lournal of
athematical
nequalities
Volume 20, Number 2 (2026), 745-758 doi:10.7153/jmi-2026-20-44

ON THE MULTIPLE APPELL POLYNOMIALS OF CLASS
A AND GENERALIZATION TO SZASZ OPERATORS

FATIH R1ZA CELIK* AND GURHAN I¢Oz

(Communicated by I. Rasa)

Abstract. In this study, we define the multiple Appell polynomials of class A® | construct a
generalization of Szdsz operators using these polynomials and derive some approximation prop-
erties of this generalization. In addition, an example, including a graph, is provided to illustrate
visually the convergence to a function. Lastly, we introduce the bivariate case of the Szasz-type
operators based on multiple Appell polynomials of class A® | We establish a uniform con-
vergence theorem and determine the degree of approximation in terms of the partial moduli of
continuity of the approximated function.

1. Introduction

Szdsz operators [ 13] are extensions of Bernstein operators to infinite intervals, and
generalizations of Szdsz operators using polynomials are defined in particular via gen-
erating functions. Jakimovski and Leviatan [8] have presented a generalization of Szdsz
operators via Appell polynomials. Kazmin [9] has defined a sequence of polynomials
{P,(x)}, P,S") (x) = v, where ¥, # 0 are constants for n =0,1,2,..., the sequence is
called a system of generalized Appell polynomials (or a system of polynomials of class
A®@)Y if any one of the following equivalent conditions holds:

1. P/(x) =P (x);

2. There exist two formal power series

which formally satisfy the identity

A(t)e" +B(t)e ™ =Y P, (2)1".
n=0
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The requirement that the n-th Appell polynomial P, (x) has degree n is equivalent
to requiring that a(z) — b(z) # 0. Varma and Sucu [15] have introduced a generalization
of Szész operators with the help of the Appell polynomials of class A defined by
Kazmin [9]; where A(1) > 0, B(1) >0, pr(x) >0 and x € [0,). The multiple
Appell polynomials defined by Lee in [10] and then a form of positive linear operators
by means of multiple Appell polynomials has been defined by Varma [14]. It is possible
to find such generalizations for Szdsz operators in different studies [3], [4], [7], [11] and
[12].

We begin by defining the multiple Appell polynomials of class A® | which will
be used to develop a new generalization of Szdsz operators.

2. The multiple Appell polynomials of class A(?)

=

DEFINITION 1. A multiple polynomial system {P,, ,,, (x)}, , _, is called a mul-

tiple Appell of class A(?) if there exists a generating function of the form

— n n
ex(IIHZ)A (tl,tz) +e An+n)p l‘1 ,t2 2 2 nl [;2 nltnz (2.1
niy Onz 0 1

where A (t1,1;) and B(t;,1;) are analytic functions in the disc |r| < Ry, || < Ry,
(R1,R> > 1) and aj, — b3, # 0 and as follows

< Ay ky kg ko bk17k2 k1 ky
A(t,0) 2 D Ttk PRI and B (t1,1;) 2 2 Tall! '3 (2.2)
=0ky=0"1 =0ky=0"1

LEMMA 1.

o)) i () (D

where n,m,p,r > 2 are positive integers, n > p and m > r.

wenwr-o(2) (")

=0=0() (7)) (1) = () ()

=) () e ) ()
om0 (1) ©

Proof.
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THEOREM 1. Let {P"an ()c)}:1 ny=0 be a multiple polynomial system. The fol-
lowing assertions are equivalent. '

1. {Pnl‘,,2 (x) }:1 ny=0 is a set of multiple Appell of class A®) polynomial system.

