athematical
nequalities
& Papplications
Volume 4, Number 3 (2001), 397-428

ON EMBEDDINGS BETWEEN CLASSICAL LORENTZ SPACES
M. CARRO, L. PICK, J. SORIA AND V. D. STEPANOV

(communicated by B. Opic)

Abstract. Let p € (0,00), let v be a weight on (0, 00) and let AP(v) be the classical Lorentz
space, determined by the norm ||f || () == (fooo(f*(t))pv(t) dt)l/p . When p € (1, 00), this
space is known to be a Banach space if and only if v is non-increasing, while it is only equivalent
to a Banach space if and only if AP (v) =TI (v), where ||f HI‘I’(v) = (fooo(f**(t))l’v(t) dt)l/l’ .
We may thus conclude that, for p € (1, 00), the space AP(v) is equivalent to a Banach space if
and only if the norm of a function f in it can be expressed in terms of f ** . We study the question
whether an analogous assertion holds when p = 1. Motivated by this problem, we consider
general embeddings between four types of classical and weak Lorentz spaces, namely, AP (v),
AP:°(v), TP(v), TP:°°(v), where AP>*°(v) and TP:°°(v) are certain weak analogues of the
spaces AP(v) and TP (v), respectively. We present a unified approach to these embeddings,
based on rearrangement techniques. We survey all the known results and prove new ones. Our
main results concern the embedding I'?>°°(v) < A9(w) which had not been characterized so
far. We apply our results to the characterization of associate spaces of classical and weak Lorentz
spaces and we give a characterization of fundamental functions for which the endpoint Lorentz
space and the endpoint Marcinkiewicz space coincide.

1. Introduction

Let (R,u) be a totally o—finite measure space with a non-atomic measure U,
and let M(R, u) be the set of all extended complex—valued u -measurable functions
on R. For f € M(R,u), let f.(t) = u({x € R; |f(x)] > t}), t > 0, be the

distribution function of f . The non-increasing rearrangement of f is defined by

(1) £1(0) =inf{s > 0:fu(s) <1}, 1€ [0,u(R)).

We further denote
* ok 1 ! *
70 =5 [ £ reDur))
0
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Throughout the paper we assume that u(R) = oo.
When v is a non- negative measurable function on (0,00), we say that v is
a weight. We denote V(t) = [;v(s

DEFINITION 1.1. Let p € (0, oo) and let v be a weight. We define four types of
function spaces by

N = {f € MBI vy = (5 (@) v de) " < oo}

220) = {7 € M@ = sup £ OVI() < oo
P o) =feMmunme:U?vwm%mmW<w}

D) = {7 € M@ I oy = sup £ (OVP(0) < o0

The spaces AP(v) and I'”(v) are called classical Lorentz spaces. The spaces
AP (y), TP (v) are called weak Lorentz spaces. Of course, | - || in (2) is not always
a norm (consider, for example, the cases when p € (0,1)), and, indeed, not even
a quasinorm (cf. [8, Corollary 2.2]).

Perhaps the most familiar examples of classical and weak Lorentz spaces are the
spaces L, ,, defined as

o= {F € MEW: g = 1 @b, < 00}

where p,q € (0,00] and || - ||, is the usual Lebesgue norm. Then L,, = A7(v) with

q
v(r) =17 — 1 when g € (0,00) and L, o = A">°(v), where v(t) = 1.
By Fubini’s theorem,

(3) I''(v) = AY¥), where¥(r) = / s~ (s) ds.
t
Similarly, for p € (0,00),
AP (v) = A (%) and TP°°(v) = Th®($), where (t) = %V(l)#ilv(t).

Moreover, it is readily seen that, for every p € (0, 00) and every weight v,

P(v) = A(v),
4) AP(v) = AP (),

[P0 (v) — TP (v).

(Here, as usual, X — Y stands for the continuous embedding, that is, ||f ||y < C|/f ||x
for some C > 0 andevery f € X.)

The spaces A”(v) were introduced by Lorentz in 1951 in [17]. The spaces I'”(v)
were first used by Sawyer in [19]. The weak Lorentz spaces were introduced in [8] and
further investigated in [9], [10] and [7].
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Lorentz [17] proved that, for p > 1, ||[f||ar(v) is a norm if and only if v is non-
increasing. The class of weights for which ||f||sr(,) is merely equivalent to a norm,
that is, A?(v) is equivalent to a Banach space, is however considerably wider. For
p € (1,00), AP(v) is equivalent to a Banach space if and only if

(s) o /t T s Pu(s)ds < € /O (s)ds

forsome C andall # > 0 ([19, Theorem 4]). When v satisfies (5), we say that v € B,,.
On the other hand, A!(v) is equivalent to a Banach space if and only if

t s
(6) —/ v(s)ds < —/ v(y) dy for 0<s<¢t
0 0

([7, Theorem 2.3]). When (6) is true, we say that v € By . It is worth noticing that
it is an essentially weaker requirement on v than v € By . In this sense, (6) is not the
limiting case of (5) when p — 1+4. On the other hand, Arifio and Muckenhoupt [1]
established that, for p € (0,00), v € B, if and only if A?(v) =I?(v). Sawyer ([19,
Theorem 4]) then showed that v € B, if and only if

1/p

</Otv(s) ds) " (/Ot (% /OSV()’) dy>l_pl dS> < Ct forall >0,

where 4, =1 — 117 On integration by parts one can prove that this is equivalent to

o ([ o) s) ([r0s) <ar wan rso

But now, observe that (6) is the limiting case of (7) when p — 1, (even though not
of (5)).

When (R, u) is further endowed with an appropriate metric structure (so that the
notion of a ball makes sense), the embeddings between classical and weak Lorentz
spaces can be expressed in terms of boundedness of the Hardy-Littlewood maximal
operator. Let us consider the case when R = R” (with some n € N) and u is the
Lebesgue measure. Then the Hardy-Littlewood maximal operator M is defined for
every f € Lj,(R") by

Mf (x) =Sy /V )ldu(x), xeR",

where the supremum is extended over all balls B containing x, and it is a well-known
fact (see for example [4, Chapter 3, Theorem 3.8]), that there are constants ¢, C > 0
such that

of () < (Mf)*(¢) < Cf*™*(t) forallf € L .(R")and € (0, c0).

Using this inequality, we see at once that the embedding A?(v) — I”7(v) is equivalent
to the boundedness of M on A”(v). Similarly, the embedding A”(v) < I (v) is
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equivalent to the “weak boundedness” of M on A?(v), that is, to the boundedness of
M from A?(v) into A (v).

