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NEW REFINEMENTS OF MASJED-JAMEI INEQUALITY

TIEHONG ZHAO, MIAOKUN WANG* AND CHUAN-LONG SUN

(Communicated by M. Krni¢)

Abstract. This paper deals with the well-known Masjed-Jamei inequality. By using the series
expansion of [F (a,b;a+b+1/2:x))?, we give several new refinements of Masjed-Jamei in-
equality, such as

(x - j{—i) arcsinh(x)
1+x2

s 7
X 22x :
(x— 5+ Sis ) arcsinh(x)

1+x2

< arctan®(x) <

holds for x € (—ee, o). This also improves the previous obtained results.

1. Introduction
As is known, the following inequality

xarcsinh(x)

Vita2

was first established by Masjed-Jamei [8]. This is always known as Masjed-Jamei
inequality, which has been generalized in many different ways, see [3,4,6,20,22]. In
the beginning, Zhu and Malesevic¢ [21] affirmed Masjed-Jamei’s guess, that is, the range
of x satisfying the Masjed-Jamei inequality (1.1) can be extended to the whole real line.
They also presented some refinements of (1.1) as follows: the inequalities

arctan®(x) < x| <1 (1.1)
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hold for x € (—eo,0). Inspired by (1.2) and (1.3), they posed a conjecture in the end
of [21], that is, the double inequality

S 1) < arctan?(x) — 2SS Gy
n=3 V1+x? n=3
holds for x € (—eo,0) with some integer m > 1, where
1| a2t &1
_ _ >3
" a1 2510 "

This conjecture has been solved by Zhu and MaleSevic in [22]. In the same paper [21],
the authors also proved the analogous inequality of (1.1), which can be called Masjed-
Jamei type inequality, that is, the inequality

xarcsin(x)
V1—x2

holds for all x € (—1,1) and the power number 2 is the best. Moreover, they refined
the upper bound of (1.4) and prove the following inequality

arctanh®(x) < (1.4)

xarcsin(x)

V1—x2

for all x € (—1,1) with some integer N > 3. Recently, by studying the power series
expansion of the following function

— arctanh? (x Z V"

arctanh?(x) Ls 22, 6l
=X—
arcsin(x)/\/l —x2 45 945 2835

O +o@"), (1.5)

a new double Masjed-Jamei type inequality

(x —x°)arcsin(x) (x— 4;)arcsm() .
V-2 Vi-a2Z

was obtained by Zhu in [19], where —1 and —1/45 are the best possible constants.
Inspired by inequality (1.6), we also consider the power series expansion of

< arctanh? (x) < e(—1,1) (1.6)

arctan?(x) 1 22 7 61
=x— X+ —— ¥ +0 1.7
arcsinh(x) /v/1 4 x2 45" T 945" T 2835 (). (.7

The main objective of this paper is to provide a lower and upper bound for arctan?(x)
in a form similar to (1.6), more precisely, we can take the first few terms of the series
expansion (1.7) to replace the factor x in the numerator of the right-side of (1.1). It
is worth noting that (1.7) is an alternating series, the absolute value of whose coef-
ficients are the same as the corresponding coefficients in (1.5). This also leads to a



NEW REFINEMENTS OF MASJED-JAMEI INEQUALITY 771

stark difference between our results and inequality (1.6) in terms of proof methods. So
far, there exists very few improvements for Masjed-Jamei inequality, especially for the
upper bound. The importance of our findings is illustrated by giving a refinement of
inequality (1.1) which is better than inequalities (1.2) and (1.3).

The rest of the paper is divided into the following sections. Section 2 contains the
main results. Section 3 is devoted to the proofs of these results. Diverse complements
are offered in Section 4, including a comparison of the proposed bounds, a graphical
study and a conjecture.

2. Main results

The following theorem presents sharp bounds for arctan’(x) in a sense, which
arises from the series expansion (1.7).

THEOREM 1. The double inequality

i .
(x4 Ax) arcsinh(x) < arctan?(s) < <x— % +.Ux7> arcsinh(x) o
arctan®(x _
V14 x2 V1+2

holds for x € (—eo,00) if and only A < —1/45 and p > 22/945.

