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BOUNDEDNESS ON TRIEBEL-LIZORKIN SPACES FOR A CLASS
OF NONSTANDARD SINGULAR INTEGRAL OPERATORS

GUOEN HU AND KANGHUI XIA*

(Communicated by L. Liu)

Abstract. In this paper, the authors consider the boundedness on Triebel-Lizorkin spaces for the
non-standard singular integral operator defined by

/ Q(x—y)

Toaf®) =p.v. [, =yt

(A(x) —A() = VAY) (x—)) f()dy,

where Q is homogeneous of degree zero, integrable on $¢~! and has vanishing moment of order
one, A is a function on R? such that d,A € BMO(]R‘I) for all 1 < n<d. The authors prove

that if Q € L(logL)*($9~1), then Tq.4 is bounded on Triebel-Lizorkin spaces Fy4(R) for all
1<p,g<ee.

1. Introduction

In this paper, we will focus on nonstandard singular integral operator defined by

Qx—y)

Rpmhﬁ=pw~RdM_yW+JA@)—AU)—VAUXx—nyUMx

where Q is homogeneous of degree zero, integrable on the unit sphere S¢~!, and enjoys
vanishing moment of order one, namely,

d}ﬂ@OWG:QﬁmmyeZprn. (1)
i

The function A on R? is assumed that VA € BMO(RY), that is, d,A € BMO(R?) for
all 1 <n < d. Formally, we write

d
Taaf(x) = Gaaf(x) = Y, Ta,(fo.A)(x), )

n=1
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where and in what follows, %q 4 is the Calderén commutator defined by

Qx—y)(Alx) —A®y))

taaf(x) =p.v. o e — @71 f(v)dy,
hil
o O~ )0 )
Ta,h(x) :P-V-/Rd Wh(}’)dy 3)

As Q satisfies the vanishing moment (1), we know that for each 1 <n <d, Q,(x) =
% is homogeneous of degree zero, integrable on S¢~! and has mean value zero,
and Tg, is a homogeneous singular integral operator. For mapping properties of ho-
mogeneous singular integral operators on LP(R?) spaces, see [12, Chap. 4] for de-
tails. As is well known, when VA € L’(Rd ) for some r > d, 6q 4 is bounded from
LP(R?) to L*(RY) with r € (1,00) and 1/s=1/p+1/r, see [2, 21] and the references
therein. And in this case, the mapping properties of 7g 4 can be deduced from the
Calderén commutator 6q 4. We remark that the Calder6n commutator was introduced
by Calderén [3] and plays an important role in the theory of singular integrals, see [3, 4]
and [13, Chapter 8].

When VA € BMO(RY), the operator Tq 4 is fairly rough, evenif Q € Lip,, (S¢!)
for some o € (0, 1]. Cohen [8] proved that if Q € Lip,(S¢~!) (a € (0, 1]), then for
p € (1,), T a is abounded operator on L”(R¢) with bound C IVA[|gmo(re) - Hu and

Yang [19] proved that T 4 enjoys an endpoint of LlogL type when Q € Lip,, (841
for o € (0, 1].

The mapping properties of T4 on function spaces when Q only satisfies size
conditions are of interest. Hofmann [15] showed if Q € L*(R?), then Tg 4 is bounded
on LP(RY) forall p € (1,). Let y € C5(RY) be a radial function, have integral zero
and suppy C B(0, 1). Let Qy be the operator defined by Q,f(x) = ys * f(x), where
W (x) = s ?y(s7x). Assume that

[t =1
0 S

Then the Calder6n reproducing formula
ds
| oS )

holds true. By giving a refined decomposition of the operator Q?TQA;J'Q?, Hu, Tao,
Wang and Xue [17] established the L?(RY) boundedness of Toa when Q satisfies
certain minimum size condition, with Tg 4,; the dyadic truncation of Tg 4, see (7) in
Section 2. Beginning with this, the authors of [17] proved the following theorem.

THEOREM 1.1. Let Q be homogeneous of degree zero, satisfy the vanishing mo-
ment (1), and Q € L(logL)*(S?~1). Let A be a function on R such that VA €
BMO(RY). Then Tq 4 is bounded on LP (R?) for all p € (1, ), and for all A >0,

{xeR?: [Taaf(x)] > A}| < / (‘f;xﬂ)dx,
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where and in what follows, ®(t) =tlog(e+1).

