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Abstract. In this paper, the authors consider the boundedness on Triebel-Lizorkin spaces for the
non-standard singular integral operator defined by

TΩ,A f (x) = p.v.
∫

Rd

Ω(x− y)
|x− y|d+1

(
A(x)−A(y)−∇A(y)(x− y)

)
f (y)dy,

where Ω is homogeneous of degree zero, integrable on Sd−1 and has vanishing moment of order
one, A is a function on R

d such that ∂nA ∈ BMO(Rd) for all 1 � n � d . The authors prove
that if Ω ∈ L(logL)2(Sd−1) , then TΩ,A is bounded on Triebel-Lizorkin spaces Ḟ0,q

p (Rd) for all
1 < p, q < ∞ .

1. Introduction

In this paper, we will focus on nonstandard singular integral operator defined by

TΩ,A f (x) = p.v.
∫

Rd

Ω(x− y)
|x− y|d+1

(
A(x)−A(y)−∇A(y)(x− y)

)
f (y)dy,

where Ω is homogeneous of degree zero, integrable on the unit sphere Sd−1 , and enjoys
vanishing moment of order one, namely,

∫
Sd−1

Ω(θ )θ γdθ = 0, for all γ ∈ Z
d
+, |γ| = 1. (1)

The function A on R
d is assumed that ∇A ∈ BMO(Rd) , that is, ∂nA ∈ BMO(Rd) for

all 1 � n � d . Formally, we write

TΩ,A f (x) = CΩ,A f (x)−
d

∑
n=1

TΩn( f∂nA)(x), (2)
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where and in what follows, CΩ,A is the Calderón commutator defined by

CΩ,A f (x) = p.v.
∫

Rd

Ω(x− y)(A(x)−A(y))
|x− y|d+1 f (y)dy,

while

TΩnh(x) = p.v.

∫
Rd

Ω(x− y)(xn− yn)
|x− y|d+1 h(y)dy. (3)

As Ω satisfies the vanishing moment (1), we know that for each 1 � n � d , Ωn(x) =
Ω(x)xn
|x| is homogeneous of degree zero, integrable on Sd−1 and has mean value zero,

and TΩn is a homogeneous singular integral operator. For mapping properties of ho-
mogeneous singular integral operators on Lp(Rd) spaces, see [12, Chap. 4] for de-
tails. As is well known, when ∇A ∈ Lr(Rd) for some r > d , CΩ,A is bounded from
Lp(Rd) to Ls(Rd) with r ∈ (1, ∞) and 1/s = 1/p+1/r , see [2, 21] and the references
therein. And in this case, the mapping properties of TΩ,A can be deduced from the
Calderón commutator CΩ,A . We remark that the Calderón commutator was introduced
by Calderón [3] and plays an important role in the theory of singular integrals, see [3, 4]
and [13, Chapter 8].

When ∇A∈ BMO(Rd) , the operator TΩ,A is fairly rough, even if Ω ∈ Lipα(Sd−1)
for some α ∈ (0, 1] . Cohen [8] proved that if Ω ∈ Lipα(Sd−1) (α ∈ (0, 1]), then for
p∈ (1, ∞) , TΩ,A is a bounded operator on Lp(Rd) with bound C‖∇A‖BMO(Rd) . Hu and

Yang [19] proved that TΩ,A enjoys an endpoint of L logL type when Ω ∈ Lipα(Sd−1)
for α ∈ (0, 1] .

The mapping properties of TΩ,A on function spaces when Ω only satisfies size
conditions are of interest. Hofmann [15] showed if Ω ∈ L∞(Rd) , then TΩ,A is bounded
on Lp(Rd) for all p ∈ (1, ∞) . Let ψ ∈C∞

0 (Rd) be a radial function, have integral zero
and suppψ ⊂ B(0, 1) . Let Qs be the operator defined by Qs f (x) = ψs ∗ f (x) , where
ψs(x) = s−dψ(s−1x) . Assume that∫ ∞

0
[ψ̂(s)]4

ds
s

= 1.

Then the Calderón reproducing formula∫ ∞

0
Q4

s
ds
s

= I (4)

holds true. By giving a refined decomposition of the operator Q4
sTΩ,A; jQ4

t , Hu, Tao,
Wang and Xue [17] established the L2(Rd) boundedness of TΩ,A when Ω satisfies
certain minimum size condition, with TΩ,A; j the dyadic truncation of TΩ,A , see (7) in
Section 2. Beginning with this, the authors of [17] proved the following theorem.

THEOREM 1.1. Let Ω be homogeneous of degree zero, satisfy the vanishing mo-
ment (1), and Ω ∈ L(logL)2(Sd−1) . Let A be a function on R

d such that ∇A ∈
BMO(Rd) . Then TΩ,A is bounded on Lp(Rd) for all p ∈ (1, ∞) , and for all λ > 0 ,

∣∣{x ∈ R
d : |TΩ,A f (x)| > λ}∣∣ �

∫
Rd

Φ
( | f (x)|

λ

)
dx,
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where and in what follows, Φ(t) = t log(e+ t) .

For other works about TΩ,A when Ω only satisfies size conditions, see [18] and
the references therein.

Let p, q ∈ (1, ∞) and α ∈ R . Define the homogeneous Triebel-Lizorkin space
Ḟα ,q

p (Rd) as the space of all tempered distributions f ∈ S ′(Rd) satisfying

‖ f‖Ḟα,q
p (Rd) =

∥∥∥(∫ ∞

0
|t−αQt f |q dt

t

)1/q∥∥∥
Lp(Rd)

< ∞.

As is well known, Triebel-Lizorkin space is a unified setting of many function spaces
including Lebesgue spaces, the Hardy spaces and the Sobolev spaces. During the last
three decades, there has been significant progress about the boundedness on Triebel-
Lizorkin spaces for homogeneous singular integral operators with rough kernels, see
[1, 6, 7]. Hu and Liu [16] considered the behavior on Triebel-Lizorkin space for the
Calderón commutator, and proved the following result.

THEOREM 1.2. Let Ω be homogeneous of degree zero and satisfy (1), and A be
a function on R

d such that ∇A ∈ L∞(Sd−1) . Suppose that Ω ∈ L(logL)2(Sd−1) . Then
for p, q ∈ (1, ∞) , CΩ,A is bounded on Ḟ0,q

p (Rd) .

