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ON SOME INEQUALITIES RELATED
TO HARDY’S INTEGRAL INEQUALITY

ZELJKO HANJS, E. R. LOVE AND JOSIP PECARIC

(communicated by B. Mond)

Abstract. Some Hardy—type inequalities related to those derived by Pachpatte and Love are
given.

One of the many fundamental mathematical discoveries of G. H. Hardy is the
following integral inequality [2, Theorem 330]:

If p>1, m#1, f(t) is non-negative measurable, and F is defined on (0, 00)
by

F(x):/oxf(t)dt for m>1, F(x):/oof(t)dt for m<1,

> —m p P > —m
/0 X F(x)”dx<<m_l|>/0 xT"PF (x)Pdx

unless f (1) = 0. The constant on the right is the best possible.

then

A typical theorem in [1] is:

Let m > 1, p > 1, and all hypotheses involving k hold for k = 1,2,...,n. Let
ri(x) and w(x) be positive and locally absolutely continuous in (0,00). Let z(x) be
differentiable in (0,00) with 7' (x) > 0 and z(0+) > 0. Let

I (x) = / JRACLIUFAY

re(x)z(x)

o< L gy {14 L S (A0

O 0<x<0S m—17 (x)

and

If f (x) is non-negative measurable on (0,00), Fo(x) = z(x)f (x),
Fi(x) = z()Ilg—1 - .. Iif (x)
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each exist for some positive x and hence for all, and

Z(v:)(;)_le(x)p —0 as x— 0+,
then N ny .
</000 ZZ(/)(C))C) w(x)Fn(x)pdx)p <A (/0 Zz(x))cm (x)Fo( )pdx>
where

(|m1) H“"

In this paper we wish to further develop theorems of this kind.

THEOREM 1. Let m > 1, p>1, ¢ 2 0 and X > 0. Let s(x), w(x) and z(x)
be absolutely continuous and positive on [0,X], with 7/ (x) essentially bounded and

positive.
If f (x) is non-negative and I on (0,X),
s(x) 2(7)
1 1 z(x) x)  w(x)
(04 0<x<X { <(P+CI) x) w(x) ’
X 7
| Z St var < (220 ) / S0 R (P (1)
0 0o <X
This conclusion also holds with X replaced by o if the hypotheseson s, w, z and 7
hold locally in [0,00) ; but the integrals may not then be convergent.

and

then

F(x) = L /x S(t)Zl(t)f(t) dt, for 0 <x <X,
0
0 < — L essinf =120
z(x)" —1 )

Proof. (i) Since s, w and z are continuous and positive on [0, X], they have
positive lower and upper bounds thereon; therefore s(¢)/z(f) is bounded. Since 7’ is
bounded above, so also is s(¢)z’ () /z(¢) . Further f is integrable, so the integral in F(x)
exists and is absolutely continuous in [0, X].

Because s(x) has positive lower bound, 1/s(x) is absolutely continuous on [0, X],
and consequently F(x) is absolutely continuous. In particular F(x) is bounded.

From the boundedness of 1/z(f) we have boundedness of 1/z(x)™. Also z/(x)
and w(x) are bounded. So the whole integrand in the left side of (1) is bounded and
the integral on the left of (1) is convergent.

(ii) Since z(x) has positive lower bound and is absolutely continuous, 1/z(x) is
absolutely continuous; consequently so also is (1/z(x))" ! = z(x)!=".

Now w(x)F(x)P* is also absolutely continuous on [0, X]; so the following inte-
gration by parts is valid:

/0 W) F(x)PH (1 — m) Z/(X)1 dx = [w(x)F(x)PJqu(x)lfm]g
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X
- /o 2(0)' " W (O F () + w(x) (p + @)F (x) 7' F' (x) } dx

= w(X)F(X) z(x)! "

- [ Lwwrer s we ot (3050 - S0k ) s

It follows that

X 7
n—1) / D R s+ 2(X) (X F(X

< PGP+ )PP ) ax ®)
Now (2) is finite, as shown in (i); so (3) is also finite. And

S0 )+ ) F P ()
z7(x)

is integrable since f (x) is integrable, 7’'(x) is bounded, and the other factors in this
expression are absolutely continuous, including 1/z(x)™. Writing

W = Zge) and 0 =1+ 1 55 (0 + 0 5 - 55 )

(3) is equal to

X
/ Wi(x —(m=1)S(x)}F(x)"*dx+(p+q) /0 W(0)F (x) 7\ f (x)dx, (4)

this separation into the sum of two integrals being correct because the integral (3) and
the second integral in (4) exist as (finite) Lebesgue integrals, so that, by additivity, the
first integral in (4) exists and (3) and (4) are equal.