2. There exist sequences (ak1 7k2)k1 k20 and (bk1 7k2)k1 k20 with a(%o — b(%o #+0 such
that ’ ’

ni nyp n }’l2
By (x) = 2 2 (ki) <k2> [anl—k1-,n2—k2 + (—1)k1+k2bn1—k17n2_k2 Ktk

k1 =0k, =0
2.3)

3. Forevery ny+ny > 2, we have

Py sy (0) =10 (1 = 1) Py 2y (%) +201m2Py, 1 py 1 (%) 12 (m2 = 1) Pay y 2 ().
(2.4)

Proof. (1) = (2) : If we use series expansions and Cauchy product of the gener-
ating functions, we obtain the equality

oo =3

P”l7n2 (.X) ny ny

[ S
n1=01y=0 nipnp!

ex(tlJrIZ)A(l‘l ,l‘z) + 67x(tl+[2)B(tl,t2)

ki S
a"h"z ny ny tl t2 ky
> 2 ) > S 2 R
(}’11 =0ny= 0n1'n2' k1=0k1! k2

oo = b oo lkl oo tkz
L R P Ak 2 (ke
+<Z 2t 2)(,; Y ,QE:OIQ!( )

o o 0 oo i l+k1ln2+k2
=3 S TS [t 1]

1o i 1
11=01=0k; =0 k=0 ny!nalkylky!

I
M
M8

ok tn2+k2 tn|+k1
+ 2 1
2 2 |:a"17n2+( 1) ! 2bnl n2:| ! !X l’ll!kl!xj(l

Il
DM
||[\48
/_\ N
K
=
[}
O
ey
oali
~__
N
> S
%) [38)
~_
=
=
Ko
S
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—_
=

+
3
S
=
Ko
S
8]
3
|
Rap
+
3
~_—

and from this equality (2.3) is obtained.
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(2) = (3) : If we take twice derivate on both sides of equation (2.3) with respect
to x and apply the equality given in Lemma 1, we get

ni ny ni
Pfll/l ’72( x) = Z Z ( )<k2)(k1+k2)(kl+k2_l)cn1 —ky,np— kzxkl+k2

Ki—0ks=0 \K1
ny n -2
1 np _
3 <k ()
k1 =2k =0 1= 2
v ¥ 1 n2_1 +hy—2
+ Z Z 2n1ny k Cnl—kl’nz—kzxkl :
ki=1ky=1 2=
RS ny =2\ (m ky+kp—2
5 S (e
n—2 np ) n
ky+ky—2
ZOIQZ ni(ng—1 ( ki ) <k2>c("1—2)—k1~,"2—k2x b
ny— 1n2 1 1 n2_1
+2 X 2”1"2< )( . >C<n11>kl,<nzl)kzxkl+k”
k1 =0k =0 ki 2
ny np—2 ) n
& mm ( k )(k)c’” a2y X T
k1=0ky=0 2 1

=ni(ny —1)Py 2,0, (X) +20112Py —1 py—1(x) +n2(n2 — 1) Py ny—2(x).

(3) = (1) : Assume that (2.4) holds and if we take twice derivate of both sides of
equation (2.1) with respect to x, we obtain
02

Sz (@A) + B, n)) = Z Z By (%)
nyp= 0}’12 0

nyny
tl 153
nl!l’lQ!

(tl+t2)2(A(t17t2)ex(t1+12)+B(tl7t2) 7x(t1+12))

C t'“t M
= Z an(nl_l)P"I*lnz 12 Z 22n1n2Pn1 1,ny— l() L=
n1=2n2=0 'nz' ny= 1n2 1 nl'nz'
£ S mal— 1) Py ()L
na\ny — ny,ny—2\X
n=0ny=2 b ny!lny!
C t Lghe t”lt"Z
2 2 1 b
= D i Pumlx + Z Z 2111 Poy oy (X
n=0n=0 mltm! =0, nilny!
o~ 12
+ 2 2 t22Pn iy (X) 2
00 VR 00 i !
o v Pum®) s
_ 2 ni,n
B (tl +t2) Z nl'nzi tl t2
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with Py, 4, (x) =0 for ny,ny < 0. By considering equation (2.1) and this shows that the

polynomials P, », (x) are the multiple Appell polynomials of class A®) and hence the
three premises are equivalent. [

3. Construction of operators ©,

Let P, x, (x) be the multiple Appell polynomials of class A® . We define a new
generalization of Szdsz operators by

1 S & Pon (%) (kitk
Dy (fix) = ’ L x>0 (3.1
n(f3%) e"xA(l,1)+e*”xB(1,1)klz:‘0k22:‘O kel \ * G-

where A (11,t;) and B (t;,7;) are analytic functions given in (2.2), f € C[0,e) such
that the series in (3.1) is convergent, A (1,1) >0, B(1,1) > 0 and Py, (x) > 0 for all
ki,ko =0,1,.... Itis clear that the operators defined in (3.1) are linear and positive.