The above-mentioned result of [1] states that v € B, if and only if M is bounded
on A?(v) whenever p € (1,00). However, it turns out ([9, Theorem 3.3], [10, The-
orem 3.9]) that, for p € (1,00), v € B, is also equivalent to the seemingly weaker
statement M : AP(v) — AP*°(v). As for the case when p = 1, it was proved in [7]
that (6) holds if and only if M : Al(v) — A1°°(v). From this point of view, the picture
is complete and consistent; we may conclude that AP(v) is equivalent to a Banach
space if and only if p € [1,00) and M is bounded from A?(v) into A”>°(v) (or, in
other words, if and only if A”(v) is continuously embedded into I”*°(v)). Now, for
p € (1,00), this is further equivalent to the embedding A”(v) < I?(v), hence (since
f* < f**) to the identity A?(v) = I?(v). Consequently, for 1 < p < oo, AP(V)
is equivalent to a Banach space if and only if the norm in A”(v) can be equivalently
rephrased in terms of f**. These considerations however cannot be extended to the
case p = 1 and we are left with this case open.

It is our aim to investigate when the norm on A!(v) can be expressed in terms of
f**, in particular whether this is true whenever A!(v) is equivalent to a Banach space
(or, which is the same, whenever A!(v) < T':*°(v)). It is evident that this is so for
example when either A'(v) = I''(v) or when A'(v) = I''*°(v). The former identity
however requires a very strong restriction on v, namely v € By, while the latter has
not been characterized yet.

Motivated by this problem, we first consider general embeddings among all pos-
sible pairs of the spaces given by (2) with possibly different exponents and weights.
For the sake of completeness we give a summary of all the known results, and we
prove new ones. We present a unified approach to the characterization of embeddings,
based on rearrangement techniques. Our main contribution is a variety of new results
concerning the embeddings of type I?:*°(v) < A?(w). As a special case we give a
characterization of weights v for which T':*°(v) < A!(v) and in turn of those for
which Al(v) = I'**°(v), solving the above-mentioned problem. As a corollary we ob-
tain a result of independent interest: when ¢ is a fundamental function of anr.i. space X
and the endpoint Lorentz space A, coincides with the endpoint Marcinkiewicz space
M, (see the definitions in Section 8), then necessarily X is equivalent to one of the
spaces L', L™, L' NL> or L' 4 L.

The Lorentz spaces with power and logarithmic weights have been widely used
in many areas of analysis, especially in the theory of function spaces and interpolation
(see [4], [3], [3]). However, the theory of classical and weak Lorentz spaces is so far
incomplete even in the sense of characterization of all embeddings between them. The
first result on A?(v) — I'?(v), p € (1,00), due to Boyd [6], had an implicit form. An
explicit characterization was later obtained in [1] and [19]. These fundamental papers
opened an extensive research. Further results on embeddings and mapping properties of
linear operators on classical and weak Lorentz spaces can be found in the recent papers
21, (7). [8], [9]; [10], [11], [12], [13], [15], [22], [23], [24], [25].

The paper is organized as follows: in Section 2 we present some useful general
observations on rearrangement-invariant lattices and Halperin’s level functions. In
Sections 3, 4, 5 and 6 we summarize criteria for embeddings between classical and
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weak Lorentz spaces of all types. Most of these results are known. It is one of our goals
to provide the reader with a useful comprehensive reference tool. In Section 7 we state
and prove our main results concerning the embeddings I'”°°(v) < A4(w). In Section 8
we use the embedding results to clarify the relations between A!(v) and T'°°(v). In
Section 9 we characterize the associate spaces of classical and weak Lorentz spaces.
Everywhere below v and w are weights. We shall throughout denote V(¢) =
jo s)ds and W(t jo s)ds for t > 0. By A < B we mean that A < CB with
some pos1t1ve C 1ndependent of appropriate quantities. If A < B and B < A, we write
A =~ B. We shall use the symbol f | to denote that f is non-increasing on (0, o).
Embedding constants and other important quantities are denoted as A1), Aq13),-- -,
where the subscript indicates the label of the formula where they are introduced.

2. Rearrangement-invariant lattices

DEFINITION 2.1. Let X be a linear set of functions from M (R, u) containing
characteristic functions of sets of finite measure, endowed with a positively homoge-
neous functional || - ||x, defined for every f € M(R,u) and such that f € X if and
only if ||f|lx < co. If ||f|lx = ||g|lx whenever f* = g*, and moreover 0 < f < g
implies ||f||x < ||gllx, then we say that X is a rearrangement-invariant (r.i.) lattice.
We further define

X—{fG./\/lRu /[f |d,u()<oof0reveryg€X},

IF e = m{/v ol du); 1}

If, in particular, X is a Banach function space, (cf. [4, Chapter 1]), then X’ is its
associate space.

and

DEFINITION 2.2. Let X be an r.i. lattice.

(i) For each finite # € [0, u(R)] let E be any subset of R such that u(E) = 1,
and @x(7) = ||xellx. The function @x so defined is called the fundamental function
of X. Since u is non-atomic, for every finite ¢ € (0, u(R)] there is a u—measurable
subset E of R such that u(E) = t, and therefore (xz)* = X0 -

(i) Set

®) uﬂazm{Af%vau<@,remmx

and
ox(t) = supf (t), t € (0, 00).
rzo IfIx
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REMARKS 2.3. (i) If X is a Banach function space, then yx = @y and X’ is its
associate space.
(ii) For any r.i. lattice X and every ¢ € (0, 00),

1

ox(1)
Indeed, let # > 0 and let E C R be such that u(E) = ¢. Testing the supremum in
the definition of oy on f = xg, we get ox(¢) > @(;r' Conversely, let E; := {|f| >
f7(®)}. Then u(E;) > ¢, and therefore |[f [lx = |If x&llx = £ ()l 2z llx = f*(0)ex(2).

1
Hence, ox(f) < w0

ox(1)

For “bad enough” weight v, the classical or weak Lorentz spaces may be trivial,
that is, equal to {0}. If such a space is not trivial, then it is an r.i. lattice. Our next
lemma gives necessary and sufficient conditions for classical and weak Lorentz spaces
to be non-trivial and formulas for fundamental functions in these cases.

LEMMA 2.4. Let p € (0,00) and let v be a weight.
(i) The spaces NP (v) and AP*>°(v) are non-trivial if and only if v is integrable
near zero. In such case,

) Orr () (1) = Qanco) (1) = Vl/p(f)7 t € (0,00).

(ii) The space TP (v) is non-trivial if and only if v is integrable near zero and
ftoo sTPv(s)ds < oo forevery t > 0. In such case,

(10) o) (1) = (V(r) +1 /too @ds) l/p, t € (0,00).

S

(iii) The space TP*°(v) is non-trivial if and only if v is integrable on every interval
(0,a), a >0, and limsup, ,__t~'V'/P(¢) < co. In such case,

vi/p
(11) Qrp.oo(y) (1) = tsup T(S), t € (0,00).

s>t

Proof. All the assertions follow easily from definitions and (4). O

EXAMPLE 2.5. If p € (0,00) and v(¢) = =", then I”(v) is trivial but "> (v),
AP(v), and AP?>°(v) are non-trivial. More precisely,

Pv)={0}, I»*°Ww)=L, A(v)=L, and A"®() =L .

This example also shows that there is no general inclusion between the spaces AP(v)
and I (v) (here A?(v) — I?*°(v) when 0 < p < 1, but I”*°(v) < A”(v) when
1 < p < o0, and both these embeddings are proper in general).

