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ON THE MULTIPLE APPELL POLYNOMIALS OF CLASS

A(2) AND GENERALIZATION TO SZÁSZ OPERATORS

FATIH RIZA ÇELIK ∗ AND GÜRHAN İÇÖZ

(Communicated by I. Raşa)

Abstract. In this study, we define the multiple Appell polynomials of class A(2) , construct a
generalization of Szász operators using these polynomials and derive some approximation prop-
erties of this generalization. In addition, an example, including a graph, is provided to illustrate
visually the convergence to a function. Lastly, we introduce the bivariate case of the Szász-type
operators based on multiple Appell polynomials of class A(2) . We establish a uniform con-
vergence theorem and determine the degree of approximation in terms of the partial moduli of
continuity of the approximated function.

1. Introduction

Szász operators [13] are extensions of Bernstein operators to infinite intervals, and
generalizations of Szász operators using polynomials are defined in particular via gen-
erating functions. Jakimovski and Leviatan [8] have presented a generalization of Szász
operators via Appell polynomials. Kazmin [9] has defined a sequence of polynomials

{Pn (x)} , P(n)
n (x) ≡ γn, where γn �= 0 are constants for n = 0,1,2, . . . , the sequence is

called a system of generalized Appell polynomials (or a system of polynomials of class
A(2) ) if any one of the following equivalent conditions holds:

1. P′′
n (x) = Pn−2 (x) ;

2. There exist two formal power series

A(t) =
∞

∑
k=0

ak

k!
tk and B(t) =

∞

∑
k=0

bk

k!
tk

which formally satisfy the identity

A(t)ezt +B(t)e−zt =
∞

∑
n=0

Pn (z) tn.
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The requirement that the n -th Appell polynomial Pn (x) has degree n is equivalent
to requiring that a2

0 − b2
0 �= 0. Varma and Sucu [15] have introduced a generalization

of Szász operators with the help of the Appell polynomials of class A(2) defined by
Kazmin [9]; where A(1) > 0, B(1) � 0, pk (x) > 0 and x ∈ [0,∞) . The multiple
Appell polynomials defined by Lee in [10] and then a form of positive linear operators
by means of multiple Appell polynomials has been defined by Varma [14]. It is possible
to find such generalizations for Szász operators in different studies [3], [4], [7], [11] and
[12].

We begin by defining the multiple Appell polynomials of class A(2) , which will
be used to develop a new generalization of Szász operators.

2. The multiple Appell polynomials of class A(2)

DEFINITION 1. A multiple polynomial system {Pn1,n2 (x)}∞
n1,n2=0 is called a mul-

tiple Appell of class A(2) if there exists a generating function of the form

ex(t1+t2)A(t1,t2)+ e−x(t1+t2)B(t1,t2) =
∞

∑
n1=0

∞

∑
n2=0

Pn1,n2 (x)
n1!n2!

tn1
1 tn2

2 , (2.1)

where A(t1, t2) and B(t1,t2) are analytic functions in the disc |t1| < R1, |t2| < R2,

(R1,R2 > 1) and a2
00−b2

00 �= 0 and as follows

A(t1, t2) =
∞

∑
k1=0

∞

∑
k2=0

ak1,k2

k1!k2!
tk1
1 tk2

2 and B(t1,t2) =
∞

∑
k1=0

∞

∑
k2=0

bk1,k2

k1!k2!
tk1
1 tk2

2 . (2.2)

LEMMA 1.

(p+ r)(p+ r−1)
(

n
p

)(
m
r

)
= n(n−1)

(
n−2
p−2

)(
m
r

)
+2nm

(
n−1
p−1

)(
m−1
r−1

)

+m(m−1)
(

n
p

)(
m−2
r−2

)

where n,m, p,r � 2 are positive integers, n � p and m � r .

Proof.

(p+ r)(p+ r−1)
(

n
p

)(
m
r

)

= (p2 − p)
(

n
p

)(
m
r

)
+2pr

(
n
p

)(
m
r

)
+(r2− r)

(
n
p

)(
m
r

)

= n(n−1)
(

n−2
p−2

)(
m
r

)
+2nm

(
n−1
p−1

)(
m−1
r−1

)

+m(m−1)
(

n
p

)(
m−2
r−2

)
�
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THEOREM 1. Let
{
Pn1,n2 (x)

}∞
n1,n2=0

be a multiple polynomial system. The fol-

lowing assertions are equivalent.