LEMMA 2. For the function given in (2.1), we get the following equalities

Ji E E Pklﬁkz(%) _Aenx_|_Befnx
: ki lko! - ’
k1 =0ky=0

oo

o p nx
2 kZOkzo li;cll’k]gzg 2) _ n2_x [Aenx_Be—nx} +A106nx+BIOe_nx:
1=Vk2='

o p nx
3% % Bty ri(F) _ e [Ae™ — Be ™| +Ag1€™ + Byre ™,

ol Rl T2
s v Py kz(%) n2x2 nx —nx nx —nx nx —nx
4. Y 3 nhr = [Ae™+Be ™| 4+nx[Ajge™ —Bioe ™| +Axe™ +Byoe ™,
k1 =0kr=0
v % Pk1~,’<2+2(%) n2x2 nx —nx nx —nx nx —nx
5. z 2 W = = [Ae +B€ } “+nx [A()]@ —B()le ] +A()2€ +B()2€ ,
k1 =0k =0

oo

© P (1
6. kZOkzoi"”;;ﬁ;;( 2) 122 A B 15 [(Arg-Aor) & — (BiotBor) e ]
1=V =

+A1€™+Byre ™.

Here, we use abbreviations as

9k
A::A(Ll), B:B(1,1)7 AU = mA(ll,lz)
’ n=1,np=1
and .
d
Biii=— ——B(t.1r (3.2)
YT 9t dity (n )t1=1,t2=1

which are real numbers, where i+ j=k, k€ {1,2} and i,j € N.
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Proof.

1) If we write #; =1, = 1 and 7 instead of x in the equation (2.1), the desired is
be shown.

2-3) Taking the partial derivatives of the generating function (2.1) with respect to #;
and , and then setting t; =7, = 1 and "2—" instead of x, we obtain the result of
Lemma 2-(2-3).

4-5) Taking into account the second order partial derivatives of the generating function
(2.1) with respect to 71 and 1, and by letting #; =7, = 1 and 7 instead of x, we
get the desired result.

6) In the equation (2.1), if we take the partial derivatives on both sides with respect
to #; and then #,. Then, by letting t; =1, = 1 and "2—" instead of x, we get Lemma
2—(6). O

LEMMA 3. Let ®@,(f;x) be the operator introduced in (3.1). By using Lemma 2,
we get

1. ®,(ep;x) =1,

oy | Aer—Be [A10+A01]e™ +[Bio+Bor]e”™
2. Bylersx) =x |:Ae’”‘+Be”'Xi| + n[Ad™+Be ] :

. 2 [A+2A19+2A01]e™ —[B+2B19+2Bg;Je ™
3. ®(ex;x) =x"+x AT B

+ [A20+2A11 +Ap +A10+Ao1Je™ +[Bao+2B11+Boz +Bio+BoiJe™
nZ[Ae™ +Be "] !

Proof.

(1) For f(t) = ep, we obtain from (3.1)

1 S = Puk (%)
e™A(1,1)+e™B(1,1) ki'ky!

D, (ep;x) =
k1=0ko,=0

and from Lemma 2—(1), we acquire Lemma 3—(1).
(2) For f(t) = ey, we get from (3.1)

1 S Pik (nz—x) ki + ko

q)n 5 =
() = D T e BT k! n

k1 =0k =0
and from Lemma 2—(2-3), we have Lemma 3—(2).

(3) For f(t) = ey, we obtain from (3.1). Then, by using similar technique, we com-
plete the proof of this Lemma 3—(3) by writing the equals of series in Lemma
2-(4-5-6). O
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LEMMA 4. By using Lemma 3 and by the linearity of operators ®,,, we can com-
pute the following central moments values:

D) . —2Be™ [A10+Ao1]e™+[Bio+Bor]e”™
1. q)n (61 —X,X) - erru+Be—nx + n[Ae’”JrBe””] >

2.0y _ .2 4Be™ Ae™—[B+4B19+4Boi e "™
2. q)n((el —.XI) ,)C) =X Ae'"4Be " +x n[Ae™+Be~]

+ [A20+2A1 +Ap+A10+A01Je™ +[Bao+2B11+Bor +Bio+BoiJe ™
nZ[Ae™ +Be "] !