Some embeddings can be characterized in quite a general setting by means of the
functions y and p.
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THEOREM 2.6. Let X be a rearrangement-invariant lattice, p,q € (0,00) and let
v, w be weights.
(i) The embedding A (v) — X holds if and only if

(12) Aggy = [V x < oo,

and the optimal constant C of the embedding equals A .
(ii) The embedding X — T9°°(w) holds if and only if

Wa () yx (t
(13) A(13) = sup 7(2%(( ) < 00,

>0

and the optimal constant C of the embedding equals A13).
(iii) The embedding X — A (w) holds if and only if

wl/a(s
(14) A(14) 1= sup WY4(1) ox (1) = sup (®) < 00,
>0 >0 Px(1)
and the optimal constant C of the embedding equals A4 .

Proof. (i) This is a particular case of a more general result in [22, Proposition 2.7].
(ii) Changing the suprema, we get

l/q
C= sup supf ™ (NW"(r) = sup ——— sup /f )ds = Az).
I llx<1 >0 >0 t If llx <1

(iii) Again, changing the suprema and using Remark 2.3 (ii), we obtain
“(t)yWh4(t
C = supsup froW () = sup WY9(1) ox (1) = A14).
f#£0 >0 HfHX >0
The proof is complete. [

COROLLARY 2.7. If X is a rearrangement-invariant Banach function space, q €
(0,00) and w is a weight, then

(15) X —T9®(w) ifandonlyif X < A?(w).

Proof. The “only if” part is a direct consequence of (4). The “if” part follows
from Theorem 2.6 (ii) and (iii) combined with the relation

wx (1)
(16) -

= ox(1),

which is satisfied whenever X is a Banach function space (cf. [4, Chapter 2, Theo-
rem5.2]). O



404 M. CARRO, L. PICK, J. SORIA AND V. D. STEPANOV

REMARKS 2.8. (i) In general, (16) and (15) are false. For example, take p € (0, 1),
g € (0,00), w(t) = t%_l, and X = L,. Then yx(r) = oo for every ¢t > 0, thus
A(13> = 00, but A(14) < 0.

(ii) If A?°°(w) is a Banach function space, then ([22, Theorem 3.1]), I'**°(w) =
A?°°(w) . In particular, in such case (15) is true.

(iii) Let X be an r.i. lattice. There is a close connection between |g||xs and
the optimal constant C of the embedding X — Al(g*). Indeed, (cf. [4, Chapter 2,
Theorem 2.7])

fR (x)] du(x ) fo 1) dt

- =C
Ilfo P Ilfo

(17) Igllx =

We shall find it useful to write the norm in T?°°(v) in a slightly modified way. To
this end we shall need the following definition (cf. [4, Chapter 2, Definition 5.6)).

DEFINITION 2.9. Let ¢ be a non-negative non-decreasing function on [0, co) such
that @(¢) = 0 ifand only if # = 0, and ¢(¢)/t is non-increasing on (0, 00). Then ¢ is
said to be quasiconcave. We shall denote by Q the cone of all quasiconcave functions,
and Qo = {¢ € Q; lim,_o, @(x) = 0}.

DEFINITION 2.10. Let p € (0,00) and let v be a weight. We denote

(18) V(1) = sup Vl/p(s), t>0.

s>t N

REMARKS 2.11. (i) Letus recall ([5, Lemma 5.4.3]) that ¢ € Q if and only if there
isaconstant A > 0 and a non-increasing function y suchthat @(¢) < A+ fot w(s)ds <
2¢(t) for ¢ > 0. Similarly, @ € Q if and only if there is a non-increasing function y
such that (1) < [ w(s)ds < 2¢(t).

(ii) If V (1) < 00 for every ¢ > 0, then VL’) € Q. Moreover,

1V,(t) = sup min{1, L}V'/7(s),

s>0

hence 1V, () is the least quasiconcave majorant of V'/?(¢). Therefore, 1V, (1) € Q.
(iii) It follows readily from (18) that there exists a decomposition (0,00) =
EUU ~,(aj, bj), such that

Vl/p

Vir(p,;
(19) Vp(l) +ch%uj ¢ = b( J).
J

Aslong as a; # 0, we also have
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iv) The introduction of V), ) allows an alternative version of p.oo (y) » Namely,
) y

(20) IF llpoe ) = sup ( / £ ) (1) = sup v, (0 (1),

>0 >0

Indeed, we have

t
If [[rp.oo(v) < sup (/ () ds) sup
4 0 s>t

Vl/p
= sup sup/ fr(s)ds = |[f [[rpoo(v)

s 1<s

Vir(s)

(v) It follows from [4, Chapter 2, Proposition 5.10] that there exista A > 0 and
a non-increasing function v, such that

1 ! 1 t
2 5775 <A .
) (A + A VP(S) dS> sup,, S-lvl/p(s) + /0 VI’(S) ds

Consequently,

Jof*( Jof
21 sup ————— 100 ( < 2su
( ) r>gl fO p HfHFP t>(r)))k + fo vp

Let us now recall the notion of Halperin’s level function, introduced in [14, Def-
inition 3.2]. We shall follow a slightly modified approach of [20, Section 4]. Let
w be a weight on (0,00), satisfying limsup,_, @ < oo. Then there exists
a function w°, called the level function of w, and a partition of Rt = EUF,

ENF = (), where F = Ujojl I; U [a,00), I; are disjoint intervals of finite measure
and a = sup {s;s €eEU (Ujojl Ij)} (with @ = oo as a possibility), such that w° is
decreasing, and

w(x), x € E;
1 NG
WO (x) = mfljw(x)dx, xel, jeN;
lim sup @ =: w°(00), x € (a,00)
—o0

(thus, in particular, w® is decreasing on E ). Moreover,

(22) / w(t)dt < / we(t)dt, x >0, (with equality for x € E),
0 0

and

Jywodr
Jm

It was shown in [20, Section 4] that w° c01nc1des almost everywhere with the derivative
of the least concave majorant of W.
The following observation will be useful in the sequel.
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PROPOSITION 2.12. Let q € (0,1]. Let N be a functional defined on locally
integrable functions on (0,00), with the property

t t
[r0ds< [e0ds rgli=0 = NG <N,
0 0
For a weight w on (0,00), satisfying limsup,_, . @ < o0, define

— up Wl

Then

where w° is the level function of w.

Proof. First, B(w) < B(w°) follows from (22) and the Hardy’s lemma (cf. [4,
Chapter 2, Proposition 3.6]). As for the converse inequality, let R* = EU|J; [;U]a, o0)
be the partition of (0,00) from the definition of w°. We shall assume that a < oco.
The proof needs only trivial modifications when a = co. Let f be a non-increasing
function on (0, 00) and let # > a. Then we define

f (), X € E;

i el,jeN,
23) fi =4 ™ f’f Y

Tf x € [a,1);

0, X € [t,00).

It is easy to see that f, is non-increasing for any ¢ > a, and that

(24) / £ / Fo)dy, s3>0,

It follows immediately from (24) that for every ¢ > 0

(25) N(f) SN().

