general polynomial
classes [1]. These complement earlier works involving Appell [1,13,30], Brenke-
type [6, 20, 31], and Boas–Buck type polynomials [11, 12].
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• Kantorovich and Bézier-type variants: To handle integrable functions and refine
convergence rates, researchers have developed Kantorovich-type [6, 7, 11, 23, 25,
26, 28] and Bézier-type [9] variants.

• Summability and weighted spaces: A significant body of research focuses on
convergence through power series summability methods [3, 4, 10, 22] and ap-
proximation in weighted Lipschitz-type spaces [24, 28, 30].

The present work is motivated by the need to provide a unified framework that
encompasses the flexibility seen in recent parametric and polynomial-based studies
[1, 8, 25, 26]. To clarify our structural positioning, we distinguish the Bell–Sheffer
polynomials Pn(x) from the aforementioned classes. While Appell polynomials are
defined by A(t)ext and Brenke-type by A(t)B(xt) , our construction is characterized by
the generating function:

A(t)ex[B(t)−B(0)] =
∞

∑
n=0

Pn(x)
tn

n!
.

Structurally, this differs from standard Sheffer or Boas–Buck sequences by the explicit
inclusion of the Bell exponential mapping. This provides several technical advantages:

1. Moment Structure: The Bell-based kernel facilitates the computation of higher-
order moments through Faà di Bruno’s formula, offering a more direct recursive
path than the Bernoulli variants discussed in [26].

2. Technical Flexibility: The function B(t) provides an additional degree of free-
dom, allowing the resulting operators to remain admissible under the general
growth conditions required for weighted approximation in unbounded intervals,
as emphasized in [8].

3. Combinatorial Novelty: This construction allows for the recovery of identities
involving Stirling numbers, providing a combinatorial depth that is often less
accessible in standard Appell or Brenke frameworks.

The idea of finding polynomials that approximate functions is present since the
time of Weierstrass (see [32]). Based on it, many researchers constructed and proposed
various kind of polynomials, one of them is the Szász operators, and its variants. Szász
operators are defined as follows:

Sn( f ,x) = e−nx
∞

∑
k=0

(nx)k

k!
f

(
k
n

)
,

for x ∈ [0,∞). The generalization of them have been introduced by many authors. Jaki-
movski and Leviatan [18] obtained a generalization of Szász operators by means of the
Appell polynomials defined as follows:

Pn( f ,x) =
e−nx

g(1)

∞

∑
k=0

pk(nx) f

(
k
n

)
,
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where pk(x) , k � 0, are the Appell polynomials defined by

g(t)ext =
∞

∑
k=0

pk(x)
tk

k!
and g(t) =

∞

∑
k=0

ak
tk

k!
,

where g(t) is an analytic function in the disk |t|< R , R > 1, and g(1) �= 0. The further
generalization is given by Ismail [17], by using the Sheffer operators as

Tn( f ,x) =
e−nxH(1)

g(1)

∞

∑
k=0

sk(nx) f

(
k
n

)
,

for n ∈ N , where sk(x) , k � 0, are the Sheffer polynomial’s defined by

g(t)exH(t) =
∞

∑
k=0

sk(x)
tk

k!

where g(t) are defined as above, and H(t) = ∑∞
k=0 hk

tk
k! is an analytic function in the

disk |t| < R , R > 1 and g(1) �= 0, H
′
(1) = 1 (here f ′(x) denotes the derivative of

f (x)).

2. Construction of operators and preliminary results

In this paper, we will define a new form of the Kantorovich variant of the Szász
operators, via Bell-sheffer operators. Let us denote by

E0(t) = exp(t)−1, E1(t) = E0(E0(t)), and so one Er = E0(Er−1(t)),

and
Λ0(t) = log(t +1), Λ1(t) = Λ0(Λ0(t))

and continuing in this way we get

Λr = Λ0(Λr−1(t)).

Let us use the following symbols:

A(t) = E1(t)+1 = eE0(t), H(t) = E0(t),

G(t,x) = e(1+x)E0(t) =
∞

∑
j=0

Φ(1)
j (x)

t j

j!
.

