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ON SOME INEQUALITIES RELATED

TO HARDY’S INTEGRAL INEQUALITY

ŽELJKO HANJŠ, E. R. LOVE AND JOSIP PEČARIĆ

(communicated by B. Mond)

Abstract. Some Hardy–type inequalities related to those derived by Pachpatte and Love are
given.

One of the many fundamental mathematical discoveries of G. H. Hardy is the
following integral inequality [2, Theorem 330]:

If p > 1 , m �= 1 , f (t) is non-negative measurable, and F is defined on (0,∞)
by

F(x) =
∫ x

0
f (t)dt for m > 1, F(x) =

∫ ∞

x
f (t)dt for m < 1,

then ∫ ∞

0
x−mF(x)pdx <

(
p

|m − 1|
)p ∫ ∞

0
x−m+pf (x)pdx

unless f (t) ≡ 0 . The constant on the right is the best possible.

A typical theorem in [1] is:
Let m > 1 , p � 1 , and all hypotheses involving k hold for k = 1, 2, . . . , n . Let

rk(x) and w(x) be positive and locally absolutely continuous in (0,∞) . Let z(x) be
differentiable in (0,∞) with z′(x) > 0 and z(0+) > 0 . Let

Ikf (x) =
∫ x

0

rk(t)z′(t)
rk(x)z(x)

f (t)dt

and

0 <
1
αk

� ess inf
0<x<∞

{
1 +

1
m − 1

z(x)
z′(x)

(
p
r′k(x)
rk(x)

− w′(x)
w(x)

)}
,

If f (x) is non-negative measurable on (0,∞) , F0(x) = z(x)f (x) ,

Fk(x) = z(x)IkIk−1 . . . I1f (x)
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each exist for some positive x and hence for all, and

w(x)
z(x)m−1

Fk(x)p → 0 as x → 0+,

then (∫ ∞

0

z′(x)
z(x)m

w(x)Fn(x)pdx

) 1
p

� A

(∫ ∞

0

z′(x)
z(x)m

w(x)F0(x)pdx

) 1
p

where

A =
(

p
|m − 1|

)n n∏
k=1

αk.

In this paper we wish to further develop theorems of this kind.

THEOREM 1. Let m > 1 , p � 1 , q � 0 and X > 0 . Let s(x) , w(x) and z(x)
be absolutely continuous and positive on [0, X] , with z′(x) essentially bounded and
positive.

If f (x) is non-negative and Lp on (0, X) ,

F(x) =
1

s(x)

∫ x

0

s(t)z′(t)
z(t)

f (t) dt, for 0 � x � X,

and

0 <
1
α

� ess inf
0<x<X

{
1 +

1
m − 1

z(x)
z′(x)

(
(p + q)

s′(x)
s(x)

− w′(x)
w(x)

)}
,

then ∫ X

0

z′(x)
z(x)m

w(x)F(x)p+qdx �
(

(p + q)α
m − 1

)p ∫ X

0

z′(x)
z(x)m

w(x)F(x)qf (x)pdx. (1)

This conclusion also holds with X replaced by ∞ if the hypotheses on s , w , z and z′

hold locally in [0,∞) ; but the integrals may not then be convergent.

Proof. (i) Since s , w and z are continuous and positive on [0, X] , they have
positive lower and upper bounds thereon; therefore s(t)/z(t) is bounded. Since z′ is
bounded above, so also is s(t)z′(t)/z(t) . Further f is integrable, so the integral in F(x)
exists and is absolutely continuous in [0, X] .

Because s(x) has positive lower bound, 1/s(x) is absolutely continuous on [0, X] ,
and consequently F(x) is absolutely continuous. In particular F(x) is bounded.

From the boundedness of 1/z(t) we have boundedness of 1/z(x)m . Also z′(x)
and w(x) are bounded. So the whole integrand in the left side of (1) is bounded and
the integral on the left of (1) is convergent.

(ii) Since z(x) has positive lower bound and is absolutely continuous, 1/z(x) is
absolutely continuous; consequently so also is (1/z(x))m−1 = z(x)1−m .

