
Journal of
Mathematical

Inequalities

Volume 20, Number 2 (2026), 785–804 doi:10.7153/jmi-2026-20-47
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(Communicated by N. Minculete)

Abstract. There has been much research on magnitude relations for some symmetric homo-
geneous means and their weighted versions, particularly improvements to Young’s inequality
and its inverse inequalities. In this paper, we present a new lower bound for the Specht ratio,
a problem arising from the difference-type inverse inequality for Young’s inequality. In ad-
dition, a new inequality can be obtained by integrating the weight parameters in inequalities
related to weighted means, and we present a new upper bound for the logarithmic mean using
this method. Finally, we present operator inequalities for the obtained results and explore the
possibility of defining an identric mean and a logarithmic mean within the framework of the
Riemann–Liouville fractional integral.

1. Introduction and preliminary concepts

The study of inequalities for symmetric homogeneous means and their weighted
counterparts has been a vibrant area of mathematical research, with significant advance-
ments in refining classical inequalities such as Young’s inequality and its inverse forms.
These inequalities play a crucial role in understanding the relationships among various
means, including arithmetic, geometric, harmonic, logarithmic, and identric means. In
this paper, we explore new bounds for the Specht ratio, introduce a novel inequality
derived from integrating weight parameters in weighted mean inequalities, and propose
an extension of identric and logarithmic means within the framework of Riemann–
Liouville fractional integrals.

To establish the groundwork for our results, we introduce the following notation
for weighted means. For a,b > 0 and 0 � v � 1, the weighted arithmetic, geometric,
and harmonic means are defined as

Av(a,b) := (1− v)a+ vb, Gv(a,b) := a1−vbv, Hv(a,b) :=
(
(1− v)a−1 + vb−1)−1

,

respectively. For simplicity, we write A(a,b) := A 1
2
(a,b) , G(a,b) := G 1

2
(a,b) , and

H(a,b) := H 1
2
(a,b) . We also denote the identric and logarithmic means by

I(a,b) :=
1
e

(
bb

aa

) 1
b−a

and L(a,b) :=
b−a

logb− loga
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for a �= b > 0, with I(a,a) := a and L(a,a) := a , respectively.
To study the relations among means, we often use representation functions such as

Av(1, t) , Gv(1, t) , and Hv(1,t) . The following relations are known for the symmetric
homogeneous means [11, 12]:

H(1, t) � G(1,t) � L(1,t) � I(1,t) � A(1,t), (t > 0), (1)

where the function M(·, ·) : (0,)× (0,) → (0,) is called a symmetric homoge-
neous mean if M(a,b) = M(b,a) , M(ka,kb) = kM(a,b) for a,b,k > 0, M(a,b) is
non-decreasing in a and b , and min{a,b} � M(a,b) � max{a,b} . Weighted means,
such as Av(a,b) , generally do not satisfy the symmetry condition, as Av(a,b) �= Av(b,a)
in general.

The inequality Gv(a,b) � Av(a,b) for a,b > 0 and 0 � v � 1 is often called
Young’s inequality. This inequality is equivalent to

1 � (1− v)+ vt
tv

or 0 � (1− v)+ vt− tv

for t > 0 and 0 � v � 1. Several studies have aimed to refine and reverse Young’s
inequality, primarily in two directions: ratio-type inequalities and difference-type in-
equalities.

• If there exists d1(t,v) � 0 or d2(t,v) � 0 such that

d1(t,v) � (1− v)+ vt− tv � d2(t,v),

then the first inequality provides a difference-type refinement of Young’s inequal-
ity, or the second inequality provides a difference-type reverse of Young’s in-
equality, respectively.

• If there exists c1(t,v) � 1 or c2(t,v) � 1 such that

c1(t,v) � (1− v)+ vt
tv

� c2(t,v),

then the first inequality provides a ratio-type refinement of Young’s inequality, or
the second inequality provides a ratio-type reverse of Young’s inequality, respec-
tively.

We briefly review improvements and reverses of ratio-type Young’s inequalities.
Dragomir obtained a reverse of Young’s inequality in [1] as:

(1− v)+ vt
tv

� exp

(
v(1− v)

(t−1)2

t

)
, t > 0, 0 � v � 1.

This inequality was improved by Furuichi in [3] as

(1− v)+ vt
tv

� 1+ v(1− v)
(t−1)2

t
, t > 0, 0 � v � 1. (2)
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As stated in [3], the q -exponential function expq(x) := (1+ qx)1/q , defined for x > 0
and 0 < q � 1, is monotone decreasing in q . Therefore, we have

1+ v(1− v)
(t−1)2

t
� exp

(
v(1− v)

(t−1)2

t

)
,

since lim
q→0

expq(x) = exp(x) , which is the usual exponential function.