1.
{
Pn1,n2 (x)

}∞
n1,n2=0

is a set of multiple Appell of class A(2) polynomial system.

2. There exist sequences
(
ak1,k2

)
k1,k2�0 and

(
bk1,k2

)
k1,k2�0 with a2

00−b2
00 �= 0 such

that

Pn1,n2 (x) =
n1

∑
k1=0

n2

∑
k2=0

(
n1

k1

)(
n2

k2

)[
an1−k1,n2−k2 +(−1)k1+k2bn1−k1,n2−k2

]
xk1+k2 .

(2.3)

3. For every n1 +n2 � 2 , we have

P
′′
n1,n2

(x)= n1 (n1−1)Pn1−2,n2 (x)+2n1n2Pn1−1,n2−1 (x)+n2 (n2−1)Pn1,n2−2 (x) .
(2.4)

Proof. (1) ⇒ (2) : If we use series expansions and Cauchy product of the gener-
ating functions, we obtain the equality

∞

∑
n1=0

∞

∑
n2=0

Pn1,n2(x)
n1!n2!

tn1
1 tn2

2

= ex(t1+t2)A(t1, t2)+ e−x(t1+t2)B(t1,t2)

=

(
∞

∑
n1=0

∞

∑
n2=0

an1,n2

n1!n2!
tn1
1 tn2

2

)(
∞

∑
k1=0

tk1
1

k1!
xk1

)(
∞

∑
k2=0

tk2
2

k2!
xk2

)

+

(
∞

∑
n1=0

∞

∑
n2=0

bn1,n2

n1!n2!
tn1
1 tn2

2

)(
∞

∑
k1=0

tk1
1

k1!
(−x)k1

)(
∞

∑
k2=0

tk2
2

k2!
(−x)k2

)

=
∞

∑
n1=0

∞

∑
n2=0

∞

∑
k1=0

∞

∑
k2=0

[
an1,n2 +(−1)k1+k2bn1,n2

] tn1+k1
1 tn2+k2

2

n1!n2!k1!k2!
xk1+k2

=
∞

∑
n1=0

∞

∑
k1=0

(
∞

∑
n2=0

∞

∑
k2=0

[
an1,n2 +(−1)k1+k2bn1,n2

] tn2+k2
2

n2!k2!
xk2

)
tn1+k1
1

n1!k1!
xk1

=
∞

∑
n1=0

∞

∑
n2=0

(
n1

∑
k1=0

n2

∑
k2=0

(
n1

k1

)(
n2

k2

)[
(an1−k1,n2−k2+(−1)k1+k2bn1−k1,n2−k2

]
xk1+k2

)

× tn1
1 tn2

2

n1!n2!

and from this equality (2.3) is obtained.
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(2) ⇒ (3) : If we take twice derivate on both sides of equation (2.3) with respect
to x and apply the equality given in Lemma 1, we get