We now claim that

(26) /0 Oof 1w (y < sup / i

To prove (26), note first that

w L
lim sup (s) = lim sup / w(y)dy,
§—00 N s—oo §—a Jg
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whence, by Holder’s inequality (recall ¢ < 1),
(27) / ) y—hmsup (/ fa dt)
—0o0
t
= lim sup (— / Fs) ds) (/ w(s) ds)
t—00 t—a a a
1 t q t
< sup ( /f(s) ds) </ w(s) ds>
>a r—a a a
—sup [ fi(s)wis)ds
t>a Jg

Now, by the definition of w°, (23), and (27),

/Ooof‘f(s ds—/f‘f ds+2|, /f" ds/ (5) ds
[ rovaace " somiim

and (26) follows. Finally, combining (26), (25), and the fact that f; is non-increasing,
we get

0 (s~ ()2 (s)w(s) ds) e () (s)w(s) ds)
Blw") < supsup N < supsup NG
(J g9(s)w(s) ds)"/*
< sup : N () B(w),

as desired. [

EXAMPLE 2.13. Setting, for p € (0, 00), either

v =([" (;/Otﬂs)ds)pv(r) ) "

V)= o (7 [roas) v

we obtain from Proposition 2.12 that, for ¢ € (0,1), I?(v) — A4(w) is equivalent
to I?(v) — A4(w°), and the same for I”(v) replaced by I?">°(v). Moreover, the
corresponding optimal embedding constants coincide.

or

3. Embeddings of type A — A

THEOREM 3.1. (the case A?(v) — A%(w)) Let p,q € (0,00) and let v,w be
weights.
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(i) Let 0 < p < g < 0o. Then the inequality

e ([ rorsos) "ec ([ oro) "

holds if and only if
(29) A(29) 1= sup W) V=17 (1) < oo,

>0
and the optimal constant C in (28) equals A ().
(ii) Let 0 < g < p < oo and let r be given by % =
and only if

oo r/p 1/r
(30) A(30) L= (/O <%> W(l‘) dl‘)
B gWr/q(OO) g 0o m r/q 1/r
- ( Vi (oo) +p/0 (v@) o) ‘”) =

These results can be found in [19, Remark (i), p. 148] for 1 < p, g < oo, and
in [23, Proposition 1] for all values 0 < p, ¢ < co. Part (i) also follows from a more
general result in [8, Corollary 2.7].

¢ — 5 Then (28) holds if

and C =~ A(go) .

THEOREM 3.2. (the case A?(v) — A?°°(w)) Let p,q € (0,00) and let v,w be
weights. The inequality

o0 1
a1 sprowio <c ( [Tuorma)
>0 0
holds if and only if A(y9) < oo, and moreover the optimal constant C in (31) equals
A(29> .
Proof. This follows from Theorem 2.6 (iii) with X = A”(v) combined with (9). O

THEOREM 3.3. (the case A?*°(v) — A%(w)) Let p,q € (0,00) and let v,w be
weights. The inequality

o0 1/q
(32) ([ wrwoa) < csprovi
holds if and only if
) 1/q
(33) Ay = (/0 V=P (1)w(t) dt) < 00,

and the optimal constant C in (32) equals A33) .

Proof. This follows from Theorem 2.6 (i) with X = A9(w). A direct proof is an
easy exercise. [
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THEOREM 3.4. (the case AP*°(v) — A?®(w)) Let p,q € (0,00) and let v,w
be weights. Then the inequality

(34) supf*()W'9(1) < Csupf*(1)V'/P (1)

>0 >0

holds if and only if A9y < 00, and moreover the optimal constant C in (34) equals
A(zg) .
Proof. The assertionimmediately follows from Theorem 2.6 (i) or (iii) and (9). O

4. Embeddings of type A — T’

THEOREM 4.1. (the case A”(v) — TY9(w)) Let p,q € (0,00) and let v,w be
weights.
(i) Let 1 < p < g < oo Then the inequality

o ([ororwa)”<e([Troroa)”

holds if and only if A(z9) < 0o and

[e's} 1/q t / l/p/
w(s) v(s)s?
36 Asp) 1= d d < 00,
(36) = ([ ) </ V) ) x

and the optimal constant C in (35) satisfies C =~ Ag) + Age) -
(i) Let 0 <p <1, 0 <p < g < oo. Then (35) holds if and only if Apg) < 00
and

e 1/q
(37) A(z7) := supt (/ @ ds> V=P () < oo,
t

>0

and C = A(29) + A(37) .
(ili) Let 1 <p < o0, 0<g<p<oo, q# 1. Then (35) holds if and only if
Aoy < o0 and, for r given by % - 1

1
q

(38)
P 0l e NV N
vou= (7|7 520) " ([3885) )
([ (e My .

and C ~ Apo) +Ass) -
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(iv) Let 1 = g < p < 0o. Then (35) holds if and only if Ay < 0o and

(39)
/ 1/p’

< (W W) g !  wi(s
Ag) 1= /0 ( (I)Jr;{;) g ) /t¥dsdt

0o 00 w(s) s P
~ M + / (W(t) T ) v(t) dt < 00,
0

V1/p(00) V(1)

and C =~ Aio) +Ap) -
(V) Let 0 < g < p = 1. Then (35) holdsifand only if A(5) < oo and A 49 < 00,
where

0 00 q/(1—q) q/(g—1) (1-9)/q
\%4
(40) Awo) = ( / < / wls) ds) (ess inf (s)) w(t) dt) 7
0 t 54 0<s<t § 14

and C = A(3()) +A(40) .
(vi) Let 0 < g <p < 1. If Azp) < o0 and

') 0o W(S) r/q r
(41) Ay = (/ (/ = ds) V”P(;);”dr) < o0,
0 t

then (35) holds. Moreover, Azp)y S C S Azo) +Agar) -

Case (i) is shown in [19, Theorem 2], case (ii) independently in [9, Proposition 2.6b)
and [23, Theorem 3b] (for a particular case see also [16, Theorem 2.2]), case (iii) in [19,
Theorem 2] for 1 < g < p < oo and in [23, Theorem 3a] for 0 < ¢ < 1 < p < o0,
case (iv) follows from (3) and Theorem 3.1, case (v) can be found in [21, Theorem 4.1],
and finally case (vi) is treated in [23, Proposition 2], see also [12, Theorem 6.

THEOREM 4.2. (the case A’(v) — T'"*°(w)) Let p,q € (0,00) and let v,w be
weights.
(i) Let 0 < p < 1. The inequality

oo 1/p
@) sups W) < ¢ ([T ooy ar)
>0 0
holds if and only if
/
(43) Agz) = sup W a)s < 00,

0<s<t<oo tvip (s)

and the optimal constant C in (42) equals A 43 .
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(ii) Let 1 < p < 0. Then (42) holds if and only if

’ 1p
Wl/q(t) /t< s )p -1
44 A = su ds < 00,
(44) () t>0p t o \V(s)

and C = A(44) .