Let rv := min{1− v,v} and Rv := max{1− v,v} for 0 � v � 1. We use these
notations throughout the paper. The inequality was further improved by Zuo–Li in [22]
as

(1− v)+ vt
tv

�
(

1+ v(1− v)
(t−1)2

t

)Rv

, t > 0, 0 � v � 1. (3)

From inequality (3), the inequality Krv(t) � (1− v)+ vt
tv

by Zuo–Shi–Fujii in [23], and

the fact

1+ v(1− v)
(t−1)2

t
� 1+

(t−1)2

4t
= K(t),

which is the Kantorovich constant, we have

Crv
v (t) � Krv(t) � (1− v)+ vt

tv
� CRv

v (t) � KRv(t), (4)

where we set Cv(t) := 1+ v(1− v)
(t−1)2

t
.

As a natural reverse for inequality (3), we can prove the following inequality
(which is a consequence of (4)) directly.

PROPOSITION 1. For t > 0 , 0 � v � 1 , and r := min{1− v,v} , we have(
1+ v(1− v)

(t−1)2

t

)r

� (1− v)+ vt
tv

.

Proof. We define the function for t > 0 and 0 � v � 1,

fv(t) := log((1− v)+ vt)− v logt− r log

(
1+ v(1− v)

(t−1)2

t

)
.

Then we calculate

f ′v(t) =
v(1− v)(1− t)gv(t)

t{(1− v)+ vt}{(1− v)t+ v} , gv(t) := (r+ v−1)t + r− v.

Since gv(t) = (2v−1)t � 0 for 0 � v � 1/2 and gv(t) = 1−2v � 0 for 1/2 � v � 1,
we have f ′v(t) � 0 for 0 < t � 1 and f ′v(t) � 0 for t � 1. Thus, fv(t) � fv(1) = 0,
which completes the proof. �
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REMARK 1. It is natural to consider whether the following inequality holds or
not:

exp

((
v(1− v)

(t−1)2

t

))r

� (1− v)+ vt
tv

, (t > 0, 0 � v � 1, r := min{1− v,v}).

If this holds, it would improve Proposition 1, since 1+x = exp1(x) � exp(x) for x > 0.
However, this inequality does not hold in general. In particular, we have

exp

((
v(1− v)

(t−1)2

t

))r

� (1− v)+ vt
tv

when v := 1/2. Indeed, when v := 1/2, the above inequality becomes√
exp

(
(t−1)2

4t

)
� t +1

2
√

t
,

which is equivalent to

exp

(
(t−1)2

4t

)
� (t +1)2

4t
= 1+

(t−1)2

4t
.

This is true since exp(x) � 1+x for x > 0. On the other hand, numerical computations
show that

(1− v)+ vt
tv

− exp

((
v(1− v)

(t−1)2

t

))r

takes approximately −90.768 when v =
1
4

and t = 100, and −0.0836612 when v =
1
4

and t = 0.1.
We have also attempted to obtain similar results based on the inequalities in [3,

Theorem 3.8] and [7, Remark 2.5.11], but have not yet succeeded.

It is known that for t > 0 and 0 � v � 1,

S(tr) � Sr(t) � (1− v)+ vt
tv

� S(t). (5)

The last inequality of (5) was given in [19, 20]. See [4] for the first and second in-
equalities of (5). From the result in [23] and the following numerical computations, we
have

Sr(t) � Kr(t) � (1− v)+ vt
tv

� min{S(t),CR
v (t)}. (6)

Indeed, there is no ordering between S(t) and CR
v (t) as the upper bound of

(1− v)+ vt
tv

in general, since numerical computations yield

CR
0.45(4)−S(4)� 0.0119329 and CR

0.45(10)−S(10)�−0.0256869.
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It is also known [6] that for t > 0 and 0 � v � 1,

mv(t) � (1− v)+ vt
tv

� Mv(t), (7)

where

mv(t) := 1+
2vv(1− v)(t−1)2

(t +1)v+1 , Mv(t) := 1+
v(1− v)(t−1)2

2tv+1 .

REMARK 2.

(i) Numerical computations show no ordering between Kr(t) and mv(t) for 0 < t �
1. See also [6, Appendix A]. Similarly, there is no ordering between Kr(t) and
mv(t) for t � 1. Numerical computations also indicate no ordering between (a)
S(t) and Mv(t) for 0 < t � 1, (b) CR

v (t) and Mv(t) for 0 < t � 1, and (c) S(t)
and CR

v (t) for both 0 < t � 1 and t � 1. In summary, for t > 0, 0 � v � 1, we
have

max{Kr(t),mv(t)} � (1− v)+ vt
tv

� min{S(t),CR
v (t),Mv(t)}. (8)

(ii) However, we have not found counterexamples to the inequalities

Mv(t) � S(t), (t � 1) and Mv(t) � CR
v (t), (t � 1).

These inequalities have not yet been proven.

