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ON EMBEDDINGS BETWEEN CLASSICAL LORENTZ SPACES

M. CARRO, L. PICK, J. SORIA AND V. D. STEPANOV

(communicated by B. Opic)

Abstract. Let p ∈ (0,∞) , let v be a weight on (0,∞) and let Λp(v) be the classical Lorentz

space, determined by the norm ‖f ‖Λp(v) := (
∫∞
0 (f ∗(t))pv(t) dt)1/p . When p ∈ (1,∞) , this

space is known to be a Banach space if and only if v is non-increasing, while it is only equivalent
to a Banach space if and only if Λp(v) = Γp(v) , where ‖f ‖Γp(v) := (

∫∞
0 (f ∗∗(t))pv(t) dt)1/p .

We may thus conclude that, for p ∈ (1,∞) , the space Λp(v) is equivalent to a Banach space if
and only if the norm of a function f in it can be expressed in terms of f ∗∗ . We study the question
whether an analogous assertion holds when p = 1 . Motivated by this problem, we consider
general embeddings between four types of classical and weak Lorentz spaces, namely, Λp(v) ,
Λp,∞(v) , Γp(v) , Γp,∞(v) , where Λp,∞(v) and Γp,∞(v) are certain weak analogues of the
spaces Λp(v) and Γp(v) , respectively. We present a unified approach to these embeddings,
based on rearrangement techniques. We survey all the known results and prove new ones. Our
main results concern the embedding Γp,∞(v) ↪→ Λq(w) which had not been characterized so
far. We apply our results to the characterization of associate spaces of classical and weak Lorentz
spaces and we give a characterization of fundamental functions for which the endpoint Lorentz
space and the endpoint Marcinkiewicz space coincide.

1. Introduction

Let (R,μ) be a totally σ –finite measure space with a non-atomic measure μ ,
and let M(R,μ) be the set of all extended complex–valued μ -measurable functions
on R . For f ∈ M(R,μ) , let f∗(t) = μ({x ∈ R; |f (x)| > t}) , t > 0 , be the
distribution function of f . The non-increasing rearrangement of f is defined by

(1) f ∗(t) = inf {s > 0; f∗(s) � t} , t ∈ [0,μ(R)).

We further denote

f ∗∗(t) =
1
t

∫ t

0
f ∗(s) ds, t ∈ [0,μ(R)).
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Throughout the paper we assume that μ(R) = ∞ .
When v is a non-negative measurable function on (0,∞) , we say that v is

a weight. We denote V(t) =
∫ t

0 v(s) ds .

DEFINITION 1.1. Let p ∈ (0,∞) and let v be a weight. We define four types of
function spaces by

(2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Λp(v) =
{

f ∈ M(R,μ); ‖f ‖Λp(v) :=
(∫∞

0 (f ∗(t))p v(t) dt
)1/p

< ∞
}

;

Λp,∞(v) =
{

f ∈ M(R,μ); ‖f ‖Λp,∞(v) := sup
0<t<∞

f ∗(t)V1/p(t) < ∞
}

;

Γp(v) =
{

f ∈ M(R,μ); ‖f ‖Γp(v) :=
(∫∞

0 (f ∗∗(t))p v(t) dt
)1/p

< ∞
}

;

Γp,∞(v) =
{

f ∈ M(R,μ); ‖f ‖Γp,∞(v) := sup
0<t<∞

f ∗∗(t)V1/p(t) < ∞
}

.

The spaces Λp(v) and Γp(v) are called classical Lorentz spaces. The spaces
Λp,∞(v) , Γp,∞(v) are called weak Lorentz spaces. Of course, ‖ · ‖ in (2) is not always
a norm (consider, for example, the cases when p ∈ (0, 1) ), and, indeed, not even
a quasinorm (cf. [8, Corollary 2.2]).

Perhaps the most familiar examples of classical and weak Lorentz spaces are the
spaces Lp,q , defined as

Lp,q =
{

f ∈ M(R,μ); ‖f ‖p,q := ‖f ∗(t)t
1
p− 1

q ‖q < ∞
}

,

where p, q ∈ (0,∞] and ‖ · ‖q is the usual Lebesgue norm. Then Lp,q = Λq(v) with

v(t) = t
q
p − 1 when q ∈ (0,∞) and Lp,∞ = Λp,∞(v) , where v(t) = 1 .

By Fubini’s theorem,

(3) Γ1(v) = Λ1(ṽ), where ṽ(t) =
∫ ∞

t
s−1v(s) ds.

Similarly, for p ∈ (0,∞) ,

Λp,∞(v) = Λ1,∞(ṽ) and Γp,∞(v) = Γ1,∞(ṽ), where ṽ(t) = 1
pV(t)

1
p−1v(t).

Moreover, it is readily seen that, for every p ∈ (0,∞) and every weight v ,

(4)

⎧⎨⎩
Γp(v) ↪→ Λp(v),
Λp(v) ↪→ Λp,∞(v),
Γp,∞(v) ↪→ Γp,∞(v).

(Here, as usual, X ↪→ Y stands for the continuous embedding, that is, ‖f ‖Y � C‖f ‖X

for some C > 0 and every f ∈ X .)
The spaces Λp(v) were introduced by Lorentz in 1951 in [17]. The spaces Γp(v)

were first used by Sawyer in [19]. The weak Lorentz spaces were introduced in [8] and
further investigated in [9], [10] and [7].
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Lorentz [17] proved that, for p � 1 , ‖f ‖Λp(v) is a norm if and only if v is non-
increasing. The class of weights for which ‖f ‖Λp(v) is merely equivalent to a norm,
that is, Λp(v) is equivalent to a Banach space, is however considerably wider. For
p ∈ (1,∞) , Λp(v) is equivalent to a Banach space if and only if

(5) tp
∫ ∞

t
s−pv(s) ds � C

∫ t

0
v(s) ds

for some C and all t > 0 ([19, Theorem 4]). When v satisfies (5), we say that v ∈ Bp .
On the other hand, Λ1(v) is equivalent to a Banach space if and only if

(6)
1
t

∫ t

0
v(s) ds � C

s

∫ s

0
v(y) dy for 0 < s � t

([7, Theorem 2.3]). When (6) is true, we say that v ∈ B1,∞ . It is worth noticing that
it is an essentially weaker requirement on v than v ∈ B1 . In this sense, (6) is not the
limiting case of (5) when p → 1+ . On the other hand, Ariño and Muckenhoupt [1]
established that, for p ∈ (0,∞) , v ∈ Bp if and only if Λp(v) = Γp(v) . Sawyer ([19,
Theorem 4]) then showed that v ∈ Bp if and only if

(∫ t

0
v(s) ds

)1/p
(∫ t

0

(
1
s

∫ s

0
v(y) dy

)1−p′

ds

)1/p′

� Ct for all t > 0,

where 1
p′ = 1 − 1

p . On integration by parts one can prove that this is equivalent to

(7)

(∫ t

0

(
1
s

∫ s

0
v(y) dy

)−p′

v(s) ds

)1/p′ (∫ t

0
v(s) ds

)1/p

� Ct for all t > 0.

But now, observe that (6) is the limiting case of (7) when p → 1+ (even though not
of (5)).

When (R,μ) is further endowed with an appropriate metric structure (so that the
notion of a ball makes sense), the embeddings between classical and weak Lorentz
spaces can be expressed in terms of boundedness of the Hardy–Littlewood maximal
operator. Let us consider the case when R = R

n (with some n ∈ N ) and μ is the
Lebesgue measure. Then the Hardy–Littlewood maximal operator M is defined for
every f ∈ L1

loc(R
n) by

Mf (x) = sup
B�x

1
μ(B)

∫
B
|f (x)| dμ(x), x ∈ R

n,

where the supremum is extended over all balls B containing x , and it is a well–known
fact (see for example [4, Chapter 3, Theorem 3.8]), that there are constants c, C > 0
such that

cf ∗∗(t) � (Mf )∗(t) � Cf ∗∗(t) for all f ∈ L1
loc(R

n) and t ∈ (0,∞).

Using this inequality, we see at once that the embedding Λp(v) ↪→ Γp(v) is equivalent
to the boundedness of M on Λp(v) . Similarly, the embedding Λp(v) ↪→ Γp,∞(v) is
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equivalent to the “weak boundedness” of M on Λp(v) , that is, to the boundedness of
M from Λp(v) into Λp,∞(v) .

The above-mentioned result of [1] states that v ∈ Bp if and only if M is bounded
on Λp(v) whenever p ∈ (1,∞) . However, it turns out ([9, Theorem 3.3], [10, The-
orem 3.9]) that, for p ∈ (1,∞) , v ∈ Bp is also equivalent to the seemingly weaker
statement M : Λp(v) → Λp,∞(v) . As for the case when p = 1 , it was proved in [7]
that (6) holds if and only if M : Λ1(v) → Λ1,∞(v) . From this point of view, the picture
is complete and consistent; we may conclude that Λp(v) is equivalent to a Banach
space if and only if p ∈ [1,∞) and M is bounded from Λp(v) into Λp,∞(v) (or, in
other words, if and only if Λp(v) is continuously embedded into Γp,∞(v) ). Now, for
p ∈ (1,∞) , this is further equivalent to the embedding Λp(v) ↪→ Γp(v) , hence (since
f ∗ � f ∗∗ ) to the identity Λp(v) = Γp(v) . Consequently, for 1 < p < ∞ , Λp(v)
is equivalent to a Banach space if and only if the norm in Λp(v) can be equivalently
rephrased in terms of f ∗∗ . These considerations however cannot be extended to the
case p = 1 and we are left with this case open.