Liang and Tao [22] considered the boundedness of CΩ,A on Ḟ0,q
p (Rd) when Ω

satisfies another minimum size condition.
The purpose of this paper is to consider the boundedness of TΩ,A on Triebel-

Lizorkin spaces Ḟ0,q
p (Rd) when Ω ∈ L(logL)2(Sd−1) . Our main result can be stated as

follows.

THEOREM 1.3. Let Ω be homogeneous of degree zero and satisfy (1), A be a
function on R

d such that ∇A ∈ BMO(Rd) . Suppose that Ω ∈ L(logL)2(Sd−1) . Then
for p, q ∈ (1, ∞) , TΩ,A is bounded on Ḟ0,q

p (Rd) .

As is well known, Ḟ0,2
p (Rd) = Lp(Rd) . Theorem 1.3 implies certainly that Ω ∈

L(logL)2(Sd−1) is a sufficient condition such that TΩ,A is bounded on Lp(Rd) for all
p∈ (1, ∞) . Note that the operator CΩ,A is essentially a self-adjoint operator, but for the
case of ∇A ∈ BMO(Rd) , the operator TΩ,A is not self-adjoint. The proof of Theorem
1.3 is more subtle than the proof of Theorem 1.2 and the argument in [22], although
our proof involves an estimates for QsQt given in [22], see Lemma 2.8 in Section 2.
We also remark that the argument in this paper leads to a different proof of the L2(Rd)
boundedness of TΩ,A .

Throughout this paper, we use C to denote the positive constant that is independent
of the main parameters involved but whose value may differ from line to line. As usual,
the symbol A � B means that there exists a positive constant C such that A � CB .
Constant with subscript such as C1 , does not change in different occurrences. For any
set E ⊂R

d , χE denotes its characteristic function. For a cube Q⊂R
d and λ ∈ (0, ∞) ,

we use λQ to denote the cube with the same center as Q and whose side length is λ
times that of Q . For a cube Q ⊂ R

d and a locally integrable function f , 〈 f 〉Q denotes
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the mean value of f on Q , that is, 〈 f 〉Q = |Q|−1 ∫
Q f (y)dy . For p ∈ [1, ∞] , p′ denotes

the dual exponent of p , namely, p′ = p/(p−1) .

2. Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3. We begin with some prelimi-
nary lemmas.

LEMMA 2.1. Let A be a function on R
d such that ∇A ∈ Lq(Rd) for some q ∈

(d, ∞] . Then

|A(x)−A(y)|� |x− y|
( 1
|Iy

x |
∫

Iyx
|∇A(z)|qdz

) 1
q
,

where Iy
x is a cube centered at x and having side length 2|x− y|.

For the proof of Lemma 2.1, see [5].
For a function A on R

d such that ∇A ∈ BMO(Rd) , let NA be the maximal oper-
ator defined by

NA f (x) = sup
r>0

1
rd+1

∫
r
2 �|x−y|<r

|A(x)−A(y)−∇A(y)(x− y)|| f (y)|dy.

For fixed x ∈ R
d , let

Ar(y) = A(y)−
d

∑
m=1

〈∂mA〉B(x,r)ym.

Then for y ∈ R
d , we have that

A(x)−A(y)−∇A(y)(x− y) = Ar(x)−Ar(y)−∇A(y)(x− y).

For y ∈ R
d with r/2 � |x− y|< r , it follows from Lemma 2.1 that

|Ar(x)−Ar(y)| � |x− y|.
Let M be the Hardy-Littlewood maximal operator. For s ∈ (1, ∞) , let Ms f (x) =
[M(| f |s)(x)]1/s . It then follows from the John-Nirenberg inequality that

NA f (x) � M f (x)+
d

∑
n=1

sup
r>0

∫
r/2<|x−y|�r

|∂nA(y)−〈∂nA〉B(x,r)|| f (y)|
|x− y|d dy � Ms f (x).

Thus for all p ∈ (1, ∞) ,

‖NA f‖Lp(Rd) � ‖∇A‖BMO(Rd)‖ f‖Lp(Rd). (5)

LEMMA 2.2. Let Φ be a function on R
d , Φt(x) = t−dΦ(x/t) . Suppose that

(i) for all r ∈ (1, ∞) ,
‖sup

t>0
|Φt ∗ f |‖Lr(Rd) � ‖ f‖Lr(Rd),
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(ii) there exists a constant κ > 0 such that for all ξ ∈ R
d\{0} ,

|Φ̂(ξ )| � min{|ξ |κ , |ξ |−κ}.

Then for p, q ∈ (1, ∞) ,

∥∥∥(∫ ∞

0
|Φt ∗ f |q dt

t

)1/q∥∥∥
Lp(Rd)

� ‖ f‖
Ḟ0,q

p (Rd).

Although the definition of Triebel-Lizorkin spaces in [9] is somewhat different
from the Triebel-Lizorkin space in this paper, Lemma 2.2 can be proved by repeating
the proof of Theorem 2.1 in [9].

Let η ∈C∞
0 (Rd) be a radial function, satisfy that suppη ⊂ {1/4 � |x| � 4} , and

∑ j∈Z η(2− jx) ≡ 1 for all |x| > 0. Let η j(x) = η(2− jx) . For a function Ω ∈ L1(Sd−1) ,
integer n with 1 � n � d , define the operator TΩn, j by

TΩn, jh(x) =
∫

Rd

Ω(x− y)(xn− yn)
|x− y|d+1 η j(x− y)h(y)dy. (6)

Also, we define TΩ,A; j by

TΩ,A; j f (x) =
∫

Rd
KA, j(x, y) f (y)dy, (7)

with

KA, j(x, y) =
Ω(x− y)
|x− y|d+1 η j(x− y)

(
A(x)−A(y)−∇A(y)(x− y)

)
.

