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AN ENERGY—TYPE INEQUALITY

BUAN Z. ZANGENEH

Abstract. In this paper we will prove an Energy-Type inequality for the mild solution of the
linear evolution equation. And for showing the strength and power of this inequality we will use
this inequality to show continuity of the solution with respect to a parameter of the semilinear
evolution equation with monotone nonlinearity.

1. Introduction

Let H be areal separable Hilbert space with norm || || and inner product { , ) .
Let 7> 0 andlet S = [0, T]. suppose f be an H —valued uniformly bounded function
on § define [[f||cc = sup,c/lf (¢)||. Consider on H the linear evolution equation
formally written as
{ X(t) = A@DX(t) +alr) (1)
X(O) = X()a
where {A(r), ¢ € S} is a family of closed linear operators on H whose domain D
is independentof ¢+ € S and is dense in H .
Suppose that {A(¢) : ¢t € S} generates a unique evolution operator {U(t,s) :
0<s<t<T},ie,the U(t,s) are bounded linear operators on H such that

Ut,t) =1, Ul(t,s)U(s,r)=U(t,r) for 0<r<s<r<T,

and (¢,s) — U(t,s) is strongly continuous for 0 < s < 7 < T , and certain relationships
between A and U hold, which we will introduce later on.

DEFINITION 1. An H -valued process X is a mild solution of (1) if and only if

(i) X. € L'(S,H) ;

(ii) X(1) = U(t,0)X(0) + [, U(t,s)a(s)ds foreach t € S.

In this paper we will prove an Energy Inequality for the mild solution of (1). And
for showing the strength and power of this inequality we will use this inequality to
show continuity of the solution with respect to a parameter of the semilinear evolution
equation with monotone nonlinearity.
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DEFINITION 2. We say the evolution operator U(,s) is an almost strong evolution
operator with generator A(t) if it satisfies the following:
(a) For almost all s < ¢ and for each x € D

Ult,s)x —x = / U(t, r)A(r)xdr. (2)

(b) Let x € D and s € S. For almostall # > s
U(t,s)D C D; (3)
/ A(NU(r,s)xdr = (U(t,s) — I)x. 4)

If U and A satisfy (2), (3), and (4) forevery s € S, u is called a strong evolution
operator.

REMARK 1. (i) If {A(r) : t € S} is the generator of an almost strong evolution
operator U(t,s), then (1) (with @ = 0 and Xy, € D) has a unique solution X(¢) =
U(t,0)Xo which is differentiable almost everywhere.

(ii) Fora.e. 0 < s <t < T andeach x € D we have

0

EU(I’ s)x =A@)U(t, s)x, (5)
0
aU(;7 s)x = —U(t, s)A(s)x. (6)

We say U(t,s) is an exponentially bounded with parameter A on S if there is
A € R such that

U@, $)|lL < A forae. 0 < s <t <T. (7)

Note that if an almost strong evolution operator U(¢,s) is exponentially bounded
on S with parameter A , we have

(A(t)x,x) < M|x||2, Vx € D. (8)
This can be seen becauseif x € D and t > s ,

|U(t,5)x]1> = ||x]]? o (=) — 1)|x|)?
f—s = r—s

or
2 _ 2 2A(t—s) _ 2
NP = WPy, P D]
= -

2.,

=2 |x

limt —

but s s
Ut s)xl? = [P _

t—s

, d 2
lim, _, d?HU(t, $)x||7l=s = 2(A(s)x,x) a.e..
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The following are the relevant hypotheses concerning A and U':

HYPOTHESIS 1. (a) The domain Z(A(t)) := D is independent of t for t € S
and is dense in H ;

(b) {A(t) : t € S} generates a unique almost strong evolution operator U(t,s) ;

(c) U(t,s) is exponentially bounded on S with parameter A ;

We refer to Pazy [6] and Tanabe [9] for sufficient conditions for the existence of an
evolution operator with the properties 1(a)—(c).

These conditions apply to a large class of delay equations, and to parabolic and
hyperbolic equations [see for example [2]].

Let A be an unbounded operator on H with dense domain D. Let || ||p be the
norm defined on D by

IxlIp = lAx]* + [lx[?,  x € D.
This norm is called the graph norm on D. Note that it generated by the inner product
(x,y) p = (Ax,Ay) + (x,y)

REMARK 2. (i) An operator A is closed if and only if its domain D is complete
under the graph norm [see [7],problem 15(a), p314.]

(ii) Suppose A is a closed linear operator with dense domain D. Then D is a
Hilbert space with graph norm || ||p.

2. An Energy-type Inequality

THEOREM 1. (Energy’s inequality) Ler a(.) be an H -valued integrable function
on S. Suppose U and A satisfy Hypothesis 1(a)—(c). If

X(1) = U(t,0)Xo + /O U s)als)ds, ©)
then
1X(0)|]> < ez’“||X0|2+2/teM<'S><X(s),a(s)ds>, tes. (10)
0

Before proving Theorem 1 we are going to prove two lemmas. Suppose U(z, s)
satisfies Hypothesis 1c for some A € R. Define

Ui(t,s) = e *U(1,s), A1) =A(t) — Al,and a,(1) = e~ *'a(t).
and X, (1) = e~ *'X,.