It is our aim to investigate when the norm on Λ1(v) can be expressed in terms of
f ∗∗ , in particular whether this is true whenever Λ1(v) is equivalent to a Banach space
(or, which is the same, whenever Λ1(v) ↪→ Γ1,∞(v) ). It is evident that this is so for
example when either Λ1(v) = Γ1(v) or when Λ1(v) = Γ1,∞(v) . The former identity
however requires a very strong restriction on v , namely v ∈ B1 , while the latter has
not been characterized yet.

Motivated by this problem, we first consider general embeddings among all pos-
sible pairs of the spaces given by (2) with possibly different exponents and weights.
For the sake of completeness we give a summary of all the known results, and we
prove new ones. We present a unified approach to the characterization of embeddings,
based on rearrangement techniques. Our main contribution is a variety of new results
concerning the embeddings of type Γp,∞(v) ↪→ Λq(w) . As a special case we give a
characterization of weights v for which Γ1,∞(v) ↪→ Λ1(v) and in turn of those for
which Λ1(v) = Γ1,∞(v) , solving the above-mentioned problem. As a corollary we ob-
tain a result of independent interest: when ϕ is a fundamental function of an r.i. space X
and the endpoint Lorentz space Λϕ coincides with the endpoint Marcinkiewicz space
Mϕ (see the definitions in Section 8), then necessarily X is equivalent to one of the
spaces L1 , L∞ , L1 ∩ L∞ or L1 + L∞ .

The Lorentz spaces with power and logarithmic weights have been widely used
in many areas of analysis, especially in the theory of function spaces and interpolation
(see [4], [5], [3]). However, the theory of classical and weak Lorentz spaces is so far
incomplete even in the sense of characterization of all embeddings between them. The
first result on Λp(v) ↪→ Γp(v) , p ∈ (1,∞) , due to Boyd [6], had an implicit form. An
explicit characterization was later obtained in [1] and [19]. These fundamental papers
opened an extensive research. Further results on embeddings and mapping properties of
linear operators on classical and weak Lorentz spaces can be found in the recent papers
[2], [7], [8], [9], [10], [11], [12], [13], [15], [22], [23], [24], [25].

The paper is organized as follows: in Section 2 we present some useful general
observations on rearrangement-invariant lattices and Halperin’s level functions. In
Sections 3, 4, 5 and 6 we summarize criteria for embeddings between classical and
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weak Lorentz spaces of all types. Most of these results are known. It is one of our goals
to provide the reader with a useful comprehensive reference tool. In Section 7 we state
and prove our main results concerning the embeddings Γp,∞(v) ↪→ Λq(w) . In Section 8
we use the embedding results to clarify the relations between Λ1(v) and Γ1,∞(v) . In
Section 9 we characterize the associate spaces of classical and weak Lorentz spaces.

Everywhere below, v and w are weights. We shall throughout denote V(t) =∫ t
0 v(s) ds and W(t) =

∫ t
0 w(s) ds for t > 0 . By A � B we mean that A � CB with

some positive C independent of appropriate quantities. If A � B and B � A , we write
A ≈ B . We shall use the symbol f ↓ to denote that f is non-increasing on (0,∞) .
Embedding constants and other important quantities are denoted as A(12), A(13), . . . ,
where the subscript indicates the label of the formula where they are introduced.

2. Rearrangement-invariant lattices

DEFINITION 2.1. Let X be a linear set of functions from M(R,μ) containing
characteristic functions of sets of finite measure, endowed with a positively homoge-
neous functional ‖ · ‖X , defined for every f ∈ M(R,μ) and such that f ∈ X if and
only if ‖f ‖X < ∞ . If ‖f ‖X = ‖g‖X whenever f ∗ = g∗ , and moreover 0 � f � g
implies ‖f ‖X � ‖g‖X , then we say that X is a rearrangement-invariant (r.i.) lattice.
We further define

X′ =
{

f ∈ M(R,μ);
∫
R
|f (x)g(x)| dμ(x) < ∞ for every g ∈ X

}
,

and

‖f ‖X′ = sup

{∫
R
|f (x)g(x)| dμ(x); ‖g‖X � 1

}
.

If, in particular, X is a Banach function space, (cf. [4, Chapter 1]), then X′ is its
associate space.

DEFINITION 2.2. Let X be an r.i. lattice.
(i) For each finite t ∈ [0,μ(R)] let E be any subset of R such that μ(E) = t ,

and ϕX(t) = ‖χE‖X . The function ϕX so defined is called the fundamental function
of X . Since μ is non-atomic, for every finite t ∈ (0,μ(R)] there is a μ –measurable
subset E of R such that μ(E) = t , and therefore (χE)∗ = χ(0,t) .

(ii) Set

(8) ψX(t) = sup

{∫ t

0
f ∗(s) ds; ‖f ‖X � 1

}
, t ∈ (0,∞),

and

�X(t) := sup
f �≡0

f ∗(t)
‖f ‖X

, t ∈ (0,∞).
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REMARKS 2.3. (i) If X is a Banach function space, then ψX = ϕX′ and X′ is its
associate space.

(ii) For any r.i. lattice X and every t ∈ (0,∞) ,

�X(t) =
1

ϕX(t)
.

Indeed, let t > 0 and let E ⊂ R be such that μ(E) = t . Testing the supremum in
the definition of �X on f = χE , we get �X(t) � 1

ϕX(t) . Conversely, let Et := {|f | �
f ∗(t)} . Then μ(Et) � t , and therefore ‖f ‖X � ‖f χEt‖X � f ∗(t)‖χEt‖X � f ∗(t)ϕX(t) .
Hence, �X(t) � 1

ϕX(t) .

For “bad enough” weight v , the classical or weak Lorentz spaces may be trivial,
that is, equal to {0} . If such a space is not trivial, then it is an r.i. lattice. Our next
lemma gives necessary and sufficient conditions for classical and weak Lorentz spaces
to be non-trivial and formulas for fundamental functions in these cases.

LEMMA 2.4. Let p ∈ (0,∞) and let v be a weight.
(i) The spaces Λp(v) and Λp,∞(v) are non-trivial if and only if v is integrable

near zero. In such case,

(9) ϕΛp(v)(t) = ϕΛp,∞(v)(t) = V1/p(t), t ∈ (0,∞).

(ii) The space Γp(v) is non-trivial if and only if v is integrable near zero and∫∞
t s−pv(s) ds < ∞ for every t > 0 . In such case,

(10) ϕΓp(v)(t) =
(

V(t) + tp
∫ ∞

t

v(s)
sp

ds

)1/p

, t ∈ (0,∞).

(iii) The space Γp,∞(v) is non-trivial if and only if v is integrable on every interval
(0, a) , a > 0 , and lim supt→∞ t−1V1/p(t) < ∞ . In such case,

(11) ϕΓp,∞(v)(t) = t sup
s�t

V1/p(s)
s

, t ∈ (0,∞).

Proof. All the assertions follow easily from definitions and (4). �

EXAMPLE 2.5. If p ∈ (0,∞) and v(t) = tp−1 , then Γp(v) is trivial but Γp,∞(v) ,
Λp(v) , and Λp,∞(v) are non-trivial. More precisely,

Γp(v) = {0}, Γp,∞(v) = L1, Λp(v) = L1,p and Λp,∞(v) = L1,∞.

This example also shows that there is no general inclusion between the spaces Λp(v)
and Γp,∞(v) (here Λp(v) ↪→ Γp,∞(v) when 0 < p � 1 , but Γp,∞(v) ↪→ Λp(v) when
1 < p < ∞ , and both these embeddings are proper in general).

Some embeddings can be characterized in quite a general setting by means of the
functions ψ and � .
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THEOREM 2.6. Let X be a rearrangement-invariant lattice, p, q ∈ (0,∞) and let
v, w be weights.

(i) The embedding Λp,∞(v) ↪→ X holds if and only if

(12) A(12) := ‖V−1/p‖X < ∞,

and the optimal constant C of the embedding equals A(12) .
(ii) The embedding X ↪→ Γq,∞(w) holds if and only if

(13) A(13) := sup
t>0

W1/q(t)ψX(t)
t

< ∞,

and the optimal constant C of the embedding equals A(13) .
(iii) The embedding X ↪→ Λq,∞(w) holds if and only if

(14) A(14) := sup
t>0

W1/q(t)�X(t) = sup
t>0

W1/q(t)
ϕX(t)

< ∞,

and the optimal constant C of the embedding equals A(14) .

Proof. (i) This is a particular case of a more general result in [22, Proposition 2.7].
(ii) Changing the suprema, we get

C = sup
‖f ‖X�1

sup
t>0

f ∗∗(t)W1/q(t) = sup
t>0

W1/q(t)
t

sup
‖f ‖X�1

∫ t

0
f ∗(s) ds = A(13).

(iii) Again, changing the suprema and using Remark 2.3 (ii), we obtain

C = sup
f �≡0

sup
t>0

f ∗(t)W1/q(t)
‖f ‖X

= sup
t>0

W1/q(t)�X(t) = A(14).