For other works about T 4 when Q only satisfies size conditions, see [18] and
the references therein.

Let p,q € (1,o0) and oo € R. Define the homogeneous Triebel-Lizorkin space
F79(R?) as the space of all tempered distributions f € .7”(RY) satisfying

”fHF,?‘”(Rd) = H (/Ooo ‘t—aQtﬂq$>l/l1

As is well known, Triebel-Lizorkin space is a unified setting of many function spaces
including Lebesgue spaces, the Hardy spaces and the Sobolev spaces. During the last
three decades, there has been significant progress about the boundedness on Triebel-
Lizorkin spaces for homogeneous singular integral operators with rough kernels, see
[1, 6, 7]. Hu and Liu [16] considered the behavior on Triebel-Lizorkin space for the
Calderén commutator, and proved the following result.

<
LP(RY)

THEOREM 1.2. Let Q be homogeneous of degree zero and satisfy (1), and A be
a function on R? such that VA € L= (8471, Suppose that Q € L(logL)*(S9~1). Then

for p,q € (1,%), Gaa is bounded on Fy(R?).

Liang and Tao [22] considered the boundedness of o4 on FS ’q(Rd) when Q
satisfies another minimum size condition.

The purpose of this paper is to consider the boundedness of Tq 4 on Triebel-
Lizorkin spaces £y /(RY) when Q € L(logL)%(S%~!). Our main result can be stated as
follows.

THEOREM 1.3. Let Q be homogeneous of degree zero and satisfy (1), A be a
function on R? such that VA € BMO(R?). Suppose that Q € L(logL)*(S?~1). Then

for p,q e (1,00), Tqa is bounded on F,?’q(Rd).

As is well known, Fy?(R4) = LP(R?). Theorem 1.3 implies certainly that Q €
L(logL)?(S%~1!) is a sufficient condition such that T 4 is bounded on LP(R¢) for all
p € (1, ). Note that the operator 6q 4 is essentially a self-adjoint operator, but for the
case of VA € BMO(IRY), the operator Tg 4 is not self-adjoint. The proof of Theorem
1.3 is more subtle than the proof of Theorem 1.2 and the argument in [22], although
our proof involves an estimates for Q;Q; given in [22], see Lemma 2.8 in Section 2.
We also remark that the argument in this paper leads to a different proof of the L?(R¢)
boundedness of T 4.

Throughout this paper, we use C to denote the positive constant that is independent
of the main parameters involved but whose value may differ from line to line. As usual,
the symbol A < B means that there exists a positive constant C such that A < CB.
Constant with subscript such as Cj, does not change in different occurrences. For any
set E CRY, yr denotes its characteristic function. For a cube Q C R? and A € (0, o),
we use AQ to denote the cube with the same center as Q and whose side length is 4
times that of Q. For a cube Q C R? and a locally integrable function f, (f)o denotes
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the mean value of f on Q, thatis, (f)o = |0|™! Jof(¥)dy. For p € [1, ], p' denotes
the dual exponent of p, namely, p’' = p/(p —

2. Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3. We begin with some prelimi-
nary lemmas.

LEMMA 2.1. Let A be a function on R? such that VA € L4(RY) for some q €
(d, o). Then

1 1
AW A0 £ by [, IVARIaz)
where I3 is a cube centered at x and having side length 2|x — y|.

For the proof of Lemma 2.1, see [5].
For a function A on R? such that VA € BMO(R?), let N, be the maximal oper-
ator defined by

1
M) =sup i [ ) = AG) - VAG) - Oy
For fixed x € R?, let
d
Ar(y) :A(y> - Z <amA>B(x r)Y
m=1

Then for y € RY, we have that
A(x) = A(y) = VAY) (x —y) = Ap(x) = Ar(y) — VA(y) (x —y).
For y € R? with /2 < |x—y| < r, it follows from Lemma 2.1 that
[Ar(x) =AYV S [x =yl

Let M be the Hardy-Littlewood maximal operator. For s € (1,00), let Mf(x) =
[M(|f]*)(x)]"/. Tt then follows from the John-Nirenberg inequality that

‘anA(y) - <anA>B(x r)|‘f(y)|
N, Y <SMf(x)+ ) su / ’ dy < Mf(x).
af(x) S Mf) nzwo J2< -yl e — |4 Y S M)
Thus for all p € (1,e0),
INa Sl (may S VA llBMoga) 11l o ey - )

LEMMA 2.2. Let ® be a function on R, ®,(x) =1~4®(x/t). Suppose that

(i) forall r € (1, ),
[ su0p|d), *f‘HL’(Rd) S Hf“L’(Rd)a
>
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(ii) there exists a constant k > 0 such that for all & € R\{0},
[©(5)[ < min{[[*, [6]"}-

Then for p,q € (1, ),

(] o)™

Although the definition of Triebel-Lizorkin spaces in [9] is somewhat different
from the Triebel-Lizorkin space in this paper, Lemma 2.2 can be proved by repeating
the proof of Theorem 2.1 in [9].