Now we construct the new type of operators named Szász-Bell-Sheffer polynomi-
als, as follows:

BKm(g,y) = [1− (my+1)(e−1)]
∞

∑
j=0

Φ(1)
j (my)g

(
j
m

)
, (1)
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for y ∈ [a,b] ⊂ {y : |(my + 1)(e− 1)| < 1}, m ∈ N , where Φ(1)
j (y) , j � 0, are the

Bell-Sheffer polynomial’s.
In the sequel, all results related to the operators BKm, we will consider under

the above conditions. In what follows, we will find moments of the operators (1) and
central moments:

LEMMA 2.1. For ei(t) = ti, i ∈ {0,1,2,3,4}. Then

1. BKm(e0;y) = 1

2. BKm(e1;y) = − (my+1)(e−1)
m((e−1)my+e−2) ,

3. BKm(e2;y) = (e−1)(my+1)((e−1)my+e)
m2((e−1)my+e−2)2 ,

4. BKm(e3;y) = −((e−1)2m2y2+2(e2−1)my+e2+2e−2)(my+1)(e−1)
m3((e−1)my+e−2)3 ,

5. BKm(e4;y) = (e−1)((e−1)my+e)(my+1)((e−1)2m2y2+(2e2+6e−8)my+e2+8e−8)
m4((e−1)my+e−2)4 .

Proof. Let us start from the first one. We know the following

ey =
∞

∑
k=0

yk

k!
,

for all y ∈ R. On the other hand we have that

G(t,y) = e(1+y)(et−1) =
∞

∑
k=0

Φ(1)
k (y)

tk

k!
.

In the case where t = e0 = 1, we have

G(1,y) = e(1+y)(e−1) =
∞

∑
k=0

Φ(1)
k (y)

1
k!

.

Also we have

e(1+y)(e−1) =
∞

∑
k=0

(y+1)k(e−1)k

k!
.

Comparing these two expressions (both of the series are convergent in the whole
R) we get that

Φ(1)
k (y) = (y+1)k(e−1)k.

And
BKm(e0;y) = 1.
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Moreover,

BKm(e1;y) = [1− (my+1)(e−1)] ∑
j�0

Φ(1)
j (my)e1

(
j
m

)

= [1− (my+1)(e−1)] ∑
j�0

j
m

(my+1) j(e−1) j

= − (my+1)(e−1)
m((e−1)my+ e−2)

.

Similarly, we obtain all the other results. �
In a similar way, as in the proof of Lemma 2.1, we obtain the first central moments

for our operator.

LEMMA 2.2. Let BKm((t − y)k;y) be the central moment for the operator BKm

with k � 0 . Then Ck = mk((e−1)my+ e−2)kBKm((t− y)k;y) are given by

1. C1 = −e+1−m(2e−3)y−m2(e−1)y2 ,

2. C2 = e(e − 1) + m(e − 1)(4e − 5)y + m2(6e2 − 16e + 11)y2 + 2m3(e − 1)
(2e−3)y3 +m4(e−1)2y4 ,

3. C3 =−(e−1)(e2 +2e−2)−2m(e−1)(3e2−2e−2)y−m2(15e−17)(e−1)2y2

− m3(20e3 − 75e2 + 96e − 42)y3 − 3m4(e − 1)(5e2 − 14e + 10)y4 − 3m5

(2e−3)(e−1)2y5 −m6(e−1)3y6 ,

4. C4 = e(e−1)(e2+8e−8)+m(e−1)(8e3+21e2−56e+24)y+m2(e−1)(28e3−
21e2−61e+56)y2+m3(e−1)(56e3−151e2+122e−25)y3+m4(70e4−326e3+
582e2−474e+149)y4+2m5(e−1)(28e3−111e2+150e−69)y5+2m6(14e2−
40e+29)(e−1)2y6 +4m7(2e−3)(e−1)3y7 +m8(e−1)4y8.

Proof. Note that BKm((t − y)k;y) = ∑k
j=0(−1)k− j(−y)k− j

(k
j

)
BKm(e j;y) . Thus,

by using Lemma 2.1, we complete the proof. �
Thus, by Lemma 2.2, we have the following result.

LEMMA 2.3. Let αk = limm→∞ BKm((t − y)k;y) . Then αk = (−y)k , for all k =
1,2, . . . ,6 .

3. Main results

Let us denote by B[0,∞), C[0,∞) and CB[0,∞), the space of all bounded func-
tions, continuous functions and continuous and bounded functions defined in the inter-
val [0,∞), respectively, endowed with the norm given by

‖t‖ = sup
z∈[0,∞)

|t(z)|.
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The modulus of continuity of the function t ∈C[0,∞) is defined by

w(t,η) := sup{|t(z)− t(v)| : z,v ∈ [0,∞) and |z− v|� η}.