Now w(x)F(x)p+q is also absolutely continuous on [0, X] ; so the following inte-
gration by parts is valid:∫ X

0
w(x)F(x)p+q(1 − m)

z′(x)
z(x)m

dx =
[
w(x)F(x)p+qz(x)1−m

]X
0
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−
∫ X

0
z(x)1−m

{
w′(x)F(x)p+q + w(x)(p + q)F(x)p+q−1F′(x)

}
dx

= w(X)F(X)p+qz(X)1−m

−
∫ X

0
z(x)1−m

{
w′(x)F(x)p+q + w(x)(p + q)F(x)p+q−1

(
z′(x)
z(x)

f (x) − s′(x)
s(x)

F(x)
)}

dx.

It follows that

(m − 1)
∫ X

0

z′(x)
z(x)m

w(x)F(x)p+qdx + z(X)1−mw(X)F(X)p+q

=
∫ X

0

z′(x)
z(x)m

w(x)
{

z(x)
z′(x)

(
w′(x)
w(x)

− (p + q)
s′(x)
s(x)

)
×F(x)p+q + (p + q)F(x)p+q−1f (x)

}
dx (2)

=
∫ X

0

z′(x)
z(x)m

w(x)
[
(m − 1) − (m − 1)

{
1 +

1
m − 1

z(x)
z′(x)

(
(p + q)

s′(x)
s(x)

− w′(x)
w(x)

)}

× F(x)p+q + (p + q)F(x)p+q−1f (x)
]

dx. (3)

Now (2) is finite, as shown in (i); so (3) is also finite. And

z′(x)
z(x)m

w(x)(p + q)F(x)p+q−1f (x)

is integrable since f (x) is integrable, z′(x) is bounded, and the other factors in this
expression are absolutely continuous, including 1/z(x)m . Writing

W(x) =
z′(x)
z(x)m

w(x) and S(x) = 1 +
1

m − 1
z(x)
z′(x)

(
(p + q)

s′(x)
s(x)

− w′(x)
w(x)

)
,

(3) is equal to∫ X

0
W(x){(m−1)−(m−1)S(x)}F(x)p+qdx+(p+q)

∫ X

0
W(x)F(x)p+q−1f (x)dx, (4)

this separation into the sum of two integrals being correct because the integral (3) and
the second integral in (4) exist as (finite) Lebesgue integrals, so that, by additivity, the
first integral in (4) exists and (3) and (4) are equal.

(iii) Having thus proved that (2), (3) and (4) are all equal, we obtain, on dividing
by the positive number m − 1 ,∫ X

0
W(x)F(x)p+qdx

�
∫ X

0
W(x){1 − S(x)}F(x)p+qdx +

p + q
m − 1

∫ X

0
W(x)F(x)p+q−1f (x)dx,
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so that ∫ X

0
W(x)S(x)F(x)p+qdx � p + q

m − 1

∫ X

0
W(x)F(x)p+q−1f (x)dx.

Since S(x) � 1/α almost everywhere,

m − 1
(p + q)α

∫ X

0
W(x)F(x)p+qdx �

∫ X

0
W(x)F(x)p+q−1− q

p F(x)
q
p f (x) dx

�
(∫ X

0
W(x)F(x)p+qdx

)1− 1
p
(∫ X

0
W(x)F(x)qf (x)pdx

) 1
p

(5)

by Hölder’s inequality.

(iv) Since z′(x) > 0 almost everywhere in [0, X] , and w(x)/z(x)m > 0 every-
where, W(x) > 0 almost everywhere. So if the first factor on the right in (5) were to
vanish, we should have F(x) = 0 almost everywhere, and therefore everywhere since
F is continuous. This would make f (t) = 0 almost everywhere, so that both sides in
(5) would vanish and (5) would hold trivially. We can thus exclude this situation, and
suppose that the first factor on the right in (5) is positive (and it is finite as shown in
(i)). Dividing through (5) by it,

m − 1
(p + q)α

(∫ X

0
W(x)F(x)p+qdx

) 1
p

�
(∫ X

0
W(x)F(x)qf (x)pdx

) 1
p

.

Theorem 1 follows immediately from this.