By using weighted means, we systematically obtain reverses for ratio-type and
difference-type inequalities as follows.

PROPOSITION 2. Let t > 0 and 0 � v � 1 . Then we have

(i) max
0�v�1

Av(1, t)
Gv(1, t)

= S(t) , where S(t) :=
t

1
t−1

e log t
1

t−1

is called the Specht ratio (see

[19]).

(ii) max
0�v�1

Av(1, t)
Hv(1, t)

= K(t) , where K(t) :=
(t +1)2

4t
is called the Kantorovich constant

(see [13]).

(iii) max
0�v�1

{Av(1, t)−Gv(1,t)} = L(1,t) logS(t) .

(iv) max
0�v�1

{Av(1, t)−Hv(1,t)} = (
√

t−1)2 .

Since (i) and (ii) are found in [9] and (iii) is found in [20], we provide a proof of
(iv).
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Proof of (iv) . We define the function g(v) := (1−v)+vt− t
(1− v)t + v

for t �= 1,

t > 0, and 0 � v � 1. By simple calculations, we have

g′(v) = t−1+
t(1− t)

{(1− v)t + v}2 , g′′(v) = − 2t(t−1)2

{(1− v)t + v}3 � 0.

Then we have

g′(v) = 0 ⇐⇒ vm :=
√

t

1+
√

t
,

since t �= 1 and t > 0. It is trivial to see that 0 < vm < 1. Thus, we have

max
0�v�1

g(v) = g(vm) = (
√

t−1)2.

For the case t = 1, the result holds trivially. �

Items (i), (ii) and (iii), (iv) in Proposition 2 provide the ratio-type and difference-
type reverse inequalities for weighted means, respectively. From (iv) in Proposition 2,
we have

Av(a,b)−Hv(a,b) �
(√

a−
√

b
)2

, (a,b > 0, 0 � v � 1).

Regarding this inequality, the following inequalities are known [14, 15]:

r
(√

a−
√

b
)2

� Av(a,b)−Gv(a,b) � R
(√

a−
√

b
)2

, (a,b > 0, 0 � v � 1),

where r := min{1− v,v} and R := max{1− v,v} .
Taking integrals of all sides in the inequalities Hv(1,t) � Gv(1,t) � Av(1, t) , we

obtain ∫ 1

0
Hv(1,t)dv �

∫ 1

0
Gv(1,t)dv �

∫ 1

0
Av(1,t)dv,

which yields the relation

L

(
1,

1
t

)−1

� L(1,t) � A(1, t).

Also, from the relation

exp

(∫ 1

0
logHv(1, t)dv

)
� exp

(∫ 1

0
logGv(1,t)dv

)
� exp

(∫ 1

0
logAv(1,t)dv

)
,

with some calculations, we have

I

(
1,

1
t

)−1

� G(1,t) � I(1,t).

In this way, another inequality can be obtained by integrating the weighted param-
eter of an existing inequality.
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It has been shown in [18] that

Gv(1, t) � Lv(1,t) � Av(1,t), and Gv(1,t) � Iv(1,t) � Av(1,t),

where

Lv(1,t) :=
1

logt

{
1− v

v
(tv −1)+

v
1− v

(t− tv)
}

and

Iv(1,t) :=
1
e
{(1− v)+ vt}

(1−2v){(1−v)+vt}
v(1−v)(t−1) t

vt
(1−v)(t−1) .

In Section 2, as a problem arising from the reverse inequality of the difference-type
Young’s inequality, we provide a new lower bound for the Specht ratio. In Section 3, by
integrating the weighted parameter in the inequalities, we provide a new upper bound
for the logarithmic mean. In Section 4, we extend these results, originally established
for scalar numbers, to operator cases and fractional calculus.

2. On a lower bound of the Specht ratio

As we obtained in Section 1, we have two different upper bounds on Av(1,t)−
Gv(1, t) . We compare L(1,t) logS(t) and max{1− v,v}(√t − 1)2 for 0 � v � 1 and
t > 0. By the computer calculations, there is no ordering between them. Indeed, we set
the function

h(t,v) := max{1− v,v}(√t−1)2−L(1,t) logS(t).

For example, we then have h(2,1/2) � −0.000284894 and h(2,1/4) � 0.0426083.

The function h(t,v) has a minimum value when v =
1
2

and then we may have h(t,v) �
0. However, we expected the following inequality

1
2

(√
t−1

)2 � L(1,t) logS(t), (t > 0),

which is equivalent to the following inequality which gives a new lower bound of Specht
ratio: √

t

√
t−1√
t+1 � S(t), (t > 0)

and it is shown in the following.

