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Abstract. In this paper, we introduce and study a new class of generalized nonlinear mixed quasi-
variational inequalities. Using the KKM technique, we prove the existence and uniqueness of
solutions for this class of generalized nonlinear mixed quasi-variational inequalities in reflexive
Banach spaces. Our results include the main results of Verma [1], [2] as special cases.

1. Introduction and preliminaries

Variational inequality theory has become a rich source of inspiration in pure and
applied mathematics. Variational inequalities not only have stimulated the new results
dealing with nonlinear partial differential equations, but also have been used in a large
variety of problems arising in mechanics, physics, optimization and control, nonlinear
programming, economics and transportation equilibrium and engineering sciences, etc.
In recent years, variational inequalities have been generalized and applied in various
directions. For details, we refer to [1]–[13] and the references therein.

Recently, Verma [2] introduced and studied a class ofmonotone onlinear variational
inequalities, and proved the existence and uniqueness of solutions for this kind of
variational inequalities.

In this paper, a new class of generalized nonlinear mixed quasi-variational in-
equalities are introduced and studied. Also, the solvability of this class of generalized
nonlinear mixed quasi-variational inequalities in reflexive Banach spaces is given. Our
results improve and extend the corresponding results of [1] and [2].

Throughout this paper, let X be a real reflexive Banach space, X∗ be its dual
space and K be a nonempty convex closed subset of X . Denote 〈ω , x〉 = ω(x) for all
ω ∈ X∗ and x ∈ X . Let S, T : K → X∗, M : X∗ × X∗ → X∗, η : K ×K → K be four
mappings and f : K → R ∪ {+∞} be a proper convex functional. Suppose that η is
affine with respect to the first argument satisfying η(u, v) = −η(v, u) for all u, v ∈ K .
It is clear that η(u, u) = 0 for all u ∈ K . We consider the following problem:
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For any ω ∈ X∗ , find u ∈ K such that

〈M(Su, Tu) − ω ,η(v, u)〉 + f (v) − f (u) � 0 (1.1)

for all v ∈ K .
If M(x, y) = x− y , then the problem (1.1) is equivalent to the following problem:
For any ω ∈ X∗ , find u ∈ K such that

〈 Su− Tu − ω ,η(v, u)〉 + f (v) − f (u) � 0 (1.2)

for all v ∈ K .
If η(u, v) = gu−gv , then the problem (1.1) is equivalent to the following problem:
For any ω ∈ X∗ , find u ∈ K such that

〈M(Su, Tu) − ω , gv− gu〉 + f (v) − f (u) � 0 (1.3)

for all v ∈ K , where g : K → K is an affine mapping.

REMARK 1.1. For a suitable choice of S, T, M,η and f , the problem (1.1) includes
many kinds of known variational inequalities as special cases (see [1], [2] and the
references therein).

In the sequel, we give some definitions.

DEFINITION 1.1. A mapping S : K → X∗ is said to be η -ϕ - p monotone with
respect to the first argument of M : X∗ × X∗ → X∗ if there exist mappings ϕ :
[0, +∞) → [0, +∞),η : K × K → K and a constant p > 1 such that

〈M(Su, ·)− M(Sv, ·),η(u, v)〉 � ϕ(‖η(u, v)‖)‖η(u, v)‖p (1.4)

for all u, v ∈ K .

DEFINITION 1.2. A mapping S : K → X∗ is said to be η -ϕ - p monotone if there
exist mappings ϕ : [0, +∞) → [0, +∞),η : K × K → K and a constant p > 1 such
that

〈 Su− Sv,η(u, v)〉 � ϕ(‖η(u, v)‖)‖η(u, v)‖p (1.5)
for all u, v ∈ K .

DEFINITION 1.3. A mapping S : K → X∗ is said to be g -ϕ - p monotone with
respect to the first argument of M if there exist ϕ : [0, +∞) → [0, +∞), g : K → K
and a constant p > 1 such that

〈M(Su, ·) − M(Sv, ·), gu − gv〉 � ϕ(‖gu − gv‖)‖gu− gv‖p (1.6)

for all u, v ∈ K .

REMARK 1.2. For a suitable choice of M, S,ϕ,η and p , Definition 1.1 includes
many known definitions of monotone type mappings as special cases (see [1], [2]).

DEFINITION 1.4. A mapping T : K → X∗ is said to be η -ψ - p relaxed monotone
with respect to the second argument of M : X∗ × X∗ → X∗ if there exist mappings
ψ : [0, +∞) → [0, +∞),η : K × K → K and a constant p > 1 such that

〈M(·, Tu) − M(·, Tv),η(u, v)〉 � −ψ(‖η(u, v)‖)‖η(u, v)‖p (1.7)
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for all u, v ∈ K .