LEMMA 1. If U and A satisfy Hypothesis 1, then U, and A, satisfy Hypothesis
1 with A = 0. Moreover, X(t) satisfies (9) if and only if X,(t) satisfies

Xi(r) = Ul(t,O)Xo+/Ot U, (t,s)a;(s)ds. (11)



456 B. Z. ZANGENEH
Proof. ||U\(t,s)||. = e~ *=9||U(t,s)||. < 1 ae. By the definition of U; we

can rewrite (9) as X(t) = €*'U,(1,0)Xo + € [ e U, (t,s)a (s)ds.
Using the definition of X! and a;(¢) we can rewrite the above as (11). [

LEMMA 2. If a(.) is an H -valued integrable function on S and if X(t) :=
Xo + [y a(s)ds, then

|M@WZH%W+z/kmmaww&
0

Proof. Since a(s) is integrable, then X(z) is absolutely continuous and X'(¢) =
a(t) a.e. on S. Then ||X(7)|| is also absolutely continuous and

d ., dX() B
Lixle = 2¢ 2 x@) = 2(a0),x0) ae.
so that ,
/%WwﬁﬂmWﬂMﬁ
0
Thus .
2 — 2 = S),als S.
X — X 2A<m>,<»d
O

Proof of Theorem 1. By Lemma 1 we can assume A = 0 in Hypothesis 1c. Then
forall x € D, (A(#)x,x) < O forae. ¢.

Defineamap R,(¢) : H — D by R,(t) = n(nl—A(t))~". Then R,(¢) is defined
onall of H. Since (A(f)x,x) < 0 fora.e. ¢, then (1(nl —A(r))x,x) > |x|? for
a.e. t €S, Vx € D. By the Schwarz inequality we have for all x € D that

It~ @) > [,

so ||[R.(0)||lL < 1 forae. 7.
We approximate X, by Yosida’s method. Define a,(f) by a,(¢) : = R,(s)a(s)
Note that since R,(tf) : H — D then a,(t) € D. Let {X(} be asequence in D
which converges to Xy such that || X7|| < ||Xo|| forall n.
Define

X, (1) 1= U(1,0)X" + /0 U, 5)an(s)ds. (12)

We are going to prove that || X, — X||cc — O.
Since

1U(,0)(XS” = Xo)loo < |IXg — Xol| — O boundedly,
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it is enough to show that

supoc i< / U(t,5)(an(s) — a(s))ds]| — 0. (13)

Now ||U(z,s)||L < 1 so we have

| [ 0o — aspasle < [ 106 a4
Since R,(s) — I strongly then ||(R,(s) — I)a(s)|| — O for a.e. s € S, and since
|IR.(s) — I]|. < 2 then the integrand is < 2 a.e. Then by the dominated convergence
theorem, the right hand side of (14) approaches zero so we get (13 ).

Hence ||X, — X]|oo — O.
Let us first prove Energy’s inequality (10) for

X, =U(1,0)Xo + /Ot U(t, s)a(s)ds, (15)

where a satisfies the following.

HYPOTHESIS 2. (a) a is a D -valued integrable function
(b) Xy is a D-valued

LEMMA 3. If Xo and a satisfy Hypothesis 2 and if X is a solution of (15), then

1> < [1Xo]|? +/0 (X(s),a(s)) ds. (16)

Proof. Since a and X satisfy Hypothesis 2, so by [Theorem 2.38, page 45 [2]],
X, satisfies

X(1) :X0+/0 A(S)X(s)der/o a(s) ds. (17)

Since A(.)Xx(.) € L'(S,H), we can apply Lemma 2 to see that
KO = 1% + 2 [ (AGXE).X() ds
+2/0<X(s),d(s)>ds. (18)
But (A(s)Xi(s), Xk(s)) <0. ae., so (18) implies that
IX@1* < [1Xol? +2/0 ( X(s).da(s)) ds. (19)

This proves the Lemma.
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To complete the proof of the theorem, we only need to show that

/(X,,(s),an(s» ds — /(X(s),a(s)> ds. (20)
0 0

[ anonds = [ (x05).ats)
<| / X(s),an(s)) ds| + | / ) — an(s))) ds|

= L] + |12( ).
e Since a,(s) = R,(s)a(s) fora.e. s and ||R,(s) a(s)|| < 1 fora.e. s, then

Now

T
supg <7l (0] < IIX;rXIIm/O la(s)lds.

Since [|X, — X|loo — 0, supye,<r|Iy(r)] — 0.
e Since (a(s) — a(s)) = (I — Ru(s))a(s) a.e. s, then

SuPocrcr|2(0)] < 1X]loo / 1 (Anls) — Dals)||ds.