THEOREM 2. Let m > 1, p + r � 1, p � 0, q � 0 and r � 0 . Let s , w , z , z′ ,
X and F be defined as in Theorem 1, f (x) be Lp+r on (0, X) and

0 <
1
α

� ess inf
0<x<X

{
1 +

1
m − 1

z(x)
z′(x)

(
(p + q + r)

s′(x)
s(x)

− w′(x)
w(x)

)}
,

then∫ X

0

z′(x)
z(x)m

w(x)F(x)p+qf (x)rdx �
(

(p + q + r)α
m − 1

)p ∫ X

0

z′(x)
z(x)m

w(x)F(x)qf (x)p+rdx.

This conclusion also holds with X replaced by ∞ if the hypotheses on s , w , z and z′

hold locally in [0,∞) and X is replaced by ∞ in the other hypotheses.

Proof. Write W(x) = z′(x)w(x)/z(x)m . By Hölder’s inequality, and Theorem 1
with p replaced by p + r ,∫ X

0
W(x)F(x)p+qf (x)rdx =

∫ X

0
W(x)

(
F(x)

qr
p+r f (x)r

)(
F(x)p+q− qr

p+r

)
dx

�
(∫ X

0
W(x)F(x)qf (x)p+rdx

) r
p+r
(∫ X

0
W(x)F(x)p+q+rdx

) p
p+r

�
(∫ X

0
W(x)F(x)qf (x)p+rdx

) r
p+r
(

(p + q + r)α
m − 1

)p(∫ X

0
W(x)F(x)qf (x)p+rdx

) p
p+r

.
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This gives the stated inequality.

THEOREM 3. Let m > 1 , p � 1 , X > 0 and all hypotheses involving k hold for
k = 1, 2, . . . , n . Let sk(x) , w(x) and z(x) be absolutely continuous and positive on
[0, X] , with z′(x) essentially bounded and positive. For any φ non-negative and Lp on
(0, X) let

Ĩkφ(x) =
1

sk(x)

∫ x

0

sk(t)z′(t)
z(t)

φ(t)dt, for 0 � x � X.

If f (x) is non-negative and Lp on (0, X) ,

F̃k(x) = Ĩk Ĩk−1 . . . Ĩ1f (x), F̃0(x) = f (x),

and

0 <
1
αk

� ess inf
0<x<X

{
1 +

1
m − 1

z(x)
z′(x)

(
p
s′k(x)
sk(x)

− w′(x)
w(x)

)}
,

then ∫ X

0

z′(x)
z(x)m

w(x)F̃n(x)pdx �
(

p
m − 1

)np
(

n∏
i=1

αi

)p ∫ X

0

z′(x)
z(x)m

w(x)f (x)pdx.

This conclusion also holds with X replaced by ∞ if the hypotheses on sk , w , z
and z′ hold locally in [0,∞) and X is replaced by ∞ in the other hypotheses; but
then the integrals may not be convergent.

Proof. Since z(x) is continuous and positive on [0, X] it has positive lower and
upper bounds thereon; and the same holds for sk(x) and w(x) . Since sk(x)z′(x) is
essentially bounded and φ(t) is in Lp on [0, X] , Ĩkφ(x) exists and is continuous on
[0, X] . In particular Ĩkφ(x) is in Lp on (0, X) , and clearly non-negative. It follows that
F̃k(x) exists and is in Lp on (0, X) and non-negative.

In Theorem 1 replace q by 0 , s(x) by sk(x) , and f (x) by F̃k−1(x) . Then α
is replaced by αk and F(x) by ĨkF̃k−1(x) . The requirements of Theorem 1 being
satisfied, that theorem gives∫ X

0

z′(x)
z(x)m

w(x)F̃k(x)pdx �
(

pαk

m − 1

)p ∫ X

0

z′(x)
z(x)m

w(x)F̃k−1(x)pdx.

Iteration of this inequality gives the stated conclusion of Theorem 3.

THEOREM 4. Let p , k , n , sk(x) , w(x) and z(x) be as in Theorem 3. For any
φ(t) non-negative and Lp on [0, X] let

Īkφ(x) =
1

sk(x)

∫ x

0
sk(t)z′(t)φ(t)dt, for 0 � x � X.