Let n € C5(R?) be a radial function, satisfy that suppn C {1/4 < |x| < 4}, and
YjezN(279x) =1 forall [x| > 0. Let 1;(x) = n(27/x). For a function Q € L!($971),
integer n with 1 <n < d, define the operator Tg, ; by

T () = [, FE M e yna ©

< .
LI’(Rd) ~ Hf”F;(;)q(Rd)

Also, we define T 4;; by

Tou /(%) / Kaj(x, y)f()dy, )

with Qx—y)
Ky, j(x,y) = me Y)(A(x) —A(y) = VA(Y) (x—)).

Proof of Theorem 1.3. We will employ some ideas in [17], together with some
new estimates. By homogeneity, we assume that [|VA||gyore) = 1. By (4), it suffices

to prove that for p, g € (1, ) and £, g € C3(RY),

[ [ @Taete0ae® S| < 1l o s, oy ®

[ L @maagtr s T S W g el o ©)

On the other hand, a standard duality argument leads to that

// RdQTQAsz() xﬁﬂ_// RdQs o te(x)f(x)d @@,

st

where TéA is the adjoint of Tg 4, that is,

Q(x—y)

i Te T (AW —A0) = VAR) (r=3)) f)dy.

T57Af(x) =p.v.
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with Q(x) = Q(—x). Let T, be the operator defined as Tq, as in (3), but with Q
replaced by Q. It then follows that

d
TaAh(x) Z 00, T, (10)
Note that the inequality (9) follows from (8) and the following conclusion.

LEMMA 2.3. Let Q be homogeneous of degree zero, have mean value zero and
Q€ L(logL)?* (8?71, Tq be the homogeneous singular integral defined as in (3), but
with Q, replaced by Q. Then for b € BMO(RY) and p, q € (1, ),

] L0t 0t s S g

where and in what follows, for an operator T and a suitable function b, [b, T| denotes
the commutator of T with symbol b, namely,

(b, T|f(x) =b(x)T f(x) = T(bf)(x).
For the proof of Lemma 2.3, see [20, pp. 1265-1269].

We now prove festimate2.3). Choose a constant o € (ﬁé, 1). As it was shown in

the proof of Theorem 1.2 of [16], it suffices to prove the following three estimates:

ds dt
2'/J /Jﬂ%*l)é /Rd QSTQAiJ'Q;‘f(x)Qs (x)dx _S_’ S Hf”FOq :0) lell . Oq (Rd)’

JEZ
(11

1

@« dsd
/2/ o @T0,0 )@ W | S 151 e 18 s
12)

JEZ

and

2 dsd
S [ [ ] emaetimemat s

JEZ

e 7 S W I8l gy (1)
These three inequalities will be verified in the following three subsections.

2.1. Proof of the inequality (11)

To verify inequality (11), we will employ the ideas in [17, Section 3], together with
some variants. The following lemmas are Lemma 4.1, (i) of Lemma 4.2 and Lemma
4.3 in [15] respectively.
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LEMMA 2.4. Let Q be homogeneous of degree zero, integrable on S~ and sat-
isfy the vanishing moment (1), A be a function on R? such that VA € BMO(R?). Then
Taal € BMO(RY).