DEFINITION 1.5. A mapping T : K → X∗ is said to be η -ψ - p Lipschitzian if
there exist mappings ψ : [0, +∞) → [0, +∞),η : K × K → K and a constant p > 1
such that

〈Tu − Tv,η(u, v)〉 � ψ(‖η(u, v)‖)‖η(u, v)‖p (1.8)

for all u, v ∈ K .

DEFINITION 1.6. A mapping T : K → X∗ is said to be g -ψ - p relaxed monotone
with respect to the second argument of M : X∗ × X∗ → X∗ if there exist mappings
ψ : [0, +∞) → [0, +∞), g : K → K and a constant p > 1 such that

〈M(·, Su) − M(·, Sv), gu − gv〉 � −ψ(‖gu − gv‖)‖gu− gv‖p (1.9)

for all u, v ∈ K .

REMARK 1.3. For a suitable choice of T, M,η,ψ and p , Definition 1.4 includes
many known definitions of Lipschitzian type and relaxed monotone type mappings as
special cases (see [1], [2]).

DEFINITION 1.7. A mapping S : K → X∗ is said to be hemicontinuous if, for all
x, y, z ∈ K , a mapping t 	→ 〈 S(x + ty), z〉 is continuous on [0, 1] .

2. Main results

Now, we give our main results in this paper.

THEOREM 2.1. Let X be a real reflexive Banach space, X∗ be the its dual space
and K be a nonempty convex closed subset of X . Let S, T : K → X∗ be two
hemicontinuous mappings satisfying (1.4) and (1.7) , respectively, where mappings
ϕ,ψ : [0, +∞) → [0, +∞) satisfy ϕ(t) > ψ(t) for all t � 0 , and there exists a
constant δ > 0 such that ϕ − ψ is bounded on [0, δ ] . In addition, suppose that
η(u, v) = −η(v, u) for all u, v ∈ K , η : K × K → K is affine with respect to the first
argument, M : X∗ × X∗ → X∗ is continuous with respect to the weak∗ topology of X
and f : K → R ∪ {+∞} is a proper convex function. Then, for any ω ∈ X∗ , u ∈ K
is a solution of the problem (1.1) if and only if u ∈ K is a solution of the following
problem:

Find u ∈ K such that

〈M(Sv, Tv) − ω ,η(v, u)〉 + f (v) − f (u)
� (ϕ(‖η(v, u)‖) − ψ(‖η(v, u)‖))‖η(v, u)‖p (2.1)

for all v ∈ K .
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Proof. Suppose that the problem (1.1) holds. Since the mappings S and T satisfy
(1.4) and (1.7), respectively, then, for all u, v in K , we have

〈M(Sv, Tv) − ω ,η(v, u)〉 + f (v) − f (u)
= 〈−ω ,η(v, u)〉 + 〈M(Su, Tv) − M(Sv, Tv),η(u, v)〉

+ 〈M(Su, Tu) − M(Su, Tv),η(u, v)〉 + f (v) − f (u)
− 〈M(Su, Tu),η(u, v)〉

� 〈M(Su, Tu) − ω ,η(v, u)〉 + f (v) − f (u)
+ (ϕ(‖η(v, u)‖) − ψ(‖η(v, u)‖))‖η(v, u)‖p.

Since u ∈ K is a solution of the problem (1.1), this implies that

〈M(Su, Tu) − ω ,η(v, u)〉 + f (v) − f (u) � 0

for all v ∈ K . Thus, we have

〈M(Sv, Tv) − ω ,η(v, u)〉 + f (v) − f (u)
� (ϕ(‖η(v, u)‖) − ψ(‖η(v, u)‖))‖η(v, u)‖p

for all v ∈ K , i.e., (2.1) is true.
Conversely, suppose that (2.1) holds. Without loss of generality, choose a point

v ∈ K such that f (v) < +∞ and so f (u) < +∞ . Letting vt = (1 − t)u + tv , then
vt ∈ K and vt − u = t(v − u) , where t ∈ [0, 1] . Further, since η : K × K → K is
affine with respect to the first argument and η(u, u) = 0,η(u, v) = −η(v, u) for all
u, v ∈ K , we obtain η(vt, u) = tη(v, u) . It follows from (2.1) that

〈M(Svt, Tvt) − ω ,η(vt, u)〉 + f (vt) − f (u)
= t〈M(Svt, Tvt) − ω ,η(v, u)〉 + f (vt) − f (u)
� (ϕ(‖η(vt, u)‖) − ψ(‖η(vt, u)‖))‖η(vt, u)‖p

= tp(ϕ(t‖η(v, u)‖) − ψ(t‖η(v, u)‖))‖η(v, u)‖p.