(iii) Having thus proved that (2), (3) and (4) are all equal, we obtain, on dividing
by the positive number m — 1,

/ W (x)F(x)""dx

/ WO~ S FGy s+ 22 [T rep o
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so that "
/ W(x)S(x)F(x)P+ffdx<” ta / W(x)F(x)PH1f (x)dox
0

Since S(x) > 1/ o almost everywhere,

q

braa / WEFGY™dr < / WO)F ()10 F ()2 (x) d

<( / woorera)  ([Cworrera) o

by Holder’s inequality.

(iv) Since 7/(x) > 0 almost everywhere in [0,X], and w(x)/z(x)" > O every-
where, W(x) > 0 almost everywhere. So if the first factor on the right in (5) were to
vanish, we should have F(x) = 0 almost everywhere, and therefore everywhere since
F is continuous. This would make f () = 0 almost everywhere, so that both sides in
(5) would vanish and (5) would hold trivially. We can thus exclude this situation, and
suppose that the first factor on the right in (5) is positive (and it is finite as shown in
(i)). Dividing through (5) by it,

(p+q ( / Wx)F(x)’ “’dX)l < ( /O ) W(x)F(x)’f (x)de>’%.

Theorem 1 follows immediately from this.

THEOREM 2. Letm > 1, p+r > >0,¢g>0andr>0. Let s, w, z, 7,
X and F be defined as in Theorem 1, f( ) be U’“ on (0,X) and

0< L <ess inf{l PG <(p+q+r)Sl(x) - W/(x))},

@ e —17() AR

then
XZ/(X) PHIf (x) dx 7(p+q—|—r)a ’ XZ/(x)wx x)4f ()P dx
| Zworr s < (P08 R

This conclusion also holds with X replaced by oo if the hypotheses on s, w, z and 7'
hold locally in [0,00) and X is replaced by oo in the other hypotheses.

Proof. Write W(x) = Z/(x)w(x)/z(x)" . By Hélder’s inequality, and Theorem 1
with p replaced by p + r,

/ W (x)F(x)Pf (x) dx = /O i W(x) (F(x)z%f(x)r) (F(x)w-z%)dx

</ vaesrsiora)” ([T >
([ wrorora)” (52 > ([ worrriora)”
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This gives the stated inequality.
THEOREM 3. Let m > 1, p > 1, X > 0 and all hypotheses involving k hold for

k=1,2,...,n. Let si(x), w(x) and z(x) be absolutely continuous and positive on
[0, X], with 7/ (x) essentially bounded and positive. For any ¢ non-negative and L on
(0,X) let

oo 1 Ms(@) (1)
Lo(x) = ) /0 20 o(t)dr, for 0 <x <X

If f (x) is non-negative and I’ on (0,X),

and

then

/OX ZZ(/,(;)CLW(x)Fn ()dx < (ﬁ)w (H a,-)p /0 ' ZZ()(:)C) W) (x)Pdx.

i=1
This conclusion also holds with X replaced by oo if the hypotheses on sy, w, 2
and 7' hold locally in [0,00) and X is replaced by oo in the other hypotheses; but
then the integrals may not be convergent.

Proof. Since z(x) is continuous and positive on [0, X] it has positive lower and
upper bounds thereon; and the same holds for s¢(x) and w(x). Since si(x)Z'(x) is
essentially bounded and ¢(¢) is in I” on [0,X], I;¢(x) exists and is continuous on
[0, X]. In particular I;¢(x) isin L” on (0,X), and clearly non-negative. It follows that
Fi(x) exists and is in 1 on (0,X) and non-negative.