LEMMA 2.5. Let Q be homogeneous of degree zero, integrable on S~ and sat-
isfy the vanishing moment (1), A be a function on R? such that VA € BMO(Rd). Then
there exists a constant € € (0, 1), such that for s € (0, 0) and j € Z with s277 < 1,

10 To, a1 ety S Q1151 (2775)°.
(R) (1)

LEMMA 2.6. Let Q be homogeneous of degree zero, integrable on S~ and sat-
isfy the vanishing moment (1), A be a function on R? such that VA € BMO(R?). Then
forany r € (0, ), functions Ny, N> € Cy (RY) whose supported on balls of radius r,

2
|, o) Tt ()] < 198351t~ TT (0l 1V 1 )

We are now ready to prove (11). Set

- / /w_z) Y Ka(w) [wi(u—y) — yix—y)ldudz.

ji<sa-o

Applying Lemma 2.6 and the same argument as in [15, p. 116], we deduce that
S\Y _
D (x, )| < (;) X oy eyl (5, 9),

where ¥ = (d+2)o.—d — 1. Denote by H (1) the integral operator corresponding to
kernel 2(1). Write

= [t ds dt
4T 4.0 -
‘Z,"/zf /(2”&71)1/“ o @5 T 0 f(X)g(x)dx—=—

<[] ] Ve rmeisat S
3L oo ful@Ta DR 000

=A|+A;.

By Holder’s inequality and the fact that

HY0 WIS () M@,

we obtain that

A1§H / /\MQI |q Ydetﬁ
H / |Q5g|‘1/ _)Ycitdss>il

LP(R4)

LI’/(Rd) 5 ”fHFg*‘I(Rd)HgHF;;q/(Rdy
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where in the last inequality, we have invoked the Fefferman-Stein inequality that

) s SIS )

see [10]. To consider the term A,, write

<t dsdt ¢ dsdt @iV gsdr
Ay = = o Ay L An LA
2 /0 ) st /0 o /2/ / ” 21 + Axp + Ags.

Now let P, = f Q4 dt - Ag it was shown in [14, p.40], we can write

0= [, ¥ E=hi)dy

with W* a radial bounded function with bound Cs~¢, supported on a ball of radius Cs
and has integral zero. This, along with Lemma 2.2, implies that

(] )™

On the other hand, a trivial computation involving Lemma 2.4 and the vanishing mo-
ment of y yields

10T < [, ws(x =) Taal ()~ (Taa e ldy S 1

([ imseord)?

ey (19

Lr(R) ™ HhHng(Rd)-

Therefore,

ror s ([ 1tear )7

LV (RY) LP(RT)

On the other hand, we obtain from Lemma 2.5 and Holder’s inequality that

A22<HZ /21/ 2T 0 () dsdt>$
<[ =( [ [ eiriotspdsdy”

S ”fHF,(,)"q(Rd) HgHFI?,"q,(Rd

LP(RY)

LY (R4)

)7

and

A23<HZ /2! /2/;11 i/ o J) |Q Folf dsdt)%

HZ /2/ /tha 1 l/a 2 js) ‘QS ( )| /dsdt>

S ”fHF,(,)"q(Rd)HgHFI?,"q/(Rd .

LP(R4)

L’ (RY)

)
Combining the estimates for Ay, Ay; (j =1, 2, 3) above leads to (11).
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2.2. Proof of the inequality (12)
We decompose Q as Q(0) =Y ,€;(0), with Q;(0) = Q(60)yxx,(0) and
Eg=1{6ec8" Q) <1}, Ei={0ecs?: 27 < |Q(0)| <2}, ieN.
Let Té A . be the same as in (7), but with Q replaced by ;. Write

/ /,2jt0! 1
l JEZ 2

(2/’5‘70!)17
S Z 2 // Ni /21'

i jeZ

3y [

i jez’0

ds dr
s t

O f(x)g(x)dx

* ; dt ds
1,04 T 1,08 r@s0ax| 75

L

(215 T
L

where N € N is a constant which will be chosen later.
To estimate terms D and D;, we will employ some lemmas.

9j—Ni

’dt ds

/ 0] TQA;Qtf(

= Dl +D27

LEMMA 2.7. Let Q be homogeneous of degree zero and Q € L(S?~"). Then, for
each p,q € (1, o), there exists a constant T > 0 such that, for all intervals [a;, b;] C
[0,2/] and [cj,d;) C [2/, ) with jE€Z,

H 2/ / [oX a;sdt>
2/ / |f15t|’12]S dsdt>%

Proof. By homogeneity, we assume that [|Q|| g1y = 1. Inequality (14), to-
gether with the fact that |Q,f(x)| < M f(x), implies that for p, g € (1,e0),

LP(RY)

S QU sa-1)

15)

LP(Rd)’

H(;/:/:st,m dodrys oy 5 € 2/ I o) wsy 19
Now we claim that for p, g € (1, ),
i i
Z/ / |TQAJf””‘qudt>g LP(RY) <H 2/ / ‘f””‘qudt 6 LP(RY)
a7
In fact, it follows from (5) that for p € (1, ),
| sup sup 1705100l ) < 500 500 Uil e (B)

Jj ost>0 j 5,t>0
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and for all p € (1, ),

IS nstionr S |y SN ([ 25’

A interpolation argument involving the last two inequalities, tell us (17) is true when
I<p<Kg<oo.

