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COMPLEX ORLICZ PETTY PROJECTION INEQUALITY

YANGXI XIONG*, LIJUAN L1U AND MIN HE

(Communicated by T. Buric)

Abstract. In this paper, we define the complex Orlicz projection body and establish the corre-
sponding complex Orlicz Petty projection inequality, generalizing previous results in the L, and
real Orlicz cases.

1. Introduction and main results

The Petty projection inequality [30], introduced by C. M. Petty in 1971, is one
of the classical affine isoperimetric inequalities. It not only strengthens the classical
isoperimetric inequality, but also serves as an optimal isoperimetric inequality. Just as
the classical isoperimetric inequality implies the Sobolev inequality, the Petty projec-
tion inequality implies the affine Sobolev inequality (see [19, 40]), a stronger result
independent of Euclidean structure. Lutwak, Yang and Zhang [20] made a remarkable
contribution by establishing an important L, extension of the Petty projection inequal-
ity for symmetric projection operators. Following this, Haberl and Schuster considered
asymmetric L, analogs and developed a general L, Petty projection inequality [12].
For bodies that are not origin-symmetric, the general L, Petty projection inequality is
stronger than the original one. Using tools from functional analysis, the Petty projec-
tion inequality was nonlinearly extended by introducing Orlicz spaces, leading to the
development of the Orlicz Petty projection inequality [17].

In [1], Abardia and Bernig posed the question of finding an analogue of Petty’s
projection inequality for the complex projection body operator. Haberl subsequently
answered this question in the symmetric case [11]. As shown in [34], Wang and Liu
further established a complex version of the L, Petty projection inequality. This paper
aims to define complex Orlicz projection bodies and establish a complex extension
of the Orlicz Petty projection inequality. Moreover, additional research on projection
bodies and complex projection bodies can be found in [2, 15, 20, 22, 28, 29, 31, 35, 36].
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Minkowski first introduced the classical projection body operator in the late 1800s.
For a convex body Q in R", let S"—1 stand for the unit sphere in R", TIQ is defined as
the projection body of Q, and it is also a convex body with support function

hro(u) = Vn,l(Q\uJ‘)7 ue s

where V,,_1(Q|u") refers to the (n— 1)-dimensional volume of the orthogonal projec-
tion of Q onto the hyperplane u which is perpendicular to u.

Let # (C"), J#,(C") respectively represent the class of convex bodies and the
class of convex bodies that contain the origin in their interiors in C". The support
function, hgp : C" — R of the convex body Q € ¢ (C"), determines Q uniquely and
is defined, in C", by

hg (x) = max{R,[x-y]:y € O},

where the symbol - represents the standard Hermitian inner product, and for x-y the
real part is R, [x-y]. Denote the complex ball in C" as B, and S” is the unit sphere.
Bernig and Abardia [1] introduced the complex projection body ITcQ for Q € ¢ (C")
and C € % (C), which is defined as

1
MIcQ.u) = 5 / hew(V)dSo(v) (1.1)
S’l

for every u € S", where Cu = {cu : c € C}, Sp represent the surface area measure of
Q. Later, Haberl [11] formulated the complex Petty projection inequality.

THEOREM 1.1. Suppose that Q € % (C") and C € J# (C) is origin-symmetric,
then
V(@ V(IIEQ) < V(B !V (ITB).

When the dimension of C is 1, equality holds if and only if Q is an ellipsoid. When the
dimension of C is 2, equality holds if and only if Q is a Hermitian ellipsoid.

Here, IT5Q is the polar body of TIcQ and V denotes volume. When C = [—1,1],
Theorem 1.1 contains Petty’s fundamental projection inequality [30]: Among all con-
vex bodies with fixed volume, the polar projection body volume attains its maximum
if and only if the body is an ellipsoid. Theorem 1.1 is not only essentially stronger
than the classical isoperimetric inequality [21], but also furnishes the affine Sobolev
inequality with its geometric foundation [40].