The proof is complete. �

COROLLARY 2.7. If X is a rearrangement-invariant Banach function space, q ∈
(0,∞) and w is a weight, then

(15) X ↪→ Γq,∞(w) if and only if X ↪→ Λq,∞(w).

Proof. The “only if” part is a direct consequence of (4). The “if” part follows
from Theorem 2.6 (ii) and (iii) combined with the relation

(16)
ψX(t)

t
= �X(t),

which is satisfied whenever X is a Banach function space (cf. [4, Chapter 2, Theo-
rem 5.2]). �



404 M. CARRO, L. PICK, J. SORIA AND V. D. STEPANOV

REMARKS 2.8. (i) In general, (16) and (15) are false. For example, take p ∈ (0, 1) ,

q ∈ (0,∞) , w(t) = t
q
p−1 , and X = Lp . Then ψX(t) = ∞ for every t > 0 , thus

A(13) = ∞ , but A(14) < ∞ .
(ii) If Λq,∞(w) is a Banach function space, then ([22, Theorem 3.1]), Γq,∞(w) =

Λq,∞(w) . In particular, in such case (15) is true.
(iii) Let X be an r.i. lattice. There is a close connection between ‖g‖X′ and

the optimal constant C of the embedding X ↪→ Λ1(g∗) . Indeed, (cf. [4, Chapter 2,
Theorem 2.7])

(17) ‖g‖X′ = sup
f �≡0

∫
R |f (x)g(x)| dμ(x)

‖f ‖X
= sup

f �≡0

∫∞
0 f ∗(t)g∗(t) dt

‖f ‖X
= C.

We shall find it useful to write the norm in Γp,∞(v) in a slightly modified way. To
this end we shall need the following definition (cf. [4, Chapter 2, Definition 5.6]).

DEFINITION 2.9. Let ϕ be a non-negativenon-decreasing function on [0,∞) such
that ϕ(t) = 0 if and only if t = 0 , and ϕ(t)/t is non-increasing on (0,∞) . Then ϕ is
said to be quasiconcave. We shall denote by Ω the cone of all quasiconcave functions,
and Ω0 = {ϕ ∈ Ω; limx→0+ ϕ(x) = 0} .

DEFINITION 2.10. Let p ∈ (0,∞) and let v be a weight. We denote

(18) Vp(t) = sup
s�t

V1/p(s)
s

, t > 0.

REMARKS 2.11. (i) Let us recall ([5, Lemma 5.4.3]) that ϕ ∈ Ω if and only if there
is a constant λ � 0 and a non-increasing function ψ such that ϕ(t) � λ+

∫ t
0 ψ(s) ds �

2ϕ(t) for t > 0 . Similarly, ϕ ∈ Ω0 if and only if there is a non-increasing function ψ
such that ϕ(t) �

∫ t
0 ψ(s) ds � 2ϕ(t) .

(ii) If Vp(t) < ∞ for every t > 0 , then 1
Vp

∈ Ω . Moreover,

tVp(t) = sup
s>0

min{1, t
s}V1/p(s),

hence tVp(t) is the least quasiconcave majorant of V1/p(t) . Therefore, tVp(t) ∈ Ω0 .
(iii) It follows readily from (18) that there exists a decomposition (0,∞) =

E ∪⋃∞
j=1(aj, bj) , such that

(19) Vp(t) =
V1/p(t)

t
χE(t) +

∞∑
j=1

cjχ(aj,bj)(t), cj =
V1/p(bj)

bj
.

As long as aj �= 0 , we also have

cj =
V1/p(aj)

aj
.
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(iv) The introduction of Vp(t) allows an alternative version of ‖f ‖Γp,∞(v) , namely,

(20) ‖f ‖Γp,∞(v) = sup
t>0

(∫ t

0
f ∗(s) ds

)
Vp(t) = sup

t>0
tVp(t)f ∗∗(t).

Indeed, we have

‖f ‖Γp,∞(v) � sup
t

(∫ t

0
f ∗(s) ds

)
sup
s�t

V1/p(s)
s

= sup
s

V1/p(s)
s

sup
t�s

∫ t

0
f ∗(s) ds = ‖f ‖Γp,∞(v).

(v) It follows from [4, Chapter 2, Proposition 5.10] that there exist a λ � 0 and
a non-increasing function vp such that

1
2

(
λ +

∫ t

0
vp(s) ds

)
� 1

sups�t s
−1V1/p(s)

� λ +
∫ t

0
vp(s) ds.

Consequently,

(21) sup
t>0

∫ t
0 f ∗(s) ds

λ +
∫ t

0 vp(s) ds
� ‖f ‖Γp,∞(v) � 2 sup

t>0

∫ t
0 f ∗(s) ds

λ +
∫ t

0 vp(s) ds
.

Let us now recall the notion of Halperin’s level function, introduced in [14, Def-
inition 3.2]. We shall follow a slightly modified approach of [20, Section 4]. Let
w be a weight on (0,∞) , satisfying lim supt→∞

W(t)
t < ∞ . Then there exists

a function w◦ , called the level function of w , and a partition of R
+ = E ∪ F ,

E ∩ F = ∅ , where F =
⋃∞

j=1 Ij ∪ [a,∞) , Ij are disjoint intervals of finite measure

and a = sup
{

s; s ∈ E ∪
(⋃∞

j=1 Ij
)}

(with a = ∞ as a possibility), such that w◦ is

decreasing, and

w◦(x) =

⎧⎪⎪⎨⎪⎪⎩
w(x), x ∈ E;
1
|Ij|

∫
Ij

w(x) dx, x ∈ Ij, j ∈ N;

lim sup
t→∞

W(t)
t =: w◦(∞), x ∈ (a,∞)

(thus, in particular, w◦ is decreasing on E ). Moreover,

(22)
∫ x

0
w(t) dt �

∫ x

0
w◦(t) dt, x > 0, (with equality for x ∈ E ),

and

lim
x→∞

∫ x
0 w(t) dt∫ x

0 w◦(t) dt
= 1.

It was shown in [20, Section 4] that w◦ coincides almost everywhere with the derivative
of the least concave majorant of W .

The following observation will be useful in the sequel.
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PROPOSITION 2.12. Let q ∈ (0, 1] . Let N be a functional defined on locally
integrable functions on (0,∞) , with the property∫ t

0
f (s) ds �

∫ t

0
g(s) ds, f , g ↓, t > 0 ⇒ N (f ) � N (g).

For a weight w on (0,∞) , satisfying lim supt→∞
W(t)

t < ∞ , define

β(w) := sup
f ↓

‖f ‖Λq(w)

N (f )
.

Then

β(w) = β(w◦),

where w◦ is the level function of w .

Proof. First, β(w) � β(w◦) follows from (22) and the Hardy’s lemma (cf. [4,
Chapter 2, Proposition 3.6]). As for the converse inequality, let R

+ = E∪⋃j Ij∪ [a,∞)
be the partition of (0,∞) from the definition of w◦ . We shall assume that a < ∞ .
The proof needs only trivial modifications when a = ∞ . Let f be a non-increasing
function on (0,∞) and let t > a . Then we define

(23) f t(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
f (x), x ∈ E;
1
|Ij|

∫
Ij

f (t) dt, x ∈ Ij, j ∈ N;

1
t−a

∫ t
a f (s) ds, x ∈ [a, t);

0, x ∈ [t,∞).

It is easy to see that f t is non-increasing for any t > a , and that

(24)
∫ s

0
f t(y) dy �

∫ s

0
f (y) dy, s > 0.

It follows immediately from (24) that for every t > 0

(25) N (f t) � N (f ).

We now claim that

(26)
∫ ∞

0
f q(y)w◦(y) dy � sup

t>a

∫ ∞

0
f q
t (y)w(y) dy.

To prove (26), note first that

lim sup
s→∞

W(s)
s

= lim sup
s→∞

1
s − a

∫ s

a
w(y) dy,
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whence, by Hölder’s inequality (recall q � 1 ),∫ ∞

a
f q(y)w◦(y) dy = lim sup

t→∞
W(t)

t

(∫ ∞

a
f q(t) dt

)
(27)

= lim sup
t→∞

(
1

t − a

∫ t

a
f q(s) ds

)(∫ t

a
w(s) ds

)
� sup

t>a

(
1

t − a

∫ t

a
f (s) ds

)q (∫ t

a
w(s) ds

)
= sup

t>a

∫ ∞

a
f q
t (s)w(s) ds.

Now, by the definition of w◦ , (23), and (27),∫ ∞

0
f q(s)w◦(s) ds =

∫
E

f q(s)w(s) ds +
∑

j

1
|Ij|

∫
Ij

f q(s) ds
∫

Ij

w(s) ds

+
∫ ∞

a
f q(s)w◦(s) ds � sup

t>a

∫ ∞

0
f q
t (s)w(s) ds,

and (26) follows. Finally, combining (26), (25), and the fact that f t is non-increasing,
we get

β(w◦) � sup
f ↓

sup
t>a

(∫∞
0 (f t)q(s)w(s) ds

)1/q

N (f )
� sup

f ↓
sup
t>a

(∫∞
0 (f t)q(s)w(s) ds

)1/q

N (f t)

� sup
g↓

(∫∞
0 gq(s)w(s) ds

)1/q

N (g)
= β(w),

as desired. �
EXAMPLE 2.13. Setting, for p ∈ (0,∞) , either

N (f ) =
(∫ ∞

0

(
1
t

∫ t

0
f (s) ds

)p

v(t) dt

)1/p

or

N (f ) = sup
0<t<∞

(
1
t

∫ t

0
f (s) ds

)
V1/p(t),

we obtain from Proposition 2.12 that, for q ∈ (0, 1) , Γp(v) ↪→ Λq(w) is equivalent
to Γp(v) ↪→ Λq(w◦) , and the same for Γp(v) replaced by Γp,∞(v) . Moreover, the
corresponding optimal embedding constants coincide.