REMARK 1. The proof of Theorem 1 also derives a corollary, obtaining a better
bound than Theorem 1, which is presented in Section 3.

To facilitate the presentations, we denote by

(x — %) arcsinh(x)

@(x) = arctan®(x) — e , (2.2)
x 2247 :
X — iz + &< ) arcsinh(x)
¢ (x) = arctan’ (x) — ( i \/914:——>xz (2.3)

THEOREM 2. Let ¢(x) be defined in (2.2). Then the function ¢(x)/x% is strictly
decreasing from (0,00) onto (0,22/945). Consequently, the inequality

(x — %) arcsinh(x)
V1+x?

holds for x € (—eo,00) with the best constant %.

(x — %) arcsinh(x) 59
Vit s

< arctan®(x) < 8

In a similar fashion to Theorem 2, Theorem 3 presents the monotonicity of ¢ (x)/x'°
and also give a new low and upper bound for arctan’(x). In view of great similarity, we
will omit the tedious proof details and only state the theorem here.
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THEOREM 3. Let ¢(x) be defined in (2.3). Then the function ¢(x)/x'0 is strictly
increasing from (0,00) onto (—61/2835,0). Consequently, the inequality

<x 5+ 2924’65 ) arcsinh(x) ¢ (x =+ 292;‘5 ) arcsinh(x)

10 2
— X <arctan”(x) <
\/1—|—x2 2835 () “/1+X2

holds for x € (—eo,00) with the best constant — %.

3. Proofs

In this section, we first introduce some basic knowledges and present two lemmas
which are used to prove the main results.

3.1. Preliminaries and Lemmas

Given a,b,c € R with ¢ £0,—1,—2,---, the Gaussian hypergeometric function is
defined by

n

F(a7b;c;x)—2F1abcx:2 Jn —' for |x| <1,
~ (c), n!

where (a)o=1 and (a), =ala+1)---(a+n—1)=T(a+n)/I(a) is the shifted fac-
torial function or the Pochhammer symbol for n € N. Here T'(x) = [ t* 'e"dt the
classical Euler gamma function [13, 15].

Recall that the hypergeometric function F(a,b;c;x) has a simple derivative for-
mula

ab
—F ex) = —F 1 1; 1;x).
I (a,b;c;x) : (a+1,b+ 1;¢c+ L;x)

Further, the behavior of hypergeometric function F(a,b;c;x) near x = 1 satisfies the
following properties:

& e>a+b (cf. [10, p.49])
I'(c)I'(c—a—D)

F(a,b;c;1) = e —atle D)’ (3.1)
¢ c¢=a+b (cf.[1, 15.3.10]) the Ramanujan’s asymptotic formula (x — 1)
B(a,b)F (a,b;c;x) +1og(1 —x) = R(a,b) + O[(1 —x)log(1 —x)],  (3.2)
O c<a+b(cf.[9,(1.2)]),as x — 1,
F(a,b;c;x) = (1 —x) " PF(c —a,c—b;c;x)
= Mu —x)<T4P 14 0(1)], (3.3)

T(a)[(b)
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where B(a,b) = [[()T(b)]/Ta-+b). R(a,b) = ~2y— w(a) — w(b). wlx) = "(x)/T(x)
and 7y is the beta function, the Ramanujan constant, the psi function and the Euler-
Mascheroni constant.

As a special case, the inverse trigonometric tangent and hyperbolic sine functions
have been presented in [1, 15.1.5 and 15.1.7], in terms of hypergeometric functions, by

1. 3 x 113 x
t =xF (=, 1;2—x% ) = Fl=z,z:23 , 34
arctan(x) = x (27 5 x) T (2 75 1+x2> (3.4)
113 x 13 X
inh(x) =xF (| =, =;=;— 2) = Fll,=;=; , 3.5
arcsinh(x) = x <272 5 x) T < 33 1+x2> (3.5)

where the second equals of (3.4) and (3.5) can both be obtained from the transforma-
tion formula F(a,b;c;z) = (1 —z) “F(a,c —b;c;z/(z—1)) (c.f. [1, 15.3.4]), and also
coincide with the case of p =2 in [2, Lemma 1]