Let Ce % (C), Q € #,(C") and p > 1, Wang and Liu [34] defined the asym-
metric complex L, projection body H;CQ as

s o) = [ [ Relew )y "y c(dSo(v)
st st

forevery u € S", (Re[cu-v])4 = max{R.(cu-v),0} and u,c denotes the finite even
Borel measure on S'. The general complex L, projection bodies are defined by

meo=2 T 0+, (1-2) 1T, .0
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forall 0 < A < 1. Here H;CQ = H;C(—Q). Then, Wang and Liu[34] established the
following important inequality, which serves as a crucial reference for further research.

THEOREM 1.2. Let C € # (C) be an asymmetric L, zonoid with dim C > 1,
suppose p > 1, Q € #,(C"), then

n_q

V(Q)»

n_q

Ak Ak
V(o) < v(B)F v (T s)

forevery A €10,1]. When the dimension of C is 1, equality holds if and only if Q is an
origin-symmetric ellipsoid. When the dimension of C is 2, equality holds if and only if
Q is an origin-symmetric Hermitian ellipsoid.

Theorem 1.2 represents the general L, Petty projection inequality when C =[0,1],
it was originally established by Haberl and Schuster in [12]. Moreover, when A = %
and C = [0,1], Theorem 1.2 reduces to the L, Petty projection inequality (see [20])
which is the core of the sharp affine L, Sobolev inequality [19]. It is worth noting
that the sharp affine L, Sobolev inequality is stronger than the classical L, Sobolev
inequality [19, 40].

We define a class of convex functions ¢ : [0,e0) — [0,e0) such that ¢(0) =0,
¢(1) =1 and we further assume that ¢ is an strictly increasing function on [0,e0).
Such functions ¢ are denoted by 4. According to the finding in [33], when ¢ €
% , it exhibits continuity on [0,4-e0). In addition, the left and right derivatives of ¢,
respectively denoted as ¢/ and ¢/, exist. Moreover, ¢ maintains left-continuity on
(0,4e0), ¢/ keeps right-continuity on [0,+ec), and both derivatives are positive on
(0,4-0).

As introduced in [33], zonotopes are defined as the Minkowski sum of finitely
many segments, while zonoids are limits of zonotopes in the Hausdorff metric. Wang,
Leng and Huang (see [37]) introduced the concept of Orlicz zonoids. Suppose that Q
is a convex body in R" and let ¢ € ¢, the Orlicz zonoid Z,(Q) is defined as

ju-v]

hzo(u) = inf /1>o:/¢< - )du¢7Q(v)<¢(l)
o

for all u € S""!, 4 o is a finite even Borel measure on S"~!. When ¢(¢) =¥ with
p=1,then ZyQ =Z,0 is the L, zonoid of Q. Thus, when a finite even Borel measure
Uy c can be found on the unit sphere S! satisfying the equation

he(u) =infd 2 >0+ /q) (W) dugc(v) < o(1) (1.2)
st

forall u € S!, the convex body C € .# (C) is called an Orlicz zonoid. Based on the fact
that ¢, (v) = he(u-v) holds for every u,v € §", (1.1), (1.2), along with the property of



730 Y. XIONG, L. L1U AND M. HE

sesquilinearity for the Hermitian inner product in C", we have

hey(v) =infd A >0 /q) (M) dugc(c) < ¢(1)
st

=inf{ A >0: /¢<M)du¢,c(0)<¢(l)

for all u,v € S".

Now, we define complex Orlicz projection bodies based on the original concept of
Orlicz projection bodies (see [7, 17]) and some results (see [1, 11, 34]).

Let .%,(C") be the set of convex bodies in C" that contain the origin in their inte-
riors. Suppose ¢ € €, C € % (C) is an Orlicz zonoid and Q € .%,(C"), the complex
Orlicz projection body ITy cQ of Q is defined as

hitgcolu) = inf§ 2.5 0: / / o () ot c(e)dSo(s) < 2V (@)s

(1.3)
for all u € S”, where V(Q) is the volume of Q, Sy is the surface area measure of
0, the total mass |ty c| = o c(S'). If C =[—1,1], the operator Iy ¢ reduces to the
Orlicz projection operator Il .