3. Embeddings of type Λ ↪→ Λ

THEOREM 3.1. (the case Λp(v) ↪→ Λq(w) ) Let p, q ∈ (0,∞) and let v, w be
weights.
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(i) Let 0 < p � q < ∞ . Then the inequality

(28)
(∫ ∞

0
(f ∗(t))q w(t) dt

)1/q

� C

(∫ ∞

0
(f ∗(t))p v(t) dt

)1/p

,

holds if and only if

(29) A(29) := sup
t>0

W1/q(t)V−1/p(t) < ∞,

and the optimal constant C in (28) equals A(29) .
(ii) Let 0 < q < p < ∞ and let r be given by 1

r = 1
q − 1

p . Then (28) holds if
and only if

A(30) : =

(∫ ∞

0

(
W(t)
V(t)

)r/p

w(t) dt

)1/r

(30)

=

(
q
r

Wr/q(∞)
Vr/p(∞)

+
q
p

∫ ∞

0

(
W(t)
V(t)

)r/q

v(t) dt

)1/r

< ∞,

and C ≈ A(30) .

These results can be found in [19, Remark (i), p. 148] for 1 < p , q < ∞ , and
in [23, Proposition 1] for all values 0 < p , q < ∞ . Part (i) also follows from a more
general result in [8, Corollary 2.7].

THEOREM 3.2. (the case Λp(v) ↪→ Λq,∞(w) ) Let p, q ∈ (0,∞) and let v, w be
weights. The inequality

(31) sup
t>0

f ∗(t)W1/q(t) � C

(∫ ∞

0
(f ∗(t))p v(t) dt

)1/p

,

holds if and only if A(29) < ∞ , and moreover the optimal constant C in (31) equals
A(29) .

Proof. This follows fromTheorem2.6 (iii)with X = Λp(v) combinedwith (9). �
THEOREM 3.3. (the case Λp,∞(v) ↪→ Λq(w) ) Let p, q ∈ (0,∞) and let v, w be

weights. The inequality

(32)
(∫ ∞

0
(f ∗(t))q w(t) dt

)1/q

� C sup
t>0

f ∗(t)V1/p(t)

holds if and only if

(33) A(33) :=
(∫ ∞

0
V−q/p(t)w(t) dt

)1/q

< ∞,

and the optimal constant C in (32) equals A(33) .

Proof. This follows from Theorem 2.6 (i) with X = Λq(w) . A direct proof is an
easy exercise. �
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THEOREM 3.4. (the case Λp,∞(v) ↪→ Λq,∞(w) ) Let p, q ∈ (0,∞) and let v, w
be weights. Then the inequality

(34) sup
t>0

f ∗(t)W1/q(t) � C sup
t>0

f ∗(t)V1/p(t)

holds if and only if A(29) < ∞ , and moreover the optimal constant C in (34) equals
A(29) .

Proof. The assertion immediately follows fromTheorem2.6 (i)or (iii) and (9). �

4. Embeddings of type Λ ↪→ Γ

THEOREM 4.1. (the case Λp(v) ↪→ Γq(w) ) Let p, q ∈ (0,∞) and let v, w be
weights.

(i) Let 1 < p � q < ∞ Then the inequality

(35)
(∫ ∞

0
(f ∗∗(t))q w(t) dt

)1/q

� C

(∫ ∞

0
(f ∗(t))p v(t) dt

)1/p

holds if and only if A(29) < ∞ and

(36) A(36) := sup
t>0

(∫ ∞

t

w(s)
sq

ds

)1/q
(∫ t

0

v(s)sp′

Vp′(s)
ds

)1/p′

< ∞,

and the optimal constant C in (35) satisfies C ≈ A(29) + A(36) .
(ii) Let 0 < p � 1 , 0 < p � q < ∞ . Then (35) holds if and only if A(29) < ∞

and

(37) A(37) := sup
t>0

t

(∫ ∞

t

w(s)
sq

ds

)1/q

V−1/p(t) < ∞,

and C ≈ A(29) + A(37) .
(iii) Let 1 < p < ∞ , 0 < q < p < ∞ , q �= 1 . Then (35) holds if and only if

A(30) < ∞ and, for r given by 1
r = 1

q − 1
p ,

A(38) :=

⎛⎝∫ ∞

0

⎡⎣(∫ ∞

t

w(s)
sq

ds

)1/q
(∫ t

0

v(s)sp′

Vp′(s)
ds

)(q−1)/q
⎤⎦r

v(t)tp
′

Vp′(t)
dt

⎞⎠1/r
(38)

≈
⎛⎝∫ ∞

0

⎡⎣(∫ ∞

t

w(s)
sq

ds

)1/p
(∫ t

0

v(s)sp′

Vp′(s)
ds

)1/p′⎤⎦r

w(t)
tq

dt

⎞⎠1/r

< ∞,

and C ≈ A(30) + A(38) .
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(iv) Let 1 = q < p < ∞ . Then (35) holds if and only if A(30) < ∞ and

A(39) :=

⎛⎝∫ ∞

0

(
W(t) + t

∫∞
t

w(s)
s ds

V(t)

)p′−1 ∫ ∞

t

w(s)
s

ds dt

⎞⎠1/p′
(39)

≈ W(∞)
V1/p(∞)

+

⎛⎝∫ ∞

0

(
W(t) + t

∫∞
t

w(s)
s ds

V(t)

)p′

v(t) dt

⎞⎠1/p′

< ∞,

and C ≈ A(30) + A(39) .
(v) Let 0 < q < p = 1 . Then (35) holds if and only if A(5) < ∞ and A(40) < ∞ ,

where

(40) A(40) :=

(∫ ∞

0

(∫ ∞

t

w(s)
sq

ds

)q/(1−q) (
ess inf
0<s<t

V(s)
s

)q/(q−1) w(t)
tq

dt

)(1−q)/q

,

and C ≈ A(30) + A(40) .
(vi) Let 0 < q < p < 1 . If A(30) < ∞ and

(41) A(41) :=

(∫ ∞

0

(∫ ∞

t

w(s)
sq

ds

)r/q

V−r/p(t)tr−1 dt

)1/r

< ∞,

then (35) holds. Moreover, A(30) � C � A(30) + A(41) .

Case (i) is shown in [19, Theorem2], case (ii) independently in [9, Proposition 2.6b]
and [23, Theorem 3b] (for a particular case see also [16, Theorem 2.2]), case (iii) in [19,
Theorem 2] for 1 < q < p < ∞ and in [23, Theorem 3a] for 0 < q < 1 < p < ∞ ,
case (iv) follows from (3) and Theorem 3.1, case (v) can be found in [21, Theorem 4.1],
and finally case (vi) is treated in [23, Proposition 2], see also [12, Theorem 6].

THEOREM 4.2. (the case Λp(v) ↪→ Γq,∞(w) ) Let p, q ∈ (0,∞) and let v, w be
weights.

(i) Let 0 < p � 1 . The inequality

(42) sup
t>0

f ∗∗(t)W1/q(t) � C

(∫ ∞

0
(f ∗(t))p v(t) dt

)1/p

holds if and only if

(43) A(43) := sup
0<s�t<∞

W1/q(t)s
tV1/p(s)

< ∞,

and the optimal constant C in (42) equals A(43) .
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(ii) Let 1 < p < ∞ . Then (42) holds if and only if

(44) A(44) := sup
t>0

W1/q(t)
t

(∫ t

0

(
s

V(s)

)p′−1

ds

)1/p′

< ∞,

and C ≈ A(44) .

Proof. Both assertions follow from (a slightly modified version of) [9, Theo-
rem 3.3] with k(x, t) = 1

xχ(0,x)(t) . �
REMARKS 4.3. (i) By Theorem 3.1,

ψΛp(v)(t) = sup
f �≡0

∫∞
0 f ∗(s)χ(0,t)(s) ds

‖f ‖Λp(v)

⎧⎪⎪⎨⎪⎪⎩
= sup

0<s�t

s
V1/p(s)

if 0 < p � 1;

≈
(∫ t

0

(
s

V(s)

)p′−1
ds

)1/p′

if 1 < p < ∞.

Applying Theorem 2.6 (ii), we get a new proof of Theorem 4.2.

THEOREM 4.4. (the case Λp,∞(v) ↪→ Γq(w) ) Let p, q ∈ (0,∞) and let v, w be
weights. The inequality

(45)
(∫ ∞

0
(f ∗∗(t))q w(t) dt

)1/q

� C sup
t>0

f ∗(t)V1/p(t)

holds if and only if

(46) A(46) :=
(∫ ∞

0

(
1
t

∫ t

0
V−1/p(s) ds

)q

w(t) dt

)1/q

< ∞,

and moreover the optimal constant C in (45) equals A(46) .

This result can be found in [22, Theorem 4.1 (i)] (cf. also Theorem 2.6 (i) with
X = Γq(w) ).

