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SOME NEW OPIAL-TYPE INEQUALITIES

ILKO BRNETIC AND JOSIP PECARIC

Abstract. In [3] Agarwal, Pecari¢ and Brneti¢ improved many known Opial-type inequalities in
n independent variables. Here we shall use the same basic idea as used in [3] to improve some
Opial-type inequalities in one variable proved by Agarwal and Pang [1]. We shall also make
some remarks on the results proved in [3] and give some simple generalizations.

1. Introduction

First, we state the results we shall improve:

THEOREM A. [1, Lemma 9.1.] Let A > 1 be a given real number and let p
be a non-negative and continuous function on [0,h]. Further, let x be an absolutely
continuous function on [0, h], with x(0) = x(h) = 0. Then, the following inequality

holds:
h h -1 h
[ onorar< ([ n-0)Tpoa) [wora

For p(t) = const. the inequality (1) reduces to

h Wo(A4+1 A+1\ ",
/|x(t)|ldt<73<T,T>/ I (1)|*dt, 2
0 0

where B is the beta function.

~—

THEOREM B. [1, Theorem 9.2.] Assume that
(i) I, m, u and A are non-negative real numbers such that ﬁ + % =1 and
lu=>1,
(ii) q is a non-negative and continuous function on [0, h],
(iii) x; and x, are absolutely continuous functions on [0,h], with x,(0) =
Xl(h) = )CQ(O) = Xg(h) =0.
Then, the following inequality holds

1

/ O (OO + b W 0 < (% / " 1) 1”2—1q“<r>dr) "

< [ CLom + w0+ Lo + o)
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THEOREM C. [1, Theorem 10.1.] Let ry, k = 0,. — 1, and 1 be non-

negative real numbers such that loo > 1, where a = Z érk and let p be a non-

negative continuous function on [0,h]. Further, let x € C"~V[0,h] be such that
xD(0) =xD(h) =0, i=0,...,n—1, and x"~V) is absolutely continuous. Then, the
following inequality holds

IRC ﬁﬁx ) < ([ =) pioar)

n—1

X Zrk/ \x k“ |Zadt

2. The main results

An improvement of Theorem A is the following:

THEOREM 1. Let A > 1 be a given real number and let p be a non-negative and
continuous function on [0, h]. Further, let x be an absolutely continuous function on
[0, h], with x(0) = x(h) = 0. Then, the following inequality holds:

Azwwwm<(fwx+m 0" do/u Ofd. ()

Proof. As in [1] from the hypotheses of theorem we have

X(t) = /0 Y(s)ds, () = — /, ' (s)ds,

Using Holder’s inequality with indices A and % , we obtain

t
P [ (@)
0
and, similarly,
o) < l1/\x (5)ds. 5
Multiplying (4) by 7!=* and (5) by (h * and adding these inequalities, we
find i
0“l+mfﬂ“ﬂmm*<4\fmvm
ie.

h
SO < (1 =) [ @par ©
0
Now multiplying (6) by p and integrating on [0, 4] we obtain the inequality (3).
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REMARK 1. By the harmonic-geometric inequality, we have
_ L
2+ (h—0) )T < (A (=P

Hence, it is clear that (3) improves (1).

COROLLARY 2. Let A > 1 be a given real number and let x be an absolutely
continuous function on [0, h], with x(0) = x(h) = 0. Then, the following inequality

holds:
h h
/\movmshhu»/|fwvm, (7)
0 0

1
I(A) :/0 (slf/1 + (1 fs)lfl)flds.

Proof. By putting p(t) = const. in (3) we obtain

/ lx(r)[*dr < (/ (tl‘*+(h—t)1‘*)_ldt> /Ohx’(t)’ldt.

The inequality (7) is now clear.

where

COROLLARY 3. Let A > 1 be a given real number and let x be an absolutely
continuous function on [0, h], with x(0) = x(h) = 0. Then, the following inequalities
hold:

h h2 h
| topar <% [P )
0 0
h - h
[ o< T2 [ )
0
h
20371 — 81
4 h4/ / 4 1
|t < ¥ (1) dr. (10)

Proof It is a special case of Corollary 2 for A = 2,3, 4. The integrals I(2) =

1(3) = 2222 and I1(4) = 20‘@%81 are computed easily.

REMARK 2. It is interesting to compare this results with the inequalities which
follow from Theorem A by taking p(r) = const. and A = 2,3,4. From (2), the

inequalities corresponding to (8) - (10) will have corresponding constants ”—62 , I and

1
3mht
256 °

Now we shall improve the result of Theorem B.