THEOREM 1. For any t > 0 , we have

√
t

√
t−1√
t+1 � S(t). (9)

Proof. Since S(t−1) = S(t) and
√

1
t

√
1
t −1√
1
t +1 =

√
t

√
t−1√
t+1 for t > 0, it is sufficient to

prove (9) for t � 1. Replacing t := x2 > 0 in (9) and simplified it, we have only to
prove

f (x) :=
(

x2 −1
logx2

)
x

1
x−1 x

−x
x+1 � e (10)
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for x � 1. In order to otain the minimium value of the function f (x) , we consider the
minimium value of the function g(x) := log f (x) for x � 1, since log is inceasing on
(0,) and f (x) > 0 for x > 0. Then we calculate

g′(x) =
h(x)

x(x2 −1)2 logx
, h(x) := (x−1)(x+1)3 logx−2x(x2 +1)(logx)2−(x2−1)2.

It is easy to see h(1) = 0. We prove h(x) � 0 for x � 1. So we calculate

h′(x) =
−(x−1)2(3x2 +4x+1)+2x(2x3+ x2−3) logx−2x(3x2 +1)(logx)3

x

h′′(x) = −5x2 +6x+4− 6
x

+
1
x2 +

(
12x2−8x− 4

x

)
logx−12x(logx)2

h(3)(x) =
2k(x)

x3

k(x) := x4 − x3 + x−1+2x
(
6x3−8x2 +1

)
logx−6x3(logx)2

k′(x) = 16x3−19x2 +3+2(24x3−30x2 +1) logx−18x2(logx)2

k′′(x) = 96x2−98x+
2
x

+12x(12x−13) logx−36x(logx)2

k(3)(x) = 336x−254− 2
x2 +12(24x−19) logx−36(logx)2

k(4)(x) = 4

(
156− 57

x
+

1
x3 +

(
72− 18

x

)
logx

)
k(5)(x) =

12
(
24x3 +13x2−1+6x2 logx

)
x4 > 0, (x � 1).

Thus we have

k(4)(x) � k(4)(1) > 0 =⇒ k(3)(x) � k(3)(1) > 0 =⇒ k′′(x) � k′′(1) = 0

=⇒ k′(x) � k′(1) = 0 =⇒ k(x) � k(1) = 0 =⇒ h(3)(x) � h(3)(1) = 0

=⇒ h′′(x) � h′′(1) = 0 =⇒ h′(x) � h′(1) = 0 =⇒ h(x) � h(1) = 0 (x � 1).

Thus we have g′(x) � 0 for x > 1 so that g(x) has the minimum value at x = 1. Then
the function f (x) has the minimum value and it is calculated as

f (1) = lim
x→1

f (x) = lim
x→1

x2−1
logx2 lim

x→1
x

1
x−1 lim

x→1
x

−x
x+1 = 1× e×1 = e. �

REMARK 3. From [2, Lemma 3] and [5, Remark 2.6 (ii)], we have bounds of e ,

t
t

t−1

(
t +1
t2 +1

)
� e � t

t
t−1

(
logt
t−1

)
, (t > 0). (11)

Theorem 1 gives a new upper bound (directly from (10)):

e � t
1

t−1 t
−t
t+1

(
t2−1
logt2

)
, (t > 0). (12)



MATHEMATICAL INEQUALITIES FOR SYMMETRIC MEANS 793

It is quite natural to wonder which upper bound is smaller. However, the conclusion is
that there is no order to these upper bounds in general.

The second inequality in (11) means I(1,t) � L(1,t), (t > 0) . We also see that
the inequality in (12) means

I(1, t)−1t
2t+1
t+1 � L(1,t2) ⇐⇒ t

2t+1
t+1 � I(1,t)L(1,t)A(1, t), (t > 0).

It is quite natural to compare two upper bounds u1(t) := t
t

t−1

(
logt
t−1

)
and u2(t) :=

t
1

t−1 t
−t
t+1

(
t2−1
logt2

)
. However, there is generally no relationship between these, because

u1(t)−u2(t)� 0.0924261 when t := 5 and lim
t→

(u1(t)−u2(t)) = − . This means that

our obtained upper bound is not trivial.

3. On an upper bound of the logarithmic mean

We start from chains of the inequalities for the weighted means.

LEMMA 1. For a,b > 0 and 0 � v � 1 ,

(i) Gv(a,b) � Av (G(Gv(a,b),Av(a,b)) ,Av(a,b)) � Av(a,b),

(ii) Gv(a,b) � Av (G(Gv(a,b),Hv(a,b)) ,Hv(a,b)) � Hv(a,b).

Proof. If v = 0 or 1, then the equality holds. We assume 0 < v < 1. Then we
calculate

a1−vbv �
√

a1−vbv
√

(1− v)a+ vb

�
√

a1−vbv
√

(1− v)a+ vb+
v

1− v

{
(1− v)a+ vb−a1−vbv} .