The following relation,

|t(z)− t(v)|� w(t;η)
( |z− v|

η
+1

)
,

is true.

THEOREM 3.1. Let t ∈CB[0,∞) . Then the following inequality is satisfied

|BKm(t;z)− t(z)| � w(t,
√

m)
[
1+

|z|√
m

+
|(mz+1)(e−1)|

m ·√m[1−|(mz+1)(e−1)|]
]
. (2)

Proof. Let t ∈CB[0,∞). Based on the properties of the modulus of continuity, we
have

|BKm(t;z)− t(z)| � [1− (mz+1)(e−1)]
∞

∑
j=0

∣∣∣Φ(1)
j (mz)

∣∣∣ ·
∣∣∣∣t
(

j
m

)
− t(z)

∣∣∣∣
� [1− (mz+1)(e−1)]

∞

∑
j=0

∣∣∣Φ(1)
j (mz)

∣∣∣ ·w(t,η)

⎛
⎝

∣∣∣ j
m − z

∣∣∣
η

+1

⎞
⎠

= [1− (mz+1)(e−1)]w(t,η)
∞

∑
j=0

∣∣∣Φ(1)
j (mz)

∣∣∣ ·
⎛
⎝

∣∣∣ j
m − z

∣∣∣
η

+1

⎞
⎠. (3)

After some calculations, we get that

∞

∑
j=0

∣∣∣Φ(1)
j (mz)

∣∣∣ ·
⎛
⎝

∣∣∣ j
m − z

∣∣∣
η

+1

⎞
⎠ �

[
1+

|z|
η

+
|(mz+1)(e−1)|

m ·η [1−|(mz+1)(e−1)|]
]
.

From last two relation we obtain:

|BKm(t;z)− t(z)| � w(t,η)
[
1+

|z|
η

+
|(mz+1)(e−1)|

m ·η [1−|(mz+1)(e−1)|]
]
.

For η =
√

m , follows our result. �
Next results give another upper bound for the operators BKm.

THEOREM 3.2. For any t ∈CB[0,∞),

|BKm(t;z)| � ‖t‖C.
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Proof. From the definition of the operators BKm, we obtain:

|BKm(t,z)| =
∣∣∣∣∣[1− (my+1)(e−1)]

∞

∑
j=0

Φ(1)
j (my)t

(
j
m

)∣∣∣∣∣
� sup

z∈R+
|t(z)| ·

∣∣∣∣∣[1− (my+1)(e−1)]
∞

∑
j=0

Φ(1)
j (my)

∣∣∣∣∣
= sup

z∈R+
|t(z)|. �

For g ∈ C[0,∞) and δ > 0, the second-order modulus of smoothness of f is
defined as follows (see [14]): With

w2(g,
√

η) := sup
0<l�√η

sup
z,z−l,z+l∈[0,∞)

{|g(z+ l)−2g(z)+g(z− l)|},

for g ∈C[0,∞) and η > 0. And

K2(g,η) = inf
{‖g− t‖C[0,∞) + η‖t ′′‖C[0,∞) : t ∈W 2},

denotes the Peetre’s K -functional (see [27]), for every η > 0,

W 2 = {t ∈C[0,∞) : t ′,t ′′ ∈C[0,∞)}.

THEOREM 3.3. Let t ∈C[a,b]. Then

|BKm(t,z)− t(z)| � 2
b
‖t‖c2 +

3
4
(b+ c2 +2)ω2(t,c),

where

c = 4
√

BKm((z− y)2;y).

Proof. Let tl be the Steklov function of the second order for the function t(z).
From Lemma 2.1 and Theorem 3.2, we have

|BKm(t,z)− t(z)| � |BKm(t− tl;z)|+ |BKm(tl ;z)− tl(z)|+ |tl(z)− t(z)|
� 2‖tl − t‖+ |BKm(tl ;z)− tl(z)|. (4)

Now, from the Lemmas in [33, 34], we find that

|BKm(t,z)− t(z)| � 3
2

ω2(t;c)+ |BKm(tl ,z)− tl(z)|. (5)

We know that tl ∈C2[a,b], and Lemmas in [16], we get

|BKm(tl,z)− tl(z)| � |t ′l |
√

BKm((z− y)2;y)+
1
2
|t ′′l |BKm((z− y)2;y).
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It is known that (see [33]):

‖t ′′l ‖ � 3
2c2 ω2(t;c). (6)

From relations (5) and (6), above relation have this form:

|BKm(tl ;z)− tl(z)| � |t ′l |
√

BKm((z− y)2;y)+
3

4c2 ω2(t;c)BKm((z− y)2;y).