Proof of Theorem 1.3. We will employ some ideas in [17], together with some
new estimates. By homogeneity, we assume that ‖∇A‖BMO(Rd) = 1. By (4), it suffices

to prove that for p, q ∈ (1, ∞) and f , g ∈C∞
0 (Rd) ,

∣∣∣∫ ∞

0

∫ t

0

∫
Rd

Q4
s TΩ,AQ4

t f (x)g(x)dx
ds
s

dt
t

∣∣∣ � ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

, (8)

∣∣∣∫ ∞

0

∫ ∞

t

∫
Rd

Q4
s TΩ,AQ4

t f (x)g(x)dx
ds
s

dt
t

∣∣∣ � ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

. (9)

On the other hand, a standard duality argument leads to that

∫ ∞

0

∫ ∞

t

∫
Rd

Q4
sTΩ,AQ4

t f (x)g(x)dx
ds
s

dt
t

=
∫ ∞

0

∫ t

0

∫
Rd

Q4
s T

∗
Ω̃,A

Q4
t g(x) f (x)dx

ds
s

dt
t

,

where T ∗
Ω̃,A

is the adjoint of TΩ,A , that is,

T ∗
Ω̃,A

f (x) = p.v.

∫
Rd

Ω̃(x− y)
|x− y|d+1

(
A(x)−A(y)−∇A(x)(x− y)

)
f (y)dy,
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with Ω̃(x) = Ω(−x) . Let TΩ̃n
be the operator defined as TΩn as in (3), but with Ω

replaced by Ω̃ . It then follows that

T ∗
Ω̃,A

h(x) = TΩ̃,Ah(x)−
d

∑
n=1

[∂nA, TΩ̃n
]h(x). (10)

Note that the inequality (9) follows from (8) and the following conclusion.

LEMMA 2.3. Let Ω be homogeneous of degree zero, have mean value zero and
Ω ∈ L(logL)2(Sd−1) , TΩ be the homogeneous singular integral defined as in (3), but
with Ωn replaced by Ω . Then for b ∈ BMO(Rd) and p, q ∈ (1, ∞) ,

∣∣∣∫ ∞

0

∫ t

0

∫
Rd

Q4
s [b, TΩ]Q4

t f (x)g(x)dx
ds
s

dt
t

∣∣∣ � ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

,

where and in what follows, for an operator T and a suitable function b, [b, T ] denotes
the commutator of T with symbol b, namely,

[b, T ] f (x) = b(x)T f (x)−T (b f )(x).

For the proof of Lemma 2.3, see [20, pp. 1265–1269].

We now prove ı́estimate2.3). Choose a constant α ∈ ( d+1
d+2 , 1) . As it was shown in

the proof of Theorem 1.2 of [16], it suffices to prove the following three estimates:

∣∣∣ ∑
j∈Z

∫ ∞

2 j

∫ t

(2 jtα−1)
1
α

∫
Rd

QsTΩ,A; jQ
4
t f (x)Q3

s g(x)dx
ds
s

dt
t

∣∣∣ � ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

,

(11)

∣∣∣ ∑
j∈Z

∫ ∞

2 j

∫ (2 jtα−1)
1
α

0

∫
Rd

QsTΩ,A; jQ
4
t f (x)Q3

s g(x)dx
ds
s

dt
t

∣∣∣ � ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

,

(12)

and

∣∣∣ ∑
j∈Z

∫ 2 j

0

∫ t

0

∫
Rd

QsTΩ,A; jQ
4
t f (x)Q3

s g(x)dx
ds
s

dt
t

∣∣∣ � ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

. (13)

These three inequalities will be verified in the following three subsections.

2.1. Proof of the inequality (11)

To verify inequality (11), we will employ the ideas in [17, Section 3], together with
some variants. The following lemmas are Lemma 4.1, (i) of Lemma 4.2 and Lemma
4.3 in [15] respectively.
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LEMMA 2.4. Let Ω be homogeneous of degree zero, integrable on Sd−1 and sat-
isfy the vanishing moment (1), A be a function on R

d such that ∇A ∈BMO(Rd) . Then
TΩ,A1 ∈ BMO(Rd) .

LEMMA 2.5. Let Ω be homogeneous of degree zero, integrable on Sd−1 and sat-
isfy the vanishing moment (1), A be a function on R

d such that ∇A ∈BMO(Rd) . Then
there exists a constant ε ∈ (0, 1) , such that for s ∈ (0, ∞) and j ∈ Z with s2− j � 1 ,

‖QsTΩ,A; j1‖L∞(Rd) � ‖Ω‖L1(Sd−1)(2
− js)ε .

LEMMA 2.6. Let Ω be homogeneous of degree zero, integrable on Sd−1 and sat-
isfy the vanishing moment (1), A be a function on R

d such that ∇A ∈BMO(Rd) . Then
for any r ∈ (0, ∞) , functions η̃1, η̃2 ∈C∞

0 (Rd) whose supported on balls of radius r ,

∣∣∣∫
Rd

η̃2(x)TΩ,Aη̃1(x)dx
∣∣∣ � ‖Ω‖L1(Sd−1)r

−d
2

∏
j=1

(‖η̃ j‖L∞(Rd) + r‖∇η̃ j‖L∞(Rd)).

We are now ready to prove (11). Set

h(1)(x, y) =
∫ ∫

ψs(x− z) ∑
j:2 j�sα t1−α

KA, j(z, u)
[
ψt(u− y)−ψt(x− y)]dudz.

Applying Lemma 2.6 and the same argument as in [15, p. 116], we deduce that

|h(1)(x, y)| �
(s

t

)γ
t−dχ{(x,y): |x−y|�Ct}(x, y),

where γ = (d + 2)α − d − 1. Denote by H(1) the integral operator corresponding to
kernel h(1) . Write∣∣∣∑

j

∫ ∞

2 j

∫ t

(2 jtα−1)1/α

∫
Rd

Q4
s TΩ,A; jQ

4
t f (x)g(x)dx

ds
s

dt
t

∣∣∣
�

∫ ∞

0

∫ t

0

∫
Rd

H(1)Q3
t f (x)Q3

s g(x)dx
ds
s

dt
t

+∑
j

∫ ∞

2 j

∫ t

(2 jtα−1)1/α

∫
Rd

(QsTΩ,A; j1)(x)Q4
t f (x)Q3

s g(x)dx
ds
s

dt
t

= A1 +A2.