4. Approximation properties of the operators ®,

In this section, we prove the rate of convergence of the operators @, .
Let us define the class of H* as follows

H" = {f: lffizz is convergent as x — oo}.

THEOREM 2. Let f € C[0,00) NH*. The sequence of operators ®y(f;x) defined
in (3.1) converges uniformly to f(x) on each compact subset of [0,e0).

Proof. By using Lemma 3 and from (3.2), we get

lim®,(r';x) =x', i=0,1,2.

n—o0

The proof is based on the well-known Korovkin-type theorem in [1]. [J

THEOREM 3. The operators @, defined in (3.1) satisfy the following inequality

D (f5x) — f (%) <20 (f;\/q% ((61 —X)z;x>>

where f € C[0,00)NH* and ® is the modulus of continuity of the function f defined
by
o(f:6):= sup |f(x)—f()l,

xy€[0.)
[x—y|<o

where C[0,0) is the space of uniformly continuous functions defined on [0,).

Proof. The modulus of continuity of a function f € C[0,00) NH* satisfies the
below inequality in [1]

10 -rwl<olrd) (1457, @)
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From the inequality (4.1), we get

()~ £ ()] < @u(1f ()~ F1i0) < (14 50 (r—xlin) ) 0 (138). 4

Using the Cauchy-Schwarz inequality leads us to

2
1 > Pk (%) ki +ko ?
(e —xfe) = 3, 2, (e”xA—l—e"xB) ( ikl ( o _x>
= = 1 Pk (5) ) (kithke )
g Z Z (enxA+ean) ( kl'kZ' n —X

k1=0ky=0

S S 1 Pk (5)
’ k120k220<e""A+e"XB>< k! )

We can write the following inequality

@, (| — x| ;x) < \/@u((e1 — x) ;). (4.3)

Using the inequality (4.3) in (4.2), we obtain
1
@) - 70 < (14 5yl - o). @b

Here, by choosing & (1,x) = \/®,((e; —x)*;x) in inequality (4.4), the proof is com-
pleted. [

DEFINITION 2. ([7]) Ny,M2 € [0,00), 0 < ¢ < 1 and K > 0, let us introduce the
following class of functions:

Lip = {g € C[0,%0) : |g(m) — g ()| < K|m — M|, m.m € [0,0)}. (4.5

THEOREM 4. Let @, be the operator defined in (3.1). For each g € Lipg(a)
(K>0,0<a<1), wehave

o
2

@u(g:) — 8 ()] <K (@4 (e —x)72x) )

Proof. We prove it by using (4.5) and Holder’s inequality. First, we have

[@n(g:x) — g (6)| < @u (I8 (1) — g (¥)]56) <KDy (|t —x|*5x) . (4.6)
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Then, we can use Holder’s inequality at the right-hand side of the inequality in (4.6),
we get

Dy (g5x) — g(x)] < K(D,,(|t—x| ,x)
<K (@ ((e1 —2)%)) F (@ (epin)) "
<K (Dy((er —x)z;x)) z
Hereby, the proof is done. [J

5. Graphical results

In this section, we present a graphical example illustrating the convergence of
Szész operators, including the multiple Appell polynomials of class A(). This graph-
ical example provides an understanding of how our operators converge to specific
functions. Figure 1 illustrates the approximation of f(x) = sin(27x) + cos(e®) by
®,, operators in (3.1) for n =10, n =50, n = 100 and n = 200 in the special case
A(ty,1y) = e"172) and B(t1,1,) = *3(17%2)  In this figure, the black curve represents the
function f(x), the red curve represents @ (f;x), the blue curve represents s (f;x),
the green curve represents ®1go(f;x), the magenta curve represents ®@,g0(f;x). It can
be seen from the figure that when the value of n increases, our operator approaches the
function.