THEOREM 4.5. (the case Λp,∞(v) ↪→ Γq,∞(w) ) Let p, q ∈ (0,∞) and let v, w be
weights. The inequality

(47) sup
t>0

f ∗∗(t)W1/q(t) � c sup
t>0

f ∗(t)V1/p(t)

holds if and only if

(48) A(48) := sup
t>0

W1/q(t)
t

∫ t

0
V−1/p(s) ds < ∞,

and moreover the optimal constant C in (47) equals A(48) .

This result can be found in [22, Theorem 4.1 (ii)]. It also follows from Theo-
rem 2.6 (i) with X = Γq,∞(w) or Theorem 2.6 (ii) with X = Λp,∞(v) combined with
an easy observation that ψX(t) from (8) equals

∫ t
0 V−1/p(s) ds .
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5. Embeddings of type Γ ↪→ Λ

THEOREM 5.1. (the case Γp(v) ↪→ Λq(w) ) Let p, q ∈ (0,∞) and let v, w be
weights.

(i) If 0 < p � q < ∞ , 1 � q < ∞ , then the inequality

(49)
(∫ ∞

0
(f ∗(t))q w(t) dt

)1/q

� C

(∫ ∞

0
(f ∗∗(t))p v(t) dt

)1/p

,

holds if and only if

(50) A(50) := sup
t>0

W1/q(t)(
V(t) + tp

∫∞
t s−pv(s) ds

)1/p
< ∞,

and moreover the optimal constant C in (49) is equal to A(50) .
(ii) If 0 < q < p = 1 , then (49) holds if and only if

(51) A(51) :=

(∫ ∞

0

(
W(t)

V(t) + t
∫∞

t s−1v(s) ds

)r

w(t) dt

)1/r

< ∞,
1
r

=
1
q
−1,

and C ≈ A(51) .
(iii) Let v satisfy the non-degeneracy conditions (cf. [13])

(52)
∫ ∞

0

v(s)
(s + 1)p

ds < ∞,

∫ 1

0

v(s)
sp

ds =
∫ ∞

1
v(s) ds = ∞.

Moreover, let q = 1 < p < ∞ . Then (49) holds if and only if

A(53) : =

(∫ ∞

0

(∫ t

0
w◦(s) ds

)p′
(53)

×
∑

k

t

(
V(t) + tp

∫ ∞

t
s−pv(s) ds

)−p′

δμk (t) dt

)1/p′

< ∞,

where δμk are Dirac measures situated at μk , and C ≈ A(53) , where the discretizing
sequence {μk} is defined for some a > 1 by μ0 = 1 , and

μk+1 = inf

{
t; min

{
�v,p(μk)
�v,p(t)

,
t�v,p(t)

μk�v,p(μk)

}
= a

}
, k � 0,

μk−1 = sup

{
t; min

{
�v,p(t)
�v,p(μk)

,
μk�v,p(μk)
t�v,p(t)

}
= a

}
, k � 0,

and

�v,p(t) =
(∫ ∞

0

v(s)
(s + t)p

ds

)1/p

, �w,q(t) =
(∫ ∞

0

w(s)
(s + t)q

ds

)1/q

.
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The assertion (i) is proved in [18, Theorem 3.2] (for 1 � p = q < ∞ ), [16,
Theorem 2.1] (for 1 � p � q < ∞ ), and [24, p. 473] (for 0 < p � q < ∞ ,
1 � q < ∞ ). The proof with the best constant can be found in [15, Theorem 3.2 (a)
and (c)] or [2], where a multidimensional case is treated.

The assertion (ii) follows from (3) and Theorem 3.1 (ii) with 0 < q < 1 = p , and
v replaced by

∫∞
t s−1v(s) ds .

When w itself is non-increasing, then the proof of (iii) can be found in [13,
Theorem 2.2a]. For general w , the result follows from Proposition 2.12.

THEOREM 5.2. (the case Γp(v) ↪→ Λq,∞(w) ) Let p, q ∈ (0,∞) and let v, w be
weights. The inequality

(54) sup
t>0

f ∗(t)W1/q(t) � C

(∫ ∞

0
(f ∗∗(t))p v(t) dt

)1/p

holds if and only if A(50) < ∞ (cf. (50)). Moreover, the optimal constant C in (54)
equals A(50) .

Proof. This follows from Theorem 2.6 (iii) with X = Γp(v) , and (10). �
THEOREM 5.3. (the case Γp,∞(v) ↪→ Λq,∞(w) ). Let p, q ∈ (0,∞) and let v, w

be weights. The inequality

(55) sup
t>0

f ∗(t)W1/q(t) � C sup
t>0

f ∗∗(t)V1/p(t)

holds if and only if

(56) A(56) := sup
t>0

W1/q(t)
t sup

s�t
s−1V1/p(s)

< ∞.

Moreover, the optimal constant C in (55) equals A(56) .

Proof. This follows from Theorem 2.6 (iii) with X = Γp,∞(v) , and (11). �
The missing case Γp,∞(v) ↪→ Λq(w) will be treated separately in Section 7 below.

6. Embeddings of type Γ ↪→ Γ

THEOREM 6.1. (the case Γp(v) ↪→ Γq(w) ) Let p, q ∈ (0,∞) and let v, w be
weights. Assume that v satisfies (52) .

(i) Let 0 < p � q < ∞ . Then the inequality

(57)
(∫ ∞

0
(f ∗∗(t))q (t) w(t)dt

)1/q

� C

(∫ ∞

0
(f ∗∗(t))p v(t) dt

)1/p

holds if and only if

(58) A(58) := sup
t>0

(
W(t) + tq

∫∞
t s−qw(s) ds

)1/q(
V(t) + tp

∫∞
t s−pv(s) ds

)1/p
< ∞,
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and the optimal constant C in (57) equals A(58) except the case 0 < p � q < 1 when
C ≈ A(58) .

(ii) Let 0 < q < p < ∞ . Then (57) holds if and only if

(59) A(59) :=

(∑
k∈Z

(
�w,q(μk)
�v,p(μk)

)r
)1/r

< ∞,
1
r

=
1
q
− 1

p
,

where �v,p , �w,q , and {μk} are defined as in Theorem 5.1 (iii). Moreover, C ≈ A(59) .

This result can be found in [13, Theorem 3.2]. The particular case q � 1 of (i)
was also treated in [24, Theorem 3.3]. A proof with a sharp constant is given in [15,
Theorem 3.7].

THEOREM 6.2. (the case Γp(v) ↪→ Γq,∞(w) ) Let p, q ∈ (0,∞) and let v, w be
weights. The inequality

(60) sup
t>0

f ∗∗(t)W1/q(t) � C

(∫ ∞

0
(f ∗∗(t))p v(t) dt

)1/p

holds if and only if A(50) < ∞ (cf. (50)). Moreover, the optimal constant C in (60)
satisfies C ≈ A(50) .

Proof. The lower bound, C � A(50) , follows from Theorem 5.2 and (4). As for
the upper bound, for every t > 0 we have

f ∗∗(t)W1/q(t) � A(50)

(
f ∗∗(t)V1/p(t) +

∫ t

0
f ∗(y) dy

(∫ ∞

t

v(s)
sp

ds

)1/p
)

� A(50)

(
f ∗∗(t)V1/p(t) +

(∫ ∞

t
(f ∗∗(s))p v(s) ds

)1/p
)

.

Taking the supremum over t > 0 and using (4) we get C � A(50) . �

REMARK 6.3. For 0 < p � 1 , the upper bound in Theorem 6.2 follows also
from Theorem 5.1 (i) and Remark 4.3 (ii). Yet another proof can be obtained from
Theorem 2.6 (ii) and Theorem 5.1 (i).

THEOREM 6.4. (the case Γp,∞(v) ↪→ Γq(w) ) Let p, q ∈ (0,∞) and let v, w be
weights. The inequality

(61)
(∫ ∞

0
(f ∗∗(t))q w(t) dt

)1/q

� C sup
t>0

f ∗∗(t)V1/p(t)

holds if and only if

(62) A(62) :=

(∫ ∞

0

w(t)(
t sups�t s

−1V1/p(s)
)q dt

)1/q

< ∞.
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Moreover, the optimal constant C in (61) satisfies C ≈ A(62) .

Proof. The upper bound C � A(62) follows from (20).
Conversely, let f be any function such that f ∗ = vp . Then, by (21), ‖f ‖Γp,∞(v) �

2 , and, by (61),

A(62) � max{1, 2
q−1

q }
[
2C + λ

(∫ ∞

0

w(t)
tq

dt

)1/q
]

.

If λ = 0 , we are done. Assume that λ > 0 . For arbitrary fixed a > 0 , take any f
such that f ∗ = λ

a χ(0,a) . Now, observe that sups�0 s−1V1/p(s) � 2
λ , whence

‖f ‖Γp,∞(v) �
∫ ∞

0
f ∗(y) dy sup

s�0
s−1V1/p(s) � 2.

Thus, using the estimate f ∗∗(t) � λ
t χ(a,∞)(t) and (61), we finally obtain

λ
(∫ ∞

a

w(t)
tq

dt

)1/q

� C,

and the result follows on letting a → 0+ . �
THEOREM 6.5. (the case Γp,∞(v) ↪→ Γq,∞(w) ) Let p, q ∈ (0,∞) and let v, w be

weights. The inequality

(63) sup
t>0

f ∗∗(t)W1/q(t) � C sup
t>0

f ∗∗(t)V1/p(t)

holds if and only if

(64) A(64) := sup
t>0

W1/q(t)
t sups�t s

−1V1/p(s)
< ∞.

