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A CLASS OF HARMONIC MEAN INEQUALITIES

FOR COMPLETELY MONOTONIC FUNCTIONS
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(Communicated by T. Burić)

Abstract. In this paper, we study harmonic mean inequalities for completely monotonic func-
tions and obtain several known harmonic mean inequalities for special functions as particular
cases.

1. Introduction

The study of harmonic mean inequalities for special functions has attracted con-
siderable attention from mathematicians. In 1974, W. Gautschi [13] established an
interesting mean-value inequality for Euler’s gamma function,

Γ(x) =
∫ ∞

0
e−ttx−1 dt, x > 0.

He proved that the harmonic mean of Γ(x) and Γ(1/x) attains its minimum value 1 for
any positive real x , namely

2
1/Γ(x)+1/Γ(1/x)

� 1, x > 0, (1)

with equality if and only if x = 1.
In 1997, H. Alzer [2], in his study of the monotonicity properties of functions

involving the digamma function ψ(x) = Γ′(x)/Γ(x) , refined Gautschi’s inequality (1)
by showing that

2
1/(Γ(x))2 +1/(Γ(1/x))2 � 1, x > 0. (2)

It is clear that inequality (2) is stronger than (1). For further inequalities involving Γ(x)
and Γ(1/x) , see [6] and the references therein.
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More recently, Alzer and Jameson [9] proved that the minimum value of the har-
monic mean of the digamma functions ψ(x) and ψ(1/x) is −γ , where γ denotes the
Euler-Mascheroni constant, that is,

2
1/ψ(x)+1/ψ(1/x)

� −γ, x > 0. (3)

Das and Swaminathan [12] proved that the minimum value of the harmonic mean of
(−1)nψ(n)(x) and (−1)nψ(n)(1/x) in terms of the Riemann zeta function [16] and the
Bernoulli numbers, i.e.,

(−1)m2ψ(n)(x)ψ(n)(1/x)
ψ(n)(x)+ ψ(n)(1/x)

� (−1)nψ(n)(1) = −n!ζ (n+1) for all x > 0 and n ∈ N.

(4)
and the sign of inequality holds if and only if x = 1. In particular, when n is even,

2ψ(2m)(x)ψ(2m)(1/x)
ψ(2m)(x)+ ψ(2m)(1/x)

� −B2m(2π)2m

2(2m)!
for all x > 0 and m ∈ N, (5)

where B2m is the 2m th Bernoulli number. Very recently, K. Nantomah [19] proved the
harmonic mean inequality for Nielsen’s beta functions, i.e., the inequality

2β (n)(z)β (n)(1/z)
β (n)(z)+ β (n)(1/z)

� n!ζ (n+1) (6)

holds when n is even, and the inequality

2β (n)(z)β (n)(1/z)
β (n)(z)+ β (n)(1/z)

� −n!ζ (n+1) (7)

holds when n is odd. In each case, equality is attained when z = 1. Several extensions,
improvements, and related results concerning harmonic mean inequalities for special
functions have been established; see, for instance, [3–8, 11, 14, 15, 17].

Our approach is motivated by the observation that the inequalities (4) and (6) in-
volve functions that are completely monotonic and, at the same time, satisfy certain
harmonic inequalities.

A function f is said to be completely monotonic on an interval I if f ∈C∞(I) and

(−1)k f (k)(x) � 0, for all x ∈ I and for all integers k � 0. (8)

If the inequality (8) is strict for all x ∈ I and for all k � 0, then f is said to be strictly
completely monotonic on I . The famous Bernstein’s theorem [23, p. 161, Theorem
12b]: A function f (x) is completely monotonic on (0,∞) if and only if

f (x) =
∫ ∞

0
e−xtdσ(t), x ∈ (0,∞), (9)

where σ(τ) is non-decreasing and the integral in (9) converges for x ∈ (0,∞).
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Completely monotonic functions play an important role in physics, numerical
analysis, probability theory, and many other fields ( [2, 21–23]). A detailed exposition
of their most fundamental properties can be found in [23].