Proof. Both assertions follow from (a slightly modified version of) [9, Theo-
rem 3.3] with k(x,7) = Ly (). O

REMARKS 4.3. (i) By Theorem 3.1,

:supm if 0<p<;
Jo H()xon(s)ds ) O

U/Ap(v)(t) = sup 14 1/p’
I Nl o) ~ <f0f (ﬁ)p ds) if 1<p<oo.

F#0
Applying Theorem 2.6 (ii), we get a new proof of Theorem 4.2.

THEOREM 4.4. (the case AP (v) — I'(w)) Let p,q € (0,00) and let v,w be
weights. The inequality

o0 1/q
(45) (/0 () w(r) dl) < Csupf*(t)V/P (1)

>0
holds if and only if
[} 1 t q l/q
(46) Ae) 1= </ <;/ v=lr(s) ds) w(t) dt) < 00,
0 0
and moreover the optimal constant C in (45) equals A ).

This result can be found in [22, Theorem 4.1 (i)] (cf. also Theorem 2.6 (i) with
X =T4(w)).

THEOREM 4.5. (the case AP (v) — I'"*°(w)) Let p,q € (0,00) and let v,w be
weights. The inequality

(47) supf ** ()W'9(1) < csupf*())V/P (1)
>0 >0
holds if and only if
wl/a !
(48) Agg) 1= sup 7(0/ V=UP(s)ds < oo,
>0 I 0

and moreover the optimal constant C in (47) equals A ).

This result can be found in [22, Theorem 4.1 (ii)]. It also follows from Theo-
rem 2.6 (i) with X = I'*°(w) or Theorem 2.6 (ii) with X = A”*°(v) combined with
an easy observation that yy(¢) from (8) equals fot V=r(s)ds.
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5. Embeddings of type I' — A

THEOREM 5.1. (the case I¥(v) — A?(w)) Let p,q € (0,00) and let v,w be
weights.
DIf0<p<g<oo, I <qg< oo, thenthe inequality

w ([ eorwoa) Moc ([ ooroa) "

holds if and only if

/g
(50) A(s0) := sup W) < o0,

=0 (V(t) + [7 s7Pv(s) ds) Vp

and moreover the optimal constant C in (49) is equal to A(so) .
(i) If0 < g <p=1, then (49) holds if and only if

r 1/r
([ W) 11
(1) A = </0 (V(l) +1 [ 57 v(s) ds) w(t) dt) <% roq L

and C =~ A(51) .
(iii) Let v satisfy the non-degeneracy conditions (cf. [13])

(52) /OOO (svfi)p ds < o, /01 %)ds - /loo v(s) ds = co.

Moreover, let g =1 < p < co. Then (49) holds if and only if

(53) ,
o= ([ ([ iom)
_ 1/p'

X zk:t (V(t) + 7 /toO s7Py(s) ds) ’ S, (1) dt) < 00,

where 5ﬂk are Dirac measures situated at Uy, and C ~ A(53) , Where the discretizing
sequence {l} is defined for some a > 1 by up =1, and

Ues1 = inf {t; min { Qv’p(‘uk), 0y (1) } = a} . k=0,
0vp() " MicOvp ()

. QV,p(t) “ka,P(.uk) } }
_1 = supH t;min , =ap,, k<O,
Hior o { { 0ep(16) 101y (1)

o= ([ @)oo= ([ )

and
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The assertion (i) is proved in [18, Theorem 3.2] (for 1 < p = g < ), [16,
Theorem 2.1] (for 1 < p < ¢ < ), and [24, p. 473] (for 0 < p < g < o0,
1 < g < o0). The proof with the best constant can be found in [15, Theorem 3.2 (a)
and (c)] or [2], where a multidimensional case is treated.

The assertion (ii) follows from (3) and Theorem 3.1 (ii) with 0 < ¢ < 1 = p, and
v replaced by [ s7'v(s) ds.

When w itself is non-increasing, then the proof of (iii) can be found in [13,
Theorem 2.2a]. For general w, the result follows from Proposition 2.12.

THEOREM 5.2. (the case I?(v) < A?°°(w)) Let p,q € (0,00) and let v,w be
weights. The inequality

00 I/p
(54) swfvmwao<c(A v”mfwom)

>0
holds if and only if A(sp) < oo (cf. (50)). Moreover, the optimal constant C in (54)
equals A(sp) .
Proof. This follows from Theorem 2.6 (iii) with X = I?(v), and (10). O

THEOREM 5.3. (the case IV>°(v) — A?*(w) ). Let p,q € (0,00) and let v,w
be weights. The inequality

(55) supf*()W'9(1) < Csupf**(1)V'/P (1)
>0 >0
holds if and only if
Wl/q(t)
56 Ase) = ——— < 00.
(56) (56) S,Eop tsups— V1P (s) o
s>t

Moreover, the optimal constant C in (55) equals A(sg) -
Proof. This follows from Theorem 2.6 (iii) with X = I">°(v), and (11). O

The missing case I"*°(v) — A?(w) will be treated separately in Section 7 below.

6. Embeddings of type I' — T°

THEOREM 6.1. (the case I?(v) < T'%(w)) Let p,q € (0,00) and let v,w be
weights. Assume that v satisfies (52).
(i) Let 0 < p < g < 0o. Then the inequality

(57) (Amv”@vmwmmfm<c(4wv”@fwomym

holds if and only if

(W(r) 414 ftoo s~9w(s) ds) e
58 A(sg) i=su 00
(%) o S’>g (V(t) + [ s7Pv(s) ds) =
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and the optimal constant C in (57) equals A(sg) except the case 0 < p < q < 1 when
Cx A(58> .
(i) Let 0 < g < p < 00. Then (57) holds if and only if

N LT
o e ((E8)) - i

kEZ

where 0,,, 0wq, and {} are defined as in Theorem 5.1 (iii). Moreover, C ~ A s).

This result can be found in [13, Theorem 3.2]. The particular case g > 1 of (i)
was also treated in [24, Theorem 3.3]. A proof with a sharp constant is given in [15,
Theorem 3.7].

THEOREM 6.2. (the case I (v) — I'"*°(w)) Let p,q € (0,00) and let v,w be
weights. The inequality

oo l/p
(60) supy (w0 < ¢ ([ ¢y v a)

holds if and only if A(sp) < oo (cf. (50)). Moreover, the optimal constant C in (60)
satisfies C = A(sp).

Proof. The lower bound, C > A/s), follows from Theorem 5.2 and (4). As for
the upper bound, for every ¢ > 0 we have

W) S Agsoy (f OV () /f )y (/ Vﬁ_j)dsy/p)
S Apso) (f V) (/ Gy >1/p> .

Taking the supremum over ¢ > 0 and using (4) we get C < A(sp). O

REMARK 6.3. For 0 < p < 1, the upper bound in Theorem 6.2 follows also
from Theorem 5.1 (i) and Remark 4.3 (ii). Yet another proof can be obtained from
Theorem 2.6 (ii) and Theorem 5.1 (i).