By Hölder’s inequality and the fact that

|H(1)Qt f (x)| �
(s

t

)γ
M(Qt f )(x),

we obtain that

A1 �
∥∥∥(∫ ∞

0

∫ t

0
|M(Q3

t f )|q
( s

t

)γ ds
s

dt
t

) 1
q
∥∥∥

Lp(Rd)

×
∥∥∥(∫ ∞

0
|Q3

s g|q
′
∫ ∞

s

( s
t

)γ dt
t

ds
s

) 1
q′

∥∥∥
Lp′ (Rd)

� ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

,
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where in the last inequality, we have invoked the Fefferman-Stein inequality that∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
|M f j,s,t |q ds

s
dt
t

) 1
q
∥∥∥

Lp(Rd)
�

∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
| f j,s,t |q ds

s
dt
t

) 1
q
∥∥∥

Lp(Rd)
, (14)

see [10]. To consider the term A2 , write

A2 =
∫ ∞

0

∫ t

0

dsdt
st

−
∫ 2 j

0

∫ t

0

dsdt
st

−
∫ ∞

2 j

∫ (2 jtα−1)1/α

0

dsdt
st

:= A21 +A22 +A23.

Now let Ps =
∫ ∞
s Q4

t
dt
t . As it was shown in [14, p. 40], we can write

Psh(x) =
∫

Rd
Ψs(x− y)h(y)dy

with Ψs a radial bounded function with bound Cs−d , supported on a ball of radius Cs
and has integral zero. This, along with Lemma 2.2, implies that∥∥∥(∫ ∞

0
|Psh|q ds

s

)1/q∥∥∥
Lp(Rd)

� ‖h‖
Ḟ0,q

p (Rd).

On the other hand, a trivial computation involving Lemma 2.4 and the vanishing mo-
ment of ψ yields

|Qs(TΩ,A1)(x)| �
∫

Rd
|ψs(x− y)||TΩ,A1(y)−〈TΩ,A1〉B(x,s)|dy � 1.

Therefore,

A21 �
∥∥∥(∫ ∞

0
|Q3

s g(x)|q′ ds
s

) 1
q′

∥∥∥
Lp′ (Rd)

∥∥∥(∫ ∞

0
|Ps f (x)|q ds

s

) 1
q
∥∥∥

Lp(Rd)

� ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

.

On the other hand, we obtain from Lemma 2.5 and Hölder’s inequality that

A22 �
∥∥∥∑

j

(∫ 2 j

0

∫ t

0
(2− js)ε |Q4

t f (x)|q ds
s

dt
t

) 1
q
∥∥∥

Lp(Rd)

×
∥∥∥∑

j

(∫ 2 j

0

∫ t

0
(2− js)ε |Q3

s g(x)|q′ ds
s

dt
t

) 1
q′

∥∥∥
Lp′ (Rd)

� ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

,

and

A23 �
∥∥∥∑

j

(∫ ∞

2 j

∫ (2 jtα−1)1/α

0
(2− js)ε |Q4

t f (x)|q ds
s

dt
t

) 1
q
∥∥∥

Lp(Rd)

×
∥∥∥∑

j

(∫ ∞

2 j

∫ (2 jtα−1)1/α

0
(2− js)ε |Q3

s g(x)|q′ ds
s

dt
t

) 1
q′

∥∥∥
Lp′ (Rd)

� ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

.

Combining the estimates for A1 , A2 j ( j = 1, 2, 3) above leads to (11).
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2.2. Proof of the inequality (12)

We decompose Ω as Ω(θ ) = ∑∞
i=0 Ωi(θ ), with Ωi(θ ) = Ω(θ )χEi(θ ) and

E0 = {θ ∈ Sd−1 : |Ω(θ )| � 1}, Ei = {θ ∈ Sd−1 : 2i−1 < |Ω(θ )| � 2i}, i ∈ N.

Let T i
Ω,A; j be the same as in (7), but with Ω replaced by Ωi . Write

∑
i

∑
j∈Z

∫ ∞

2 j

∫ (2 jtα−1)
1
α

0

∣∣∣∫
Rd

Q4
s T

i
Ω,A; jQ

4
t f (x)g(x)dx

∣∣∣ds
s

dt
t

� ∑
i

∑
j∈Z

∫ 2 j

2 j−Ni

∫ (2 js−α )
1

1−α

2 j

∣∣∣∫
Rd

Q4
s T

i
Ω,A; jQ

4
t f (x)g(x)dx

∣∣∣dt
t

ds
s

+∑
i

∑
j∈Z

∫ 2 j−Ni

0

∫ (2 js−α )
1

1−α

2 j

∣∣∣∫
Rd

Q4
s T

i
Ω,A; jQ

4
t f (x)g(x)dx

∣∣∣dt
t

ds
s

:= D1 +D2,

where N ∈ N is a constant which will be chosen later.
To estimate terms D1 and D2 , we will employ some lemmas.

LEMMA 2.7. Let Ω be homogeneous of degree zero and Ω∈ L∞(Sd−1) . Then, for
each p, q ∈ (1, ∞) , there exists a constant τ > 0 such that, for all intervals [a j, b j] ⊂
[0, 2 j] and [c j, d j) ⊂ [2 j, ∞) with j ∈ Z ,

∥∥∥(
∑
j

∫ d j

c j

∫ b j

a j

|QsTΩ,A; j f j,s,t |q ds
s

dt
t

) 1
q
∥∥∥

Lp(Rd)

� ‖Ω‖L∞(Sd−1)

∥∥∥(
∑
j

∫ d j

c j

∫ b j

a j

| f j,s,t |q(2− js)τ ds
s

dt
t

) 1
q
∥∥∥

Lp(Rd)
. (15)

Proof. By homogeneity, we assume that ‖Ω‖L∞(Sd−1) = 1. Inequality (14), to-
gether with the fact that |Qs f (x)| � M f (x) , implies that for p, q ∈ (1, ∞) ,∥∥∥(

∑
j

∫ ∞

0

∫ ∞

0
|Qs f j,s,t |q ds

s
dt
t

) 1
q
∥∥∥

Lp(Rd)
�

∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
| f j,s,t |q ds

s
dt
t

) 1
q
∥∥∥

Lp(Rd)
. (16)

Now we claim that for p, q ∈ (1, ∞) ,∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
|TΩ,A; j f j,s,t |q ds

s
dt
t

) 1
q
∥∥∥

Lp(Rd)
�

∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
| f j,s,t |q ds

s
dt
t

) 1
q
∥∥∥

Lp(Rd)
.