(2.2)

Since f is convex and η(vt, u) = tη(v, u) , from (2.2), it follows that

〈M(Svt, Tvt) − ω ,η(v, u)〉 + f (v) − f (u)

� tp−1(ϕ(t‖η(v, u)‖) − ψ(t‖η(v, u)‖))‖η(v, u)‖p.

By the continuity of M , the hemicontinuity of S, T and the boundedness of ϕ − ψ on
[0, δ ] , we have

〈M(Su, Tu) − ω ,η(v, u)〉 + f (v) − f (u) � 0

for all v ∈ K . This completes the proof.

If M(x, y) = x − y, then Theorem 2.1 reduces to the following:
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THEOREM 2.2. Let X be a real reflexive Banach space, X∗ be its dual space
and K be a nonempty convex closed subset of X . Let S, T : K → X∗ be two
hemicontinuous mappings satisfying (1.5) and (1.8) , respectively. Suppose that the
mappings ϕ,ψ ,η, f are the same as in Theorem 2.1. Then u ∈ K is a solution of the
problem (1.2) if and only if u ∈ K is a solution of the following problem:

For any ω ∈ X∗ , find u ∈ K such that

〈 Sv− Tv − ω ,η(v, u)〉 + f (v) − f (u)
� (ϕ(‖η(v, u)‖) − ψ(‖η(v, u)‖))‖η(v, u)‖p (2.3)

for all v ∈ K .

If η(u, v) = gu − gv , where g : K → K is an affine mapping, then Theorem 2.1
reduces to the following:

THEOREM 2.3. Let X be a real reflexive Banach space, X∗ be its dual space
and K be a nonempty convex closed subset of X . Let S, T : K → X∗ be two
hemicontinuous mappings satisfying (1.6) and (1.9) , respectively. Suppose that the
mappings ϕ,ψ , f , M are the same as in Theorem 2.1. If g : K → K is an affine
mapping, then u ∈ K is a solution of the problem (1.3) if and only if u ∈ K is a
solution of the following problem:

Find u ∈ K suth that

〈M(Sv, Tv) − ω , gv− gu〉 + f (v) − f (u)
� (ϕ(‖gv − gu‖) − ψ(‖gv− gu‖))‖gv− gu‖p (2.4)

for all v ∈ K .

REMARK 2.1. Theorems 2.1∼2.3 improve and extend Theorem 2.1 of [1] and
Thereom 2.1 of [2].

In the sequel, we need the following definition and lemma for our further results.

DEFINITION 2.1. A mapping F : X → 2X is said to be a KKM mapping if, for
any {x1, x2, . . . , xn} ⊂ X ,

co{x1, x2, . . . , xn} ⊂
n⋃

i=1

F(Xi).

LEMMA 2.1. [14] Let K be a nonempty subset of a topological vector space E
and F : K → 2E be a KKM mapping. If F(x) is closed in E for every x in K and
there exists at least a point x0 ∈ K such that F(x0) is compact, then

⋂

x∈K

F(x) �= ∅.
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THEOREM 2.4. Let X be a real reflexive Banach space, X∗ be its dual space and K
be a nonempty bounded closed convex subset of X . Let S, T, M,ϕ,ψ and η be the same
as in Theorem 2.1. Suppose that ϕ−ψ , η are continuous and f : K → R∪{+∞} is a
proper convex lower semicontinuous. Then the problem (1.1) has a solution. Moreover,
if η(u, v) = 0 implies u = v , then the problem (1.1) has unique solution.

Proof. We first prove the existence of solution of the problem (1.1). Define the
set-valued mappings F, G : K → 2K by

F(v) = {u ∈ K : 〈M(Su, Tu) − ω ,η(v, u)〉 + f (v) − f (u) � 0}
and

G(v) = {u ∈ K : 〈M(Sv, Tv) − ω ,η(v, u)〉 + f (v) − f (u)
� (ϕ(‖η(v, u)‖) − ψ(‖η(v, u)‖))‖η(v, u)‖p}

for all v ∈ K , respectively. We show that F is a KKM mapping. Assume that F is not
a KKM mapping. Then there exist {v1, v2, · · · , vn} ⊂ K and ti > 0 , i = 1, 2, . . . , n ,
such that

n∑

i=1

ti = 1, v =
n∑

i=1

tivi �∈
n⋃

i=1

F(vi).