Moreover, the optimal constant C in (63) satisfies C ≈ A(64) .

Proof. The upper bound follows directly from the definition of A(64) similarly as
in (20). To get the lower bound we test (63) with χ(0,a) , a > 0 . For 0 < p � 1 , the
assertion follows also from Theorem 2.6 (ii). �

7. Embeddings of type Γp,∞(v) ↪→ Λq(w)

This section is devoted to the inequality

(65)
(∫ ∞

0
(f ∗(t))q w(t) dt

)1/q

� C sup
t>0

f ∗∗(t)V1/p(t), p, q ∈ (0,∞).

By (20) and (21), (65) is equivalent to

(66)
(∫ ∞

0
(f ∗(t))q w(t) dt

)1/q

� C sup
t>0

(∫ t

0
f ∗(s) ds

)
Vp(t),
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where Vp(t) is from (18), and also to

(67)
(∫ ∞

0
(f ∗(t))q w(t) dt

)1/q

� C̃ sup
t>0

∫ t
0 f ∗(s) ds

λ +
∫ t

0 vp(s) ds
,

where λ and vp are from (21). This could be rewritten as

(68) C ≈ sup

{(∫ ∞

0
(f ∗(t))q w(t) dt

)1/q

;
∫ t

0
f ∗(s) ds � λ +

∫ t

0
vp(s) ds

}
.

7a) The case q = 1 . We first observe that the quantity

(69) A(69) := sup
t>0

W(t)
tVp(t)

≈ sup
t>0

W(t)(λ +
∫ t

0 vp(s) ds)
t

,

is a lower bound for the optimal constant C in (66) with q = 1 . Indeed, A(69) � C
follows on testing (66) with χ(0,a) , a > 0 . In particular, (66) implies A(69) < ∞ .
Therefore,

W(t)
t

� A(69)Vp(t), t > 0,

and, as Vp is non-increasing, also

lim sup
t→∞

W(t)
t

< ∞.

This guarantees the existence of w◦ (cf. Section 2 above).

THEOREM 7.1. (the case Γp,∞(v) ↪→ Λ1(w) ) Let p ∈ (0,∞) and let v, w be
weights. The inequality (65) holds with q = 1 for every f ∈ Γp,∞(v) if and only if
A(69) < ∞ , and

(70) A(70) :=
∫ ∞

0
w◦(t)vp(t) dt < ∞.

Moreover, the optimal constant C in (65) satisfies C ≈ A(69) + A(70) .

Proof. By Proposition 2.12 and Example 2.14,

C = sup

∫∞
0 f ∗(t)w◦(t) dt

‖f ‖Γp,∞(v)
.

We claim that

(71) C ≈
∫ ‖w◦‖∞

0

1
Vp(w◦∗(y))

dy.
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Indeed, using the formula for the distribution function (cf. e.g. [4, Chapter 2, Proposi-
tion 1.8]), and [9, Theorem 2.1], we get

C = sup

{∫ ∞

0
f ∗(s)w◦(s) ds;

∫ t

0
f ∗(s) ds � 1

Vp(t)
for all t ∈ (0,∞)

}
= sup

{∫ ∞

0

(∫ w◦∗(s)

0
f ∗(y) dy

)
ds;

∫ t

0
f ∗(s) ds � 1

Vp(t)
for all t ∈ (0,∞)

}

�
∫ ‖w◦‖∞

0

1
Vp(w◦∗(y))

dy.

Conversely, let r > 0 and set

gr(t) =

{ t
rVp(r) , t � r

1
Vp(t) , t > r.

Then, since gr is a quasi-concave function, there exists a non-increasing function f r so
that gr(t) ≈

∫ t
0 f r(s) ds . Since, obviously,

∫ t
0 f r(s) ds � 1

Vp(t) , we get, for every r > 0 ,

C �
∫ ∞

0
f r(t)w◦(t) dt =

∫ ∞

0

∫ w◦∗(t)

0
f r(s) ds dt

≈
∫ ∞

0
gr(w◦

∗(s)) ds �
∫ w◦(r)

0

1
Vp(w◦∗(y))

dy,

and (71) follows on letting r → 0+ .
Finally, observe that

C ≈
∫ ‖w◦‖∞

0

1
Vp(w◦∗(y))

dy = λ‖w◦‖∞ +
∫ ‖w◦‖∞

0

(∫ w◦∗(t)

0
vp(s) ds

)
dt

≈ λ‖w◦‖∞ + A(70).

It remains to show λ‖w◦‖∞ � A(69) , or (cf. (69)), in particular, ‖w◦‖∞ � supt
W(t)

t .
This is obvious when, for some δ > 0 , (0, δ) is one of the intervals Ij , since

then ‖w◦‖∞ = δ−1
∫ δ

0 w(s) ds . If tk → 0+ for some sequence tk in E , then the
monotonicity of w◦ and the equality (22) for x = tk yields

‖w◦‖∞ = lim
k→∞

w◦(tk) � lim
k→∞

∫ tk
0 w◦(s) ds

tk
= lim

k→∞
W(tk)

tk
� sup

t

W(t)
t

.

The proof is complete. �
REMARKS 7.2. (i) It follows from the proof of Theorem 7.1 that, if w is non-

increasing, then

sup

{∫ ∞

0
f (t)w(t) dt;

∫ t

0
f (s) ds � 1

Vp(t)
for all t ∈ (0,∞)

}
= C,
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that is, we get the same constant without the restriction to non-increasing f .
(ii) By a simple calculation it can be also shown that the optimal constant C in (65)

with q = 1 satisfies

C ≈ A(69) +
∫ ∞

0

1
Vp(t)

d (−w◦(t)) ≈ A(69) +
∫ ∞

0
w◦(t) d

(
1

Vp(t)

)
.

7b) The case q > 1 . Analogously to (69), we define

(72) A(72) := sup
t>0

W1/q(t)
tVp(t)

≈ sup
t>0

W1/q(t)
(
λ +

∫ t
0 vp(s) ds

)
t

,

where λ and vp are from Remark 2.11 (v). It is easy to show that

C � A(72),

where C is the optimal constant in (65), now with q > 1 . We further introduce the
quantities

(73) A(73) :=
(∫ ∞

0
w(t)vq

p(t) dt

)1/q

,

and

(74) A(74) := sup
{Ik}

[∑
k∈Z

(
1
|Ik|

∫
Ik

vp(s) ds

)q ∫
Ik

w(s) ds

]1/q

,

where the supremum is extended over all sequences of disjoint intervals in R
+ of finite

measure.

THEOREM 7.3. (the case Γp,∞(v) ↪→ Λq(w) , 1 < q < ∞ ) Let q ∈ (1,∞) ,
p ∈ (0,∞) and let v, w be weights. Then the inequality (65) holds if and only if
A(72) < ∞ , A(73) < ∞ , and A(74) < ∞ . Moreover, the optimal constant C in (65)
satisfies

C ≈ A(72) + A(73) + A(74).

Proof. We start with the lower bounds (recall that C � A(72) has already been
pointed out above). Let {Ik} be a sequence of disjoint intervals in R

+ of finite
measures. We set

f (x) =

{
1
|Ik|

∫
Ik

vp(s) ds, x ∈ Ik, k ∈ Z,

vp(x), x ∈ R
+ \⋃k∈Z

Ik.

Since vp is non-increasing, so is f , and we have ‖f ‖Γp,∞(v) � 1 , because
∫ t

0 f (s) ds �∫ t
0 vp(s) ds , t > 0 . Thus it follows from (67) that C ≈ C̃ � A(74) . To prove

(75) C � A(73),
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we define for r > 0

f r(x) =
{ 1

r

(
λ +

∫ r
0 vp(s) ds

)
, 0 < x < r;

vp(x), x � r.

Then f r is non-increasing, and supr>0 ‖f r‖Γp,∞(v) � 1 . Inserting f r into (67) we get

C �
(∫∞

r w(s)vq
p(s) ds

)1/q
, and (75) follows on letting r → 0+ .

Now, to prove the upper bound, we use a duality argument. By the change of
suprema, Theorem 7.1, and Hölder’s inequality,

C = sup
f �≡0

‖f ‖Λq(w)

‖f ‖Γp,∞(v)
= sup

f �≡0

sup{∫∞
0 f ∗(t)g∗(t)w(t) dt; ‖g‖Λq′ (w) � 1}

‖f ‖Γp,∞(v)

= sup

{
sup
f �≡0

∫∞
0 f ∗(t)g∗(t)w(t) dt

‖f ‖Γp,∞(v)
; ‖g‖Λq′(w) � 1

}

≈ sup

⎧⎨⎩sup
t>0

(∫ t
0(s)g

∗(s)w(s) ds
) (

λ +
∫ t

0 vp(s) ds
)

t

+
∫ ∞

0
(g∗w)◦(t)vp(t) dt; ‖g‖Λq′ (w) � 1

}

� sup
t>0

W1/q(t)
(
λ +

∫ t
0 vp(s) ds

)
t

+ sup

{∫ ∞

0
(g∗w)◦(t)vp(t) dt; ‖g‖Λq′ (w) � 1

}
.