From the Landau inequality (see [21]), we obtain

‖t ′l‖ � 2
b
‖t‖+

3b
4c2 ω2(t;c). (7)

Finally, from the above relations, we get

|BKm(tl ;z)− tl(z)| � 2
b
‖t‖c2 +

3
4
(b+ c2)ω2(t;c).

And now proof follows from relation (4). �
Let

C2
B[0,∞) = {t ∈CB[0,∞) : t ′,t ′′ ∈CB[0,∞)}

with the norm given by
‖t‖C2

B
= ‖t‖∞ +‖t ′‖∞ +‖t ′′‖∞

and the Peetre’s K -functional given by

K(t;η) = {‖t− r‖∞ + η‖r‖C2
B
}.

THEOREM 3.4. Let t ∈CB[0,∞). Then the following inequality hold true:

|BKm(t;z)− t(z)| � |z| · ||t ′ ||∞ + |2z+ z2| · ‖t ′′‖∞.

Proof. From Taylor formula and the linearity of the operators BKm(t;z), we obtain

BKm(t;z)− t(z) = BKm
(
(y− z);z

)
t ′(z)+

1
2
BKm

(
(y− z)2;z

)
t ′′(ψ),

where ψ ∈ (z,y). Using into consideration Lemma 2.2, it yields

∣∣BKm(t;z)− t(z)
∣∣ = ‖t ′‖ ·

∣∣∣∣− (e−1)m2z2 − (2e−3)mz− e+1
m((e−1)mz+ e−2)

∣∣∣∣+ ‖t ′′‖
2

·
∣∣∣∣ (e−1)2m4z4+2(e−1)(2e−3)m3z3+(6e2−16e+11)m2z2+(e−1)(4e−5)mz+e(e−1)

m2((e−1)mz+e−2)2

∣∣∣∣
� ‖t ′‖∞ · |z|+‖t ′′‖∞ · |z2 +2z|,

which proves the theorem. �
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THEOREM 3.5. Let t ∈C[0,∞). Then

∣∣BKm(t;z)− t(z)
∣∣ � 2L

[
ω2

(
t;

√
1
2

(|z2 + z|)
)

+min

{
1,

1
2
(|z2 + z|)

}
‖t‖∞

]
,

where L is a positive constant.

Proof. Knowing that operators (1) are linear and relation:

t(y)− t(z) = t(y)− r(y)+ r(y)− r(z)+ r(z)− t(z),

we obtain∣∣BKm(t;z)− t(z)
∣∣ �

∣∣BKm(t − r;z)− t(z)
∣∣+ ∣∣BKm(r;z)− r(z)

∣∣+ |t(z)− r(z)|.
From Theorems 3.1, 3.4, and by considering that r ∈C2

B, we get∣∣BKm(t;z)− t(z)
∣∣ � 2‖t− r‖+(||t ′|| · |z|+ ||t ′′|| · |z2 + z|)

� 2‖t− r‖+(|z2 + z|)‖t‖C2
B
= 2K

(
t;

1
2
(|z2 + z|)

)
.

It is known that

K(t;η) � L
[
ω2(t;

√
η)+min{1,η}‖t‖∞

]
,

where L is a positive constant, holds true for every η > 0 (see [14]). From the last
two relations, we get our result. �

In the sequel we will estimate the operators given by (1), in Lipschitz-type space
L ip∗Sβ ([29]), defined by:

L ip∗S(β ) :=
{

t : |t(u)− t(z)|� S
|u− z|β
(u+ z)

β
2

, z,u ∈ (0,∞)
}

,

where S > 0, is a constant and β ∈ (0,1] .

THEOREM 3.6. Let t ∈ L ip∗S(β ). Then, for all z+ u ∈ (0,∞), n ∈ N and β ∈
(0,1], ∣∣BKm

(
t(u);z

)− t(z)
∣∣

� S

u
β
2

{
(e−1)2m4z4 +2(e−1)(2e−3)m3z3 +(6e2−16e+11)m2z2

m2((e−1)mz+ e−2)2

+
(e−1)(4e−5)mz+ e(e−1)

m2((e−1)mz+ e−2)2

} β
2

,

where S > 0, is a constant.
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Proof. Let t ∈ L ip∗S(β ) and β ∈ (0,1] . In what follows, we will discuss two
cases.