Since we assume that ¢ is a strictly increasing function on [0, ), the function

e [ (S ratsoctcises
S gt

is strictly decreasing in (0,e0). Thus, we have,

LEMMA 1.1. If ug € S"\ {0}, then

/] ¢(5“ ctio: V')hQ<v>du¢7c<c>dsQ<v>=2nv<Q>um

Sn Sl

if and only if
hH¢‘cQ(u0) = Ao

Now we will show that /iy, .o exhibits positive homogeneity of degree one and
subadditivity. '

LEMMA 1.2. The function hHMQ(u) is the support function of a convex body
Iy cQ that contains the origin in its interior.
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Proof. First, from (1.3) that for all u € S" and a >0

hHa;‘cQ (au)

—=infd A>0: //¢ ( ”) ho(v)duy c(c)dSo(v) < 2nV(Q)|uy |

Sn Sl

Re|
—int {4 0: [ fo(“Fr MQC” ) o) c(c1aSo(s) < 20V (@l
NS

=i >0: [ [0 ('9‘ any )hQ(V)du@c(C)dSQ(V)<2nV(Q)Iu¢.,c|

s st

Re|
—intdar > 01 [ fo (Bl ) nowians cteraso) < 2v(@lnsel
S Q

= ahnd)#CQ(u).

We next show that for uy,u, € S,

hity co(ur +u2) < hry co(ur) + iy co(u2).-
Let
hn, co(ui) = Ai.
The convexity of the function ¢ shows that

%e[cu1~v—|—cu2~v}|> M <|9?e[cu1 v]) A2 (%e[cuzwﬂ)
¢ ( (A,] + 2,2) hQ(V) S M +A,2¢ A]hQ(V) + M +A,2¢ xth(V) ’

Multiplying both sides by hp(v) and integrating with respect to the measures S, Uy ¢,
applying Lemma 1.1, we have

|Re[cuy - v+ cuy - v
//‘P( o+ 72) g (v) )hQ(V)d#M(C)dSQ(V)<2nV(Q)|#¢,c|7

then, from this inequality and (1.3), we can get the desired result that
hn, co(ur +uz) < A1+ Az

Thus hr, .o is the support function of a compact convex set. This set has the ori-
gin in its interior (i.e. hm,o(u) > 0 when u # 0) follows easily from the fact that
limy e @(1) = 0. O

Next, our primary goal is to establish the complex Orlicz Petty projection inequal-
ity for the complex Orlicz projection body Iy cQ. It is a natural extension of Lutwak,
Yang and Zhang’s work [17]. For the convenience of future citation and reference, the
polar body of I1y cQ will be denoted as H27CQ.
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THEOREM 1.3. Suppose ¢ € € and C € % (C) be an Orlicz zonoid with dim C >
1,0 € #,(C"). Then

V(Q)'V(ITy c0) < V(B)'V(IT; ¢B).

When the dimension of C is 1, equality holds if and only if Q is an origin-symmetric
ellipsoid. When the dimension of C is 2, equality holds if and only if Q is an origin-
symmetric Hermitian ellipsoid.

2. Background material and notation

Let z be a complex number in C, we define the complex conjugate of z as z
and its norm as |z|. For a matrix y € C"™*", we use the notation y* for denoting the
conjugate transpose of . The standard Hermitian inner product - on C" is conjugate
linear in the first argument, that is, for any x,y € C", we have

x-y=x"y.
The complex unit ball, denoted by B, is defined as
B={zeC":z-2<1}

and S”" represents the sphere of B.
We denote by t the canonical isomorphism between C" (considered as a real
vector space) and R?", and this implies

l(Z) = (%e[ZlL e viRe[ZnLSm[ZlL e 73111 [Zn])7 Z E (Cn7
where R, represents the real part and S, represents the imaginary part. Observe that
Relx-y] = 1x- 1y, (2.1)

for any two elements x,y € C" and tx -1y represents the standard Euclidean inner
product defined on R?".
Let v € GL(n,C) and decompose y into its real and imaginary parts, we get

v =R [y]+iSu[y],

the following block matrix R[y/] is the real matrix representation of y

_( Rely] —Suly]
R[‘”—<sm[w Re[y] )

It is straightforward to observe that
1(yx) =R[ylix and |dety|* = |detR[y]|. (2.2)

We define the volume V(Q) of Q as the 2n-dimensional Lebesgue measure of 1Q,
then

V(Q):=V(0Q).
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It follows from (2.2) that
V(yQ) = |dety*V(Q) (2.3)

for every w € GL(n,C). Specifically, V(zQ) = |z|**V(Q) holds for all z € C.