By the definition of F , we have

〈M(Sv, Tv) − ω ,η(vi, v)〉 + f (vi) − f (v) < 0

for i = 1, 2, . . . , n . It follows that

0 = 〈M(Sv, Tv) − ω ,η(v, v)〉 = 〈M(Sv, Tv) − ω ,η(
n∑

i=1

tivi, v)〉

=
n∑

i=1

ti〈M(Sv, Tv) − ω ,η(vi, v)〉 <

n∑

i=1

ti(f (v) − f (vi))

= f (v) −
n∑

i=1

tif (vi) � f (v) − f (v) = 0,

which is a contradiction. This implies that F is a KKM mapping. Now we prove that
F(v) ⊂ G(v) for all v ∈ K . Let u ∈ F(v) . Since the mappings S and T satisfy (1.4)
and (1.7), respectively, we have

〈M(Sv, Tv) − ω ,η(v, u)〉 + f (v) − f (u)
= 〈M(Su, Tv) − M(Sv, Tv),η(u, v)〉

+ 〈M(Su, Tu) − M(Su, Tv),η(u, v)〉
+ 〈−ω ,η(v, u)〉 − 〈M(Su, Tu),η(u, v)〉 + f (v) − f (u)

� (ϕ(‖η(v, u)‖) − ψ(‖η(v, u)‖))‖η(v, u)‖p

+ 〈M(Su, Tu) − ω ,η(v, u)〉 + f (v) − f (u)
� (ϕ(‖η(v, u)‖) − ψ(‖η(v, u)‖))‖η(v, u)‖p,
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for all v ∈ K . This implies that u ∈ G(v) , and so G is also a KKM mapping. It
follows from Theorem 2.1 that

⋂

v∈K

F(v) =
⋂

v∈K

G(v).

From the assumption, it follows that G(v) is closed for all v in K . Since K is bounded
closed convex, we know that K is weakly compact and so G(v) is weakly compact in
K for all v ∈ K . It follows from Lemma 2.6 that

⋂

v∈K

F(v) =
⋂

v∈K

G(v) �= ∅.

Hence, there exists a point u0 ∈ K such that

〈M(Su0, Tu0) − ω ,η(v, u0)〉 + f (v) − f (u0) � 0

for all v ∈ K .
To show the uniqueness of the solution, letting u1, u2 ∈ K be two solutions of the

problem (1.1), then we have

〈M(Su1, Tu1) − ω ,η(v, u1)〉 + f (v) − f (u1) � 0 (2.5)

and
〈M(Su2, Tu2) − ω ,η(v, u2)〉 + f (v) − f (u2) � 0 (2.6)

for all v ∈ K . Setting v = u2 in (2.5) and v = u1 in (2.6) and adding, we have

〈M(Su1, Tu1) − M(Su2, Tu2),η(u2, u1)〉 � 0. (2.7)

By (1.4) and (1.7), we obtain

〈M(Su1, Tu1) − M(Su2, Tu2),η(u2, u1)〉
= 〈M(Su1, Tu1) − M(Su2, Tu1),η(u2, u1)〉

+ 〈M(Su2, Tu1) − M(Su2, Tu2),η(u2, u1)〉
= −〈M(Su1, Tu1) − M(Su2, Tu1),η(u1, u2)〉
− 〈M(Su2, Tu1) − M(Su2, Tu2),η(u1, u2)〉

� −(ϕ(‖η(u1, u2)‖) − ψ(‖η(u1, u2)‖))‖η(u1, u2)‖p.

(2.8)

Since ϕ(t) > ψ(t) for all t > 0 , it follows from (2.7) and (2.8) that

‖η(u1, u2)‖p = 0.

Furthermore, since η(u, v) = 0 implies that u = v , we have u1 = u2 . This completes
the proof.

From Theorem 2.4, we have the following theorems:

THEOREM 2.5. Let X be a real reflexive Banach space, X∗ be its dual space and
K be a nonempty bounded closed convex subset of X . Let S, T,ϕ,ψ ,η and f be the
same as in Theorem 2.4. Then the set of the solutions of the problem (1.2) is not empty.
In addition, if η(u, v) = 0 implies that u = v , then the problem (1.2) has unique
solution.
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THEOREM 2.6. Let X be a real reflexive Banach space, X∗ be its dual space and
K be a nonempty bounded closed convex subset of X . Let the mappings S, T, M,ϕ,ψ
and f be the same as in Theorem 2.3. If g : K → K is a continuous mapping, then
the set of the solutions of the problem (1.3) is not empty. In addition, if g(u) = g(v)
implies that u = v , then the problem (1.3) has a unique solution.

REMARK 2.2. Theorems 2.4∼2.6 improve and extend Theorem 2.4 of [2].
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