Thus we have(
1+

v
1− v

)
a1−vbv �

√
a1−vbv

√
(1− v)a+ vb+

v
1− v

{(1− v)a+ vb}

which implies the first inequality below

a1−vbv � (1− v)
√

a1−vbv
√

(1− v)a+ vb+ v{(1− v)a+ vb}
� (1− v){(1− v)a+ vb}+ v{(1− v)a+ vb}= (1− v)a+ vb.

Thus we have (i). (ii) can be shown by the similar way as

a1−vbv �
√

a1−vbv

√
{(1− v)a−1 + vb−1}−1

�
√

a1−vbv

√
{(1− v)a−1 + vb−1}−1

+
v

1− v

{{
(1− v)a−1 + vb−1}−1−a1−vbv

}
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which implies

a1−vbv � (1− v)
√

a1−vbv

√
{(1− v)a−1 + vb−1}−1 + v

{
(1− v)a−1 + vb−1}−1

�
{
(1− v)a−1 + vb−1}−1

.

Thus we have (ii). �

COROLLARY 1. For a,b > 0 and 0 � v � 1 ,

Gv(a,b) � Av (G(Gv(a,b),Lv(a,b)) ,Lv(a,b)) � Lv(a,b),
Lv(a,b) � Av (G(Lv(a,b),Av(a,b)) ,Av(a,b)) � Av(a,b),
Gv(a,b) � Av (G(Gv(a,b), Iv(a,b)) , Iv(a,b)) � Iv(a,b),
Iv(a,b) � Av (G(Iv(a,b),Av(a,b)) ,Av(a,b)) � Av(a,b).

Proof. Since we have the inequalities for a,b > 0 and 0 � v � 1,

Gv(a,b) � Lv(a,b) � Av(a,b), and Gv(a,b) � Iv(a,b) � Av(a,b),

we obtain the inequalities in this corollary by the same way to the proof in Lemma
1. �

COROLLARY 2. Let n ∈ N = {1,2, · · ·} . For a,b > 0 and 0 � v < 1 ,

(i) Gv(a,b)n � (1− v)Gv(a,b)n−1Av(a,b)+ vAv(a,b)n � Av(a,b)n,

(ii) Gv(a,b)n � (1− v)Gv(a,b)n−1Hv(a,b)+ vHv(a,b)n � Hv(a,b)n.

Proof. The equalities in (i) and (ii) hold. So we assume 0 < v < 1. Since we have
the inequality,

Gv(a,b)n � Gv(a,b)n−1Av(a,b)+
v

1− v
(Av(a,b)n−Gv(a,b)n)

(i) follows. (ii) is shown similarly. �

THEOREM 2. Let n ∈ N with n � 2 . For t > 0 , t �= 1 and 0 � v � 1 ,

tn−1
logtn

� Kn(t) � tn+1−1
(n+1)(t−1)

where

Kn(t) :=
tn+1 ((n+1)t− (n+2))+1

(n+2)(n+1)(t−1)2

− 2(t−1)(tn− t)− (n−1)t(tn+ t−2) logt

(n−1)3t (logt)3 − 1
(n−1) logt

.
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Proof. Taking a := 1 and b := t in Corollary 2 (i) and integrating the both sides
of the inequalities by v from 0 to 1, we have∫ 1

0
tnvdv �

∫ 1

0

{
(1− v)t(n−1)v + v(1− v+ vt)n−1

}
(1− v+ vt)dv

�
∫ 1

0
(1− v+ vt)ndv

which implies the result. �

For n = 1, we have K1(t) =
t +1

2
. Thus Theorem 2 gives the known inequality

L(1,t) � A(1, t) . In addition, we have the relation below,

L(1,t) � K̃n(t) � Ãn(t) (13)

where

K̃n(t) := K(1)
n (t)−K(2)

n (t), Ãn(t) :=
x1+1/n−1

(n+1)
(
t1/n−1

) ,
K(1)

n (t) :=
(n+1)t1+2/n− (n+2)x1+1/n+1

(n+2)(n+1)
(
t1/n−1

)2 ,

K(2)
n (t) :=

Un(t)
(n−1)3t1/n(logt)3

,

where

Un(t) := 2n3
(
t1/n−1

)(
t− t1/n

)
−n2(n−1)t1/n

(
t + t1/n−2

)
logt+n(n−1)2(log t)2,

by replacing tn with t in Theorem 2. We find lim
n→

K̃n(t) = L(1,t) and lim
n→

Ãn(t) =

L(1,t) .
We also obtain the upper bound of the logarithmic mean:

COROLLARY 3. For t > 0 , t �= 1 ,

L(1,t) � K2
(√

t
)

� 2
3
A(1,t)+

1
3
G(1,t),

where

K2
(√

t
)

=
3t +2

√
t +1

12
− 16

(√
t−1

)2
(logt)3 +

4
(√

t +2
)(√

t−1
)

(logt)2 − 2
logt

.