(17)

In fact, it follows from (5) that for p ∈ (1, ∞) ,∥∥∥ sup
j

sup
s,t>0

|TΩ,A; j f j,s,t |
∥∥∥

Lp(Rd)
�

∥∥∥sup
j

sup
s,t>0

| f j,s,t |
∥∥∥

Lp(Rd)
, (18)
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and for all p ∈ (1, ∞) ,∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
|TΩ,A; j f j,s,t |p dsdt

st

) 1
p
∥∥∥

Lp(Rd)
�

∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
| f j,s,t |p dsdt

st

) 1
p
∥∥∥

Lp(Rd)
.

A interpolation argument involving the last two inequalities, tell us (17) is true when
1 < p � q < ∞ .

For b ∈ BMO(Rd) , let Mb be the commutator of the Hardy-Littlewood maximal
operator with symbol b , which is defined by

Mb f (x) = sup
r>0

r−d
∫
|x−y|<r

|b(x)−b(y)|| f (y)|dy.

As it was proved in [11, Theorem 2.3], Mb is bounded on Lp(Rd) for p∈ (1, ∞) . From
this, we can verify that for all p, q ∈ (1, ∞) and 1 � n � d ,∥∥∥(

∑
j

∫ ∞

0

∫ ∞

0
|[∂nA,TΩ̃n, j

] f j,s,t |q ds
s

dt
t

) 1
q
∥∥∥

Lp(Rd)

�
∥∥∥(

∑
j

∫ ∞

0

∫ ∞

0
| f j,s,t |q ds

s
dt
t

) 1
q
∥∥∥

Lp(Rd)
,

This, together with (10), shows that when 1 < p � q < ∞ ,∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
|T ∗

Ω̃,A; j
f j,s,t |q dsdt

st

) 1
q
∥∥∥

Lp(Rd)
�

∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
| f j,s,t |q dsdt

st

) 1
q
∥∥∥

Lp(Rd)
,

with T ∗
Ω̃,A; j

the dyadic truncation of T ∗
Ω̃,A

. A duality argument then shows that (17)

holds for 1 < q < p < ∞ .
We now prove (15). Combining the estimates (16) and (17) yields that for p, q ∈

(1, ∞) ,∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
|QsTΩ,A; j f j,s,t |q ds

s
dt
t

) 1
q
∥∥∥

Lp(Rd)
�

∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
| f j,s,t |q ds

s
dt
t

) 1
q
∥∥∥

Lp(Rd)
.

(19)

On the other hand, it was proved by Hofmann [15, p. 111] that there exists a positive
constant ε1 such that, when s � 2 j ,

‖QsTΩ,A; j f‖L2(Rd) � (2− js)ε1‖Ω‖L∞(Sd−1)‖ f‖L2(Rd). (20)

Estimates (19) and (20), via interpolation, gives (15). This completes the proof of
Lemma 2.7. �

LEMMA 2.8. Let p, q ∈ (1, ∞) . There exists a constant ρ = ρ(p, q) such that∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
|QsQt f j,s,t |q ds

s
dt
t

)1/q∥∥∥
Lp(Rd)

�
∥∥∥(

∑
j

∫ ∞

0

∫ ∞

0

(
min

{s
t
,
t
s

})ρ | f j,s,t |q ds
s

dt
t

)1/q∥∥∥
Lp(Rd)

.
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This is [22, Lemma 2.3].

LEMMA 2.9. Let b ∈ BMO(Rd) . Then for p, q ∈ (1, ∞) ,
∥∥∥(

∑
j

∫ ∞

0

∫ ∞

0

∣∣[b, Qt ] f j,s,t
∣∣q ds

s
dt
t

)1/q∥∥∥
Lp(Rd)

� ‖b‖BMO(Rd)

∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
| f j,s,t |q ds

s
dt
t

)1/q∥∥∥
Lp(Rd)

. (21)

Proof. Observing that |[b, Qt ] f (x)| � Mb f (x) , we know that (21) holds true when
1 < p � q < ∞ . For the case of 1 < q < p < ∞ , (21) follows from a duality argu-
ment. �

We can now estimate D2 . It follows from Hölder’s inequality that

D2 � ∑
i

∥∥∥(
∑
j∈Z

∫ 2 j−Ni

0

∫ (2 js−α )
1

1−α

2 j
|QsT

i
Ω,A; jQ

4
t f |q(2− js)−

qδ
q′ dt

t
ds
s

) 1
q
∥∥∥

Lp(Rd)

×
∥∥∥(

∑
j∈Z

∫ 2 j−Ni

0

∫ (2 js−α )
1

1−α

2 j
|Q3

s g|q
′
(2− js)δ dt

t
ds
s

) 1
q′

∥∥∥
Lp′ (Rd)

,

where τ is the constant appearing in Lemma 2.7 and δ ∈ (0,1) is a positive constant
such that δq

q′ < τ
2 . When s � 2 j−Ni , we have that

∑
j:2 j�s2Ni

(2− js)δ
∫ (2 j s−α )

1
1−α

2 j

dt
t

� ∑
j:2 j�s2Ni

(2− js)δ log
(2 j

s

)
� 2

−iNδ
2 ,

which implies that

∥∥∥(
∑
j∈Z

∫ 2 j−Ni

0

∫ (2 js−α )
1

1−α

2 j
|Q3

s g|q
′
(2− js)δ dt

t
ds
s

) 1
q′

∥∥∥
Lp′ (Rd)

� 2
−iNδ
2q′

∥∥∥(∫ ∞

0
|Q3

s g|q
′ ds
s

) 1
q′

∥∥∥
Lp′ (Rd)

� 2
−iNδ
2q′ ‖g‖

Ḟ0,q′
p′ (Rd)

.

On the other hand, an application of Lemma 2.7 gives us that

∥∥∥(
∑
j∈Z

∫ 2 j−Ni

0

∫ (2 js−α )
1

1−α

2 j
|QsT

i
Ω,A; jQ

4
t f |q(2− js)−

qδ
q′ dt

t
ds
s

) 1
q
∥∥∥

Lp(Rd)

� ‖Ωi‖L∞(Sd−1)

∥∥∥(
∑
j∈Z

∫ 2 j−Ni

0

∫ (2 js−α )
1

1−α

2 j
|Q4

t f |q(2− js)−
qδ
q′ +τ dt

t
ds
s

) 1
q
∥∥∥

Lp(Rd)

� ‖Ωi‖L∞(Sd−1)‖ f‖
Ḟ0,q

p (Rd),
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where the last inequality follows from the fact that

∑
2 j�t

∫ (2 jtα−1)
1
α

0
(2− js)

τ
2
ds
s

� 1.