I. For β = 1, we have∣∣BKm(t(u);z)− t(z)
∣∣ �

∣∣BKm(|t(u)− t(z)|;z))∣∣
� S ·BKm

(
|u− z|

(u+ z)
1
2

;z

)
� S

u
1
2

BKm(|u− z|;z)

for a constant S > 0. From Cauchy-Schwarz inequality, it yields

∣∣BKm
(
t(u);z

)− t(z)
∣∣ � S

u
1
2

BKm (|u− z|;z) � S

u
1
2

√
BKm

(
(u− z)2;z

)

=
S

u
1
2

(
(e−1)2m4z4 +2(e−1)(2e−3)m3z3 +(6e2−16e+11)m2z2

m2((e−1)mz+ e−2)2

+
(e−1)(4e−5)mz+ e(e−1)

m2((e−1)mz+ e−2)2

) 1
2

.

II. For β ∈ (0,1), we have

∣∣BKm
(
t(u);z

)− t(z)
∣∣ �

∣∣BKm
(|t(u)− t(z)|;z)∣∣ � S ·BKm

(
|u− z|β
(u+ z)

β
2

;z

)

� S

u
β
2

BKm

(
|u− z|β ;z

)
.

From Hölder inequality, such that

p =
1
β

, q =
1

1−β
,

we obtain ∣∣BKm
(
t(u);z

)− t(z)
∣∣ � S

u
β
2

[BKm (|u− z|;z)]β

for a constant S > 0. Applying the Cauchy-Schwarz inequality, we obtain the follow-
ing estimate:

∣∣BKm
(
t(u);z

)− t(z)
∣∣ � S

u
β
2

[√
BKm

(
(u− z)2;z

)]α

=
S

u
β
2

{
(e−1)2m4z4 +2(e−1)(2e−3)m3z3 +(6e2−16e+11)m2z2

m2((e−1)mz+ e−2)2

+
(e−1)(4e−5)mz+ e(e−1)

m2((e−1)mz+ e−2)2

} β
2

,
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which proves Theorem. �

The Ditzian-Totik uniform modulus of continuity and smoothness are ([14]):

ωτ (t;η) := sup
0<|h|�η

sup
z,z+hτ(z)∈[0,∞)

{∣∣t(z+hτ(z)
)− t(z)

∣∣}

and

ωρ
2 (t;η) := sup

0<|h|�η
sup

z,z±hρ(z)∈[0,∞)

{∣∣t(z+hρ(z)
)−2t(z)+ f

(
z−hρ(z)

)∣∣},

respectively.
For ρ an admissible step-weight function on [c,d] , defined by

ρ(z) = [(z− c)(d− z)]1/2,

z ∈ [c,d], the corresponding K -functional is defined as follows:

K2,ρ(z)(t,η) = inf
r∈W 2(ρ)

{‖t− r‖C[0,∞) + η‖ρ2r′′‖C[0,∞)
}
,

where η > 0.
Let

W 2(ρ) = {r ∈CB[0,∞) : r′ ∈ AC[0,∞), ρ2r′′ ∈CB[0,∞)},
and AC− means the set of absolutely continuous functions on [0,∞).

THEOREM 3.7. Let ρ be an admissible step-weight function of Ditzian-Totik and
concave. Then, for any t ∈CB[0,∞) we get

∥∥BKm(t;z)− t(z)
∥∥ � 4K2,ρ(z)

(
t,

BKm
(
(u− z)2;z

)
+ η2(m)

4ρ2(z)

)
+ ωτ

(
t;

η2(m)
τ(z)

)
,

where

η2(m) = − (e−1)
m[(e−1)m+ e−2]

.

Proof. Let

BK∗
m(t;z) = BKm(t;z)+ t(z)− t

(
z+ η1(m,z)

)
,

where

η1 = − (mz+1)(e−1)
m[(e−1)mz+ e−2]

,

and
BK∗

m(1;z) = 1 and BK∗
m((t − z);z) = 0.
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Let r ∈W 2(ρ). Using into consideration Taylor’s expansion, we get

r(u) = r(z)+ r′(z)(u− x)+
∫ u

z
(u− v)r′′(v) dv

(
u ∈ [0,∞)

)
,

which yields

BK∗
m(r;z)− r(z) = BKm

(∫ u

z
(u− v)r′′(v) dv;z

)

−
∫ z+η1(m,z)

z
[z+ η1(m,z)− v]r′′(v) dv.