Recall that a real function ¢ is said to be absolutely monotonic on the interval
I if the k-th derivative of ¢, denoted by ¢ (x), exists and is non-negative for each
k>0 and x € I. In other words, if ¢ can be expressed as a power series on [, then all
coefficients are non-negative. In particular, a special power series, roughly speaking,
whose coefficients are first negative and then positive is said to be a Negative-Positive
type series, of which the name was first proposed formally in [16] although this type of
special series has been studied extensively in the literature [5, 12, 17, 18]. Specifically,
a power series S(x) given by

S(x)=— iakxk—i- i ax*
k=0

k=m-+1

is called a “Negative-Positive type” (or “NP type” for short) power series, if its coeffi-
cients ay for k > 0 satisfy

(i) ar >0 forall k > 0;

(ii) there exist at least two integers 0 <k <m and ky > m+1 such that a,,ar, # 0.

Correspondingly, S(x) is called a “Positive-Negative type” (or “PN type” for short)
power series if —S(x) is a Negative-Positive type power series.

The first lemma is a simple and efficient tool to determine the sign of an NP (or
PN) type power series, which has been proved in [12, 14].

LEMMA 1. Let S(x) be a Negative-Positive type power series converging on the
interval (0,R). Then
(i) if S(R™) <0, then S(x) <0 forall x € (0,R);
(ii) if S(R™) > 0, then there is a unique % € (0,R) such that S(x) <0 for x € (0,%)
and S(x) > 0 for x € (X,R).

As a consequence, for a PN type power series, then the inequalities of (i) and (ii) are
reversed.
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The second lemma is to provide a power series expansion of [F(a,b;a+b+1/2)],
which has been demonstrated in [11, Example 14.11] (see also [7]).

LEMMA 2. For ¢ =a+b+1/2, it holds that

[F(a,b;c;x [(c)l(2c—1) : i T(2a+n)T(a+b+n)T(2b+n)

2
)} T TQa)T(2b)(a+b) = n'T(c+n)(2c—1+n)

In particular, we have

[FG ; ; )}Ziqu (3.6)

3.2. Proofs of main results
We are now in a position to prove our main theorems.

Proof of Theorem 1. Since all functions shown in (2.1) are even functions, it only
needs to restrict the range of x to (0,e). Due to (2.2) and (2.3), it suffices to show that
@(x) >0 and ¢(x) <0 for x € (0,00).

By (3.4), (3.5) and changing a variable of t = x*>/(1+x?) € (0, 1), we can simplify

¢(x) as
2 2 2 4 2
1—|—x 2'2°2 1+x2 1+x2 45 2727 14x2
t ~
= i
Ba (3.7)
where

¢(t)=45(1—1)* |F 113, 2—(45—9Ot—|—44t2)F L3y
(p - 272929 72323 .

By (3.6), ¢ (t) can be further written, in terms of power series, as

=

Q1) =45(1—21+1%) Z‘Orwrlni'@./z)

=O
o 45n! n e 90(n—1)! & —)l
_ngz n+1) 3/2)t Z (3/2)n1 § n—1)(3/2),_
44

(45901 1 447%) i

=

n

=3

§ n—|—1 nzzn—l " 25"

n=2

2[ +un] : (3.8)
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where

(1) 45(15n —5n—4)(n—2)! @ (2n+19)(2n—19)

d = . (39
Y =D 0GR, M S G- ey O
It is easy to see that uﬁll) > 0 for n > 2 and u,(q ) > 0 for n > 10. Moreover, a direct
calculation gives
N B T 5 6 7 8 9

Sum

257 43987 2095 6407 2425
1155 315315 21021 82467 37791

1, @ 22
Uy +uy 3

~| W

This together with (3.8) implies ¢(#) is absolutely monotonic on (0,1) and so ¢(¢) >0
for (0,1) by (3.7).