Moreover, we have R
+ = E ∪⋃

j∈N
Jj ∪ [a,∞) , where Jj are intervals, and

(g∗w)◦(x) =

⎧⎪⎪⎨⎪⎪⎩
g∗(x)w(x), x ∈ E,
1
|Jj|

∫
Jj

g∗(t)w(t) dt, x ∈ Jj, j ∈ N,

lim sup
t→∞

1
t

∫ t
0 g∗(s)w(s) ds, x ∈ [a,∞).

Thus, ∫ ∞

0
(g∗w)◦(t)vp(t) dt =

∫
E

g∗(t)w(t)vp(t) dt

+
∑
j∈N

1
|Jj|

(∫
Jj

vp(t) dt

)(∫
Jj

g∗(t)w(t) dt

)

+
(∫ ∞

a
vp(s) ds

)
lim sup

t→∞
1
t

∫ t

0
g∗(s)w(s) ds

= I + II + III,

say. Let ‖g‖Λq′(w) � 1 . By Hölder’s inequality, I � A(73) . Next, again by the Hölder’s
inequality (used twice)

II �
∑
j∈N

1
|Jj|

(∫
Jj

vp(s) ds

)(∫
Jj

w(s) ds

)1/q (∫
Jj

(g∗)q′(t)w(t) dt

)1/q′

� A(74).
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Analogously,

III � lim sup
t→∞

1
t

(∫ t

0
g∗(s)w(s) ds

)∫ t

a
vp(s) ds

� lim sup
t→∞

W1/q(t)
t

∫ t

a
vp(s) ds � A(72),

and C � A(72) + A(73) + A(74) follows. The proof is complete. �
7c) The case q < 1 . Let q ∈ (0, 1) and p ∈ (0,∞) . We denote

(76) A(76) :=

(∫ ∞

0

(
W(t)
tVp(t)

)q/(1−q)

w(t) dt

)(1−q)/q

,

and

(77) A(77) :=
(∫ ∞

0
t1−qV−q

p (t) d (−w◦(t))
)1/q

.

THEOREM 7.4. (the case Γp,∞(v) ↪→ Λq(w) , 0 < q < 1 ) Let q ∈ (0, 1) ,
p ∈ (0,∞) and let v, w be weights. If A(72)+A(77) < ∞ , then (65) holds. Conversely,
if (65) is true, then A(72) + A(73) + A(74) + A(76) < ∞ . Moreover, if C is the optimal
constant in (65) , then

(78) A(72) + A(73) + A(74) + A(76) � C � A(72) + A(77).

Proof. We start with lower bounds. Note that A(72) + A(73) + A(74) � C follows
from the proof of Theorem 7.3. By Remarks 2.11 (i) and (ii), there exists a non-
increasing function ψ such that tVp(t) ≈

∫ t
0 ψ(s) ds for all t > 0 . With ψ so defined,

we have by Theorem 4.2 (i),

(79) Λ1(ψ) ↪→ Γp,∞(v).

Thus, (65) and (79) imply Λ1(ψ) ↪→ Λq(w) , and A(76) � C follows from Theorem3.1
applied to p = 1 and v = ψ .

For the upper bound, note that A(72) < ∞ in particular implies that
∫ t

0 w(s) ds <

∞ , and hence
∫ t

0 w◦(s) ds < ∞ , for every t > 0 . Thus, if f is a non-increasing step

function, then
∫ t

0 f q(s)w◦(s) ds < ∞ for every t > 0 , and we get on integrating by
parts, using also (22) and the Hardy’s lemma ([4, Chapter 2, Proposition 3.6])∫ ∞

0
f q(s)w(s) ds �

∫ ∞

0
f q(s)w◦(s) ds

= lim
t→∞w◦(t)

∫ t

0
f q(s) ds +

∫ ∞

0

(∫ t

0
f q(s) ds

)
d (−w◦(t)) .

By the Hölder inequality, (20), and (72),

lim
t→∞ w◦(t)

∫ t

0
f q(s) ds � lim sup

t→∞
W(t)

(
1
t

∫ t

0
f (s) ds

)q

� Aq(27)‖f ‖q
Γp,∞(v).
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Analogously,∫ ∞

0

(∫ t

0
f q(s) ds

)
d (−w◦(t)) �

∫ ∞

0
t1−q

(∫ t

0
f (s) ds

)q

d (−w◦(t))

� ‖f ‖q
Γp,∞(v)

∫ ∞

0
t1−qV−q

p (t) d (−w◦(t)) ,

and the second inequality in (78) follows. �

Unfortunately, Theorem 7.4 does not give a complete characterization of (65) for
q ∈ (0, 1) . However, in many particular cases such a characterization is available. We
shall collect some particular results. Recall that, by Proposition 2.12, with no loss of
generality we may assume that w is non-increasing.

THEOREM 7.5. (Miscellaneous particular cases, Γp,∞(v) ↪→ Λq(w) , 0 < q < 1 ).
Let q ∈ (0, 1) , p ∈ (0,∞) , let v, w be weights, and let C be the optimal constant
in (65) .

(i) If vp = 0 , then

(80) C ≈ A(80) :=

(∫ ∞

0

(
W(t)

t

)1/(1−q)

w(t) dt

)(1−q)/q

.

Moreover, we always have C � A(80) .

(ii) If λ = 0 and vp satisfies 1
t

∫ t
0 vp(s) ds ≈ vp(t) , t > 0 , then C ≈ A(73) .

(iii) If w ∈ Bq , that is,∫ ∞

r

w(s)
sq

ds � W(r)
rq

, 0 < r < ∞,

then

C ≈
(∫ ∞

0

w(t)
tq

dt

)1/q

+ A(73).

(iv) If wvq−1 is non-increasing and λ = 0 , then C ≈ A(73) .

(v) If there exists a non-increasing function g such that G(t) :=
∫ t

0 g(s) ds satisfies
Gq(t)

∫∞
t G−q(s)w(s) ds � W(t) for t > 0 , then C ≈ A(73) .

(vi) If λ = 0 and vp ∈ A1 , then C ≈ A(73) .
(vii) If λ = 0 and vp satisfies∫ t

0
vp(s) log t

s ds �
∫ t

0
vp(s) ds,

then, denoting Vp(t) :=
∫ t

0 vp(s) ds ,

C ≈
(∫ ∞

0

(
Vp(t)

t

)q

w(t) dt

)1/q

.
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Proof. (i) By (68), the substitution (f ∗)q = g∗ , and Theorem 3.1 (ii),

C ≈ sup

{(∫ ∞

0
(f ∗(s))q w(s) ds

)1/q

;
∫ ∞

0
f ∗(t) dt � λ

}

= λ

(
sup

g

∫∞
0 g∗(t)w(t) dt

‖g‖1/q

)1/q

≈ λ

(∫ ∞

0

(
W(t)

t

)q/(1−q)

w(t) dt

)(1−q)/q

.

(ii) By (68) and the assumption,

C ≈ sup

{(∫ ∞

0
(f ∗(t))q w(t) dt

)1/q

; f ∗ � v

}
≈
(∫ ∞

0
vq(t)w(t) dt

)1/q

.

(iii) If w ∈ Bq , then

C ≈ sup

{(∫ ∞

0
(f ∗∗(t))q w(t) dt

)1/q

;
∫ t

0
f ∗(s) ds � λ +

∫ t

0
vp(s) ds

}

=

(∫ ∞

0

(
λ +

∫ t
0 vp(s) ds

t

)q

w(t) dt

)1/q

≈ λ
(∫ ∞

0

w(t)
tq

dt

)1/q

+
(∫ ∞

0
vq
p(t)w(t) dt

)1/q

.

(iv) If wvq−1 is non-increasing, then, by the assumption and [8, Theorem 2.1],

C ≈
(

sup

{∫
{f �vp}

(f ∗(t))q w(t) dt

+
∫
{f >vp}

(f ∗(t))q w(t) dt;
∫ t

0
f ∗(s) ds �

∫ t

0
vp(s) ds

})1/q

� A(73) +
(

sup

{∫ ∞

0
f ∗(t)vq−1

p (t)w(t) dt;
∫ t

0
f ∗(s) ds �

∫ t

0
vp(s) ds

})1/q

� A(73) +

(
sup

{∫ ∞

0

(∫ (wvq−1
p )∗(y)

0
f ∗(s) ds

)
dy;

∫ t

0
f ∗(s) ds �

∫ t

0
vp(s) ds

})1/q

� A(73) +

(∫ (wvq−1
p )(0+)

0

∫ (wvq−1
p )∗(y)

0
vp(s) ds dy

)1/q

� A(73).

The lower bound follows from Theorem 7.4.
(v) This is a simple modification of (iv).
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(vi) By (68),

C � sup

{(∫ ∞

0
(f ∗∗(t))q w(t) dt

)1/q

;
∫ t

0
f ∗(s) ds �

∫ t

0
vp(s) ds

}
(81)

�
(∫ ∞

0

(
Vp(t)

t

)q

w(t) dt

)1/q

�
(∫ ∞

0
vq
p(t)w(t) dt

)1/q

,

since vp ∈ A1 . The lower bound follows from Theorem 7.4.
(vii) The function t−1Vp(t) is decreasing. Hence,

C �
(∫∞

0 (t−1Vp(t))qw(t) dt
)1/q

supt>0

(∫ t
0 s−1Vp(s) ds

)(∫ t
0 vp(s) ds

)−1

=

(∫∞
0 (t−1Vp(t))qw(t) dt

)1/q

supt>0

(∫ t
0 vp(s) log t

s ds
)(∫ t

0 vp(s) ds
)−1

�
(∫ ∞

0

(
Vp(t)

t

)q

w(t) dt

)1/q

.