Therefore, we get

∣∣BK∗
m(r;z)− r(z)

∣∣ � BKm

(∣∣∣∣
∫ u

z
(z− v)r′′(v) dv

∣∣∣∣ ;z
)

+
∫ z+η1(m,z)

z
|z+ η1(m,z)− v| · |r′′(v)| dv

�
∥∥∥∥ρ2r′′(z) BKm

(∣∣∣∣
∫ u

z

|z− v|
ρ2(v)

dv

∣∣∣∣ ;z
)

+
∥∥ρ2r′′(z)

∥∥∥∥∥∥
·
∣∣∣∣
∫ z+η1(m,z)

z

|z+ η1(m,z)− v|
ρ2(v)

dv

∣∣∣∣ .
Let v = χz+(1− χ)u (χ ∈ [0,1]) . Since ρ2 is concave on [0,∞) , it follows that

ρ2(v) � χρ2(z)+ (1− χ)ρ2(u) and

|u− v|
ρ2(v)

=
ρ |z−u|
ρ2(v)

� ρ |z−u|
χρ2(z)+ (1− χ)ρ2(u)

� |z−u|
ρ2(z)

.

Then we have

∥∥BK∗
m(r)− r

∥∥ �
‖ρ2r′′‖C[0,∞)

ρ2(z)

{[
BKm

(
(u− z)2;z

)]
+ zη1(m,z)

}
.

From the last relations, we obtain∥∥BK∗
m(t;z)− t(z)

∥∥
�

∥∥BK∗
m(t− r)

∥∥+
∥∥BK∗

m(r)− r
∥∥+‖t− r‖+

∥∥t(z+ η1(m,z)
)− t(z)

∥∥
� 4‖t− r‖+

∥∥ρ2r′′
∥∥

ρ2(z)
[
BKm

(
(u− z)2;z

)
+ zη1(m,z)

]
+

∥∥t(z+ η1(m,z))− t(z)
∥∥.

Knowing that

‖t(z+ η1(m,z))− t(z)‖ �
∥∥∥∥∥t

(
z+ τ(z)

BKm
(
(u− z);z

)
τ(z)

)
− t(z)

∥∥∥∥∥
� ωτ

(
t;

η1(m,z)
τ(z)

)
.
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It follows

∥∥BKm(t,z)− t(z)
∥∥ � 4K2,ρ(z)

(
t,

BKm
(
(u− z)2;z

)
+ zη1(m,z)

4ρ2(z)

)

+ ωτ

(
t;

η1(m,z)
τ(z)

)
. (8)

From the given condition, properties of the K -functional and the modulus of continuity,
we have

1.

− (mz+1)(e−1)
m[(e−1)mz+ e−2]

� − e−1
m[m(e−1)+ e−2]

,

2.

K2,ρ(z)

(
t,

BKm
(
(u− z)2;z

)
+ zη1(m,z)

4ρ2(z)

)
� K2,ρ(z)

(
t,

BKm
(
(u− z)2;z

)
+ η2(m)

4ρ2(z)

)
,

3.

ωτ

(
t;

η1(m,z)
τ(z)

)
� ωτ

(
t;

η2(m)
τ(z)

)
.

From the above relations, it follows

∥∥BKm(t,z)− t(z)
∥∥ � 4K2,ρ(z)

(
t,

BKm
(
(u− z)2;z

)
+ η2(m)

4ρ2(z)

)
+ ωτ

(
t;

η2(m)
τ(z)

)
. �

4. Weighted approximation

Let ψ(z) = z2 +1 be the weight function. With

(i) Bψ [0,∞) is the space of functions t defined on [0,∞) and satisfying |t(z)| �
Ltψ(z), for Lt− constant.

(ii) Cψ [0,∞) is the subspace of all continuous functions in Bψ [0,∞).

(iii) C∗
ψ [0,∞) is the subspace of functions t ∈Cψ [0,∞) for which t(z)

ψ(z) is convergent
as z → ∞ .

The space Bψ [0,∞), is a normed linear space with the norm

‖t‖ψ = sup
z�0

|t(z)|
ψ(z)

.
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We consider the weighted modulus of continuity Ω(t;η), η > 0, defined as

Ω(t;η) = sup
z�0; 0<| j|�η

|t(z+ j)− t(z)|
(1+ j2)ψ(z)

(∀ t ∈C∗
ψ [0,∞)

)
.