THEOREM 6.4. (the case I">°(v) < T(w)) Let p,q € (0,00) and let v,w be
weights. The inequality

(61) ( / (r( )dt) " < Csupf ™ (n)V'/7 (1)

>0

holds if and only if

w
62 Ay = dt < 00.
(62) (©2 (/0 (tsups, s~1VI/P(s)) 1 >
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Moreover, the optimal constant C in (61) satisfies C =~ Ap).

Proof. The upper bound C < A(gy) follows from (20).
Conversely, let f be any function such that f* = v, . Then, by (21), [|f |[rr.co(v) <

2, and, by (61),
00 1/q
2C+ A (/ Ma’t) ] .
o M

If A =0, we are done. Assume that A > 0. For arbitrary fixed a > 0, take any f
such that f* = %X(O,a) . Now, observe that sup, s~'V1/P(s) < %, whence

A(62) < max{l, 2%1}

IF leoee) g/o F*O)dy sups~ VYP(s) < 2.

5=>0

Thus, using the estimate f**(r) > %x(ap@ (¢) and (61), we finally obtain

o0 1/q
A (/ Mdt) < C,
a tq

and the result follows on letting ¢ — 0. O

THEOREM 6.5. (the case TP (v) < I'**°(w) ) Let p,q € (0,00) and let v,w be
weights. The inequality

(63) supf**()W'9(1) < Csupf**(1)V'/P (1)
>0 >0
holds if and only if
wl/a(t
(64) A(gs) := sup (x) < 00

~0 tsups>ts*1V1/P(s)
Moreover, the optimal constant C in (63) satisfies C =~ Aey).

Proof. The upper bound follows directly from the definition of A4y similarly as
in (20). To get the lower bound we test (63) with Y4, a > 0. For 0 < p < 1, the
assertion follows also from Theorem 2.6 (ii). O

7. Embeddings of type I?>°(v) — A(w)

This section is devoted to the inequality

00 1/q
(65) (/0 (F (@) w(r) dt) < Csupf™(O)V'7(1),  p,q € (0,00).

>0

By (20) and (21), (65) is equivalent to

(66) ([ o orvon) e csup ([ 101as) w0,
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where V(1) is from (18), and also to

(67) ([ wwroa) < cstugk{f}&
> o V(s

where A and v, are from (21). This could be rewritten as

(68) C~ p{( [ oo a) " [roa<as | 'vp<s>ds}.

7a) The case g = 1. We first observe that the quantity

A v, (s) ds
(69) Aeo) = stl>10p t‘l}/‘;((tt)) ~ uf W(n)( thfo p( ) ds)

~

is a lower bound for the optimal constant C in (66) with ¢ = 1. Indeed, Aoy < C
follows on testing (66) with x4, @ > 0. In particular, (66) implies A9 < o0.
Therefore,

(1)

. < Ao Wp(t), t>0,
and, as V), is non-increasing, also

146
limsup¥ < 00

t—o0
This guarantees the existence of w° (cf. Section 2 above).

THEOREM 7.1. (the case T7*°(v) — Al(w)) Let p € (0,00) and let v,w be
weights. The inequality (65) holds with g = 1 for every f € TP°°(v) if and only if
A(g9) < 00, and

(70) A(70) 1= /000 w® (1), (£) dt < 0.

Moreover, the optimal constant C in (65) satisfies C ~ As9) + A70) -

Proof. By Proposition 2.12 and Example 2.14,

) dt
¢ = sup Jo LT O (O dt
If llrpoe )
We claim that
1) W oo 1
71 Cz/ —— dy.
0 V(w2 (y))
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Indeed, using the formula for the distribution function (cf. e.g. [4, Chapter 2, Proposi-
tion 1.8]), and [9, Theorem 2.1], we get

T ° ; e s)ds ! s
:sup{/O Fr(sw (s)ds,/of (s)d gV,,(t) forall ¢ e (0, )}

o wo(s) . . t i} 1
= sup {/0 (/0 Jae)) dy) ds; /Of (s)ds < A0 forall e (O,oo)}

HW Hoo 1
</o Vw2 o))

Conversely, let r > 0 and set

t
rVp(r)’ ! g r
gr(t) = 1
V0 t>r.
Then, since gr 18 a quasi-concave function, there exists a non-increasing function f, so
1
that g, (¢ fo fr(s)ds. Since, obviously, fo fr(s)ds < S v we get, forevery r > 0,

C>/Ooofr(t 1) dt = // s)dsdt

o0 1
= [ st “W/o Vowe)

and (71) follows on letting r — 0 .
Finally, observe that

lloe lloe [ m200)
Cz/ ——dy=A wooo—i—/ / vy(s)ds | dt
0 V(w2 (y)) I 0 0 )

~ A,HWOHOO —|—A(70)

It remains to show A ||w°||cc < A(go), or (cf. (69)), in particular, |[w°|o < sup, @ .
This is obvious when, for some 6 > 0, (0,8) is one of the intervals I;, since

then [w°||eo = &~ lfo s)ds. If t — 0, for some sequence #; in E, then the
monotonicity of w°® and the equahty (22) for x = 1 yields

Tk . o
we(s)ds W(t W(t
[IW°leo = hm w(f) < lim foi() = lim W) < sup L
k—o00 Iy k—oo Iy ] t
The proof is complete. [

REMARKS 7.2. (i) It follows from the proof of Theorem 7.1 that, if w is non-
increasing, then

sup {/Ooof(t)w(t) dr; /Otf(s) ds < V,,l(t) forall 7€ (0, oo)} =C,
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that is, we get the same constant without the restriction to non-increasing f .
(ii) By a simple calculation it can be also shown that the optimal constant C in (65)
with g = 1 satisfies

oo

Cxhon+ [ @) ~awm+ [ wd ().

7b) The case g > 1. Analogously to (69), we define

) A Wil W0 (A () ds)
‘= su ~ su ,
02 =0 0 TN !

where A and v, are from Remark 2.11 (v). Itis easy to show that
c> A(72)7

where C is the optimal constant in (65), now with g > 1. We further introduce the
quantities

(73) Amw—(AmW@%@doua

and

q 1/q
1
(74) Agg) = ?2[; LEZZ (I /Ik vp(s) ds) /1 w(s) ds] ,

where the supremum is extended over all sequences of disjoint intervals in Rt of finite
measure.

THEOREM 7.3. (the case TP (v) — A(w), 1 < g < x0) Let q € (1,00),
p € (0,00) and let v,w be weights. Then the inequality (65) holds if and only if
A7) < 00, A(73) < 00, and A(74) < 00. Moreover, the optimal constant C in (65)
satisfies
C~Am) +Ags) + Aga.
Proof. We start with the lower bounds (recall that C 2 A7) has already been

pointed out above). Let {I;} be a sequence of disjoint intervals in R of finite
measures. We set

f(x) _|11k| fzk vp(s) ds, x€ly, ke Z,
x) =
vp(x), x € R\ Uey Ik

Since v, is non-increasing, sois f , and we have Hf“rppoﬂgw < 1, because fot f(s)ds <
fot vp(s)ds, t > 0. Thus it follows from (67) that C =~ C > Ay . To prove

(75) C 2 A3,
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we define for r > 0
) = {

Then f, is non-increasing, and sup,_ [|f,|/rr.cc() S 1. Inserting f, into (67) we get
C 2 ([ w(s)vp(s)ds) 4 and (75) follows on letting r — 0. .