P′′
n1,n2

(x) =
n1

∑
k1=0

n2

∑
k2=0

(
n1

k1

)(
n2

k2

)
(k1 + k2)(k1 + k2−1)cn1−k1,n2−k2 xk1+k2−2

=
n1

∑
k1=2

n2

∑
k2=0

n1(n1−1)
(

n1−2
k1−2

)(
n2

k2

)
cn1−k1,n2−k2 xk1+k2−2

+
n1

∑
k1=1

n2

∑
k2=1

2n1n2

(
n1−1
k1 −1

)(
n2−1
k2−1

)
cn1−k1,n2−k2 xk1+k2−2

+
n1

∑
k1=0

n2

∑
k2=2

n2(n2−1)
(

n2−2
k2 −2

)(
n1

k1

)
cn1−k1,n2−k2 xk1+k2−2

=
n1−2

∑
k1=0

n2

∑
k2=0

n1(n1−1)
(

n1−2
k1

)(
n2

k2

)
c(n1−2)−k1,n2−k2

xk1+k2−2

+
n1−1

∑
k1=0

n2−1

∑
k2=0

2n1n2

(
n1−1

k1

)(
n2−1

k2

)
c(n1−1)−k1,(n2−1)−k2

xk1+k2−2

+
n1

∑
k1=0

n2−2

∑
k2=0

n2(n2 −1)
(

n2−2
k2

)(
n1

k1

)
cn1−k1,(n2−2)−k2

xk1+k2−2

= n1(n1−1)Pn1−2,n2(x)+2n1n2Pn1−1,n2−1(x)+n2(n2−1)Pn1,n2−2(x).

(3) ⇒ (1) : Assume that (2.4) holds and if we take twice derivate of both sides of
equation (2.1) with respect to x , we obtain

∂ 2

∂x2

(
ex(t1+t2)A(t1,t2)+ e−x(t1+t2)B(t1,t2)

)
=

∞

∑
n1=0

∞

∑
n2=0

P′′
n1,n2

(x)
tn1
1 tn2

2

n1!n2!

(t1 + t2)2(A(t1, t2)ex(t1+t2) +B(t1,t2)e−x(t1+t2)
)

=
∞

∑
n1=2

∞

∑
n2=0

n1(n1 −1)Pn1−2,n2(x)
tn1
1 tn2

2

n1!n2!
+

∞

∑
n1=1

∞

∑
n2=1

2n1n2 Pn1−1,n2−1(x)
tn1
1 tn2

2

n1!n2!

+
∞

∑
n1=0

∞

∑
n2=2

n2(n2−1)Pn1,n2−2(x)
tn1
1 tn2

2

n1!n2!

=
∞

∑
n1=0

∞

∑
n2=0

t21 Pn1,n2(x)
tn1
1 tn2

2

n1!n2!
+

∞

∑
n1=0

∞

∑
n2=0

2t1t2 Pn1,n2(x)
tn1
1 tn2

2

n1!n2!

+
∞

∑
n1=0

∞

∑
n2=0

t22 Pn1,n2(x)
tn1
1 tn2

2

n1!n2!

= (t1 + t2)2
∞

∑
n1=0

∞

∑
n2=0

Pn1,n2(x)
n1!n2!

tn1
1 tn2

2
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with Pn1,n2 (x) = 0 for n1,n2 < 0. By considering equation (2.1) and this shows that the

polynomials Pn1,n2 (x) are the multiple Appell polynomials of class A(2) and hence the
three premises are equivalent. �

3. Construction of operators Φn

Let Pk1,k2 (x) be the multiple Appell polynomials of class A(2) . We define a new
generalization of Szász operators by

Φn( f ;x) =
1

enxA(1,1)+ e−nxB(1,1)

∞

∑
k1=0

∞

∑
k2=0

Pk1,k2

(
nx
2

)
k1!k2!

f

(
k1 + k2

n

)
, x � 0 (3.1)

where A(t1, t2) and B(t1,t2) are analytic functions given in (2.2), f ∈ C [0,∞) such
that the series in (3.1) is convergent, A(1,1) > 0, B(1,1) � 0 and Pk1,k2 (x) > 0 for all
k1,k2 = 0,1, . . . . It is clear that the operators defined in (3.1) are linear and positive.

LEMMA 2. For the function given in (2.1), we get the following equalities

1.
∞
∑

k1=0

∞
∑

k2=0

Pk1,k2(
nx
2 )

k1!k2!
= Aenx +Be−nx ,

2.
∞
∑

k1=0

∞
∑

k2=0

Pk1+1,k2(
nx
2 )

k1!k2! = nx
2 [Aenx −Be−nx]+A10enx +B10e−nx ,

3.
∞
∑

k1=0

∞
∑

k2=0

Pk1,k2+1( nx
2 )

k1!k2! = nx
2 [Aenx −Be−nx]+A01enx +B01e−nx ,

4.
∞
∑

k1=0

∞
∑

k2=0

Pk1+2,k2(
nx
2 )

k1!k2! = n2x2

4 [Aenx+Be−nx]+nx [A10enx−B10e−nx]+A20enx+B20e−nx ,

5.
∞
∑

k1=0

∞
∑

k2=0

Pk1,k2+2( nx
2 )

k1!k2! = n2x2

4 [Aenx+Be−nx]+nx [A01enx−B01e−nx]+A02enx+B02e−nx ,

6.
∞
∑

k1=0

∞
∑

k2=0

Pk1+1,k2+1( nx
2 )

k1!k2! = n2x2

4 [Aenx+Be−nx]+ nx
2 [(A10+A01)enx−(B10+B01)e−nx]