The estimates above for terms appeared in D2 show that

D2 �
∞

∑
i=0

2i2
−iNδ
2q′ ‖ f‖

Ḟ0,q
p (Rd)‖g‖Ḟ0,q′

p′ (Rd)
� ‖ f‖

Ḟ0,q
p (Rd)‖g‖Ḟ0,q′

p′ (Rd)
,

provided that we choose N ∈ N large enough such that Nδ
2q′ > 1.

We turn our attention to the term D1 . Let Wi
Ω, j be the operators defined as

Wi
Ω, j f (x) =

∫
Rd

Ωi(x− y)
|x− y|d+1 η j(x− y) f (y)dy,

and T i
Ωn, j be the same as the definition of TΩn, j in (6), but with Ω replaced by Ωi . As

is well known, for p, q ∈ (1, ∞) ,

∥∥∥(
∑
j∈Z

∫ ∞

0

∫ ∞

0
|2 jW i

Ω, j f j,s,t |q ds
s

dt
t

) 1
q
∥∥∥

Lp(Rd)

� ‖Ωi‖L1(Sd−1)

∥∥∥(
∑
j∈Z

∫ ∞

0

∫ ∞

0
| f j,s,t |q ds

s
dt
t

) 1
q
∥∥∥

Lp(Rd)
, (22)

see [16, Lemma 2.2]. For each fixed j ∈ Z , we employ the ideas used in the proof of
Theorem 1.1 of [17] and decompose R

d as R
d = ∪

l
Il, with {Il}l a sequence of cubes

having disjoint interiors and side lengths 2 j . For each fixed l , let ζl ∈ C∞
0 (Rd) such

that suppζl ⊂ 48dIl , 0 � ζl � 1 and ζl(x) ≡ 1 when x ∈ 32dIl . Let xl be a point on
the boundary of 50dIl and ÃIl (y) = A(y)−∑d

m=1〈∂mA〉Il ym, AIl (y) = A∗
Il
(y)ζl(y), with

A∗
Il
(y) = ÃIl (y)− ÃIl (xl). Note that for x∈ 30dIl and y∈R

d with |x−y|� 2 j , we have

A(x)−A(y)−∇A(y)(x− y) = AIl (x)−AIl (y)−∇AIl (y)(x− y).

By Lemma 2.1, we know that
∥∥∥∑l |AIl |

∥∥∥
L∞(Rd)

� 2 j, since the supports of various func-

tions AI have bounded overlaps. For each fixed l , set hs,l(x) = Qsg(x)χIl (x) and
I∗l = 60dIl . For (s, t) with 2 j−iN � s � 2 j , 2 j � t � (2 js−α )1/(1−α) (note that this
means that 2 j � t � 2 j2iNα/(1−α) ) and x ∈ suppQ3

s hs,l , we write

T i
Ω,A; j(Q

4
t f )(x) =

5

∑
j=1

J j
l,i f (x), (23)

where and in what follows, for each fixed l and i ,

J1
l,i f (x) = AIl (x)W

i
Ω, jQ

4
t f (x),
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J2
l,i f (x) = −Wi

Ω, j(AIl Q
4
t f )(x),

J3
l,i f (x) = −

d

∑
n=1

T i
Ωn, j(ζl[∂nA,Qt ]Q3

t f )(x),

J4
l,i f (x) = −

d

∑
n=1

T i
Ωn, j

(
ζlQt [∂nA, Qt ]Q2

t f
)
(x),

and

J5
l,i f (x) = −

d

∑
n=1

T i
Ωn, j

(
Q2

t (∂nÃIl Q
2
t f )

)
(x).

We now have that

D1 �
5

∑
m=1

∑
i

∑
j∈Z

∫ 2 j

2 j−Ni

∫ (2 js−α )
1

1−α

2 j

∣∣∣∑
l

∫
Rd

Jm
l,i f (x)Q

3
s hs,l(x)dx

∣∣∣dt
t

ds
s

.

An application of (22) gives us that

∥∥∥(
∑
j
∑
l

∫ 2 j

2 j−Ni

∫ 2 j2
iNα
1−α

2 j
|2 jW i

Ω, j(χI∗l Q4
t f )|q dt

t
ds
s

)1/q∥∥∥
Lp(Rd)

� i1/q‖Ωi‖L1(Sd−1)

∥∥∥(
∑
j
∑
l

∫ 2 j2
iNα
1−α

2 j
|χI∗l Q4

t f |q dt
t

)1/q∥∥∥
Lp(Rd)

� ‖Ωi‖L1(Sd−1)i
2/q‖ f‖

Ḟ0,q
p (Rd).

Also, we have that

∥∥∥(
∑
j
∑
l

∫ 2 j

2 j−Ni

∫ 2 j2
iNα
1−α

2 j
|2− jAIl Q

3
s hs,l|q′ dt

t
ds
s

)1/q′∥∥∥
Lp′ (Rd)

� i1/q′
∥∥∥(

∑
j
∑
l

∫ 2 j

2 j−Ni
|hs,l|q′ ds

s

)1/q′∥∥∥
Lp′ (Rd)

� i1/q′
∥∥∥(

∑
j

∫ 2 j

2 j−Ni
|Qsg|q′ ds

s

)1/q′∥∥∥
Lp′ (Rd)

� i2/q′‖g‖
Ḟ0,q′

p′ (Rd)
.

Recall that Ω ∈ L(logL)2(Sd−1) implies that ∑i�1 i2‖Ωi‖L1(Sd−1) � 1. It follows from
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Hölder’s inequality that

∑
i

∑
j

∫ 2 j

2 j−Ni

∫ 2 j2
iNα
1−α

2 j

∣∣∣∑
l

∫
Rd

J1
l,i f (x)Q

3
s hs,l(x)dx

∣∣∣dt
t

ds
s

� ∑
i

∥∥∥(
∑
j
∑
l

∫ 2 j

2 j−Ni

∫ 2 j2
iNα
1−α

2 j
|2− jAIl Q

3
s hs,l|q′ dt

t
ds
s

)1/q′∥∥∥
Lp′ (Rd)

×
∥∥∥(

∑
j
∑
l

∫ 2 j

2 j−Ni

∫ 2 j2
iNα
1−α

2 j
|2 jW i

Ω, j(χI∗l Q4
t f )|q dt

t
ds
s

)1/q∥∥∥
Lp(Rd)

� ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

.