If f (x) is non-negative and Lp on (0, X) ,

F̄k(x) = Īk Īk−1 . . . Ī1f (x), F̄0(x) = f (x), m > (n − 1)p + 1
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and

0 <
1
αk

� ess inf
0<x<X

{
1 +

1
m − (n − k)p − 1

z(x)
z′(x)

(
p
s′k(x)
sk(x)

− w′(x)
w(x)

)}
,

then∫ X

0

z′(x)
z(x)m

w(x)F̄n(x)pdx �
(

n∏
i=1

pαi

m − (n − i)p − 1

)p ∫ X

0

z′(x)
z(x)m−np

w(x)f (x)p dx.

This conclusion also holds with X replaced by ∞ if the hypotheses on sk , w , z
and z′ hold locally in [0,∞) and X is replaced by ∞ in the other hypotheses; but the
integrals may not then be convergent.

Proof. Let g(x) = z(x)−1f (x) , non-negative and Lp on [0, X] , so that

Īkg(x) =
1

sk(x)

∫ x

0

sk(t)z′(t)
z(t)

z(t)g(t)dt = Ĩk(f (x)).

As in Theorem 3 this is non-negative and continuous, hence Lp on [0, X] . Similarly

F̄k(x) = ĪkF̄k−1(x) =
1

sk(x)

∫ x

0

sk(t)z′(t)
z(t)

z(t)F̄k−1(t)dt = Ĩk(z(x)F̄k−1(x)). (6)

Since F̄0(x) is non-negative and L1 and z(x) is positive and continuous, (6) gives that
F̄1(x) is non-negative and continuous, and so in Lp on [0, X] . Hence inductively F̄k(x)
is non-negative and in Lp . The requirements of Theorem 1 are thus satisfied. Replacing
m in that theorem by m− (n−k)p � m− (n−1)p > 1 , the case q = 0 of that theorem
gives, using (6),∫ X

0

z′(x)
z(x)m−(n−k)p w(x)F̄k(x)p dx

�
(

pαk

m − (n − k)p − 1

)p ∫ X

0

z′(x)
z(x)m−(n−k)p w(x) (z(x)F̄k−1(x)p) dx

=
(

pαk

m − (n − k)p − 1

)p ∫ X

0

z′(x)
z(x)m−(n−k+1)p w(x)F̄k−1(x)pdx.

Iteration of this inequality gives the stated conclusion of Theorem 4.

THEOREM 5. Let m < 1 , p � 1 , q � 0 and X > 0 . Let s(x) , w(x) and z(x)
be locally absolutely continuous in [X,∞) and have positive upper and lower bounds
thereon. Let z′(x) be essentially bounded and essentially positive on [X,∞) .

If f (x) is non-negative and in L1 ∩ Lp on [X,∞) ,

F(x) =
1

s(x)

∫ ∞

x

s(t)z′(t)
z(t)

f (t)dt,

and

0 <
1
α

� ess inf
X<x<∞

{
1 +

1
1 − m

z(x)
z′(x)

(
w′(x)
w(x)

− (p + q)
s′(x)
s(x)

)}
.



ON SOME INEQUALITIES RELATED TO HARDY’S INTEGRAL INEQUALITY 363

then

∫ ∞

X

z′(x)
z(x)m

w(x)F(x)p+qdx �
(

(p + q)α
1 − m

)p ∫ ∞

X

z′(x)
z(x)m

w(x)F(x)qf (x)pdx, (7)

and these integrals are convergent.

Proof. (i) For each x � X , F(x) exists, because 1/s(x) exists, s(t)/z(t) is
bounded, z′(t) is essentially bounded and f (t) is integrable on (X,∞) . F(x) is also
positive and continuous.

Suppose that there is ξ > X such that f (x) = 0 almost everywhere in (ξ ,∞) .
Let

ξ0 = inf{ξ > X : f (x) = 0 a.e. in x > ξ}. (8)

(ii) Suppose that ξ0 > X . Let σ = inf{s(t)/z(t) : t > X} ; then

s(X)F(X) �
∫ ∞

X
σz′(t)f (t)dt = σ

∫ ∞

X
z′(t)f (t)dt.