THEOREM 4. Assume that
(i) I, m, u and A are non-negative real numbers such that ﬁ + % =1 and
lu>1
(ii) q is a non-negative and continuous function on [0, h],
(iii) x; and x, are absolutely continuous functions on [0,h], with x(0) =
Xl(h) = )CQ(O) = Xz(h) =0.



388 ILKO BRNETIC AND JOSIP PECARIC

Then, the following inequality holds

h
[ aorsorseoisoras( [
< [ ogimsiamm + Lagor dor)a. o
TR : At 2 '

1
h I

(tl_l“+(h—t)l_l“)_lq“(t)dt> X

Proof. From Holder’s inequality with indices ¢ and A we have

/ OO 0P < (/ "0 (par) ' (f h sorar)”

Now, from (3) we find

1

/ OO0 < ( / N r)l’“)lqw)dr) *x

<( "I ar) ﬁ (/ h x'2<r>|"“dr)%7

and from Young’s inequality it follows that

/ OO0 < ([ (0 (= ) o)

X/Oh(;xl()ll“Jr%lx’z(t)'”‘)dt. (12)

Similarly, we obtain
h h ﬁ
[ amoramtar< ([ m- 0 eoa)
" 1 / mA 1 / u
< [ GROr* + oM. 1)
An addition of (12) and (13) gives the inequality (11).

Now we will establish Opial-type inequality involving higher order derivatives
which improves the result of Theorem C.

THEOREM 5. Let ry, k = 0 — 1, and | be non-negative real numbers such
that la > 1, where o = Zk o Tk and let p be a non-negative continuous function on
[0,R). Further, let x € C"=1[0, h] be such that x\)(0) = x)(h) =0, i =0,...,n—1
and x"~V) is absolutely continuous. Then, the following inequality holds

/ (Hl . rk) s é (/oh(tlla + (0= f)lla)lp(t)dt) X

n—1 h
x> /0 & () dr.  (14)
k=0

)
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Proof. Using some well-known elementary inequalities, we have

([wor) - (Twoor) < (S 2e0)

k=0

n—1
Tk
<3 B, (15)
k=0

The inequality (14) now follows from (15) and (3).

Let Q = ]\ ,[ai,b;] and let x = (xi,...,x,) be a general point in Q and dx
stands for dx; ...dx,. Let G,(a;) stands for geometric mean and H,(a;) stands for
harmonic mean of ay, ..., a,, and generally, let M [ (a;) stands for mean of order k of

n a]_( %
a,...,a,,ie. M¥(q;) = (%) ,k#0.
We denote by G(Q) the class of sufficiently smooth real functions which vanish on
the boundary 9Q of Q. Further, let u(x;#;) stands for u(xy, ..., Xi—1, i, Xit1, - - - Xn)

and define
n a 1
llgrad  u(x)llu = (3 |5 —u())*.
i=1 !
The generalization of Corollary 2 for the case of several independent variables is
given in [3]. Let’s repeate this result:

THEOREM D. [3, Theorem 1] Let A, u > 1 be real numbers and let u € G(Q).
Then, the following inequality holds

/ u()Fdx < K(A, ) / lgrad  u(x)|[}dx,
Q Q
where

A R
“)Hn((bl l) )7

1
z(x):/ (s 1 (1 - 5)" %) as,
0
Cla)=1, forac>1 and C(a)=n""% for0<a<1.

K(h ) = H)C(

Moreover, the following theorem is a consequence of Theorem D:

THEOREM 6. Let uy >0, A > 1, k = 1,...,m, be real numbers such that
Yoy )L =1 andlet uy € G(Q), k=1,...,m. Then, the following inequality holds

M=2A(p !
/llwuk par < L0 2) DT et
< ([ llgrad uBant. (16)



390 ILKO BRNETIC AND JOSIP PECARIC

Proof. By applying Cauchy-Schwarz inequality and the result of Theorem D for
A =2and u =2, wefind

/\u (x)|Mdx < (/ Jua (o) [P ></ u(x)zdx)%
<M A “kldx) ([ 1igraa >|2dx)(i7)

The inequality (16) now follows from (17) by using weighted arithmetic-geometric
inequality.

REMARK 3. In [3, Remark 12] a special case of Theorem 6 (for m = 2 and
W = Up = 1) is proved. In [4] Agarwal and Sheng obtained the same type of inequality

for m = 2 and with the right-hand side of the inequality (16) multiplied by 4 / T and

the term G, (b; — a;) instead of M(=2(b; — a;). On the other hand, in [5], Cheung

obtained the same type of inequality with the right-hand side of the inequality (16)
multiplied by % , the term max{b; —a; : i = 1,...,m} instead of M!~2(b; —a;) and
the term gy instead of p/Ag.
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