Similarly, it holds that

∑
i

∑
j

∫ 2 j

2 j−Ni

∫ 2 j2
iNα
1−α

2 j

∣∣∣∑
l

∫
Rd

J2
l,i f (x)Q

3
3hs,l(x)dx

∣∣∣dt
t

ds
s

� ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

.

Using (16) and Lemma 2.9 and the argument used in the estimate for J1l,i , we deduce
that,

∑
i

∑
j∈Z

∫ 2 j

2 j−Ni

∫ (2 js−α )
1

1−α

2 j

∣∣∣∑
l

∫
Rd

J3
l,i f (x)Q

3
s hs,l(x)dx

∣∣∣dt
t

ds
s

�
d

∑
n=1

∑
i

∥∥∥(
∑
j
∑
l

∫ 2 j

2 j−Ni

∫ 2 j2
iNα
1−α

2 j
|Q3

s hs,l|q′ dt
t

ds
s

)1/q′∥∥∥
Lp′ (Rd)

×
∥∥∥(

∑
j

∫ 2 j

2 j−Ni

∫ 2 j2
iNα
1−α

2 j
|T i

Ωn, j[∂nA, Qt ]Q3
t f |q dt

t
ds
s

)1/q∥∥∥
Lp(Rd)

� ∑
i
‖Ωi‖L1(Sd−1)i

1/q′
∥∥∥(

∑
j
∑
l

∫ 2 j

2 j−iN
|Q3

s hs,l|q′ ds
s

)1/q′∥∥∥
Lp′ (Rd)

× i1/q
∥∥∥(

∑
j

∫ 2 j2
iNα
1−α

2 j
|Q3

t f |q dt
t

)1/q∥∥∥
Lp(Rd)

� ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

,

and

∑
i

∑
j∈Z

∫ 2 j

2 j−Ni

∫ (2 js−α )
1

1−α

2 j

∣∣∣∑
l

∫
Rd

J4
l,i f (x)Q

3
s hs,l(x)dx

∣∣∣dt
t

ds
s

� ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

.

To consider the term J5i,l , we note that suppQsQths,l ⊂ 2iN+6dIl when s � 2 j and

t � 2 j+iN α
1−α . Let Ii

l = 2iN+10dIl , σ > 0 be the constant such that σq′
q < ρ , and ρ > 0



NONSTANDARD SINGULAR INTEGRAL OPERATORS 721

is the constant appeared in Lemma 2.8. Set

G1 =
∥∥∥(

∑
j
∑
l

∫ 2 j

2 j−Ni

∫ (2 js−α )
1

1−α

2 j
|QtQ

2
s hs,l|q′

( t
s

) σq′
q dt

t
ds
s

)1/q′∥∥∥
Lp′ (Rd)

,

and for 1 � n � d ,

Gn
2 =

∥∥∥(
∑
j
∑
l

∫ 2 j

2 j−Ni

∫ (2 js−α )
1

1−α

2 j

∣∣T i
Ωn, jQtχIil

Qs(∂nÃIl Q
2
t f )

∣∣q( s
t

)σ dt
t

ds
s

) 1
q
∥∥∥

Lp(Rd)
.

It follows from Hölder’s inequality that

∑
j

∫ 2 j

2 j−Ni

∫ (2 j s−α )
1

1−α

2 j

∣∣∣∑
l

∫
Rd

J5
l,i f (x)Q

3
s hs,l(x)dx

∣∣∣dt
t

ds
s

=
d

∑
n=1

∑
j

∫ 2 j

2 j−Ni

∫ (2 js−α )
1

1−α

2 j

∣∣∣∑
l

∫
Rd

QtQ
2
s hs,l(x)T i

Ωn, jQtQs(∂nÃIl Q
2
t f )(x)dx

∣∣∣dt
t

ds
s

� G1

d

∑
n=1

Gn
2.

Invoking the fact that
∫ ∞
s ( s

t )
σ
2 dt

t � 1, we obtain from Lemma 2.8 that

G1 �
∥∥∥(

∑
j

∫ 2 j

2 j−Ni

∫ (2 js−α )
1

1−α

2 j
|Q2

s g|q
′(s

t

)ρ− σq′
q dt

t
ds
s

) 1
q′

∥∥∥
Lp′ (Rd)

�
∥∥∥(∫ ∞

0
|Qsg|q′

∫ ∞

s
∑

j:2 j�s

( s
2 j

)(ρ− σq′
q )/2( s

t

)(ρ− σq′
q )/2 dt

t
ds
s

) 1
q′

∥∥∥
Lp′ (Rd)

� ‖g‖
Ḟ0,q′

p′ (Rd)
.

For each j ∈ Z , s ∈ (2 j−iN ,2 j) and x ∈ Ii
l , let yl be the center of Il and I(x, s) be the

cube centered at x and having side length s . We have that for 1 � n � d ,∣∣〈∂nA〉I(x,s) −〈∂nA〉Il
∣∣ �

∣∣〈∂nA〉I(x,2 j) −〈∂nA〉Il
∣∣+ ∣∣〈∂nA〉I(x,2 j)−〈∂nA〉I(x,s)

∣∣
� log

(
max

{ 2 j

|x− yl| ,
|x− yl|

2 j

})
+ log(2 j/s) � i.

Let r ∈ (1, q) . Then we have that for s ∈ (2 j−iN ,2 j) and x ∈ Ii
l ,

|Qs(∂nÃIl h)(x)| � s−d
∫
|x−y|<s

|∂nA(y)−〈∂nA〉Il || f (y)|dy

� s−d
∫
|x−y|<s

|∂nA(y)−〈∂nA〉I(x,s)|| f (y)|dy

+ |〈∂nA〉I(x,s) −〈∂nA〉Il |M f (x) � iMr f (x). (24)
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Therefore,

Gn
2 � ‖Ωi‖L1(Sd−1)

∥∥∥(
∑
j
∑
l

∫ 2 j

2 j−Ni

∫ (2 js−α )
1

1−α

2 j
χIil

|Qs(∂nÃIl Q
2
t ) f |q

( s
t

)σ dt
t

ds
s

) 1
q
∥∥∥

Lp(Rd)

� i‖Ωi‖L1(Sd−1)

∥∥∥(
∑
j

∫ 2 j

2 j−Ni

∫ (2 js−α )
1

1−α

2 j
|Mr(Q2

t f )|q
( s

t

)σ dt
t

ds
s

) 1
q
∥∥∥

Lp(Rd)

� i‖Ωi‖L1(Sd−1)‖ f‖
Ḟ0,q

p (Rd).