The upper bound follows from (81). �

8. The single-weight case Γ1,∞(v) ↪→ Λ1(v)

Now we return to the problem, when the norm in Λ1(v) can be expressed in terms
of f ∗∗ . By Theorem 7.1 we can characterize the embedding Γ1,∞(v) ↪→ Λ1(v) . By
Proposition 2.12, we may restrict ourselves to the case when v is non-increasing. By
[17], then Λ1(v) is a Banach space, and by Theorem4.2 (i) it is embedded into Γ1,∞(v) .
Thus the embedding Γ1,∞(v) ↪→ Λ1(v) is actually equivalent to Γ1,∞(v) = Λ1(v) , and
consequently, there is an expression of the Λ1(v) norm in terms of f ∗∗ .

THEOREM 8.1. Let v be a non-increasing weight. Then the following statements
are equivalent:

(82)
∫ ∞

0
f ∗(s)v(s) ds � C sup

t>0
f ∗∗(t)V(t);

(83) A(83) :=
∫ ∞

0

t
V(t)

d(−v(t)) < ∞;

(84) A(84) :=
∫ ∞

0

V(t) − tv(t)
V2(t)

v(t) dt < ∞;
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(85) lim
t→0+

v(t) < ∞ and

{
either lim

t→∞V(t) < ∞ and lim
t→∞ v(t) = 0,

or lim
t→∞V(t) < ∞ = ∞ and lim

t→∞ v(t) > 0.

Moreover, the optimal constant C in (82) satisfies C ≈ A(83) + 1 .

Proof. We first claim that

(86) A(83) =
{

A(84) if V(∞) = ∞,

A(84) + 1 if V(∞) < ∞.

Let A(83) < ∞ . Then, for t > 0 ,

∞ > A(83) =
∫ ∞

0

d(V(s) − sv(s))
V(s)

�
∫ t

0

d(V(s) − sv(s))
V(s)

� 1
V(t)

∫ t

0
d(V(s) − sv(s)) =

V(t) − tv(t)
V(t)

,

since V(t)− tv(t) =
∫ t

0(v(s)− v(t)) ds → 0 as t → 0+ , and therefore, by the absolute
continuity of integral,

(87) lim
t→0+

V(t) − tv(t)
V(t)

= 0, lim
t→0+

tv(t)
V(t)

= 1.

Let V(∞) < ∞ . Then

V(t) − tv(t) =
∫ t

0
(v(s) − v(t)) ds =

∫ t

0

∫ t

s
d(−v(y)) ds =

∫ t

0
s d(−v(s)).

Hence limt→∞(V(t) − tv(t)) = V(∞) < ∞ , and consequently

(88) lim
t→∞

V(t) − tv(t)
V(t)

= 1, lim
t→∞

tv(t)
V(t)

= 0.

Integrating by parts we get

(89) A(83) = A(84) +
[−tv(t)

V(t)

]t=∞

t=0

.

By (87), (88) and (89) we have A(83) = A(84) + 1 .
Now let V(∞) = ∞ . Then, assuming that A(84) < ∞ , we get for t > 0 ,

∞ > A(84) =
∫ ∞

0
(V(s) − sv(s)) d

(
− 1

V(s)

)
�
∫ ∞

t
(V(s) − sv(s)) d

(
− 1

V(s)

)
� (V(t) − tv(t))

(
1

V(t)
− 1

V(∞)

)
=

V(t) − tv(t)
V(t)

,

since (V(t) − tv(t)) is non-decreasing in t , and by the absolute continuity of integral,

(90) lim
t→∞

V(t) − tv(t)
V(t)

= 0, lim
t→∞

tv(t)
V(t)

= 1.
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Thus, by (87), A(83) = A(84) , proving (86) and in turn the equivalence of (83) and (84).
Since v is non-increasing, we have Vp(t) = V1(t) = V(t)

t , whence A(69) = 1 and
A(70) = A(84) . Thus, Theorem 7.1 yields the equivalence of (82) and (84) as well as the
best constants relation.

It remains to show that (82) holds if and only if one of the options in (85) takes
place. The “if” part is easy to verify. To prove the “only if” part, let A(83) < ∞ . Then,
by (87), 2tv(t) � V(t) for t ∈ (0, t0) with some t0 > 0 . Hence

∞ > A(83) �
∫ t0

0

tv(t)
V(t)

d(−v(t))
v(t)

� 1
2

log
v(0+)
v(t0)

,

and consequently 0 < v(0+) < ∞ . If V(∞) < ∞ , then v(t) � V(t)
t → 0 as t → ∞ ,

and therefore v(∞) = 0 . If V(∞) = ∞ and A(84) < ∞ , then by (90) 2tv(t) � V(t)
on (t1,∞) for some t1 > 0 . Thus,

∞ > A(83) � 1
2

∫ ∞

t1

d(−v(t))
v(t)

� 1
2

log
v(t1)

v(∞−)
,

and therefore 0 < v(∞−) < ∞ . This shows that (82) implies (85), and the proof is
complete. �

The following result, of independent interest, follows from Theorem 8.1, more
precisely from the equivalence of (82) and (85).

COROLLARY 8.2. Let ϕ be a concave non-decreasing function on [0,∞) such
that ϕ(t) = 0 if and only if t = 0 , and ϕ(t)/t is non-increasing on (0,∞) . The
endpoint Lorentz space Λϕ and the endpoint Marcinkiewicz space Mϕ are defined as
the sets of functions f from M(R,μ) such that

‖f ‖Λϕ =
∫ ∞

0
f ∗(t) dϕ(t) < ∞, and ‖f ‖Mϕ = sup

t>0
f ∗∗(t)ϕ(t) < ∞,

respectively. Then Λϕ = Mϕ if and only if ϕ is on (0,∞) equivalent to one of the
following four functions: t , 1 , max{1, t} or min{1, t} .

9. Associate spaces of classical and weak Lorentz spaces

In this section we apply our embedding results to the characterization of the
associate spaces of classical and weak Lorentz spaces.

THEOREM 9.1. Let p ∈ (0,∞) and let v be a weight.
(i) Let X = Λp(v) . Then, for 0 < p � 1 ,

‖g‖X′ ≈ sup
t>0

g∗∗(t)
t

V1/p(t)
,
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and, for 1 < p < ∞ ,

‖g‖X′ ≈
(∫ ∞

0
(g∗∗(t))p′ t

p′v(t)
Vp′(t)

dt

)1/p′

+ V−1/p(∞)
∫ ∞

0
g∗(t) dt.

(ii) Let X = Λp,∞(v) . Then

‖g‖X′ ≈
∫ ∞

0
g∗(t)V−1/p(t) dt.

(iii) Let X = Γp(v) . Let v satisfy (52). Then, for 0 < p � 1 ,

‖g‖X′ ≈ sup
t>0

g∗∗(t)
t(

V(t) + tp
∫∞

t s−pv(s) ds
)1/p

,

and, for 1 < p < ∞ ,(∫ ∞

0
(g∗∗(t))p′ tp

′ ∑
k

t

(
V(t) + tp

∫ ∞

t
s−pv(s) ds

)−p′

δμk (t) dt

)1/p′

(cf. Theorem 5.1 above for the definition of μk and δμk ).
(iv) Let X = Γp,∞(v) . Then

‖g‖X′ ≈ sup
t>0

g∗∗(t)
1

Vp(t)
+
∫ ∞

0
g∗(t)vp(t) dt,

where Vp is from (18) and vp is from (21) .

Proof. All the results follow from the embedding theorems above (namely Theo-
rems 3.1, 3.3, 5.1 and 7.1), combined with (17). �

REMARKS 9.2. Some particular cases of the results of Theorem 9.1 can be refor-
mulated in terms of function spaces (cf. also [19] and [13]):

(i) If 0 < p � 1 and t
V1/p(t)

is non-decreasing, then (Λp(v))′ = Γ1,∞
(

d
dt

(
t

V1/p(t)

))
.

(ii) If 1 < p < ∞ and V(∞) = ∞ , then ([19, Remark, p. 147])

(Λp(v))′ = Γp′
(

tp
′
v(t)

Vp′ (t)

)
.

(iii) For 0 < p < ∞ , (Λp,∞(v))′ = Λ1(V−1/p) .

(iv) If 0 < p � 1 and t
�p(t) is non-decreasing, then (Γp(v))′ = Γ1,∞

(
d
dt

t
�p(t)

)
,

where �p(t) =
(∫∞

0
v(s)

(s+t)p ds
)1/p

.

(v) If 1 < p < ∞ , then (Γp(v))′ = Γp′ (σ) , where

σ = tp
′ ∑

k

t

(
V(t) + tp

∫ ∞

t
s−pv(s) ds

)−p′

δμk (t).

(vi) If 0 < p < ∞ , v is non-increasing and tV−1/p(t) is non-decreasing, then

(Γp,∞(v))′ = Γ1,∞(u) ∩ Λ1(u) , where u(t) = d
dt

(
t

V1/p(t)

)
.
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