Similarly, it follows from (3.4) and (3.5) together with the variable substitution
that

’ 11 2\ 2 4006 1 2
YRR Y S R | R R D
1422 2'2°2° 1422 1422 45 " 945 22 142

t ~
= S0 (3.10)

3
’2’ -

where

113

2
51355 )] — (945 — 283514281412 — 9021 F (1,

N —

0(1) =945(1—1)° [F(

As shown in (3.8), we obtain the following representation of power series

oo

1
945(1 " (945 — 283514281412 —9023) Y —"
o) = 1120 +1 3/2) ( s t)ngg)znﬂt
-3 [v,ﬁ” + v,@}t", (3.11)
n=4
where

0 2835(16+7n— 700+ 35n%) (n - 3)!
" 8n—=2)(n—Dnn+1)3/2),
(2)  4[2505+ (n—7)(1977 +284n+44n?)]
T T =5 2n—3)2n—1)(2n—1)

(3.12)

It is observed that v,(il) > 0 and v,(1 ) > 0 for n > 7. Moreover, vﬁ, ) + v,(iz) > 0 for

4 < n < 6 can be derived immediately from the following table
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n
- 4 5 6
n, (@) 6_1 % 73364
KRR 3 11 15015

Combining this with (3.11), it follows that —¢(z) is absolutely monotonic on (0,1)
and thereby ¢(r) <0 for 7 € (0,1) by (3.10).
In the end, the optimality of two constants follows from

- 1+ x2arctan®(x) — xarcsin(x) 1

x—0T X arcsin(x) 45’
V1 +xZarctan®(x) — x (1 - %) arcsin(x) 99
I - =
ot x" arcsin(x) 945

This completes the proof of Theorem 1. [

From the proof of Theorem 1, it has been demonstrated that ¢(r) and —¢(z) are
both absolute monotonic on (0, 1), which deduces immediately the following corollary.

COROLLARY 1. Let uﬁ, ) and v,, (] =1,2) be defined in (3.9) and (3.12) respec-
tively. Then the double inequality

X — 4z Jarcsinh(x) 2 2y N n
( 45) L ¥ (1+x%) i [u(l)+u,(12)} ( 2) < arctan® (x)

V14x? 45 = U 1+x
22 - 0
§ (x s+ 94"5>arcs1nh(x) _x2(1 )2 % [v(1)+v(2)] 2
V1+x? 945  “~ Ll " 1+x2

holds for x € (—eo,e0) with any two integers Ny > 3 and N, >
For a particular case of Ny =3 and N, =4, the followzng lnequalzty

(x 45> arcsinh(x) . 78
V1+x? 945 (1 +x2)?
(x 5T 2924"5 ) arcsinh(x) ¢ 10

V1+R2 2835 (142)?

< arctan’(x)

< (3.13)

holds for x € (—eo,0).

REMARK 2. Itis observed that Corollary 1 gives a refinement of Theorem 1, that
is to say, the inequality (3.13) completely improves the inequality (2.1).
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Next we will only give a proof of Theorem 2 and similar for Theorem 3.

Proof of Theorem 2. Clearly, we only need to consider the range of x on (0,co)
since @(x)/x® is an even function.
As in (3.7), by changing the variable of # = x?/(1+x?), it follows from (3.8) that

o) _ (1-0°00) _ Ly 5, i[ a2l

X8 4543 45 o
—%—ZLHE[WI i), (3.14)
where
W D o ) 9 (280 -+ 15221 + 1827n* + 770n* 4 1051*) (n — 1)!
! 3 w2 Tt 1on(n+1)(n+2)(n+3)(n+4)(3/2)u13
NG C I I R 8(4n® +24n —2125)

nt3 " 2 i = S T N an g ) (204 3) 20+ 5)(2n 7).

Now it can be verified directly that

n
Sum 2 3 4 5 6
Wi —|—w(2) 53 1552 13612 2456 172072
" " 5775 567567 14189175 6185025 916620705

and thereby we may assume that wﬁl ) + wﬁ, ) >0 (ie. wﬁl ) > wn ) for n > 6. Under

this assumption, we compute that
(1) @)
Wil T Wi

2
+ Wit

W(1+)1 (1) 2 W(l)l (2)

n n+

= 0 Wy, +wn+1>— m W
Wy Wn

2
8 [1107529104 1 (n—6) (184098884 +28911659n + 3446845n )]