Proof. The inequalities hold from Theorem 2 with n := 2 and by replacing t by√
t , with

t +
√

t +1
3

=
2
3
A(1,t)+

1
3
G(1,t). �
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Taking t := b/a for a,b > 0 in the inequalities of Corollary 3 and multiplying a
to both sides, we get

L(a,b)

� a+2a1/2b1/2 +3b
12

− 16(b1/2−a1/2)2

(logb− loga)3 +
4(b+a1/2b1/2−2a)

(logb− loga)2 − 2
logb− loga

� 2
3
A(a,b)+

1
3
G(a,b).

Since lim
t→1

K2(
√

t) = 1, all sides are equal to a for the special case b := a .

It is known that (see [8, Lemma 1.1] for example):

L(1, t) �
(

t1/3 +1
2

)3

� 1
3
A(1,t)+

2
3
G(1,t), (t > 0).

Since it is clear that
1
3
A(1,t) +

2
3
G(1,t) � 2

3
A(1,t) +

1
3
G(1, t) for t > 0, the right

hand sides in the inequalities above is better than ones of Corollary 3. It is natural

to consider the comparison K2(
√

t) with

(
t1/3 +1

2

)3

. To this end, we define the

function f (t) := K2(t3)−
(

t2 +1
2

)3

for t > 0, by replacing t by t6 . We prove f (t) � 0

for t � 1 in the following. we calculate

d f (t)
dt

=
g(t)

216(logt)3 ,

g(t) := −16(t3−1)2 +24(t6 + t3−2) logt −72(logt)2

+9(3t6−9t4 +4t3−9t2−1)(logt)3

dg(t)
dt

=
3
t

{
−8(3t6−5t3 +2)+24(2t6+ t3−2) logt

+9(3t6−9t4 +4t3−9t2−1)(logt)2 +18t2(3t4−6t2 +2t−3)(logt)3
}

d2g(t)
dt2

=
3
t2

{
−8(9t6−13t3 +4)+6(49t6−27t4 +20t3−27t2 +5) logt

+9(33t6−63t4 +20t3−27t2 +1)(logt)2

+18t2(15t4−18t2 +4t−3)(logt)3
}

d3g(t)
dt3

=
6
t3

{
3t6−81t4 +112t3−81t2 +47+3(295t6−243t4 +80t3−81t2−7) logt

+9(111t6−117t4 +22t3−9t2−1)(logt)2 +36t3(15t3−9t +1)(logt)3
}
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d4g(t)
dt4

=
18
t4

{
298t6−270t4 +80t3−54t3−54+3(517t6−315t4 +44t3 +9t2 +5) logt

+9(171t6−75t4 +4t3 +3t2 +1)(logt)2 +108t4(5t2−1)(logt)3
}

� 0.

Therefore for t � 1 we have

d3g(t)
dt3

� d3g(1)
dt3

= 0 =⇒ d2g(t)
dt2

� d2g(1)
dt2

= 0 =⇒ dg(t)
dt

� dg(1)
dt

= 0

=⇒ g(t) � g(1) = 0

so that we have
d f (t)

dt
� 0 which implies f (t) � f (1) = 0 by lim

t→1
K2(

√
t) = 1.

However, we have lim
t→0

f (t) = − 1
24

which means f (t) < 0 for sufficiently small

t > 0. Therefore we may claim that K2(
√

t) is a nontrivial new upper bound of the
logarithmic mean L(1,t) .

Closing this section, we give the following remarks to compare our obtained result
with the existing known results.

REMARK 4. As an upper bound of the logarithmic mean, it is known that (see [8,
Lemma 3.4])

L(1,t) � 1
n

(
n


k=0

tk/n−A(1,t)

)
, (n � 2).

It may be of interest to compare the first inequalty in (13) with the inequality above. By

some numerical computations, we found that the upper bound
1
n

(
n


k=0
tk/n−A(1,t)

)
is

smaller than our obtained one K̃n(t) .
It is also natural to obtain the lower bound of L(1, t) in our current study. Its

difficulty comes from the calculations of∫ 1

0

{
(1− v)Gv(1,t)n−1Hv(1,t)+ vHv(1,t)n}dv

in Corollary 2 (ii). We used the computer software, Mathematica to obtain its integral.
Then the relation:∫ 1

0
tnvdv �

∫ 1

0

{
(1− v)t(n−1)v

(
t

(1− v)t + v

)}
dv+

∫ 1

0
v

(
t

(1− v)t + v

)n

dv

�
∫ 1

0

(
t

(1− v)t + v

)n

dv

gives the following result, for t > 0, t �= 1:

tn−1
logtn

� Jn(t) � tn− t
(n−1)(t−1)

, (14)
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where

Jn(t) :=
(n−2)tn+1− (n−1)tn + t2

(n−1)(n−2)(t−1)2 +
(tn − t)

(n−1)(t−1) logt

+
t

nt−1
t−1

(
Ei
(
− (n−1) logt

t−1

)
−Ei

(
− (n−1)t logt

t−1

))
(t−1)2

with the exponential integral function Ei(z) is defined by Ei(z) :=
z∫

−
ex

x
dx for 0 �= z ∈

R . Even for the case n := 2, J2(t) is very difficult to analytically compare both sides.