For b € BMO(RY), let M}, be the commutator of the Hardy-Littlewood maximal
operator with symbol b, which is defined by

M) =supr [ b b7y

r>0

LP(RY)

As it was proved in [11, Theorem 2.3], M, is bounded on L?(R¢) for p € (1, o). From
this, we can verify that for all p, g € (1,) and 1 <n <d,

l\z//“aA%Jﬁmd”v
<H Z/ / |f”t| dsdt

This, together with (10), shows that when 1 < p < g < oo,

2/ / QA,fJ\t| dsdt) . <H Z/ / T ik dsdt

with T~ A the dyadic truncation of T~ . A duality argument then shows that (17)

holdsfor 1<g<p<oo.
We now prove (15). Combining the estimates (16) and (17) yields that for p, g €
LP(RY)

(1, 00),
LP(Rd) <H 2/ / |f"’| det é
19)

dsdt\g
2/ / |Q\TQA jf/,st| )q
On the other hand, it was proved by Hofmann [15, p. 111] that there exists a positive
constant & such that, when s < 2/,
10sTo: il ey S 277 8) QU = (si-1) I Nl 2 - (20)

Estimates (19) and (20), via interpolation, gives (15). This completes the proof of
Lemma2.7. O

LP(R4)

Lp(Rd)’

Lr(Rd)’

LEMMA 2.8. Let p, q € (1,00). There exists a constant p = p(p, q) such that

H(Z/OM/O 10011l §£> MHU’(R")
<H 2/ / m1n - - ) \fisal? @ﬂ)l/(iHU(Rd).
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This is [22, Lemma 2.3].

LEMMA 2.9. Let b € BMO(RY). Then for p,q € (1, ),

H 2// szfJ\fq%gy/qH 2 (R)
2//|f |dsdt 1/q
s

Proof. Observing that |[b, Q] f(x)] < Mpf(x), we know that (21) holds true when
1 < p < g<oo. Forthe case of 1 < g < p < oo, (21) follows from a duality argu-
ment. [

S IPllsmore) @n

Lr(Rd)

We can now estimate D;. It follows from Holder’s inequality that

YN T LB drds\g
psS|(B ) [ et T L)

JEZ

(2]

where T is the constant appearing in Lemma 2.7 and & € (0, 1) is a positive constant
such that 7 < %. When s <2/7V, we have that

) gy T—a a Jj _
b) (2‘fs>‘5/(, R o () £27
2

ji2d>s2Ni ! E 2/>\2N'

LP(R4)

2/ —Ni

5@@)?
t s

(2l5~) e N
[ 1o

L7 (Rd)’

which implies that

1
2N (i) T , o sdtds\ ¥
[ A )
jez’0 . t

N

LV (RY)

<

< 7i1\; 7i1\;§
2 2
N2 a N2 4 HgHF;),ql(Rd)

1 iy

On the other hand, an application of Lemma 2.7 gives us that

LV (Rd)

2Nl Ta , B drds\:
(2 [ ooty T ALy

1

2J—Ni (2jsfoc)17a g8 1
(= L 0} rio(2- 1) ¥ L)
jez’0 2

t s LP(Rd)

JEZ

S Qi =1y

t s LP(RY)

N HQiHLw(Sd*I)Hf”pgﬂ(Rdy
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where the last inequality follows from the fact that
(th‘)‘*l)é . d

Z / (2~ J $)? as <I.