But (A,(s) — I)a(s) converges to zero a.e. and its norm is bounded by 2, so by the
bounded convergence theorem supy,|I7(f)| tends to zero. [

3. Application

Let g be an H -valued function defined on a set D(G) C H. Recall that g is
monotone if for each pair x,y € D(g),

(g(x) —gy),x—y) =0,

and g is semi-monotone with parameter M if, for each pair x,y € D(g),

(g(x) —g(v).x —y) = —M|x—y|*.

We say g is bounded if there exists an increasing continuous function y on [0, o)
such that [|g(x)|| < w(||x]|),Vx € D(g). g is demi-continuous if, whenever (x,) is a
sequence in D(g) which converges strongly to a point x € D(g), then g(x,) converges
weakly to g(x).

Consider the integral equation

X(1) =U(t,0)Xo + /t U(t,s)f (s,X(s))ds + V(z), t€S. (21)
0
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When A and U satisfy Hypothesis 1, f and V satisfy the following

HYPOTHESIS 3. For each x € H t — f(t,x) is continuous. Foreach t € S,
x — f(t,x) is demicontinuous and uniformly bounded in t. (That is, there is a function
@ = @(x) on Ry which is continuous and increasing in x and such that forall t € S,
x € H, [f@0l < o(ll).)
(d) There exists a non-negative number M such that foreach t € S, x — —f(t,x) is
semimonotone with parameter M .
(e) t — V(t) is cadlag.

Faris and Jona-Lasinio (1982) have proved that the solution X of (21) is a
continuous function of V in the special case when the generator of U is % and
f(x) = —Ax* — ux. Da Prato and Zabczyk (1988) generalized this result to the case
where U is a general analytic semigroup and f is a locally Lipschitz function on a
Banach space.

As an application of the Energy-Type Inequality we will prove a generalization of
Faris and Jona-Lasino’s theorem for monotone —f and more general U ; this was open
after Faris and Jona-Lasinio (1982) [see for example Smolenski et al (1986), page 230].

The existence and uniqueness of the above integral equation is a well-known
theorem of Browder(1964) and Kato(1964). That is

PROPOSITION 1. Suppose that Xy, f and V satisfy Hypothesis 3. Suppose A
and U satisfy Hypothesis 1. Then (21) has a unique cadlag (continuous, if V; is
continuous) solution. Furthermore

[Xlloo < lIXoll + [|Vllso + Cro(l|Xoll + [[Vloo), (22)

where

1 otherwise.

N

Proof. See [1] or [5].

In [10], the measurability of the solution of (21) is proved. In [12], the measurability
of the solution of (21) is used to prove the existence of the solution of the stochastic
semilinear integral equation

t

t
X, = U(t,0)Xo +/ Ul(t,$)fs(X;)ds +/ Ul(t,5)gs(X)dWs + V,,
0 0

where

e gi(.) is a uniformly-Lipschitz predictable functional with values in the space of
Hilbert-Schmidt operators on H ;

o {W,,tcR} isan H -valued cylindrical Brownian motion with respectto (Q, .#,.%;, P).
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THEOREM 2. Let f, V! and V?* satisfy Hypothesis 3. Suppose A and U satisfy
Hypotheses 1. Let X'(t), i = 1,2 be solutions of the integral equations:

t
Xi(t) :/ Ul(t, s)f(s,Xi(s))ds + Vi(t). (23)
0
Then there is a constant C such that

1
I1X* = X'|oo < CIIVZ = V!5 (24)
Proof. Define Yi(t) = X'(t)— V(¢), i = 1,2. Then we can write (23) in the form

Yi(t) = /t U(t,s)f (s,X'(s))ds, i=1,2,

0

so that
t

Yz(f)*Yl(f):/ U(t, 9)If (s, X*(s)) — f (5, X" (s))]ds.

0
Since U satisfies Hypothesis 1(a)—(c), then by Theorem 1 we have

1Y2(0) = Y'(0)]* < 2/()162”’_”( Y2(s) = Y'(5).f (X*(5) = f (X' (5))) ds.  (25)

Note that because Y and X' are cadlag and the f' are bounded by ¢;, then the
integrands are dominated by cadlag functions and hence are integrable. Since Y’ =
X' — Vi and —f? is monotone. By the Schwartz inequality this is

t
< 2 [V = VIO I 03) 1 () s
Since X' and X? are bounded and f is bounded then there is a constant K such that
1
172 =Yoo < K[V = V!|% (26)
since Y = X' — V' the proof of theorem is complete. []

REMARK 3. Let D(S, H) be the set of H -valued cadlag functions on S with norm

1 lloe = supesllf ()]I-

By Theorem 2 there is a continuous mapping y : SxD(S,H) — D(S,H) such that if
X(z) is a solution of

t
X(0) = [ Ul (X(5))ds + V10,
0
then X(r) = w(z, V)(¢) . Moreover there is a constant C such that

1
lw (., V) = (., V)l < CIV? = V||,

so y is Holder continuous with exponent 1/2.
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