If the last integral were zero, z′(t)f (t) = 0 a.e. in (X,∞) . Since z′(t) > 0 a.e.,
f (t) = 0 a.e. in (X,∞) , whence f (t) = 0 a.e. in (X, ξ0) , contradicting the definition
of ξ0 . So the integral is positive, and s(X)F(X) > 0 . It follows that F(X) > 0 .

(iii)Since s(x)F(x) → 0 as x → ∞ , and s(x) has positive lower bound, F(x) → 0
as x → ∞ . Since also z(x)1−m and w(x) are bounded above, z(x)1−mw(x)F(x)p+q →
0 as x → ∞ . But by (ii) z(X)1−mw(X)F(X)p+q > 0 , and therefore there is Y0 > X
such that

0 � z(Y)1−mw(Y)F(Y)p+q � z(X)1−mw(X)F(X)p+q for all Y � Y0. (9)

(iv) Fix Y � Y0 . Since 1/s(x) and s(x)F(x) are absolutely continuous on [X, Y] ,
so also is F(x) . Thus w(x)F(x)p+q and z(x)1−m are absolutely continuous on [X, Y] .
This permits the following integration by parts:

(1 − m)
∫ Y

X

z′(x)
z(x)m

w(x)F(x)p+qdx =
∫ Y

X
w(x)F(x)p+q d

dx
(z(x)1−m)dx

=
[
w(x)F(x)p+qz(x)1−m

]Y
X
−
∫ Y

X
z(x)1−m d

dx
{w(x)F(x)p+q}dx.

Using

F′(x) = − s′(x)
s(x)

F(x) − z′(x)
z(x)

f (x),
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we obtain

(1 − m)
∫ Y

X

z′(x)
z(x)m

w(x)F(x)p+q dx − [z(x)1−mw(x)F(x)p+q
]Y
X

(10)

= −
∫ Y

X

w(x)
z(x)m−1

{
w′(x)
w(x)

F(x)p+q − (p + q)F(x)p+q−1

(
s′(x)
s(x)

F(x) +
z′(x)
z(x)

f (x)
)}

dx

= −
∫ Y

X

w(x)
z(x)m−1

(
w′(x)
w(x)

− (p + q)
s′(x)
s(x)

)
F(x)p+q dx

+ (p + q)
∫ Y

X

z′(x)
z(x)m

w(x)F(x)p+q−1f (x) dx. (11)

The separation into the sum of two integrals in (11) is valid because (10) and the latter
integral in (11) exist since F is continuous and f ∈ L1 ; so the former integral in (11)
exists by linearity.

Let W(x) = z′(x)z(x)−mw(x) . The former term in (11) can be re-written

− (1 − m)
∫ Y

X
W(x)

z(x)
z′(x)

1
1 − m

(
w′(x)
w(x)

− (p + q)
s′(x)
s(x)

)
F(x)p+q dx

= − (1 − m)
∫ Y

X
W(x)

{
1 +

1
1 − m

z(x)
z′(x)

(
w′(x)
w(x)

− (p + q)
s′(x)
s(x)

)
− 1

}
F(x)p+qdx

� − (1 − m)
∫ Y

X
W(x)

(
1
α

− 1

)
F(x)p+q dx.

Now using (9), the equality of (10) and (11) gives

(1 − m)
∫ Y

X
W(x)F(x)p+q dx �(1 − m)

(
1 − 1

α

)∫ Y

X
W(x)F(x)p+q dx

+ (p + q)
∫ Y

X
W(x)F(x)p+q−1f (x)dx;

so that

1 − m
(p + q)α

∫ Y

X
W(x)F(x)p+q dx �

∫ Y

X
W(x)F(x)p+q−1f (x) dx (12)

=
∫ Y

X
W(x)F(x)p+q− p+q

p F(x)
q
p f (x) dx

�
(∫ Y

X
W(x)F(x)p+qdx

)1− 1
p
(∫ Y

X
W(x)F(x)qf (x)pdx

) 1
p

if p > 1 , by Hölder’s Inequality. If also the first factor on the right is not zero, division
by it gives