However, then the inequality
t2−1
logt2

� t by dropping J2(t) from the inequalities (14)

naturally gives L(1, t) � G(1,t) .
As a lower bound of the logarithmic mean, it is known that (see [8, Lemma 2.5])

L(1,t) � 1
n

n


k=1

t(2k−1)/2n, (n � 1).

It may be of interest to compare the first inequalty in (14) with the inequality above. By

some numerical computations, we found that the known lower bound
1
n

n


k=1
t(2k−1)/2n

is greater than our obtained one Jn(t1/n) . We similarly considered the limits of J2(
√

t)

and
1
n

n


k=1
t(2k−1)/2n in t → 0. The latter limit is clearly equal to 0 and the former is

also equal to 0. Therefore we could not find the advantage of Jn(t1/n) as a new lower
bound of the logarithmic mean.

4. Concluding Remarks

As demonstrated, we derived a new lower bound for the Specht ratio, which relates
to the inequality on the difference-type inverse inequality for Young’s inequality. Ad-
ditionally, we established a new upper bound for the logarithmic mean. These results
apply to scalar numbers. In this final section, we extend these findings to operator cases
and fractional calculus.

4.1. Operator inequalities for the obtained results

In this subsection, we consider n× n complex matrices, and the set of all such
matrices is denoted by M(n,C) . A matrix X ∈ M(n,C) is called Hermitian if X = X∗ ,
where X∗ denotes the conjugate transpose of X . The set of all Hermitian matrices
is denoted by Mh(n,C) . A Hermitian matrix X ∈ Mh(n,C) is called positive semi-
definite if 〈Xx,x〉� 0 for all x∈ Cn , and the set of all positive semi-definite matrices is
denoted by M+(n,C) . If X ∈ M+(n,C) is invertible, then X is called positive definite,
and the set of all positive definite matrices is denoted by M++(n,C) . For two Hermitian
matrices A and B , the partial order A � B means 〈(A−B)x,x〉 � 0 for all x ∈ C

n .
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Proposition 2 (iv) states that

(1− v)+ vt−{(1− v)+ vt−1}−1 � (
√

t−1)2, (t > 0).

By setting t := A−1/2BA−1/2 for A,B ∈ M++(n,C) and the functional calculus we
obtain the following operator inequality,

(1− v)A+ vB−{(1− v)A−1 + vB−1}−1 � A+B−2A1/2
(
A−1/2BA−1/2

)1/2
A1/2

by multiplying A1/2 to both sides. If we use the standard symbols such as AvB := (1−
v)A + vB , A�vB := A1/2

(
A−1/2BA−1/2

)v
A1/2 and A!vB :=

{
(1− v)A−1 + vB−1

}−1
.

The inequality above can be rewritten by

AvB−A!vB � 2
(
A1/2B−A�1/2B

)
, (0 � v � 1). (15)

For A,B ∈ M+(n,C) , we may define A�vB by considering A := A + I and a limit
 ↓ 0. Using the result in Theorem 1, we obtain a reverse of the inequality (15) under a
certain assumption.

PROPOSITION 3. Let A,B ∈ M+(n,C) be such that A � B � A for some
scalars  >  > 0 . Then,

A1/2B−A�1/2B � logmax{S(),S( )}
∫ 1

0
A�vBdv.

Proof. Recall that the inequality (9) is equivalent to

1
2

(√
t−1

)2 � L(1,t) logS(t), (t > 0).

Also notice L(1, t) =
∫ 1
0 tvdv . From the assumption, we have  � A−1/2BA−1/2 �  .

By the standard functional calculus we obtain

1
2

(
A−1/2BA−1/2−

(
A−1/2BA−1/2

)1/2
+ I

)
� max

�t�
logS(t)

∫ 1

0

(
A−1/2BA−1/2

)v
dv

= log(max{S(),S( )})
∫ 1

0

(
A−1/2BA−1/2

)v
dv

since log is monotone incresing on (0,) and S(t) is decrasing on (0,1) , increasing
on (1,) with S(1) = 1. (See [6] for example.) Multiplying A1/2 to both sides, we
obtain the desired result. �
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Finally as an upper bound of
∫ 1
0 A�vBdv , from Corollary 3, we obtain for A ∈

M++(n,C) and B ∈ M+(n,C) .∫ 1

0
A�vBdv � 1

12
(A+3B+2A�B)−8(AB−A�B)A−1R−3(A|B)

+4(B−2A+A�B)A−1R−2(A|B)−2R−1(A|B),

where Rn(A|B) := A1/2
(
log
(
A−1/2BA−1/2

))n
A1/2 for n ∈ Z .