By appropriately employing the canonical isomorphism 1, the complex form can
be simply acquired from the corresponding real form. The support function, gy : C" —
R of the convex body Q, determines Q uniquely and is defined, in C", by

ho(x) = max{R.[x-y]:y € O}. (2.4)
Based on equations (2.1) and (2.4), we can conclude that
hQ = th ot, (2.5)

here h,p denotes the usual real support function, i.e. for a convex body K € R?" and
x € R, hg(x) =max{x-y:y€ K}.If A >0, we have

hpo = Aho. (2.6)

If y € GL(n,C), we have

hyo =hgoy". 2.7)
For every Borel set @ C S", we consider the surface area measure Sp associated with
a convex body Q € .7 (C"), defined as follows

So(w) = 2" (1{x € Q: Fu € wwithho(u) = Re[x-ul}),

where 2"~ represents (2n — 1)-dimensional Hausdorff measure on R?". As shown
in [10], we can know that the surface area measures are GL(n,C) contravariant, i.e.

[ fasual) = lderyt [ fouaso(). (2.8)
Sn

sn

Suppose ¢ € €, given non-negative numbers a,b and they are not both zero, for
Q,L € J#,(C"), the Orlicz Minkowski combination (see [38]) a-Q+¢ b- L is defined

as hagsybr (1) = inf{s >0:a¢ (hQT(”)> +bo (hLT(”)> < ¢(1)}. (2.9)

The Orlicz mixed volume V3 (Q,L) is defined by [38]

on L V(Qtee L) -V(Q)
MV"’(Q’L) = € '

From (2.5), we have 10 +y€-1L=1(Q+y €-L). Thus,
Vo(Q,L) =V, (10,1L), (2.10)
where V; (10, 1L) represents the usual Orlicz mixed volume in R?". Clearly,

V5(0,0) =V(0Q), (2.11)
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foreach y € GL(n,C), yQ+4€e-yL=y(Q+4e-L), (2.3) and (2.10) lead to

Vo (w0, wL) = |dety|* V4 (O, L). (2.12)

As all quantities are in accordance with the canonical isomorphism t, the follow-
ing results are direct consequences of the corresponding real results. The Orlicz mixed
volume V4 (Q, L) can be expressed through the following integral representation [38]:

o 1 hL(u)
Vo(Q.L) = - / 0 ( > (u)>hQ(u)dSQ(u). (2.13)

Sn
The Orlicz Minkowski inequality states (see [7]): Suppose that ¢ € €, Q,L € %,(C"),
then

1
V(L)
V0.0 > V@ LE), @.14)
V(Q) 2n

if the convex bodies Q and L are dilates, the equality holds. The Orlicz Minkowski
inequality is reduced to the classical L, Minkowski inequality when ¢ (z) is defined as
¢(r) =1 (p > 1). And the Orlicz Brunn-Minkowski inequality states [38]: Suppose
that ¢ € ¢, Q,L € J£,(C"), then we have the following inequality

1

¢(%)+¢(%) <o(1), 2.15)

equality holds precisely when Q and L are dilates.
Assume that P C C", the polar set P* is defined as follows

P ={xeC": R, [x-y] < Iforally € P}.

One can easily observe that
(yP) =y *P, (2.16)

specifically, for every A > 0,
(AP)* =A"'P". (2.17)

For a compact set Q C C" that is star-shaped about the origin, we define its radial
function pg : C"\{0} — [0,+0) as pp(x) =max{A >0: Axe Q}.If 0 € #,(C"),
then Q* € %,(C"). Furthermore, on {C"}\{0} we have

po- =hy'. (2.18)

If the radial function py is both positive and continuous, we can conclude that Q
is a star body about the origin. Define . (C") as the set of star bodies in C". Suppose
that ¢ € € and Q,L are star bodies in .7(C") with their respective radial functions
denoted as pg, pr . Given non-negative numbers a, b and they are not both zero, for Q,
L, the Orlicz radial sum a - Q—T—q) b-L is given by [6]