1 − m
(p + q)α

(∫ Y

X
W(x)F(x)p+q dx

) 1
p

�
(∫ Y

X
W(x)F(x)qf (x)p dx

) 1
p

. (13)
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If on the other hand that first factor is zero, (13) is trivial, its left side being zero. Thus
(13) holds if p > 1 . It also holds if p = 1 , being then given by (12). We therefore
obtain ∫ Y

X
W(x)F(x)p+q dx �

(
(p + q)α
1 − m

)p ∫ Y

X
W(x)F(x)qf (x)p dx (14)

for all p � 1 and Y � Y0 . Making Y → ∞ , this gives (7) whenever p � 1 and
ξ0 > X (sec (ii)). Since f (x) = 0 for almost all x > ξ0 , the right side of (14) attains
its limit for some finite value of Y ; thus the right side of (7) is convergent, and hence
so is the left, by (14).

(v) If ξ = X , f (x) = 0 for almost all x > X . Consequently F(x) = 0 for all
x � X , and both sides of (7) are trivially zero.

(vi) It remains to consider what happens when ξ0 = ∞ . For positive integers
n > X let f n(t) = f (t) for t � n , and f n(t) = 0 for t > n . Also let

Fn(x) =
1

s(x)

∫ ∞

x

s(t)z′(t)
z(t)

f n(t)dt for x > X.

Then f n(t) fits the discussion in (i) to (iv), so that (14) gives∫ ∞

X
W(x)Fn(x)p+qdx �

(
(p + q)α
1 − m

)p ∫ ∞

X
W(x)Fn(x)qf n(x)p dx, (15)

and these integrals are convergent. Now f n(x) → f (x) as n → ∞ ; it follows
by monotonic convergence that Fn(x) → F(x) . Hence Fn(x)p+q → F(x)p+q and
Fn(x)qf n(x)p → F(x)qf (x)p . By monotonic convergence again, the two sides of (15)
tend to the respective two sides of (7), which are convergent because f ∈ Lp and the
other functions involved are bounded. This establishes (7) and completes the proof of
Theorem 5.

THEOREM 6. Let m < 1, p + r � 1, q � 0 , r > 0 and X > 0 . Let s , w , z , z′

and F be as in Theorem 5. If f is non-negative and in L1 ∩ Lp on (X,∞) , and

0 <
1
α

� ess inf
X<x<∞

{
1 +

1
1 − m

z(x)
z′(x)

(
w′(x)
w(x)

− (p + q + r)
s′(x)
s(x)

)}
,

then∫ ∞

X

z′(x)
z(x)m

w(x)F(x)p+qf (x)rdx �
(

(p + q + r)α
1 − m

)p ∫ ∞

X

z′(x)
z(x)m

w(x)F(x)qf (x)p+rdx,

and these integrals are convergent.

Proof. This is almost the same as the proof of Theorem 2; the differences are that
(0, X) is replaced by (X,∞) , m − 1 by 1 − m , and Theorem 5 is used instead of
Theorem 1.

THEOREM 7. Let m < 1 , p � 1 , X > 0 , and all hypotheses involving k hold
for k = 1, 2, . . . , n . Let sk(x) , w(x) and z(x) be locally absolutely continuous in
[X,∞) , and have positive lower and upper bounds thereon. Let 1/sk(x) be in L1 ∩ Lp
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on (X,∞) . Let z′(x) be essentially bounded and essentially positive in (X,∞) . For
any φ(x) non-negative and in L1 ∩ Lp on (X,∞) , let

J̃kφ(x) =
1

sk(x)

∫ ∞

x

sk(t)z′(t)
z(t)

φ(t)dt, for all x � X.

If f (x) is non-negative and in L1 ∩ Lp on (X,∞) ,

F̃k(x) = J̃kJ̃k−1 . . . J̃1f (x), F̃0(x) = f (x),

and

0 <
1
αk

� ess inf
X<x<∞

{
1 +

1
1 − m

z(x)
z′(x)

(
w′(x)
w(x)

− p
s′(x)
s(x)

)}
,

then

∫ ∞

X

z′(x)
z(x)m

w(x)F̃n(x)pdx �
(

p
1 − m

)np n∏
i=1

αp
i

∫ ∞

X

z′(x)
z(x)m

w(x)f (x)pdx.