05

-0.5

n=200]

[—10

n=10 n=50 n=100

Figure 1: Approximation ®,(f;x) to f(x) = sin(27x) + cos(e*) for n =10, n =50, n =100
and n =200
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6. Bivariate Szasz type operators based on multiple Appell polynomials
of class A?)

Let D = [0,0) x [0,0). For k> 0, let
Cv(D) = {g e C(D):|g(x,y)| < ue™™) for some constantu}

If g € C;(D) then, we construct the bivariate case of Szdsz operators by means of
multiple Appell polynomials of class A(?)

- - (pkl k2( ) (Pk3 k4( ) (kl +ky kz+ky
ko Jor =0k Jea =0 kylky! k3 lky! n ' m
enx+myA2 (1’ 1) + efnxfmyB2 (1’ 1) ’

Qm(g:x,y) = (6.1)

x,y > 0 where A and B are analytic functions given in (2.2), g € C(D), A2 (I,1)>0,
B*(1,1) >0, ¢ &, (x) >0 and @, g, (v) > 0 forall ky,ka,k3,ks =0,1,....

LEMMA 5. Let

=

(Pkl ko (.X) (pk3 kg (y)

— Alt1 . 0) At 14) " 1H2)+y(13+4)
ki'ky!  k3lky! (t1,12)A(t3,14) €

ki kp=0k3,ks=0
+ B(Il,tz)B(t3,t4) ex(ll +2)+y(t3+Hs)

and for the function given in (6.1), we get the following some equalities.

=

X Ok ( )QDA k ( 2 ) r—
1. 3 11<1|2k2 3k31k4 = AZemtmy 4 pemmimmy,
ky .kp=0k3,kq=0

=3

RN () Pis k ( V) x—
2 55 B = [BAsa e [gmen, e,
ki ,ky=0k3 ,k4=0

=

oo my
(Pk1+1‘k2+l(%) ‘pk35k4(7) _ [ 22 nx nx nx-+my
30X 2 T k! Gl = | 2 AT 3Ay T 5 A, Ay, | Ae

ky .kp=0k3,kq=0

+ {#B - nz_thl - %Btz +Bt1t2} Be M,

=

my

2 ok (B) Pk (F) 2,2

4 X X 5 T = | a A+ XAy + Ay, Aty
ky .kp=0k3,kq=0

2.2
|22 B = nxBy + By, | Be .
Here, we use abbreviations as

dA 82A .
6_”7 At,tj 17]21727374'

A:=A(1,1), B:=B(1,1), A,= 5o,

LEMMA 6. For the bivariate operators Qp m, €ij(x,y) =xy/, 0<i,j<2
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1. Qn,m(eoo;)@y) =1,

20 . . A2pnx+my g2 ,—nx—my [A’l +A[2]Aenx+m>"+ [B’l +B’2]Be—nx—my
. n,m (elo’x’y) =X AZemxtmy 4 g2 p—nx—my + "[Aze’”‘*”’erBze*"‘Yim’v] ’

. . A2pnx+my _ g2 ,—nx—my [A’3 +At4]Aenx+my+ [Bt3 +B,4]B€7"‘x7my
3' Qn,m (601 s Xy Y) =Yy A26nx+my+3267nx7my + m[AZenx+my+32€fnxfmy] 4

[A+2A’1 +2A,2]Ae’”+’”y— [B+2Btl +2Bt2]Be—nx—my
n [AZEnXererBZefnx—my]

[A’ltl +A[2t2 +2A,1t2 +A’l +A’2}Aenx+my

Biyiy +Biyty +2B1y1y +Byy +Biy | Be ™

n2 [A26m+n1y +3267nx—my] 5

4. Qym(exsx,y) =x24x

N

[A+2A,+24,, | A" — [B+2B, +2B,, | Be ™
m[AZEnx+my+3287nx7my]
[AW3 HArgy +2A y, +An AL 4} Aertmy
m2 [AZEnXererBZefnx—my]
[Bt3t3 +B1y1y By, +Biy +B: 4] Bemmmy
m2 [AZEnXererBZefnx—my]