Puoyps(t) = inf{g >0:ad (pQT(”)) +bo (pLT(“)) < ¢(1)}, ues". (2.19)
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The definition of the dual Orlicz mixed volume l7¢ (Q,L) is given as follows [6]

0.0 =5 [0 (245 ) oy ot 20)
Sll

where o represents the push forward of .7#2"~! on the (2n— 1)-dimensional Euclidean
unit sphere with respect to 1~!. In particular,

V(0) =V5(0.0) = 5 [ 9(1pF w)do(u). @2
Sn

For Q € #(C"), suppose that we can find a positive definite symmetric matrix y €
GL(2n,R) such that

0={teC":u-yu <1},
then Q is an origin-symmetric ellipsoid. Furthermore, if we can find a positive defi-

nite Hermitian matrix y € GL(n,C), then Q is called an origin-symmetric Hermitian
ellipsoid when

O={reC":r-yr<1}.
Thus, Q is an origin-symmetric ellipsoid if and only if there exists a matrix y €

GL(n,C) such that Q = wB. Additionally, Haberl [1 1] characterized origin-symmetric
Hermitian ellipsoids in the following lemma:

LEMMA 2.1. Assume that Q € J#,(C") is an origin-symmetric ellipsoid. For
some 7 € S' with 3,,[z] # 0, Q is an origin-symmetric Hermitian ellipsoid if and only
ifz20=0.

3. Proof of the complex Orlicz Petty projection inequality

We first present some properties of Ily ¢ and employ them to prove the complex
Orlicz Petty projection inequality. In this section, Q € J#,(C") and C is an Orlicz
zonoid in J#(C) with dim C > 0.

LEMMA 3.1. Suppose ¢ € ¢ and y € GL(n,C), then

[y c(wQ) = y Tl Q.
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Proof. Based on (1.3), (2.8), (2.7), (2.12), along with y~!Cu = Cy~'u, we have

—r 1nf{l>0 [ [o( Tt >th(V)dH¢.C(C)dSwQ(V)<2HV(II/Q)|#¢,C|}

St st

=in (4 ‘gt - VI :H % C v
f{)u >0 |det y] S/S/ (leQ ) ) wo(W"v)dug c(c)dSo(v)

< |det w*2nV (Q) |y c}

—inf{z>0://¢('% %Q — V‘)hg V)dfig.c(c)dSo(v )<2nV(Q)M¢.c}

S
= hn¢_CQ(W71H)
= h‘l/ﬂ‘nacQ(”)

for all u € S", the desired conclusion is obtained. [

LEMMA 3.2. Suppose ¢ € €, then Ty ¢ maps origin-symmetric balls to origin-
symmetric balls.

Proof. Forall r>0, Sy ,5=¢(r)S,s = ¢(r)r*" o, then for all u € S", we have

hriy o (r3) (1)

—int {25 0: 0002 [ [o (52 st clelao) < 20v ) sl
§ngl
G.1)

Now, fix some up € S". It is known that SU(n) acts transitively on S", so there exists
a Y, € SU(n) for every u € S" such that y,up = u. Then we have Cu = y,Cuy.
Substituting this into (3.1), we get

hl'[d, c(rB) (u)

mf{bo o [ [ o (Pt ¥l )by etc)aots)

Sn Sl

< 2nV(rB)|u¢.,c}~

Given that dim C > 0 and ¢ is SU(n)-invariant, these conditions imply that the right-
hand side is positive and u-independent. As a result, ITy ¢(rB) is an origin-symmetric
ball. O
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For ¢ € ¢, we define I1yQ :=1Ily _y 1)Q, the Orlicz projection body Iy Q of Q
is introduced by Lutwak [17]

[Refue -]
ho(v)

Apply (2.1), (2.5), (2.10), (2.11), (2.13) to yield

() = inf A >0 /¢ ( )hQ(V)dSQ(v) <omv(Q) Y, uesn.

hn¢.[—1.1]Q(“) = hH¢Q(u)

—infd{A>0: /¢> (SR “ V]) ho(v)dSo(v) < 2nV(Q)

Sn V)

(3.2)
—infd{1>0: /¢> (A;l” ”|)> hio(1v)dS,o(1v) < 20V (10)
lQ

= hH¢lQ(u)
= th¢Q (u).