The first main objective of this paper is to construct new completely monotonic
functions in terms of completely monotonic functions. More precisely, we consider the
function

Fn(x;α) =
(
f (n)(x)

)2 −α f (n−1)(x) f (n+1)(x), x > 0, (10)

where, f (x) is completely monotonic on (0,∞) , n � 2 is an integer and α is a real pa-

rameter. First objective is to prove that if α � (n−1)
n , n � 2 then Fn(x;α) is completely

monotonic on (0,∞) . The second main objective of this paper is to establish harmonic
mean inequalities for a wide class of completely monotonic functions. More precisely,
if f (x) belongs to a wide class of completely monotonic functions, then we prove the
inequality

(−1)n 2 f (n)(x) f (n)(1/x)
f (n)(x)+ f (n)(1/x)

� (−1)n f (n)(1), for all x > 0 and n ∈ N, (11)

with equality if and only if x = 1. Moreover, we obtain several harmonic inequalities
for special functions as particular cases of our main results.

2. Main results

The following lemma will be used in the proofs of the main results, and this lemma
is a slight extension of result given in [10, Lemma 2.2].

LEMMA 1. Let n � 2 be a fixed integer, and define

In(a) =
∫ 1

0

[
(2n−1)x2−1

]
fn
(
a(1− x)

)
fn
(
a(1+ x)

)
dx,

where fn(t) = t n−1μ(t), and μ(t) is log-concave. Then In(a) < 0, for all a > 0.

Proof. Let hn(x) = − d
dxx(1− x2)n−1 = [(2n−1)x2−1](1− x2)n−2 and u(x;a) =

(1− x2)v(x;a) where

v(x;a) = μ
(
a(1− x)

)
μ
(
a(1+ x)

)
.

so

In(a) = a2n−2
∫ 1

0
hn(x)u(x;a)dx. (12)

Then
a2n−2hn(x)u(x,a) = [(2n−1)x2−1] fn[a(1− x)] fn[a(1+ x)].

We show that v(x,a) , equivalently, logv(x,a) , decreases with x on (0,1) :

∂
∂x

logv(x,a) = aw[a(1+ x)]−aw[a(1− x)],
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where, w(x) = μ ′(x)/μ(x). Since μ(x) is log-concave, w(x) decreases with x . Hence,
w(1+ x) � w(1− x), so logv(x,a) decrease with x .

hn(x)u(x;a) < hn(x)u
( 1√

2n−1
;a

)
for 0 < x < 1, x �= 1√

2n−1
, a > 0. (13)

From (12), and (13) we have
∫ 1

0
hn(x)x =

[−x(1− x2)n−1]1
0 = 0,

it follows that

In(a) < a2(n−1)u
( 1√

2n−1
;a

)∫ 1

0
hn(x)dx = 0. �

THEOREM 1. Let f be a completely monotonic function on (0,∞) of the form

f (x) =
∫ ∞

0
e−xt μ(t)dt,

where μ(t) is positive and log-concave on (0,∞) . Then, for every x > 0 and n � 2 ,
the function

Fn(x;α) =
(
f (n)(x)

)2−α f (n−1)(x) f (n+1)(x)

is strictly completely monotonic on (0,∞) whenever α � n−1
n .

Proof. Since f is completely monotonic on (0,∞) , it follows from the hypothesis
that

(−1)n−1 f (n−1)(x) =
∫ ∞

0
e−xt fn(t)dt (14)

(−1)n f (n)(x) =
∫ ∞

0
e−xt t fn(t)dt (15)

(−1)n+1 f (n+1)(x) =
∫ ∞

0
e−xt t2 fn(t)dt (16)

where fn is as in Lemma (1). It follows from (14), (15) and (16) that

Fn

(
x;

n−1
n

)
=

[
(−1)n f (n)(x)

]2 − n−1
n

[
(−1)n−1 f (n−1)(x)(−1)n+1 f (n+1)(x)

]

=
(∫ ∞

0
e−xt t fn(t)dt

)(∫ ∞

0
e−xt t fn(t)dt

)

−n−1
n

(∫ ∞

0
e−xt fn(t)dt

)(∫ ∞

0
e−xt t2 fn(t)dt

)
.

By convolution of the Laplace transform, we obtain

Fn

(
x;

n−1
n

)
=

∫ ∞

0
e−xtgn(t)dt, (17)
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where

gn(t) =
∫ t

0

(
t− 2n−1

n
s

)
s fn(s) fn(t− s)ds.