+A11enx+B11e−nx .

Here, we use abbreviations as

A := A(1,1) , B := B(1,1) , Ai j :=
∂ k

∂ it1 ∂ jt2
A(t1,t2)

∣∣∣∣
t1=1,t2=1

and

Bi j :=
∂ k

∂ it1 ∂ jt2
B(t1,t2)

∣∣∣∣
t1=1,t2=1

(3.2)

which are real numbers, where i+ j = k, k ∈ {1,2} and i, j ∈ N .
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Proof.

1) If we write t1 = t2 = 1 and nx
2 instead of x in the equation (2.1), the desired is

be shown.

2–3) Taking the partial derivatives of the generating function (2.1) with respect to t1
and t2 and then setting t1 = t2 = 1 and nx

2 instead of x , we obtain the result of
Lemma 2–(2–3).

4–5) Taking into account the second order partial derivatives of the generating function
(2.1) with respect to t1 and t2 and by letting t1 = t2 = 1 and nx

2 instead of x , we
get the desired result.

6) In the equation (2.1), if we take the partial derivatives on both sides with respect
to t1 and then t2 . Then, by letting t1 = t2 = 1 and nx

2 instead of x , we get Lemma
2–(6). �

LEMMA 3. Let Φn( f ;x) be the operator introduced in (3.1). By using Lemma 2,
we get

1. Φn(e0;x) = 1 ,

2. Φn(e1;x) = x
[

Aenx−Be−nx

Aenx+Be−nx

]
+ [A10+A01]enx+[B10+B01]e−nx

n[Aenx+Be−nx] ,

3. Φn(e2;x) = x2 + x [A+2A10+2A01]enx−[B+2B10+2B01]e−nx

n[Aenx+Be−nx]

+ [A20+2A11+A02+A10+A01]enx+[B20+2B11+B02+B10+B01]e−nx

n2[Aenx+Be−nx] .

Proof.

(1) For f (t) = e0 , we obtain from (3.1)

Φn(e0;x) =
1

enxA(1,1)+ e−nxB(1,1)

∞

∑
k1=0

∞

∑
k2=0

Pk1,k2

(
nx
2

)
k1!k2!

and from Lemma 2–(1), we acquire Lemma 3–(1).

(2) For f (t) = e1 , we get from (3.1)

Φn(e1;x) =
1

enxA(1,1)+ e−nxB(1,1)

∞

∑
k1=0

∞

∑
k2=0

Pk1,k2

(
nx
2

)
k1!k2!

k1 + k2

n

and from Lemma 2–(2–3), we have Lemma 3–(2).

(3) For f (t) = e2 , we obtain from (3.1). Then, by using similar technique, we com-
plete the proof of this Lemma 3–(3) by writing the equals of series in Lemma
2–(4–5–6). �
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LEMMA 4. By using Lemma 3 and by the linearity of operators Φn , we can com-
pute the following central moments values:

1. Φn(e1− x;x) = x −2Be−nx

Aenx+Be−nx + [A10+A01]enx+[B10+B01]e−nx

n[Aenx+Be−nx] ,

2. Φn((e1 − x)2 ;x) = x2 4Be−nx

Aenx+Be−nx + xAenx−[B+4B10+4B01]e−nx

n[Aenx+Be−nx]

+ [A20+2A11+A02+A10+A01]enx+[B20+2B11+B02+B10+B01]e−nx

n2[Aenx+Be−nx] .

4. Approximation properties of the operators Φn

In this section, we prove the rate of convergence of the operators Φn .
Let us define the class of H∗ as follows

H∗ =
{

f :
f (x)

1+ x2 is convergent as x → ∞
}

.