No;v, to prove the upper bound, we use a duality argument. By the change of

suprema, Theorem 7.1, and Holder’s inequality,

LA+ [y vp(s)ds) , O<x<r;

vp(x), Xz

e sy Wl sPURS (08 () d gy < 1)
r£0 iy 20 f epoo )
S (0)gr (w() dr
= sup 4 sup fo ;HgHM/(W> <1
F#0 1f llreoo )

~ sup  sup (fot(S)g*(s)w(s) ds) (/l + [1v,(s) ds)

>0 t

+ /o (8"w)°()vp(2) dt; HgHAq’(w) < 1}

Wi/a(e) (A + fy vyls) ds)

>0 t

Jrsup{/0 (&*w)° (2)v, (1) dt; ||g||Aq/(W> < 1}_

Moreover, we have R™ = E U UjeNJj U [a, 00), where J; are intervals, and

g (x)w(x), x€E,
(g*w)o(x) _ ﬁ fj] g*(l)w(t) dt, X € JJ', Jj€ N,
limsup L [(g*(s)w(s)ds,  x € [a,0).
1—00

Thus,

/m@ww@w@m:/éwwmwmm
0 E

! *
JrjeZN m (/J V(1) dt) (/}g (HOw(r) dt)

n ( / (o) ds) litniilolp% /0 tg*(s)W(S) ds

= I+11+11,

say. Let ||g]| af (wy S 1. By Holder’s inequality, I < A(73) . Next, again by the Holder’s
inequality (used twice)

1/q 1/q'
I < jEZN JLJ (/}j Vp(s) ds) (/1 w(s) ds) (/J.(g*)q’(t)w(t) dt) < Aga).
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Analogously,

1
111 < lim sup " ( ds) vp

t—o0

wl/a(¢
< lim sup t()/ p(8)ds < A,

t—o0

and C < A72) + A(73) + A(74) Tollows. The proof'is complete. [
7c¢) The case ¢ < 1. Let ¢ € (0,1) and p € (0,00). We denote

(76) Age) i= (/OOO <t‘g)((tt)))‘f/“—q) " dt> (1*11)/117
and

THEOREM 7.4. (the case I""°(v) — A?(w), 0 < g < 1) Let g € (0,1),
p € (0,00) andlet v,w beweights. If A2)+A(77) < 00, then (65) holds. Conversely,
if (65) is true, then Ay +A3) + A@74) + Ae) < 00. Moreover; if C is the optimal
constant in (65), then

(78) Ay +A73) + A4y +A@gs) S C S Aa) +Apry.

Proof. We start with lower bounds. Note that A7) + A(73) + A7a) S C follows
from the proof of Theorem 7.3. By Remarks 2.11 (i) and (ii), there exists a non-
increasing function y such that 7V, ( fo s)ds forall r > 0. With y so defined,
we have by Theorem 4.2 (i),

(79) Al(y) = TP (y).

Thus, (65) and (79) imply A'(y) < A%(w), and A(76) < C follows from Theorem 3.1
appliedtop=1and v=y.

For the upper bound, note that A7) < oo in particular implies that fo s)ds <
oo, and hence fo (s)ds < oo, for every t > 0. Thus, if f is a non-increasing step

function, then fot f q(s)wo (s)ds < oo for every ¢t > 0, and we get on integrating by
parts, using also (22) and the Hardy’s lemma ([4, Chapter 2, Proposition 3.6])

| rromsras < [ romeas
= lim w®(7) /Otfq(s)der/Ooo (/Otfq(s)ds) d(=w°(1)) .

By the Holder inequality, (20), and (72),

lim wo(t)/otfq(s < lim sup W(z) < /f s) <Aq(27)|lf“i{poo(v)

t—o0 t—00
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Analogously,

[ ([roa)acwem < [T [ roa) acwo

<o, Awﬂqnqmd<wwm,

and the second inequality in (78) follows. [

Unfortunately, Theorem 7.4 does not give a complete characterization of (65) for

€ (0, 1). However, in many particular cases such a characterization is available. We

shall collect some particular results. Recall that, by Proposition 2.12, with no loss of
generality we may assume that w is non-increasing.

THEOREM 7.5. (Miscellaneous particular cases, I">°(v) — A7(w), 0 < g < 1).
Let g € (0,1), p € (0,00), let v,w be weights, and let C be the optimal constant
in (65).

(i) If vy = 0, then

(80) C ~ Aoy = (/Om (@y/m—q) " dt)

Moreover, we always have C 2 A(g())
(ii) If A = 0 and v, satisfies 1 fo vp(s)ds = vy(t), t >0, then C = A3).
(iil) If w € By, that is,

(1-q)/q

then

oo 1/q
t
Cz(/ @dr> + Agrs).
o

(iv) If wvi™ ! is non-increasing and A = 0, then C ~ A(73 )

) If there exists a non-increasing function g suchthat G(t fo s) ds satisfies
(t) [ G U(s)w(s)ds < W(1) for t >0, then C = Ag3).

(Vl) If A = 0 and vp € Ay, then C = A3).

(vil) If A = 0 and v, satisfies

t t
/ vp(s)loglds S / vp(s) ds,
0 0

then, denoting V,,( fo Vp(s
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Proof. (i) By (68), the substitution (f*)? = g*, and Theorem 3.1 (ii),

Czsup{(/000<f*<s>>‘fw<s>ds)l/q;/ooof*a)dr<x}

—2 (sup Jy~ & (0w dr) v

¢ &1/

~ A (/Ooo (@)qmq) w(t) dt)

(ii) By (68) and the assumption,

€~ sup { ([ wwrwoa) M } ~ ([ vomwa) "

(iii) If w € By, then

C ~ sup { ([ orwoa) " [rea<as | tvp<s>ds}
/q

([ (FEo) o)
~ A (/Ooo g dt)l/q + (/OOO vi(Ow(t) dt) l/q.

(iv) If wv9~! is non-increasing, then, by the assumption and [8, Theorem 2.1],

Cn <p{ [, wrorsoa
of INORCLE [rwas< | tv,,<s>ds}>l/q
<agy+ (s { [“r oy owoas [ roa< [yoa}) "
<A + <p{ s ( / Y ds> @ sy ds < / () ds}>w

WO ) 1/
<Az + / / vp(s) dsdy S A
0 0

The lower bound follows from Theorem 7.4.
(v) This is a simple modification of (iv).