Let s = t
2 (1+ ν). . Then

gn(t) =
t3

8n

∫ 1

−1
[1− (2n−2)ν− (2n−1)ν2] fn

( t
2
(1−ν)

)
fn

( t
2
(1+ ν)

)
dν.

Since the function ν �→ ν fn
(

t
2 (1−ν)

)
fn

(
t
2 (1+ ν)

)
is an odd function, we obtain

gn(t) =
t3

8n

∫ 1

−1
[1− (2n−1)ν2] fn

( t
2
(1−ν)

)
fn

( t
2
(1+ ν)

)
dν

= − t3

4n
In

( t
2

)
.

it follows from Lemma (1) that gn(t) � 0, hence it follows from Lemma (1) and (17)
that

(−1)m dm

dxm Fn

(
x;

n−1
n

)
=

∫ ∞

0
e−xt tmgn(t)dt > 0, (x > 0, m = 1,2, · · ·).

Hence, the function Fn
(
x; n−1

n

)
is strictly completely monotonic on (0,∞) . Since prod-

ucts and positive linear combinations of strictly completely monotonic functions are
also strictly completely monotonic, we have

Fn (x;α) = Fn

(
x;

n−1
n

)
+

(
n−1

n
−α

)(
(−1)n−1 f (n−1)(x)(−1)n+1 f (n+1)(x)

)

that the function Fn(x;α) is strictly completely monotonic on (0,∞) if α � n−1
n . �

REMARK 1. Theorem 1 is not true for all completely monotonic functions. A
counter-example is as follows. Let f (x) = g(x) + h(x), where g(x) = e−x , h(x) =
ce−bx, with b,c to be chosen. Then

F(x) = 2 f ′′(x)2 − f ′(x) f (3) = 2
(
g(x)+b2h(x)

)2 − (g(x)+bh(x))
(
g(x)+b3h(x)

)
=

(
g(x)−b2h(x)

)2
+(6b2−b3−b)g(x)h(x).

Choose b = 6, so that 6b2−b3−b < 0. Also take, x0 = log2, so that g(x0) = 1
2 ,

and h(x0) = c
64 . Now choose c = 8

9 . Then g(x0) = 36h(x0), and hence 2 f ′′(x0)2 −
f ′(x0) f (3)(x0) < 0. Hence, F is not completely monotonic on (0,∞).

REMARK 2. The constant factor n−1
n (n � 2) in Theorem 1 is best possible. In-

deed, let f (x) = x−p with p > 0. Then

f (n)(x)2 =
p+n−1

p+n
f (n−1)(x) f (n+1)(x).

Letting p → 0 shows that the constant n−1
n cannot be improved.
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As a direct consequence of Theorem 1, we have

COROLLARY 1. For n ∈ N , Let f be a completely monotonic function on (0,∞)
of the form

f (x) =
∫ ∞

0
e−xt μ(t)dt,

where μ(t) is positive and log-concave on (0,∞) , then the function

H(x) = f (n)(x) f (n+2)(x)−2
(
f (n+1)(x)

)2
(18)

is negative on (0,∞) , and hence (−1)n/ f (n)(x) is convex on (0,∞).

Now we proceed with the proof of the main theorem.

THEOREM 2. Let f be a completely monotonic function on (0,∞) of the form

f (x) =
∫ ∞

0
e−xt μ(t)dt,

where μ(t) is positive and log-concave on (0,∞) . Then, for all x > 0 and n ∈ N , the
inequality

(−1)n 2 f (n)(x) f (n)(1/x)
f (n)(x)+ f (n)(1/x)

� (−1)n f (n)(1), (19)

holds, with equality if and only if x = 1 .

Proof. Let n be even and write I(x) = 1/ f (n)(x). Since f completely monotonic,
f (n)(x) is decreasing, hence I(x) is increasing, so I(x) � I(1) for x > 1. For any x > 0,
we have 1

2 (x+ 1
x ) � 1. By this and convexity of I(x), we have

I(1) � I

[
1
2

(
x+

1
x

)]
� 1

2
I(x)+

1
2
I

(
1
x

)
.