THEOREM 2. Let f ∈C [0,∞)∩H∗ . The sequence of operators Φn( f ;x) defined
in (3.1) converges uniformly to f (x) on each compact subset of [0,∞) .

Proof. By using Lemma 3 and from (3.2), we get

lim
n→∞

Φn(ti;x) = xi, i = 0,1,2.

The proof is based on the well-known Korovkin-type theorem in [1]. �

THEOREM 3. The operators Φn defined in (3.1) satisfy the following inequality

|Φn( f ;x)− f (x)| � 2ω

(
f ;

√
Φn

(
(e1− x)2 ;x

))

where f ∈ C̃ [0,∞)∩H∗ and ω is the modulus of continuity of the function f defined
by

ω ( f ;δ ) := sup
x,y∈[0,∞)
|x−y|�δ

| f (x)− f (y)| ,

where C̃ [0,∞) is the space of uniformly continuous functions defined on [0,∞) .

Proof. The modulus of continuity of a function f ∈ C̃ [0,∞)∩H∗ satisfies the
below inequality in [1]

| f (x)− f (t)| � ω ( f ;δ )
(

1+
|t− x|

δ

)
. (4.1)
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From the inequality (4.1), we get

|Φn( f ;x)− f (x)| � Φn(| f (t)− f (x)| ;x) �
(

1+
1
δ

Φn (|t− x| ;x)
)

ω ( f ;δ ) . (4.2)

Using the Cauchy-Schwarz inequality leads us to

Φn
(|t− x|;x)=

∞

∑
k1=0

∞

∑
k2=0

√√√√( 1
enxA+ e−nxB

)2
(

pk1,k2

(
nx
2

)
k1!k2!

)2(
k1 + k2

n
− x

)2

�

√√√√ ∞

∑
k1=0

∞

∑
k2=0

(
1

enxA+ e−nxB

)(
pk1,k2

(
nx
2

)
k1!k2!

)(
k1 + k2

n
− x

)2

×
√√√√ ∞

∑
k1=0

∞

∑
k2=0

(
1

enxA+ e−nxB

)(
pk1,k2

(
nx
2

)
k1!k2!

)
.

We can write the following inequality

Φn (|t − x| ;x) �
√

Φn((e1− x)2 ;x). (4.3)

Using the inequality (4.3) in (4.2), we obtain

|Φn( f ;x)− f (x)| �
(

1+
1
δ

√
Φn((e1− x)2 ;x)

)
ω ( f ;δ ) . (4.4)

Here, by choosing δ (t,x) =
√

Φn((e1− x)2 ;x) in inequality (4.4), the proof is com-
pleted. �

DEFINITION 2. ([7]) η1,η2 ∈ [0,∞) , 0 < α � 1 and K > 0, let us introduce the
following class of functions:

Lip(α)
K :=

{
g ∈C [0,∞) : |g(η1)−g(η2)| � K |η1 −η2|α , η1,η2 ∈ [0,∞)

}
. (4.5)

THEOREM 4. Let Φn be the operator defined in (3.1). For each g ∈ Lip(α)
K

(K > 0 , 0 < α � 1) , we have

|Φn(g;x)−g(x)| � K
(

Φn

(
(e1− x)2 ;x

)) α
2
.

Proof. We prove it by using (4.5) and Hölder’s inequality. First, we have

|Φn(g;x)−g(x)| � Φn (|g(t)−g(x)| ;x) � KΦn
(|t − x|α ;x

)
. (4.6)
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Then, we can use Hölder’s inequality at the right-hand side of the inequality in (4.6),
we get

|Φn(g;x)−g(x)|� K Φn
(|t− x|α ;x

)
� K

(
Φn
(
(e1− x)2;x

)) α
2 (Φn(e0;x))

2−α
2

� K
(
Φn
(
(e1− x)2;x

)) α
2 .