In Theorem 1 replace ¢ by 0, s(x) by s¢(x), and f(x) by Fy_i(x). Then «
is replaced by o4 and F(x) by I,F;_i(x). The requirements of Theorem 1 being
satisfied, that theorem gives

X Z(x) 5 p pog \’ X Z(x) . b
[ Zonrar< (F25) 7 ZDwwr oy

Iteration of this inequality gives the stated conclusion of Theorem 3.

THEOREM 4. Let p, k, n, si(x), w(x) and z(x) be as in Theorem 3. For any
¢ (1) non-negative and L? on [0,X] let

1

Lo(x) = ) /Ox sk ()o(r)de,  for 0 <x < X.

If f (x) is non-negative and I’ on (0,X),

Fe) = ke ... Lf (¥), Folx) =f(x), m>(n—1)p+1
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and

then

XZ/(X) 7 (x)P dx ; Y L ' Xizl(x) w(X)f (x)? dx
/0 z(x)mW(X)Fn(X) dx < (Hm(ni)pl> /0 ) (x)f (x)? dx.

i=1

This conclusion also holds with X replaced by oo if the hypotheses on sg, w, 2
and 7' hold locally in [0,00) and X is replaced by oo in the other hypotheses; but the
integrals may not then be convergent.

Proof. Let g(x) = z(x)~'f (x), non-negative and L” on [0, X], so that

) = -5 [0 gt0ar = i o).

As in Theorem 3 this is non-negative and continuous, hence L” on [0, X]. Similarly

Al = i) = 5 ) s"fgf;“)z<r>ﬁk_l<r>dr=ik<z<x>F‘k_1<x>>. ©)

Since Fy(x) is non-negative and L' and z(x) is positive and continuous, (6) gives that
F(x) is non-negative and continuous, and so in I” on [0, X|. Hence inductively Fy(x)
is non-negative and in L . The requirements of Theorem 1 are thus satisfied. Replacing
m in that theorem by m— (n—k)p > m—(n—1)p > 1, the case g = 0 of that theorem
gives, using (6),

/0 Z(X)Z(%W(X)Fk (x)F dx

POy P X Z/(X) B )
< <m) /0 Ww(x) (2(x)Fr—1(x)") dx

_ (#‘3‘2)])_1)” /0 ' wa'fij)kww(xml(x)vdx.

Iteration of this inequality gives the stated conclusion of Theorem 4.

THEOREM 5. Let m < 1, p>1, ¢ 2 0 and X > 0. Let s(x), w(x) and z(x)
be locally absolutely continuous in [X,00) and have positive upper and lower bounds
thereon. Let 7/ (x) be essentially bounded and essentially positive on [X, 00).

If f (x) is non-negative and in L' N I¥ on [X, 00),

Flx) = % / QRIUUIAIA

< ess inf {1+1 L) (vvvv/(x) —(p+q)S/(x))}.

1
o Xereod —mZ(x)

and

0<
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then

/XoO 7 (x) W) F(x)"dx < <(p+q)a)l7

oo

JE)f (x)Pdx, — (7)

m

T
/’E\N\
s::

and these integrals are convergent.

Proof. (i) For each x > X, F(x) exists, because 1/s(x) exists, s(¢)/z(f) is
bounded, 7(¢) is essentially bounded and f (¢) is integrable on (X,00). F(x) is also
positive and continuous.

Suppose that there is & > X such that £ (x) = 0 almost everywhere in (£, 00).
Let

& =inf{& > X:f(x) =0ae.inx > E}. (8)
(ii) Suppose that & > X. Let o = inf{s(r)/z(r) : t > X} ; then

o0 o0

o (O)f (t)dt = cr/ Z()f (t)dt.

X

SOF(X) > /

X
If the last integral were zero, z/(¢)f (f) = 0 a.e. in (X,00). Since Z'(f) > 0 ae.,
f(#) =0 ae. in (X,00), whence f (t) =0 a.e. in (X, &), contradicting the definition
of & . So the integral is positive, and s(X)F(X) > 0. It follows that F(X) > 0.