2t 0 $

The estimates above for terms appeared in D, show that

< _iNs
< 9 2 . < .
Dy S Z(,)z 2 ”fHFI?ﬂ(Rd)HgHF:;q’(Rd) ~ ”fHF,?’q(Rd)HgHFI(’);q/(Rd)’

provided that we choose N € N large enough such that 8> 1.
We turn our attention to the term Dy . Let W}, j be the operators defined as

W00 = [, 2D ) )

and Tén j be the same as the definition of T, ; in (6), but with Q replaced by Q;. As
is well known, for p, g € (1, ),

ds dt
H é/ / ‘2 WijjSt| ) LI’(Rd)
ds dt
(3 [ [ ety
JEZ

see [16, Lemma 2.2]. For each fixed j € Z, we employ the ideas used in the proof of
Theorem 1.1 of [17] and decompose R? as R? = UI;, with {I;}; a sequence of cubes

Sl gany (22)

LP(R4)’

having disjoint interiors and side lengths 2/. For each fixed 1, let § € Cy(R?) such
that supp§; C 4841, 0 < § <1 and {(x) =1 when x € 32d];. Let x; be a point on
the boundary of 50d1; and Ay, (y) = A(y) = 1 (OnA) 1 ym, A (v) = Aj ()& (y), with

Ap () :gll( )— AI, (x;). Note that for x € 30d]; and y € R? with |x —y| <2/, we have
A(x) —A(y) = VA(y) (x —y) = Ap (x) — Ay (y) = VA, (y) (x—y).

By Lemma 2.1, we know that H LA ) . < 2/, since the supports of various func-

R4)
tions A; have bounded overlaps. For each fixed I, set h;(x) = Qug(x)x;(x) and
I} = 60dl;. For (s,t) with 277N < s <2/, 2/ <1 < (2/57%)V/(1=%) (note that this

means that 2/ < ¢ < 2/2iNe/(1-a)) and x € suppQ3hy, we write

1 f (), (23)

MU\

T(iz,A;j(Q?f)(x) =

1

J

where and in what follows, for each fixed [ and i,

I (x) = A (x)Wh 0/ f(x),
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7 (x) = =W (A, 01 ) (),

7 ZR%,Q8A@MJX)

J ZTQ j(Cth[aA Qt}Qtf)( )

n=

and

B ZQngmznm»

n=

‘We now have that

> (i drd
D<YYY LMA 5 [ W0 3.

1 i jeZ

An application of (22) gives us that

20217 dt ds\1/a
4
zzﬁmé W e OIS Lw)

N

2/21 &
< M99 1500 |

di\1/a
4
‘XII*QthI?)

(22,

S ”Qi”Ll(S‘I*I)IZ/qHf”F,?‘”(Rd)'

LP(RY)

Also, we have that

2]21 @ ydt ds\1/4
I3/ e

rd.

<11/qH ZZ/, ) |hsl|q s

L' (R)

LY (RY)

/dS 1/‘1

S ll/" Q58" —

2Jj—Ni LI’, (Rd)

<Mwmww)

719

Recall that Q € L(logL)*($*~") implies that ¥ i%(|Q| 1 (ga-1) < 1. It follows from
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Holder’s inequality that

zz/ﬂm[m“

2’21 @ . /dtds 1/4
- 3
<ZHZZKML 2 A Ol )

dt ds

2/ 1 f ()O3 kg (x )dx'——

LY (Rd)

2215 dt ds\1/
sz[mg 2wy 0 )

t s

LP(R4)
S Hf||F’(3~,q(Rd)”g”F’f:;q’(Rd)'

Similarly, it holds that

zzLMg””

Using (16) and Lemma 2.9 and the argument used in the estimate for J} ., we deduce

that,
2fs ‘1 T-o a
ZZ// NI,/zj

i jEZ

<22H221MA mxﬂm“fﬂbw>

2

221 dt ds\1/4
|\2AMA 78, 004 0101 L)

5;Qiu(sd1>i1/q/H<Z;/;j,-NQ ‘l|q,ds> /q,HU"(Rd)

dtds
5 o i W0 as | 2 5 Mg 181 o

dt ds

Z/ B ()@ hy (x)dx

iNa

([ ety

< .
L (Rd) Hf||p[?>q(Rd)”g”F’?;q/(Rd)’

and

dt ds
/J Qs (8)dn| 7 S 11 8] o

2/s
/2/ Ni /2/

To consider the term J? ;1> we note that supp 00,y C 2iN+641, when s < 2/ and
1 <2HNTIG | Let Il = 2N 1041, 6 > 0 be the constant such that Gq <p,and p >0

i jEZ
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is the constant appeared in Lemma 2.8. Set

o~z [, L " lagnt () Py

and for 1 <n<d,

1

as=|)( EZ/, ; /22 " }Tén,thx,;Qs(anﬁz,Q?f>}”(f)%é)%

t s LP(Rd)’
It follows from Holder’s inequality that
1
@ dt ds
i d ’——
2/2/2 S [ 00 9ae| T S
d 2 (21'5*0‘)1706 . ~ dt ds
X3/ ./ O2hei (0T, ;0090 O ) (w)ex| T T
ol 7 2N 2 tos
d
<G Y, G
n=1
Invoking the fact that K’(f)% 4 < 1, we obtain from Lemma 2.8 that
1 !
(@5~ T rs\P=dtds\y
G 5y
1 2 j—=Ni J2]j ‘ng| t t s U’(Rd)
(P*— )/2 dt ds
< q
H / Q8 /S Z 21 <z> 1 s) LY (Rd)