Hereby, the proof is done. �

5. Graphical results

In this section, we present a graphical example illustrating the convergence of
Szász operators, including the multiple Appell polynomials of class A(2) . This graph-
ical example provides an understanding of how our operators converge to specific
functions. Figure 1 illustrates the approximation of f (x) = sin(2πx) + cos(ex) by
Φn operators in (3.1) for n = 10, n = 50, n = 100 and n = 200 in the special case
A(t1,t2)= e(t1+t2) and B(t1,t2)= e0.3(t1+t2) . In this figure, the black curve represents the
function f (x) , the red curve represents Φ10( f ;x) , the blue curve represents Φ50( f ;x) ,
the green curve represents Φ100( f ;x) , the magenta curve represents Φ200( f ;x) . It can
be seen from the figure that when the value of n increases, our operator approaches the
function.

Figure 1: Approximation Φn( f ;x) to f (x) = sin(2πx)+ cos(ex) for n = 10 , n = 50 , n = 100
and n = 200
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6. Bivariate Szász type operators based on multiple Appell polynomials
of class A(2)

Let D = [0,∞)× [0,∞) . For k > 0, let

Ck (D) =
{

g ∈C (D) : |g(x,y)| � μek(x+y), for some constant μ
}

.

If g ∈ Ck (D) then, we construct the bivariate case of Szász operators by means of
multiple Appell polynomials of class A(2)

Ωn,m(g;x,y) =

∞
∑

k1,k2=0

∞
∑

k3,k4=0

ϕk1,k2(
nx
2 )

k1!k2!

ϕk3,k4(
my
2 )

k3!k4! g
(

k1+k2
n , k3+k4

m

)
enx+myA2 (1,1)+ e−nx−myB2 (1,1)

, (6.1)

x,y � 0 where A and B are analytic functions given in (2.2), g ∈C (D) , A2 (1,1) > 0,
B2 (1,1) � 0, ϕk1,k2 (x) > 0 and ϕk3,k4 (y) > 0 for all k1,k2,k3,k4 = 0,1, . . . .

LEMMA 5. Let

∞

∑
k1,k2=0

∞

∑
k3,k4=0

ϕk1,k2(x)
k1!k2!

ϕk3,k4(y)
k3!k4!

= A(t1,t2)A(t3,t4)ex(t1+t2)+y(t3+t4)

+B(t1,t2)B(t3,t4)ex(t1+t2)+y(t3+t4)

and for the function given in (6.1), we get the following some equalities.

1.
∞
∑

k1,k2=0

∞
∑

k3,k4=0

ϕk1,k2(
nx
2 )

k1!k2!

ϕk3,k4(
my
2 )

k3!k4! = A2enx+my +B2e−nx−my ,

2.
∞
∑

k1,k2=0

∞
∑

k3,k4=0

ϕk1+1,k2(
nx
2 )

k1!k2!

ϕk3,k4(
my
2 )

k3!k4! =
[

nx
2 A+At1

]
Aenx+my+

[− nx
2 B+Bt1

]
Be−nx−my ,

3.
∞
∑

k1,k2=0

∞
∑

k3,k4=0

ϕk1+1,k2+1( nx
2 )

k1!k2!

ϕk3,k4(
my
2 )

k3!k4! =
[

n2x2

4 A+ nx
2 At1 + nx

2 At2 +At1t2

]
Aenx+my

+
[

n2x2

4 B− nx
2 Bt1 − nx

2 Bt2 +Bt1t2

]
Be−nx−my ,

4.
∞
∑

k1,k2=0

∞
∑

k3,k4=0

ϕk1+2,k2(
nx
2 )

k1!k2!

ϕk3,k4(
my
2 )

k3!k4! =
[

n2x2

4 A+nxAt1 +At1t1

]
Aenx+my

+
[

n2x2

4 B−nxBt1 +Bt1t1

]
Be−nx−my .

Here, we use abbreviations as

A := A(1,1) , B := B(1,1) , Ati =
∂A
∂ ti

, Atit j =
∂ 2A

∂ ti∂ t j
, i, j = 1,2,3,4.