(iii) Since s(x)F(x) — 0 as x — oo, and s(x) has positive lower bound, F(x) — 0
as x — 00. Since also z(x)' =™ and w(x) are bounded above, z(x)'~"w(x)F(x)’*4 —
0 as x — oo. Butby (ii) z(X)!"™w(X)F(X)’*9 > 0, and therefore there is ¥y > X
such that

0 < (V)" w(Y)F(Y)P™ < z(X) "™ w(X)F(X)"™ forall Y > Y. 9)

(iv) Fix Y > Y. Since 1/s(x) and s(x)F(x) are absolutely continuous on [X, Y],
so also is F(x). Thus w(x)F(x)’™ and z(x)!~™ are absolutely continuous on [X, Y].
This permits the following integration by parts:

() prage— [ pta 4 —m
(1—m)/X Z(x)mw(x)F()c) dx—/X w(x)F(x) E(Z(x)l )dx

Y
= PGP ) ] = [ ) e )

Using
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we obtain
. ! Z/(X) p+q I — X 1—m X X p+q Y
(1 M)/X Z(x)mW(X)F(X) dx — [z(x) 7" w(x) F(x)P 1] (10)
_ ' w(x) w'(x) x)Pra — x)Pra—1 @ X Z(x) X 'y
o et e = o et (S + s
) (WO Y@
o et (g~ 0 ) P ea
+ (erq)/X Zz(ij)czlw(x)F(x)quf(x) dx. (11)

The separation into the sum of two integrals in (11) is valid because (10) and the latter
integral in (11) exist since F is continuous and f € L!; so the former integral in (11)
exists by linearity.

Let W(x) = 2/ (x)z(x)""w(x) . The former term in (11) can be re-written

—(1-m) /XY w29 L (W'(") - (p+q)Sl(x)> Fx) dx

o (x) 1 w(x) s(x)
S R e R R

—(1—m) /XY W(x) (é - 1) F(x)P* dx.

Now using (9), the equality of (10) and (11) gives

(1—m / W () F(x)" 4 dx <(1 — )(1—$> /XYW(X)F(X)erqu
F ) [ WORG T (a

so that

Y
o [ wirersans [ werere @as (12)
/ W(x pﬂ__ (x) f(x) dx

1

RS S—

if p > 1, by Holder’s Inequality. If also the first factor on the right is not zero, division
by it gives

1

(plﬂg’a (/ W(x P*qu) (/ W(x de) . (13)
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If on the other hand that first factor is zero, (13) is trivial, its left side being zero. Thus
(13) holds if p > 1. It also holds if p = 1, being then given by (12). We therefore

e /W (x)7+ dx <((”+q )/W 7 (x)? dx (14)

forall p > 1 and ¥ > ¥,. Making ¥ — oo, this gives (7) whenever p > 1 and
& > X (sec (ii)). Since f(x) = 0 for almost all x > &, the right side of (14) attains
its limit for some finite value of Y; thus the right side of (7) is convergent, and hence
so is the left, by (14).

(V)If £ =X, f(x) =0 for almost all x > X. Consequently F(x) = 0 for all
x = X, and both sides of (7) are trivially zero.

(vi) It remains to consider what happens when & = co. For positive integers
n>Xlet f,(t) =f(¢) for t <n,and f,(t) =0 for t > n. Also let

_ L [Zs@)Z (@)
F.(x) = @[ 0 W()dt  forx > X.

Then f,(¢) fits the discussion in (i) to (iv), so that (14) gives

/XOOW<x>Fn<x>P+‘fdx<((P+q ) [ wwnemera a3

and these integrals are convergent. Now f,(x) — f(x) as n — oo; it follows
by monotonic convergence that F,(x) — F(x). Hence F,(x)’*? — F(x)’™¥ and
Fo(x)f,(x)P — F(x)?f (x)’ . By monotonic convergence again, the two sides of (15)
tend to the respective two sides of (7), which are convergent because f € L? and the
other functions involved are bounded. This establishes (7) and completes the proof of
Theorem 5.

THEOREM 6. Let m < 1, p+r>1,g>0,r>0 and X > 0. Let s, w, z, 7
and F be as in Theorem 5. If f is non-negative and in L' N P on (X, <), and

0<l<essinf{l+ ! Z,(x) (W/(x)(p+q+r)ssl(x))}7

o X<x<oo 1—mz (x) w(x) (x)
then
i PrOf (x) dx ptg+ne)’ OOZ/(x)wx X)If (x)PTdx
/X Z(x)mw(x)F(x) f (x)"d << - ) /X paT (xX)F (x)f (x)"*" dx,

and these integrals are convergent.