(1-9)/q
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(vi) By (68),

(s1) c<sup{(/o°°cf**< dr)w [roas< [ <s>ds}
< ([ (m2y <>dr)w < ([ aom <>dt)l/q,

since v, € Ay . The lower bound follows from Theorem 7.4.
(vii) The function #~'V,,() is decreasing. Hence,

Sy (V) (e dr)
Sup,- (fot 571V, (s) ds) (fot vp(s) ds) R
(f0°°(t‘1 v, (t))‘fw(t) dt) t/a

The upper bound follows from (81). O

8. The single-weight case I'">°(v) — Al(v)

Now we return to the problem, when the norm in A'(v) can be expressed in terms
of £**. By Theorem 7.1 we can characterize the embedding I'"*°(v) — A!(v). By
Proposition 2.12, we may restrict ourselves to the case when v is non-increasing. By
[17], then A'(v) is a Banach space, and by Theorem 4.2 (i) it is embedded into T'"°°(v)..
Thus the embedding I'»*°(v) < A!(v) is actually equivalent to I''>°(v) = A!(v), and
consequently, there is an expression of the A!(v) norm in terms of f**.

THEOREM 8.1. Let v be a non-increasing weight. Then the following statements
are equivalent:

(82) /Ooof*(s)v(s) ds < Cstgopf**(t)V(t);
(83) Asz) 1= /000 %d(—v(l)) < 003
(84) Ags) 1= /0(><> %(;)V(I)v(t) dt < oo;
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(85)  lim v(r) < oo and

t—0+

either  lim V(f) < oo and lim v(t) =0,
{ or  lim V(f) < oo = oo and Jlim v(r) > 0.
Moreover, the optimal constant C in (82) satisfies C =~ A(gz) + 1.

Proof. We first claim that

A if V(oo) = o0,
(86) Agsz) = { 9 . (c0)
Apggy) +1 if V(o0) < 0.

Let A(g3) < oo. Then, for z > 0,

50 > Agy) = /0“’ d(V(s) —sv(s)) /0’ d(V(s) — sv(s))

V(s) V(s)
1 /f V(t) — tv(r)
> —— [ d(v(s) - sv(s)) = 20,
V(1) Jo V(1)
since V(¢ fo ))ds — 0 as t — 0., and therefore, by the absolute
contlnulty of 1ntegral
V —

(87) fim YO =00 o, MO

t—0, V(t) 1—0, V(t)

Let V(c0) < co. Then

V(t)ftv(t):/(( — ds_// ) ds —/Otsd(v(s)).

Hence lim,—.o(V(¢) — tv(t)) = V(o0) < o0, and consequently

. V() —v(2) . t(t)

88 lim —————= =1 lim —= =0.
( ) rirgo V(t) ’ tir& V(t)
Integrating by parts we get

—tv(1)]7
(89) A(ss :A84+|: ] :
(83) (84) V(D) |,

y (87), (88) and (89) we have A(gs) = A(ga) + 1.
Now let V(oo) = co. Then, assuming that A(gg) < oo, we get for >0,

00 > Ay = /OOO(V(S) —sv(s))d (—%) > /too(v(s) —sv(s))d (—ﬁ)

1 1 V() —n(2)
P (V(t) - tv(t)) (W - V(OO)) - V(l) ’

since (V(¢) — tv(¢)) is non-decreasing in ¢, and by the absolute continuity of integral,

(90) im YO =00 o, 20

TV My Tt
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Thus, by (87), A(s3) = A(s4) . proving (86) and in turn the equivalence of (83) and (84).
Since v is non-increasing, we have V,(1) = Vi (r) = @ , whence Aoy = 1 and
A(70) = A(s4) . Thus, Theorem 7.1 yields the equivalence of (82) and (84) as well as the
best constants relation.
It remains to show that (82) holds if and only if one of the options in (85) takes
place. The “if” part is easy to verify. To prove the “only if”” part, let A(g3) < co. Then,
by (87), 2tv(t) = V(¢) for t € (0,1y) with some 7 > 0. Hence

Iy _
OO>A<83>>/ wr) d(—v(1)
o V(1) v()
and consequently 0 < v(0+) < co. If V(00) < 00, then v(z) < @ — 0 as r— oo,
and therefore v(co) = 0. If V(oo) = oo and Az < oo, then by (90) 2tv(t) > V(¢)
on (t1,00) for some #; > 0. Thus,

> - RS ACVAEN
00 > Ay > 5 /t () T

and therefore 0 < v(co—) < oo. This shows that (82) implies (85), and the proof is
complete. [J

The following result, of independent interest, follows from Theorem 8.1, more
precisely from the equivalence of (82) and (85).

COROLLARY 8.2. Let @ be a concave non-decreasing function on [0,00) such
that @(t) = 0 if and only if t = 0, and @(t)/t is non-increasing on (0,00). The
endpoint Lorentz space A, and the endpoint Marcinkiewicz space M, are defined as
the sets of functions f from M(R, W) such that

£ lla :/0 fr0)de(t) <oo, and |[flu, = supf™ (1)e(r) < oo,

respectively. Then Ay = M, if and only if @ is on (0,00) equivalent to one of the
following four functions: t, 1, max{l,t} or min{1,¢}.

9. Associate spaces of classical and weak Lorentz spaces

In this section we apply our embedding results to the characterization of the
associate spaces of classical and weak Lorentz spaces.

THEOREM 9.1. Let p € (0,00) and let v be a weight.
(i) Let X = AP(v). Then, for 0 <p < 1,

t
1~ sup g () ———,
lgllxr = supg ()Vl/,,(

~
~—
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and, for 1 < p < o0,

%) p’v e’ %)
|gu~a<[;<fwnviwg§m> Vo) [ g

(ii) Let X = A°°(v). Then

\mwwA OV ()t

(iil) Let X =T*(v). Let v satisfy (52). Then, for 0 <p < 1,
t
(V(0) +w [ s7Pv(s)ds) e

lgllx: ~ sup g™ (1)
>0

and, for 1 < p < o0,

</0 p a Z ( +7 /IOO s7Pv(s) ds) 71’/ O, (7) dt) v

(cf. Theorem 5.1 above for the definition of u and Jy, ).
(iv) Let X = TP°°(v). Then

1 <
Vp(f) +/(; 8 (t)vp(t) dt>

where V), is from (18) and v, is from (21).

Proof. All the results follow from the embedding theorems above (namely Theo-
rems 3.1, 3.3, 5.1 and 7.1), combined with (17). O

llgllxr ~ sup g™ (1)
>0

REMARKS 9.2. Some particular cases of the results of Theorem 9.1 can be refor-
mulated in terms of function spaces (cf. also [19] and [13]):

()If0<p<land Vl/,,(> is non-decreasing, then (A?(v))’ = [ (— (Vl/’p(>)),
(i) If 1 <p < oo and V(o0) = oo, then ([19, Remark, p. 147])

/)
oy =1 (£:2)
(iil) For 0 < p < 00, (AP’OO(V))’ = AN (v1py,
(iv)IfO<p <1 and is non-decreasing, then (I?(v))’ = I'l:>° (7‘1 t ) ,

(

where g,(1) = ( W )
(V)If 1 < p < 0o, then (I?(v)) = I¥ (5), where

oc=1 zk:t (V(t) i / h sTPv(s) ds) ” 8, (1)-

(vi) If 0 < p < oo, v is non-increasing and tV~'/7(¢) is non-decreasing, then

(P22 (1)) = T (u) O AL ), where u(r) = 4 (7).
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