For any σ ∈ [0,∞) , is valid the following relation

Ω(t;ση) � 2(1+ σ)(1+ η2)Ω(t;η),

and, for every t ∈C∗
ψ [0,∞), we get

|t(u)− t(z)|� 2

( |u− z|
η

+1

)
(1+ η2)Ω(t;η)(1+ z2)(1+(u− z)2). (9)

THEOREM 4.1. Let t ∈C∗
ψ [0,∞). Then the following is true:∣∣BKm(t;z)− t(z)

∣∣
(1+ z2) ·

(
1+

∣∣∣1.1m4z4−4m3z3−e(e−1)(e2+8e−8)
(e−2)4η4

∣∣∣) � LΩ(t;η),

for positive constant L depended just from η .

Proof. From definition of operators (1), we have

BKm(t,z)− t(z) = [1− (mz+1)(e−1)]
∞

∑
j=0

Φ(1)
j (mz)

[
t

(
j
m

)
− t(z)

]
.

Then from relation (9), we get

|BKm(t,z)− t(z)| � 2[1− (mz+1)(e−1)](1+η2)Ω(t;η)(1+ z2)

·
∣∣∣∣∣

∞

∑
j=0

Φ(1)
j (mz)

(
| j
m − z|

η
+1

)(
1+

(
j
m
− z

)2
)∣∣∣∣∣ .

Let us define

K( j,z) =

(
| j
m − z|

η
+1

)(
1+

(
j
m
− z

)2
)

.

Then

K( j,z) �

⎧⎪⎪⎨
⎪⎪⎩

2(1+ η2)
(∣∣∣ j

m − z
∣∣∣ � η

)

2(1+ η2)

(
j
m−z

)4

η4

(∣∣∣ j
m − z

∣∣∣ � η
) ,

which yields

K( j,z) � 2(1+ η2)

⎛
⎜⎝1+

(
j
m − z

)4

η4

⎞
⎟⎠ .
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We have the following estimation∣∣BKm(t;z)− t(z)
∣∣ � 4[1− (mz+1)(e−1)](1+η2)2Ω(t;η)(1+ z2)

·

∣∣∣∣∣∣∣
∞

∑
j=0

Φ(1)
j (mz)

⎛
⎜⎝1+

(
j
m − z

)4

η4

⎞
⎟⎠

∣∣∣∣∣∣∣ .
In what follows we estimate the following∣∣∣∣∣∣∣

∞

∑
j=0

Φ(1)
j (mz)

⎛
⎜⎝1+

(
j
m − z

)4

η4

⎞
⎟⎠

∣∣∣∣∣∣∣
=

∣∣∣∣− (mz+1)(e−1)
m((e−1)mz+ e−2)

+
A(mz)

η4((e−1)mz+ e−2)4

∣∣∣∣ ,
where A(z) = e(e−1)(e2 +8e−8)+(e−1)(8e3 +21e2−56e+24)z+(e−1)(28e3−
21e2−61e+56)z2 +(e−1)(56e3 −151e2 +122e−25)z3 +(70e4−326e3 +582e2−
474e+149)z4+2(e−1)(28e3−111e2+150e−69)z5+2(14e2−40e+29)(e−1)2z6 +
4(2e−3)(e−1)3z7 +(e−1)4z8 . Hence,∣∣∣∣∣∣∣

∞

∑
j=0

Φ(1)
j (mz)

⎛
⎜⎝1+

(
j
m − z

)4

η4

⎞
⎟⎠

∣∣∣∣∣∣∣
�

∣∣∣∣−1
m

+
1.1m4z4−4m3z3− e(e−1)(e2 +8e−8)

(e−2)4η4

∣∣∣∣
� 1+

∣∣∣∣1.1m4z4 −4m3z3 − e(e−1)(e2 +8e−8)
(e−2)4η4

∣∣∣∣ .
From above relations we get:∣∣BKm(t;z)− t(z)

∣∣
� 4[1− (mz+1)(e−1)](1+η2)2Ω(t;η)(1+ z2)

·
(

1+
∣∣∣∣1.1m4z4−4m3z3− e(e−1)(e2 +8e−8)

(e−2)4η4

∣∣∣∣
)

� 4(1+ η2)2Ω(t;η)(1+ z2) ·
(

1+
∣∣∣∣1.1m4z4−4m3z3 − e(e−1)(e2 +8e−8)

(e−2)4η4

∣∣∣∣
)

.