+451625n% + 196707n* + 42980n° 4 2100n°

5
45(n+5)(280+ 1522n+ 1827n>+770n> 4+ 105n*) T (2n+2j—1)
j=0
>0 (n>0),

which demonstrates that w,(q ) + w,(q ) > 0 for n > 6 by induction. According this with
(3.14), it follows that the derivative of (1 —7)?@(¢)/¢> is an NP type power series on
(0,1). In what follows, it suffices to prove

1-0)2(1)]
i [A0F007 <

t—1— 13
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from which we conclude that (1—1)?@(z)/t3 is strictly decreasing on (0,1) by Lemma
1 and so is @(x)/x® on (0,%) by (3.14). As a matter of fact, by (3.1) and (3.2), we

obtain
113 \]?
45(1—1)3 |F (=, =;=;

lim (1 —2)@(r) = lim 13
—(45—90t +441>)(1 —t)F (17§;§;t>

t—1- t—1-

and
lim (1—1)%¢'(r)
t—1-
113 3 113
15(1—1)3F ( =,=; = 1-0)Y2F(1,1;2;0 ) —6F ( =,=; =
13
= lim { —(88—90)(1—1)*F (1,=;>:t
t—1- 2°2
4442 113
— (15— — ) -0F(=,=:=
(5 300+ — )( ) (2,2,2,t)

:O,

which leads to

2= 4 3[_ Y 25 142 25
i {(l—t)3 (p(t)] tim ! [—2(1—1)o(r)+ (1 t()) @' (1)] =32 (1—1)*9(1)
t—1- 1t t—1— t
_\257 o o A
~ lim t(1-1)°¢'(t) (43 1)(1—1)o(t) _o.
r—1- t
By (3.14),
px) 22 o) (=)
Jm e Tggs and lim T = lim s =0

This completes the proof of Theorem 2. [

4. Complements

This section discusses the importance of our results, by comparing the obtained
bounds through analytical and graphical approaches, and also posing a conjecture.

4.1. Comparison of the obtained bounds

The bounds obtained in Theorem 1 and (1.2) (resp. Corollary 1 and (1.1)) are
comparable. Indeed, if we denote by

xarcsinh(x)

V14 x2

F(x) = arctan®(x)
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(x— %) arcsinh(x)
V14 x2 ’

H (x) = arctan’ (x),

G(x) = arctan® (x) —

then we claim that
(A) the lower bound of F(x) derived from Theorem I is better to the one of (1.2);

(B) the upper bound of G(x) derived from Theorem 1 is better to the one of Theorem
2;

(C) the upper bound of G(x) derived from Theorem 2 is better to the one of (1.2) and
so is the upper bound of Theorem 1;

(D) the upper bound of H(x) in Corollary | improves the Masjed-Jamei inequality
(1.1).

More precisely, (A) and (B) follows from (4.1), (C) and (D) can be derived from
(4.2) and (4.3) respectively.

LEMMA 3. The inequalities

. % o (4.1
x(3-24%) — %\/%(;) <0 -

hold for x € (0,%0) and
(_% + %) arcsinh(x) B 61x'° <0 “@.3)
N 2835(1 + 12)2 |

holds for x € (0,1.2888).

Proof. In order to prove Lemma 3, it suffices to show that
f(x) = xV/1 4+ x% —arcsinh(x) > 0,
g(x) =x(3 —2x*)\/1 +x2 — 3arcsinh(x) < 0
for x € (0,e0) and

61°V1 442
h(x) = 3(22x* — 21) arcsinh(x) — ();4_7)62—;)6 <0

for x € (0,1.2888).
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As a matter of fact, f(x) > 0 for x € (0,c0) follows from f(0) =0 and f'(x) =
2x?/v/1+x2 > 0 while g(x) < 0 for x € (0,e0) can be derived from g(0) =0 and

g'(x) = —8x*/V1+x2.

On the other hand, differentiating h(x) gives

63 + 60x2 4 236x* + 56x°
I (x) = 132xarcsinh(x) — + Ecl —tx2)5)/62 +o0x

)

h'(0) = —63, K (4o0) = oo,
x[7867 +8(37x% — 23)? +2812x9) ~0

" _ 1
h"(x) = 132 arcsinh(x) + 37(1+22)7/2

for x € (0,00), which implies that there exists a number xy € (0,o0) such that A(x) is
strictly decreasing on (0,xo) and strictly increasing on (xg, ). According to this with

h(0) =0 and /(1.2888) = —0.001628 - - -, it follows that A(x) < 0 for x € (0, 1.2888).