Indeed, we know the complex Orlicz projection operator Iy ¢ serves as an average
among the multiples of the Orlicz projection operator Iy . Next, we will establish the
connection between the two of them.

LEMMA 3.3. Suppose ¢ € €. For u € S", we have

1
e = [ / ey o()dito c(c). (3.3)
el

Proof. By making use of (1.3) and Fubini’s theorem, we have

hn¢,cQ(”)

=il 20 [ [ ¢<|9‘ cu-v )hQ(v)du@c(c)dSQ(v)SZnV(Q)u¢7c|

St st

—inf{4>0; / / ¢('9;,fg” ’ )hQ<v>dsQ<v>du¢,c<c><2nv<Q>u¢,c| ,

by applying the integral mean value theorem and (3.2), there exists a ¢o € S! such that

|Re[cou V]|

hny co(u) =inf$ A >0: /¢ (W) ho(v)dSo(v) < 2nV(Q)

= hn¢Q(C0u).
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Then by regarding the infimum condition as a weighted average over S' and using
(2.7), we obtain

/ hnocu)dio () =

hH¢‘cQ( u) = EH¢Q(U)d,U¢,C(C). O

REMARK 1. It is concluded from Lemma 3.2 that 1B is an origin-symmetric
ball. Consequently, for every ¢ € S', the equality A oB = hri,p holds. Substituting
0O = B into (3.3) and utilizing (2.6), we derive

H(p’cB = Hq)B .
Polarizing and calculating the volume of both sides, we obtain
V( 27CB) = V(H;‘,B).
We now establish the relationship between the volume of IT} CQ and that of IT Q

LEMMA 3.4. Suppose ¢ € €, then
V(I Q) < V(I1,0), (3.4)

equality holds if and only if there exists a point p € S', for Uy c-almost every ¢ € St,
clly O = pllyQ is satisfied.

Proof. By making use of (2.18), (2.21), (3.3), Fubini’s theorem, and Jensen’s in-
equality, along with
V(ETT;Q) = V(ITjQ), c €S,

we get

sn
1 1 .
=31 gy | Fnvelehictcl o)

lugc| ™! n
< %//hmd)g(u) *dyy c(c)do(u)

St st

—1
_ %//hEH¢Q(u)‘2”dG(u)du¢,c(C)

st s”

= ltocl ™! / V(T 0)ds c(c)

=|up.cl” /V 6Q)d iy c(c)

V(I Q)-
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To establish the equality condition, for Q € .%,(C"), we first need to prove the
equivalence:

Vv €" ¢ her,yo(v) is constant [y c-almost everywhere

o (3.5)
Jey €S': cllyQ = 11140 for pg c-almost everyc € S!.

It is evident that the latter condition leads to the former. If the former condition is
satisfied, it follows that we can find a Borel set N, € S! and a ¢, € S! for every ve S,
such that

Ho.c(My) =0 and  hepi,o(v) = he,m,o(v) foralle € Ny. (3.6)

Let v € S" and k € supp(uy,c). Since every open neighborhood of k has positive
Uy c measure and thus has a non-empty intersection with Ny . Consequently, we can
construct a sequence (k;);en such that k; € NS and k; — k. By the continuity of ¢ —
hzn,o(v) and (3.6), it follows that

h;;nd)Q(V) = }Lﬂhgin¢Q(V) = har%g(") = hzmyo(v)

forevery c € Nf . Since C has a dimension of at least one, there exists a ¢; € supp(ig ¢)
and N{ # 0. Thus, for every v € S" and ¢ € supp(uy c) we get

hEH¢Q(V) = h51H¢.Q(V)'

Since g c(supp(tg c)¢) = 0 and support functions uniquely determine convex bodies,
the equivalence in (3.5) is thus proven.

Based on the equality condition for Jensen’s inequality, the equality in (3.4) holds
if and only if the map ¢ — hgp ¢Q(v) is constant [y c-almost everywhere for all v € §".