Finally, we obtain ∣∣BKm(t;z)− t(z)
∣∣

(1+ z2) ·
(
1+

∣∣∣1.1m4z4−4m3z3−e(e−1)(e2+8e−8)
(e−2)4η4

∣∣∣) � LΩ(t;η),

for positive constant L depended just from η . �



702 N. L. BRAHA, T. MANSOUR AND R. KAJLA

Let ς : R
+ → R

+, be a continuous, increasing and unbounded function on R
+,

such that ς(0) = 0. We define the Lipschitz space of functions:

LipM(ς ,η) = {t : |t(v)− t(z)|� M|ς(v)− ς(z)|η , for all v,z ∈ [0,∞),η ∈ [0,1]} .

REMARK 4.2. Under the above conditions, it does not follows that

|ς(v)− ς(z)| � M|v− z|,

for M -constant. To see this, we show this

EXAMPLE 4.3. Let ς(z) = z2, then it does not exists a positive constant K, such
that

|ς(u)− ς(z)| � K|u− v|,
for u+ z∈ [0,∞).

For each t ∈ Cψ [0,∞), we call the modulus of continuity defined in [15], as fol-
lows:

Ως (t,η) = sup
z,u∈[0,∞)

|ς(u)−ς(z)|�η

|t(u)− t(z)|
[|ς(u)− ς(z)|+1]ς(z)

. (10)

LEMMA 4.4. ([15]) If t ∈Cψ [0,∞) and η > 0, then

Ως (t,η · γ) � (1+ γ)(1+ η)Ως(t,η), (11)

for every γ > 0.

LEMMA 4.5. ([15]) If t ∈C∗
ψ [0,∞) and u,z ∈ [0,∞), then

|t(u)− t(z)|� 2ψ(z)(1+ η)2
(

1+
(ς(u)− ς(z))2

η2

)
Ως (t,η), (12)

is valid for any fixed η > 0.

THEOREM 4.6. Let t ∈ LipM(ς ,η) and t ∈C∗
ψ [0,∞). Then, for all z+u∈ (0,∞),

n ∈ N and η ∈ (0,1],∣∣BKm
(
t(u);z

)− t(z)
∣∣

� 2(1+ η)2Ως (t,η)|ψ(z)|

·
{

1+
|BKm(ς2(u);z)|+2|ς(z)| · |BKm(ς(u);z)|+ ς2(z)

η2

}
.
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Proof. From the given conditions, properties of the modulus of continuity and
Lemma 4.4, we get

∣∣BKm
(
t(u);z

)− t(z)
∣∣ �

∣∣BKm(|t(u)− t(z)|;z))∣∣
�

∣∣∣∣BKm

(
2ψ(z)(1+ η)2

(
1+

(ς(u)− ς(z))2

η2

)
Ως (t,η);z

)∣∣∣∣
� 2(1+ η)2Ως (t,η)

∣∣∣∣BKm

(
ψ(z)

(
1+

(ς(u)− ς(z))2

η2

)
;z

)∣∣∣∣
� 2(1+ η)2Ως (t,η)|ψ(z)|+2(1+ η)2Ως (t,η)

∣∣∣∣BKm

(
ψ(z) · (ς(u)− ς(z))2

η2 ;z

)∣∣∣∣
� 2(1+ η)2Ως (t,η)|ψ(z)|

+2(1+ η)2Ως (t,η) · |ψ(z)|
η2

[|BKm(ς2(u);z)|+2|ς(z)| · |BKm(ς(u);z)|+ ς2(z)
]

= 2(1+ η)2Ως (t,η)|ψ(z)|
{

1+
|BKm(ς2(u);z)|+2|ς(z)| · |BKm(ς(u);z)|+ ς2(z)

η2

}
.

�

COROLLARY 4.7. Let t ∈ LipM(ς ,η) and t ∈ C∗
ψ [0,∞). For the weighted func-

tion ς(z) = z2, we have this estimation:

lim
m→∞

∣∣BKm
(
t(u);z

)− t(z)
∣∣ � 2(1+ η)2Ως (t,η)(z2 +1)

{
1+

z4

η2

}
,

for every u+ z ∈ [0,∞).

Proof. From Theorem 4.6 and Lemma 2.1, we obtain:

∣∣BKm
(
t(u);z

)− t(z)
∣∣ � 2(1+ η)2Ως (t,η)|ψ(z)|

·
{

1+
|BKm(ς2(u);z)|+2|ς(z)| · |BKm(ς(u);z)|+ ς2(z)

η2

}

→ 2(1+ η)2Ως (t,η)|ψ(z)|
{

1+
ς2(z)

η2

}
,

as m → ∞. �
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