2!>

< .
~ HgHF;)/‘II(Rd)

For each j € Z, s € (277N ,2/) and x € I, let y; be the center of ; and I(x, s) be the
cube centered at x and having side length s. We have that for 1 <n <d,

[(OnA) 15,) = (OnA)1 | < [(OnAA) 121y — (OnA)y |+ [(nA) 12 2y — (OnA) 1)

<log <max{ LA b1 }) +1log(27/s) < i.

b=yl 27

Let r € (1, q). Then we have that for s € (2/=N 2/) and x € I,

Q@AW [ 19A0) ~ @A) I 0)ldy

[x—y|<s

= /|X*v\<.v [0nA(Y) = {9nA)1gx,5) 1 (V) dy
+ ‘<871A>I(x,s) — (8,,A>1[ |Mf(x) S erf()C) (24)
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Therefore,
(2jS’“)m c dt ds
G5 < || ||L1 (§4-1) ZZ/] Ni /2j XII|QS(8 AI’QI )f|‘1( ) t s ) Lr(R4)
1
(275~ 17 dt ds
Sil|€ HLI (s4=1y 2/21 N,/zj )‘q( ) t s) LP(R4)

SRl 5 1 gy

Combining the estimates for Jlj / (1 < j<5) leads to the desired estimate for D; and
completes the proof of inequality (12).

2.3. Proof of the inequality (13)

For each i e NU{0}, let

Mimicking the estimate for D, , we obtain that,

;Z/Om/om%bg
B [t o)
I 2/ , 103270 m%?f

S 2 HQiHL""(LS’J*I)2 qu ||fHF19~,q(Rd)HgHFOﬁq’(Rd) S Hf”FI?M(Rd)”g”FOJI’(Rd)'
i I I

i dsd
[, 07 0t wsian| TS

st

LP(R4)

L' (R)

Observe that when i € NU {0},

E{(j,s,1) C{(j,s,0) 127N <5 <27, 277N < < s}
U{(jys,0) 1 277N <0 27,207 <5<t}
:E{,l(jvsvt) UE{Q(j,S,l‘).
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Decompose TQ Asj as in (23). In the case of (j,s,7) € Ei | » the estimates for J}"; with
=1,...,4 are s1m11ar to the corresponding terms in §2.2, and will be omitted. erte

S0
5 zz//xyggmu»f%%wwmm

<221‘,/0 /0 7(15'1"1}Tgiz,thz?CI;'Q.v(&mzllQtzf)|q<§>6£§>é
J '

dt ds

|Z LGl S

t s LP(RY)

d
=G Y Gj.
n=1
It now follows from Lemma 2.8 that
(2 [ () %)
! j—iN 58 s t s

Applying (24), we deduce that

(B3 [ joanan ()%
[ [ n

< . .
174 (]Rd) ~ HgHF;);l],(Rd)

G5 < 194l |

LP(R4)
.. = 5 o dt Y i\odsy g
,SlHQl”Ll(Sd*l) (/0 Mr(Qtf)VTE/;/t <E> ?) LP(Rd)
S il 1 sa-1) 11| g0 g
Similarly, we can verify that
dt d
[ [ a5 L el
d "q dt ds\1/4
5; ZZ/ / e 0@’ (5) “ T 5) v ()
dr ds\ &
(S3[ [ omoimadnt() 4 4)], .

5 l.”QjHLl(Sd—l) ||fHF,?q(Rd) HgHFO<‘I’(Rd)-
o
Therefore,

53 ),

dt ds
5 fo WO T2 5 1 g8l
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This, along with the estimates for terms corresponding to J{ . (j=1,...,4), gives us
that

ds dt

22/2]/ | [, 0T 0101 (0001 TS S 110 s 1 #9 (may

and then establishes the inequality (13).
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