Proof. This is almost the same as the proof of Theorem 2; the differences are that
(0,X) is replaced by (X,00), m — 1 by 1 — m, and Theorem 35 is used instead of
Theorem 1.

THEOREM 7. Let m < 1, p > 1, X > 0, and all hypotheses involving k hold
Jor k = 1,2,...,n. Let sg(x), w(x) and z(x) be locally absolutely continuous in
[X, o), and have positive lower and upper bounds thereon. Let 1/s;(x) be in L' N 1P
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on (X,00). Let 7/(x) be essentially bounded and essentially positive in (X,00). For
any ¢(x) non-negative and in L' N 17 on (X, 0), let

- 1 sk ()7 (1)
Jio(x) = ) /X =r o(t)dt, forall x> X.

If f (x) is non-negative and in L' N 17 on (X, 00),

Fi(x) = JiJi—1 - If (%), Fo(x) = £ (x),
and
1 oss in 1 z(x) [(wW'(x) B s'(x)
0= Sy {”1—mzf<x> (w(x) ”s<x>>}’
then

/X T EW) oy < (ﬁ)wﬁ%p /X RGN

Z(x)m Z(x)m
Proof. Let K; be an essential upper bound of s;(x)z’(x)/z(x) on (X,00). Since

1/sx(x) is bounded and ¢ is integrable, Jy¢(x) exists everywhere in (X, 00). And
since 1/sz(x) is locally absolutely continuous in [X, c0), so also is J;¢(x). Further

o0 B o0 d.x o0 o0 dx oo
/X qub(x)dxg/x m[ qu>(t)dt<Kk/X M/X ¢ (1)dr < o0,

so that J;¢(x) is integrable on (X, o), and of course non-negative. Also

([ omre) < (e ([
= (/X“’ &?—i)’” </XOO ‘P(t)dt)p)'l’ <K /XOO s (/XOO Sk‘(l—;“)py -

using Minkowski’s integral inequality. Thus J;¢(x) is in L' N I” on (X,o0). By
successive application of these results, F¢(x) isin L' N7 on (X, c0) and non-negative.
By Theorem 5 with ¢ = 0, since Fy(x) = JiFy_(x),

/XOO 2() w(x)Fr(x)Pdx < (p_a"Y/XOO 7 (x) ()P () dx.

Z(x)m 1 —m

Iteration of this inequality with k = 1,2, ... n gives the stated result, completing the
proof of Theorem 7.
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THEOREM 8. Let p, k, m, si(x), w(x), z(x) and X be as in Theorem 7. For any
¢ in L' NIP on (X,00) and non-negative, let

1

se(x)

Jro(x) = / sk ()o(t)dt  forallx > X
If f (x) isin L' N LP on (X,o0) and non-negative,

F_k(x) = JiJi—1 - 'J_]f(x)a FO(X) =f(x)

and

o< <ot {1+ (v i) |

then

RGPV O SR /S U Sl BRI,
/X Z(x)mW(x)Fn(x)d <]I[l(l_m+(n_k)p)/x FETET (x)f (x)Pdx.

Proof. Let K; be an essential upper bound of s;(7)Z' () on (X,00). As in the
proof of Theorem 7, but with the changed meaning of Kj, qu>( ) isin L' N L7 on
(X, 00), and non-negative. By successive applications of this, Fi(x) isin L' N 1? on
(X, 00) , and non-negative. Now

Fulx) = JiFi 1 () = — ) /o<> O 2(t)Frr(r)dt = Ji(2(x) Fr—1(x)),

sk(x z(1)

and the requirements of Theorem 5, with ¢ = 0 and m replaced by m — (n — k)p,
F(x) replaced by Fi(x) and f (x) by z(x)Fi_;(x), are satisfied. Theorem 5 thus gives

| i Ry s
POk P oo Z(x) i )
< (m) /X WW(X) (Z()Fe1 () dx
po P oo 200 ) p
. (m> /X W w(x)Fr—1 (x)? dx.

Iteration of this inequality for k = 1,2, ..., n gives the stated result, completing the
proof of Theorem 8.
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