4.2. Identric mean and logarithmic mean in fractional calculus

Recently, the study on the fractional calculus and fractal calculus have been made
developments [10, 21]. In this section, we propose a possibility of the definitions for an
identric mean and a logarithmic mean in fractional calculus. To do so, we review the
well–known definition of the Riemann–Liouville fractional integral [16, 21].

Let f be the Lebesgue integrable on [a,b] , the left and right Riemann–Liouville
fractional integrals of order  > 0 are

Ia+ f (x) =
1

()

∫ x

a
(x− s)−1 f (s)ds, (x > a)

and

Ib− f (x) =
1

()

∫ b

x
(s− x)−1 f (s)ds, (x < b),

where () :=
∫ 

0
t−1e−t dt, ( > 0) is the so–called Gamma function. Based on

the definition above, it is known the Hermite–Hadamard inequality [21, Theorem 77]:

f

(
a+b

2

)
� ( +1)

2(b−a)
(
Ia+ f (b)+ Ib− f (a)

)
� f (a)+ f (b)

2
. (16)

In addition, the Hermite–Hadamard–Mercer inequality [17] in Riemann–Liouville frac-
tional integral was given for x1,x2 ∈ [a,b] :

f

(
a+b− x1 + x2

2

)
� ( +1)

2(x2− x1)


(
I(a+b−x2)+

f (a+2− x1)+ I(a+b−x1)− f (a+b− x2)
)

(17)

� f (a+b− x1)+ f (a+b− x2)
2

� f (a)+ f (b)− f (x1)+ f (x2)
2

.

PROPOSITION 4. For  > 0 and b > a > 0 ,

(i)
√

ab � IRL
 (a,b) � a+b

2
, where

IRL
 (a,b) := exp

[
( +1)

2(b−a)()

{
(b−a) log(ab)+

∫ b

a

(b− s) − (s−a)

s
ds

}]
.
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(ii)
√

ab � LRL
 (a,b) � a+b

2
, where

LRL
 (a,b)

:=
( +1)

2
(
log b

a

) ()

{
(a+b)

(
log

b
a

)
+
∫ logb

loga
((logb− s) − (s− loga))esds

}
.

Proof.

(i) If we take f (x) = − logx on [a,b] with a > 0, then we obtain from the integral
by parts

Ia+ f (x) = − 1
()

(∫ x

a
s−1 (x− s) ds+(x−a) loga

)
and

Ib− f (x) = − 1
()

(
−
∫ b

x
s−1(s− x)ds+(b− x) logb

)
.

From the inequalities (16), we obtain the desired result.

(ii) If we also take f (x) = exp(x) on [a,b] , then we obtain from the integral by parts

Ia+ f (x) =
1

()

(
(x−a)ea +

∫ x

a
(x− s)esds

)
and

Ib− f (x) =
1

()

(
(b− x)eb −

∫ b

x
(s− x)esds

)
.

From the inequalities (16), we obtain the desired result. �

REMARK 5. If we take  := 1 in Proposition 4, then (i) and (ii) in Proposition 4
recover respectivelly,

√
ab � 1

e

(
bb

aa

) 1
b−a

� a+b
2

and √
ab � a−b

loga− logb
� a+b

2

by elementary calculations. Thus we may consider two quantities IRL
 (a,b) and LRL

 (a,b)
as an identric mean and a logarithmic mean in Riemann–Liouville fractional calculus.

As we stated in (1), LRL
1 (a,b) � IRL

1 (a,b) is known. So we may expect the relation
LRL
 (a,b) � IRL

 (a,b) holds for  > 0. However we have not shown anything about
this.
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Closing this section, we state the results as an application of (17). If we take
f (x) = − log(x) for x1,x2 ∈ [a,b] with a > 0 and x1 � x2 in the inequalities (17), then
we obtain

ab√
x1x2

�
√

(a+b− x1)(a+b− x2)

� exp

[
( +1){(x2 − x1) log(a+b− x1)(a+b− x2)+K(a,b,x1,x2)}

2(x2− x1)()

]
� a+b− x1 + x2

2
,

where

K(a,b,x1,x2) :=
∫ a+b−x1

a+b−x2

s−1 {(a+b− x1− s) − (s−a−b+ x2)}ds.

If we take  = 1, then

ab√
x1x2

�
√

(a+b− x1)(a+b− x2)

� exp

[
−1+ log

√
(a+b− x1) (a+b− x2)+

(2a+2b− x1− x2)
2(x2− x1)

log
a+b− x1

a+b− x2

]
� a+b− x1 + x2

2
.

If we take further x1 := a and x2 := b , then we recover

√
ab � 1

e

(
bb

aa

) 1
b−a

� a+b
2

.
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