O

REMARK 3. Itis observed that the upper bound of (1.2) only improves the Masjed-

Jamei inequality (1.1) for 0 < x < 1/7/12 < 0.764 since —x°/45+4x%/105 = x5(12x> —
7)/315 < 0. However, our upper bound of Theorem 1 almost refines (1.1) due to

—x° /45 +22x7 /945 = %3 (22x% — 21) /945 < 0 for 0 < x < 1/21/22 < 0.978.

4.2. Graphical analysis

Illustration with a bit larger range

lllustration with a very small range 0,025

0.020

1
0.015F

0.010[

0.005 -

-2.x1078 |
\
\
\ /
\, 0.000

L L L L
0.285 0.38 0.0 0.2
X

L L
0.095 0.19

Figure 1: Plot of “the curve of L(x)”.

We now provide a graphical analysis of the bounds in Corollary 1 and (1.3), by

distinguishing lower bounds and upper bounds.

For the convenience of comparison, we denote by L(x) (resp. U(x)) the difference
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between the lower (resp. upper) bound of Corollary 1 with the one of (1.3) as follows
5 aredi 8
X arcsinh(x) 22 x I ¢ 4 g 11 4
L = _—— _—— _— _——
M= viTe s 1oy ( »° T10st a5t )
. Lo, 4 3
U (—21° +22¢")arcsinh(x) 61 x'0 | TE¥ T oeX
9451 + 2 2835 (1+x2)2 _ A a0, 386 b
225 10395

Figure 1 presents the curve of the difference between two lower bounds of Corol-
lary 1 and (1.3), including two illustrations with a very small and a bit large range of x
for visual clarity.

Two immediate remarks come from Fig. 1. First, the obtained lower bound is
only worse at a very small interval (0,0.38); the worst magnitude of the two bounds is
approximately equal to 3 x 1078, As a second remark, it is clear that the lower bound
of Corollary 1 is better than the one of (1.3) at a huge range (0.38,0).

Figure 2 display the curve of the difference between two upper bounds of Corollary
1 and (1.3), including two illustrations with a very small and a bit large range of x. The
worst magnitude of the two bounds is approximately equal to 2 x 10~°. It also shows

that the upper bound of Corollary 1 is better than the one of (1.3) at a huge range
(0.36,00).

Illustration with a very small range
2.x10°F

Illustration with a bit larger range

0.000
15x10° |

/ | -0.005
/
1.x10° |
-0.010F

o 1 -0.015
- |
0 o

\ -0.020F

L L L L -0.025 [t L L
0 0.09 0.18 0.0 02 04
X

L
0.6 0.8

Figure 2: Plot of “the curve of U(x)”.

4.3. A Conjecture

Let s, (n> 1) be the absolute value of the power series coefficients of

V1 — x2arctan?(x)
X Xx— -
arcsinh(x)
Then we see from (1.7) that
1 22 61
§1= 2> §2 =

45 945" 37 2835
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A similar method to Theorem | with experimental evidence allows us to pose the fol-
lowing conjecture.

CONJECTURE 1. Let N > 1 be an integer. Then the double inequality

V-1
x— Y (—=1)""ls,x?"*3| arcsinh(x)
n=1
V1+x2
N
x— Y (—1)""Ls,x""3| arcsinh(x)
n=1

< arctan®(x) <

V1422
holds for x € (—eo,0).

REMARK 4. The case N =1 in Conjecture 1 reduces to Theorem 1. In the par-
ticular case of N =2, we obtain the double inequality

5 7 9
X 22x 61x :
(x— 5T %5 — —2835> arcsinh(x)

V142

5 7 9 12
X 22x 61x 586x :
(x ~ 35T %s 283 T 10305 ) arcsinh(x)

V14 x2

for x € (—eo,00), which can be proved to be a complete refinement of (1.3).

< arctan®(x) <
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