LEMMA 6. For the bivariate operators Ωn,m, ei j (x,y) = xiy j, 0 � i, j � 2
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1. Ωn,m(e00;x,y) = 1 ,

2. Ωn,m(e10;x,y) = x
[

A2enx+my−B2e−nx−my

A2enx+my+B2e−nx−my

]
+ [At1+At2 ]Aenx+my+[Bt1+Bt2 ]Be−nx−my

n[A2enx+my+B2e−nx−my] ,

3. Ωn,m(e01;x,y) = y
[

A2enx+my−B2e−nx−my

A2enx+my+B2e−nx−my

]
+ [At3+At4 ]Aenx+my+[Bt3+Bt4 ]Be−nx−my

m[A2enx+my+B2e−nx−my] ,

4. Ωn,m(e20;x,y) = x2+x
[A+2At1+2At2 ]Aenx+my−[B+2Bt1+2Bt2 ]Be−nx−my

n[A2enx+my+B2e−nx−my]

+

[
At1t1+At2t2+2At1t2

+At1+At2

]
Aenx+my

n2[A2enx+my+B2e−nx−my]

+ [Bt1t1+Bt2t2+2Bt1t2+Bt1+Bt2 ]Be−nx−my

n2[A2enx+my+B2e−nx−my] ,

5. Ωn,m(e02;x,y) = y2+y
[A+2At3+2At4 ]Aenx+my−[B+2Bt3+2Bt4 ]Be−nx−my

m[A2enx+my+B2e−nx−my]

+

[
At3t3+At4t4+2At3t4

+At3+At4

]
Aenx+my

m2[A2enx+my+B2e−nx−my]

+

[
Bt3t3+Bt4t4+Bt3t4

+Bt3+Bt4

]
Be−nx−my

m2[A2enx+my+B2e−nx−my] .

LEMMA 7. By using Lemma 6 and by the linearity of operators Ωn,m, we can
compute the following central moments values;

1. Ωn,m(e10− x;x,y) = x −2B2e−nx−my

A2enx+my+B2e−nx−my + [At1+At2 ]Aenx+my+[Bt1+Bt2 ]Be−nx−my

n[A2enx+my+B2e−nx−my] ,

2. Ωn,m(e01− y;x,y) = y −2B2e−nx−my

A2enx+my+B2e−nx−my + [At3+At4 ]Aenx+my+[Bt3+Bt4 ]Be−nx−my

m[A2enx+my+B2e−nx−my] ,

3. Ωn,m((e10− x)2 ;x,y)= x2
[

4B2e−nx−my

A2enx+my+B2e−nx−my

]
+x

A2enx+my−(B2+4BBt1+4BBt2)e−nx−my

n[A2enx+my+B2e−nx−my]

+

[
At1t1+At2t2+2At1t2

+At1+At2

]
Aenx+my

n2[A2enx+my+B2e−nx−my]

+ [Bt1t1+Bt2t2+2Bt1t2+Bt1+Bt2 ]Be−nx−my

n2[A2enx+my+B2e−nx−my] ,

4. Ωn,m((e01− y)2 ;x,y)= y2
[

4B2e−nx−my

A2enx+my+B2e−nx−my

]
+y

A2enx+my−(B2+4BBt3+4BBt4)e−nx−my

m[A2enx+my+B2e−nx−my]

+

[
At3t3+At4t4+2At3t4

+At3+At4

]
Aenx+my

m2[A2enx+my+B2e−nx−my]

+

[
Bt3t3+Bt4t4+Bt3t4

+Bt3+Bt4

]
Be−nx−my

m2[A2enx+my+B2e−nx−my] .

THEOREM 5. If g ∈Ck (D) , then

lim
m,n→∞

Ωn,m(g;x,y) = g(x,y)

then convergence being uniform in each [0,a]× [0,b] .
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Proof. By using Lemma 6 and the abbreviations A , B , Ati , Bti , Atit j and Btit j ,
which are all real numbers, the proof follows directly from the Korovkin theorem
[1]. �

THEOREM 6. Let g ∈Ck (D) . We get

|Ωn,m(g;x,y)−g(x,y)|� 2ω(1)
(

g;
√

Ωn,m((e10− x)2;x,y)
)

+2ω(2)
(

g;
√

Ωn,m((e01− y)2;x,y)
)

for all (x,y) ∈ D.