5. Qn,m(602;x7y) = y2+y

LEMMA 7. By using Lemma 6 and by the linearity of operators €, ,,, we can
compute the following central moments values;

1. Q . _ —2B2emmy [Aq) +A, |4 4 [By) +Byy [Be ™™
. n,m (61() — XX, y) - xAZErchrmy_i_BZe—nxfmy + n [A287u+n1y+32€—nx—my] ’
_oR2e-nr—my [A+A, JAe™ T 1 [By, +B,, | Be Y

2. Qn,m (eOI - y,X,Y) - yAZEnermy_i_BZefnxfmy m[Azenx+my+BZE—nx—my] )

3 0 2. ) AB2e—x—my AZgmatmy _ (Bz+4BB¢l +4BB¢2)67'1X*"1)’
. n m((610 _.X) 7x7y) =X Az tmy {2 g nx—my n[A267u+n1y+BZe—nxfmy]

[Atlrl +Anyir +2A,1,2 +Ay +At2}Aé’m+my
n2 [A2€)u+n1y+BZefnxfmy]
i [Biy1) +Biyiy +2By,1y +Biy +Biy | Be
n2 [A2€)Lx+my+32€fnx7my] ’

o 2 nx+my _(p2 —nx—my
2. ) 4322 nx—my A“e (B +4BBt3 +4BBt4)e
4. Qn,m((eol - y) 7x7y) =y |:A2€nx+my+Bze—nx—my:| +y m[Aze’”*’”y-ﬁ-Bze’”X’my]
[At3t3 +Auy +2A,3,4 +An JrAtdAf«’nHmy
m2 [A2€nx+my+32€fnx7my]
[3,3,3 +Buyty +By, +Biy +By 4} Bo—n-my

m2 [AZEnx+my+32€fnx7my]

THEOREM 5. If g € C (D), then
lim Q,(g;x,y) =g (x,)

m,n—eo

then convergence being uniform in each [0,a] x [0,b] .
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Proof. By using Lemma 6 and the abbreviations A, B, A, By, Ay, and By,
which are all real numbers, the proof follows directly from the Korovkin theorem
[1]. O

THEOREM 6. Let g € Ci (D). We get

|Qn,m(g;x»y) —8(x7y)| < 2(0(1) (g; \/Qn,m((elo _x)Z;x,y)>

+200C ( 1/ Qun((e0r - ,y))

forall (x,y) €D.

Proof. Assume that g € C; (D). From Lemma 6 case (1), we obtain the following
inequality

1
et A2(1,1) + e B2(1,1)

X{ > 3 Pt (7 )%M(’gy)'8<kljz_k2’k3;k4)_g(x,y)|}

o kitka! kalky!

1Qm(g:x,) — g(x,y)] <

ky.kp=0k3 kg =

1
<
enx+myA2 ( 1’ 1) + efnxfmyBZ(l 1)

ad ad (Pklkz( )(Pk3k4(2)_ ki+ky ks+ky B k3 + ky
X{ 22 Tl ko e w ) e

ky.kp=0k3.kg=

1
+ enx-‘rmyAZ(L 1) + e—nx—myBZ(l 1)

B A bz o]

ky.kp=0k3,ks=0

=851+5.

Now, we take over S . By using the modulus of continuity we obtain the following
inequality,

ad s (Pklkz( )(Pk3k4(2) ki +ky ky+ky _ xk3+k4
Kkl kalka! : E\M T

n m
enx-‘rmyA2(1’ 1) + e—nx—myBZ(l’ 1)

ky.kp=0k3,ks=0

1=

oo

(pkhkz( )90k37k4( )
1 & ka=0k3 kg=0 n

" kl !kz. k3!k4
< 36n) q 1+ =
" (g:6n) + 5, e TMYAZ(1, 1) 4 e~ —myB2(1,1)

ki + ko ‘
— X
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When we apply Cauchy-Schwarz inequality for sum, we obtain the following in-
equality
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If we take 8, = \/Qum((e10 —x)*, we get

(e ).
520 (s Benion 7).

Thus, the proof is complete. []

Similarly, we get
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