This says that 1/ f (n)(1)� 1/H , where H is the harmonicmean of f (n)(x) and f (n)(1/x)
An analogous argument applies when n is odd. This completes the proof. �

3. Examples of harmonic mean inequalities

It can be noted that

1. The n -th derivative of Nielsen’s beta function can be expressed as

β (n)(x) = (−1)n
∫ ∞

0
t n−1 μ(t)e−xt dt,

where μ(t) =
t

1+ e−t . It is straightforward to verify that μ(t) is non-decreasing

and log-concave on (0,∞) . Consequently, by Theorem 2, the function β (n)(x)
satisfies the harmonic mean inequality (19).This result was established by K. Nan-
tomah in [19].
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2. The n -th derivative of polygamma function can be expressed as

−ψ(n)(x) = (−1)n
∫ ∞

0
t n−1 μ(t)e−xt dt,

where μ(t) =
t

1− e−t . It is straightforward to verify that μ(t) is non-decreasing

and log-concave on (0,∞) . Consequently, by Theorem 2, the negative of the
polygamma function ψ(n)(x) satisfies the harmonic mean inequality (19). which
coincides with equation (4).

3. The integral representation of the confluent hypergeometric function of the sec-
ond kind [1, Equation 13.2.5] is given by

Γ(a)U(a,b;x) =
∫ ∞

0
e−xt ta−1 (1+ t)b−a−1dt, x > 0, a > 0.

Moreover, its n -th derivative with respect to x can be expressed as

Γ(a)
dn

dxnU(a,b;x) = (−1)n
∫ ∞

0
ta+n−1(1+ t)b−a−1e−xt dt, x > 0.

define
μ(t) = ta(1+ t)b−a−1,

then

Γ(a)
dn

dxnU(a,b;x) = (−1)n
∫ ∞

0
t n−1 μ(t)e−xt dt.

It is straightforward to verify that μ(t) is non-decreasing and log-concave on
(0,∞) . Consequently, by Theorem 2, the function Γ(a)U(a,b;x) and its deriva-
tives satisfy the harmonic mean inequality (19), i.e., for all x > 0 and n ∈ N

(−1)n 2U (n)(a,b;x)U (n)(a,b;1/x)
U (n)(a,b;x)+U (n)(a,b;1/x)

� (−1)n

Γ(a)
U (n)(a,b;1). (20)

If n = 2m and a = b in (20) and by [20, equation 13.6.6] we have, for all x > 0
and n ∈ N

2U (2m)(a,a;x)U (2m)(a,a;1/x)
U (2m)(a,a;x)+U (2m)(a,a;1/x)

� (a)2m

Γ(a)
eΓ

(
1−a−2m, 1

)
. (21)

where (a)2m denotes the Pochhammer symbol, and Γ( · , ·) denotes the incom-
plete gamma function.

4. In [18], the authors established the completely monotonicity of the function

G(x) = xβ (x)− 1
2

=
∫ ∞

0

et

(1+ et)2 e−xt dt.
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Moreover, its n -th derivative with respect to x can be expressed as

G(n)(x) = (−1)n
∫ ∞

0

ettn

(1+ et)2 e−xt dt, x > 0.

define

μ(t) =
tet

(1+ et)2 ,

then
G(n)(x) = (−1)n

∫ ∞

0
t n−1 μ(t)e−xt dt.

It is straightforward to verify that μ(t) is non-decreasing and log-concave on
(0,∞) . Consequently, by Theorem 2, the derivatives of G satisfy the harmonic
mean inequality (19), i.e., for all x > 0 and n ∈ N

(−1)n 2G(n)(x)G(n)(1/x)
G(n)(x)+G(n)(1/x)

� (−1)nG(n)(1) = (−1)nΓ(n+1)η(n),

where, η is the Dirichlet eta function.

REMARK 3. A variety of additional harmonic-mean inequalities follow for com-
pletely monotonic functions. In particular, we obtain such inequalities for parabolic–
cylinder functions, for ratios of Gamma functions, and for Whittaker and Macdonald
(modified Bessel Kν ) functions. As an application of Corollary (1), many other Turán-
type inequalities can be derived for completely monotonic functions. In particular, we
can prove some Turán type inequalities for the polygamma, Nielsen’s beta, and for
Whittaker and Macdonald (modified Bessel Kν ) functions.

Acknowledgement. The authors thank the anonymous referee for a careful reading
of the manuscript and for several helpful comments and suggestions. These remarks
have significantly improved the clarity and presentation of the paper.
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