Proof. Assume that g ∈Ck (D) . From Lemma 6 case (1), we obtain the following
inequality

|Ωn,m(g;x,y)−g(x,y)|� 1
enx+myA2(1,1)+ e−nx−myB2(1,1)

×
{

∞

∑
k1,k2=0

∞

∑
k3,k4=0

ϕk1,k2

(
nx
2

)
k1!k2!

ϕk3,k4

(my
2

)
k3!k4!

·
∣∣∣∣g
(

k1 + k2

n
,
k3 + k4

m

)
−g(x,y)

∣∣∣∣
}

� 1
enx+myA2(1,1)+ e−nx−myB2(1,1)

×
{

∞

∑
k1,k2=0

∞

∑
k3,k4=0

ϕk1,k2

(
nx
2

)
k1!k2!

ϕk3,k4

(my
2

)
k3!k4!

·
∣∣∣∣g
(

k1 + k2

n
,
k3 + k4

m

)
−g

(
x,

k3 + k4

m

)∣∣∣∣
}

+
1

enx+myA2(1,1)+ e−nx−myB2(1,1)

×
{

∞

∑
k1,k2=0

∞

∑
k3,k4=0

ϕk1,k2

(
nx
2

)
k1!k2!

ϕk3,k4

(my
2

)
k3!k4!

·
∣∣∣∣g
(

x,
k3 + k4

m

)
−g(x,y)

∣∣∣∣
}

= S1 +S2.

Now, we take over S1 . By using the modulus of continuity we obtain the following
inequality,

S1 =

∞

∑
k1,k2=0

∞

∑
k3,k4=0

ϕk1,k2

(
nx
2

)
k1!k2!

ϕk3,k4

(my
2

)
k3!k4!

∣∣∣∣g
(

k1 + k2

n
,
k3 + k4

m

)
−g

(
x,

k3 + k4

m

)∣∣∣∣
enx+myA2(1,1)+ e−nx−myB2(1,1)

� ω(1)(g;δn)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1+
1
δn

∞

∑
k1,k2=0

∞

∑
k3,k4=0

ϕk1,k2

(
nx
2

)
k1!k2!

ϕk3,k4

(my
2

)
k3!k4!

∣∣∣∣k1 + k2

n
− x

∣∣∣∣
enx+myA2(1,1)+ e−nx−myB2(1,1)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

.
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When we apply Cauchy-Schwarz inequality for sum, we obtain the following in-
equality

S1 � ω(1)(g;δn)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1+
1
δn

⎛
⎜⎜⎜⎜⎝

∞

∑
k1,k2=0

∞

∑
k3,k4=0

ϕk1,k2

(
nx
2

)
k1!k2!

ϕk3,k4

(my
2

)
k3!k4!

enx+myA2(1,1)+ e−nx−myB2(1,1)

⎞
⎟⎟⎟⎟⎠

1
2

×

⎛
⎜⎜⎜⎜⎝

∞

∑
k1,k2=0

∞

∑
k3,k4=0

ϕk1,k2

(
nx
2

)
k1!k2!

ϕk3,k4

(my
2

)
k3!k4!

(
k1 + k2

n
− x

)2

enx+myA2(1,1)+ e−nx−myB2(1,1)

⎞
⎟⎟⎟⎟⎠

1
2
⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

= ω(1)(g;δn)
{

1+
1
δn

(Ωn,m(e00;x,y))
1
2
(
Ωn,m

(
(e10− x)2;x,y

)) 1
2

}
.

If we take δn =
√

Ωn,m((e10− x)2, we get

S1 � 2ω(1)
(

g;
√

Ωn,m((e10− x)2
)

.

Similarly, we get

S2 � 2ω(2)
(

g;
√

Ωn,m((e01− y)2
)

.

Thus, the proof is complete. �

Disclosure statement. No potential conflict of interest was reported by the au-
thor(s).
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758 F. ÇELIK AND G. İÇÖZ
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Gazi University

Department of Mathematics
Teknikokullar, 06500, Ankara, Turkey
e-mail: gurhanicoz@gazi.edu.tr

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