But (3.5) indicates that this is satisfied precisely when there exists a ¢; € S! such that
clly0 = 1110

for uy c-almost every c. Finally, by setting p := ¢, we conclude that the equality
condition holds. [

We now recall the Orlicz Petty projection inequality, as formulated by Lutwak,
Yang and Zhang [17].

THEOREM 3.1. Suppose ¢ € € and consider a convex body Q C R*" with the
origin in its interior. Then

V(0)"'V(IT,0) < V(1B)"'V(ITj1B),
equality holds if and only if Q is an origin-symmetric ellipsoid.

Subsequently, we will establish the complex Orlicz Petty projection inequality.
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THEOREM 3.2. Suppose ¢ € €, then

V(Q)"'V(IT; Q) < V(B)”'V(IT; ¢B), (3.7)

when the dimension of C is 1, equality holds if and only if Q is an origin-symmetric
ellipsoid, when the dimension of C is 2, equality holds if and only if Q is an origin-
symmetric Hermitian ellipsoid.

Proof. From (3.2) we get
L, 0 =11410.
Then performing the polarization operation on both sides and using *o1 = 10", we get
lH;‘)Q:H;‘)LQ. (3.8)

Using Lemma 3.4, equation (3.8), and applying Theorem 3.1, Remark 1, we get

Based on Theorem 3.1 and Lemma 3.4, the equality in (3.7) holds precisely when
we can find a point p € S! such that

EHq)Q = pH¢Q

for Uy c-almost every ¢ € S', Q is an origin-symmetric ellipsoid. Therefore, by
Lemma 3.2, we conclude that I1yQ is also an origin-symmetric ellipsoid.

First, assume that the dimension of C is 1, thatis, for ¢y € C\ {0}, C is a segment
[—cg,cy], the measure Ly c of C is expressed as

P (legl)
Hoc=—5 (8- (cg) T 8(cs))5

the symbol o represents the Dirac measure, the spherical projection of ¢ to the unit
circle is defined as

~1
(co) = coleg| ™
Given that I1y Q is an origin-symmetric ellipsoid, then

—{co)HyQ = (c4)I1y 0.

Therefore, when the dimension of C is 1, the equality in (3.7) holds if and only if Q is
an origin-symmetric ellipsoid.
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Now, assume that the dimension of C is 2. Since Il is linearly associating,
suppose Q is an origin-symmetric Hermitian ellipsoid, then the same holds for IT, Q.
It is confirmed by Lemma 2.1 that the equality conditions stated above hold. Now,
we shall prove that these equality conditions indicate that Q is an origin-symmetric
Hermitian ellipsoid. According to Lemma 3.4, the equality condition implies that there
exists a Borel set N C S with iy ¢(N) =0 and a point p € S! such that

5H¢Q = pH¢Q7 ceN°.

Given that the dimension of C is 2, then N has two non-antipodal points, that is, we
can find cy,c; € N with ¢ # —¢; and ¢(I1,0 = ¢>I1,Q. Obviously, ¢, ¢, remain
non-antipodal as well. Let ¢ := &, &, ', then

clyQ =T1yQ where ¢ € S' with S,,[c] # 0.

According to Lemma 2.1, we conclude that T1yQ is an origin-symmetric Hermitian
ellipsoid. So we can find a y € GL(n,C) to satisfy

;0 = yB. (3.9)
For @ € SL(2n,R) and o > 0, let Q = oe®B. From Lemma 3.1, we get
;0 =Ty (a®B) = o '®@ 'TyB=ryo '@ 'B, (3.10)

where 7y > 0 such that 1B = ryB. Combining (3.9) and (3.10), for 6 € SU(n), we
have
O =roo 'y '0.

Thus,
0= Ty u/_’GB =Ty l[/_tB.

This implies that Q is an origin-symmetric Hermitian ellipsoid. [

REMARK 2. When C = [—1, 1], Theorem 3.2 reduces to the Orlicz Petty projec-
tion inequality established by Lutwak, Yang and Zhang [17]. If ¢(¢) = ¢, Theorem 3.2
can be considered as Theorem 1.1 [11]. If ¢(z) = (t+ At)?, for A € [-1,1] and p > 1,
Theorem 3.2 can be considered as Theorem 1.2 [34].
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