Combining the estimates for J j
i,l (1 � j � 5) leads to the desired estimate for D1 and

completes the proof of inequality (12).

2.3. Proof of the inequality (13)

For each i ∈ N∪{0} , let

Ei
1( j,s, t) = {( j,s, t) : 0 � t � 2 j, 0 � s � t, 2 j � s2iN},

Ei
2( j,s, t) = {( j,s, t) : 0 � t � 2 j, 0 � s � t, 2 j > s2iN}.

Mimicking the estimate for D2 , we obtain that,

∑
i

∑
j

∫ ∞

0

∫ ∞

0
χEi

2

∣∣∣∫
Rd

Q4
s T

i
Ω,A; jQ

4
t f (x)g(x)dx

∣∣∣ds
s

dt
t

� ∑
i

∥∥∥(
∑
j

∫ ∞

0

∫ ∞

0
|QsT

i
Ω,A; jQ

4
t f |q(2− js)−

qδ
q′ χEi

2

dt
t

ds
s

) 1
q
∥∥∥

Lp(Rd)

×
∥∥∥(

∑
j

∫ ∞

0

∫ ∞

0
|Q3

s g|q
′
(2− js)δ χEi

2

dt
t

ds
s

) 1
q′

∥∥∥
Lp′ (Rd)

� ∑
i
‖Ωi‖L∞(Sd−1)2

−iNδ
2q′ ‖ f‖

Ḟ0,q
p (Rd)‖g‖Ḟ0,q′

p′ (Rd)
� ‖ f‖

Ḟ0,q
p (Rd)‖g‖Ḟ0,q′

p′ (Rd)
.

Observe that when i ∈ N∪{0} ,

Ei
1( j,s,t) ⊂{( j,s, t) : 2 j−iN � s � 2 j, 2 j−iN � t � s}

∪{( j,s,t) : 2 j−iN � t � 2 j,2 j−iN � s � t}
:=Ei

1,1( j,s,t)∪Ei
1,2( j,s,t).
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Decompose T i
Ω,A; j as in (23). In the case of ( j,s,t) ∈ Ei

1,1 , the estimates for Jml,i with
m = 1, . . . ,4 are similar to the corresponding terms in §2.2, and will be omitted. Write

∑
j

∫ ∞

0

∫ ∞

0
χEi

1,1

∣∣∣∑
l

∫
Rd

J5
l,i f (x)Q

3
s hs,l(x)dx

∣∣∣dt
t

ds
s

�
d

∑
n=1

∥∥∥(
∑
j
∑
l

∫ ∞

0

∫ ∞

0
χEi

1,1
|QtQ

2
s hs,l|q′

(s
t

) σq′
q dt

t
ds
s

)1/q′∥∥∥
Lp′ (Rd)

×
∥∥∥(

∑
j
∑
l

∫ ∞

0

∫ ∞

0
χEi

1,1

∣∣T i
Ωn, jQt χIil

Qs(∂nÃIl Q
2
t f )

∣∣q( t
s

)σ dt
t

ds
s

) 1
q
∥∥∥

Lp(Rd)

:= G̃1

d

∑
n=1

G̃n
2.

It now follows from Lemma 2.8 that

G̃1 �
∥∥∥(

∑
j

∫ 2 j

2 j−iN

∫ s

0
|Q2

s g|q
′( t

s

)ρ− σq′
q dt

t
ds
s

) 1
q′

∥∥∥
Lp′ (Rd)

� ‖g‖
Ḟ0,q′

p′ (Rd)
.

Applying (24), we deduce that

G̃n
2 � ‖Ωi‖L1(Sd−1)

∥∥∥(
∑
j
∑
l

∫ ∞

0

∫ ∞

0
χEi

1,1
|Qs(∂nÃIl Q

2
t ) f |q

( t
s

)σ dt
t

ds
s

) 1
q
∥∥∥

Lp(Rd)

� i‖Ωi‖L1(Sd−1)

∥∥∥(∫ ∞

0
|Mr(Q2

t f )|q dt
t ∑

j

∫ 2 j

t

( t
s

)σ ds
s

) 1
q
∥∥∥

Lp(Rd)

� i‖Ωi‖L1(Sd−1)‖ f‖
Ḟ0,q

p (Rd).

Similarly, we can verify that

∑
j

∫ ∞

0

∫ ∞

0
χEi

1,2

∣∣∣∑
l

∫
Rd

J5
l,i f (x)Q

3
s hs,l(x)dx

∣∣∣dt
t

ds
s

�
d

∑
n=1

∥∥∥(
∑
j
∑
l

∫ ∞

0

∫ ∞

0
χEi

1,2
|QtQ

2
s hs,l|q′

( t
s

) σq′
q dt

t
ds
s

)1/q′∥∥∥
Lp′ (Rd)

×
∥∥∥(

∑
j
∑
l

∫ ∞

0

∫ ∞

0
χEi

1,2

∣∣T i
Ωn, jQt χIil

Qs(∂nÃIl Q
2
t f )

∣∣q( s
t

)σ dt
t

ds
s

) 1
q
∥∥∥

Lp(Rd)

� i‖Ωi‖L1(Sd−1)‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

.

Therefore,

∑
i

∑
j

∫ ∞

0

∫ ∞

0
χEi

1

∣∣∣∑
l

∫
Rd

J5
l,i f (x)Q

3
s hs,l(x)dx

∣∣∣dt
t

ds
s

� ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

.
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This, along with the estimates for terms corresponding to J j
l,i ( j = 1, . . . ,4), gives us

that

∑
i

∑
j

∫ 2 j

0

∫ t

0

∣∣∣∫
Rd

Q4
s T

i
Ω,A; jQ

4
t f (x)g(x)dx

∣∣∣ds
s

dt
t

� ‖ f‖
Ḟ0,q

p (Rd)‖g‖Ḟ0,q′
p′ (Rd)

,

and then establishes the inequality (13).
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