Proof. Let Kk be an essential upper bound of sk(x)z′(x)/z(x) on (X,∞) . Since
1/sk(x) is bounded and φ is integrable, J̃kφ(x) exists everywhere in (X,∞) . And
since 1/sk(x) is locally absolutely continuous in [X,∞) , so also is J̃kφ(x) . Further

∫ ∞

X
J̃kφ(x)dx �

∫ ∞

X

dx
sk(x)

∫ ∞

x
Kkφ(t)dt � Kk

∫ ∞

X

dx
sk(x)

∫ ∞

X
φ(t)dt < ∞,

so that J̃kφ(x) is integrable on (X,∞) , and of course non-negative. Also

(∫ ∞

X
J̃kφ(x)pdx

) 1
p

�
(∫ ∞

X

dx
sk(x)p

(∫ ∞

x
Kkφ(t)dt

)p) 1
p

� Kk

(∫ ∞

X

dx
sk(x)p

(∫ ∞

X
φ(t)dt

)p) 1
p

� Kk

∫ ∞

X
φ(t)dt

(∫ ∞

X

dx
sk(x)p

) 1
p

< ∞

using Minkowski’s integral inequality. Thus J̃kφ(x) is in L1 ∩ Lp on (X,∞) . By
successive application of these results, F̃k(x) is in L1∩Lp on (X,∞) and non-negative.

By Theorem 5 with q = 0 , since F̃k(x) = J̃kF̃k−1(x) ,

∫ ∞

X

z′(x)
z(x)m

w(x)F̃k(x)pdx �
(

pαk

1 − m

)p ∫ ∞

X

z′(x)
z(x)m

w(x)F̃k−1(x)pdx.

Iteration of this inequality with k = 1, 2, . . . , n gives the stated result, completing the
proof of Theorem 7.
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THEOREM 8. Let p, k, m, sk(x), w(x), z(x) and X be as in Theorem 7. For any
φ in L1 ∩ Lp on (X,∞) and non-negative, let

J̄kφ(x) =
1

sk(x)

∫ ∞

x
sk(t)z′(t)φ(t)dt for all x � X.

If f (x) is in L1 ∩ Lp on (X,∞) and non-negative,

F̄k(x) = J̄kJ̄k−1 . . . J̄1f (x), F̄0(x) = f (x)

and

0 <
1
αk

� ess inf
X<x<∞

{
1 +

1
1 − m + (n − k)p

z(x)
z′(x)

(
w′(x)
w(x)

− p
s′k(x)
sk(x)

)}
,

then∫ ∞

X

z′(x)
z(x)m

w(x)F̄n(x)pdx �
n∏

k=1

(
pαk

1 − m + (n − k)p

)p ∫ ∞

X

z′(x)
z(x)m−np

w(x)f (x)pdx.

Proof. Let Kk be an essential upper bound of sk(t)z′(t) on (X,∞) . As in the
proof of Theorem 7, but with the changed meaning of Kk , J̄kφ(x) is in L1 ∩ Lp on
(X,∞) , and non-negative. By successive applications of this, F̄k(x) is in L1 ∩ Lp on
(X,∞) , and non-negative. Now

F̄k(x) = J̄kF̄k−1(x) =
1

sk(x)

∫ ∞

x

sk(t)z′(t)
z(t)

z(t)F̄k−1(t)dt = J̃k(z(x)F̄k−1(x)),

and the requirements of Theorem 5, with q = 0 and m replaced by m − (n − k)p ,
F(x) replaced by F̄k(x) and f (x) by z(x)F̄k−1(x) , are satisfied. Theorem 5 thus gives∫ ∞

X

z′(x)
z(x)m−(n−k)p w(x)F̄k(x)p dx

�
(

pαk

1 − m + (n − k)p

)p ∫ ∞

X

z′(x)
z(x)m−(n−k)p w(x) (z(x)F̄k−1(x))

p dx

=
(

pαk

1 − m + (n − k)p

)p ∫ ∞

X

z′(x)
z(x)m−(n−k+1)p w(x)F̄k−1(x)p dx.

Iteration of this inequality for k = 1 , 2, . . . , n gives the stated result, completing the
proof of Theorem 8.
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