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ON FIRST ORDER DIFFERENTIAL INCLUSIONS
WITH PERIODIC BOUNDARY CONDITIONS

M. BENCHOHRA AND S. K. NTOUYAS

(communicated by V. Lakshmikantham)

Abstract. Inthis paper a fixed point theorem for condensing maps combined with upper and lower
solutions are used to investigate the existence of solutions for first order differential inclusions
with periodic boundary conditions.

1. Introduction

This note is concerned with the existence of solutions for the periodic multivalued
problem:

y'(t) € F(t,y(t)), foralmosteach (a.e.) t € J = [0, 7] (1)

¥(0) = ¥(T), )
where F:J x R — 2% is a nonempty compact and convex valued multivalued map.

The method of upper and lower solutions has been successfully applied to study
the existence of multiple solutions for initial and boundary value problems of the
first and second order. This method has been used only in the context of single-
valued differential equations. We refer to the books of Bernfeld-Lakshmikantham [2],
Heikkila-Lakshmikantham [10], Ladde-Lakshmikantham-Vatsala [13], to the thesis of
De Coster [5], to the papers of Carl-Heikkila-Kumpulainen [4], Cabada [3], Frigon [7],
Frigon-O’Regan [8], Heikkila-Cabada [9], Lakshmikantham-Leela [14], Nkashama [17]
and the references therein.

In this note we establish an existence result for the problem (1)—(2). Our approach
is based on the existence of upper and lower solutions and on a fixed point theorem for
condensing maps due to Martelli [16]. The result of this note extends to the multivalued
case some existence results from the above literature.

Mathematics subject classification (2000): 34A60, 34G25.

Key words and phrases: Periodic boundary value problem, convex multivalued map, condensing map,
fixed point, truncation map, upper and lower solutions.
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2. Preliminaries

We will briefly recall some basic definitions and facts from multivalued analysis
that we will use in the sequel.
AC(J,R) is the space of all absolutely continuous functions y : / — R.
Condition
y<y ifandonlyif y() <y(r) forall reJ

defines a partial ordering in AC(J,R). If a, B € AC(J,R) and o < 3, we denote

o, Bl = {y € AC(R) s ¢ <y < B}
Let (X,|| -||) be a normed space. A multivalued map G : X — 2% is convex
(closed) valued if G(x) is convex (closed) for all x € X. G is bounded on bounded
sets if G(B) = U,epG(x) is bounded in X for all bounded subsets B of X (i.e.
sup{sup{||y|| : y € G(x)}} < ). G is called upper semi-continuous (u.s.c.) on X if
XEB

for each xp € X the set G(xo) is a nonempty, closed subset of X, and if for each open
set N of X containing G(x), there exists an open neighbourhood M of x; such that
G(M) CN.

G is said to be completely continuous if G(B) is relatively compact for every
bounded subset B C X. If the multivalued map G is completely continuous with
nonempty compact values, then G is u.s.c. if and only if G has a closed graph (i.e.
Xn — Xuy Yo — Vs, ¥n € G(x,) imply y. € G(x,)). G has a fixed point if there is
X € X such that x € G(x).

In the following CC(X) denotes the set of all nonempty compact and convex
subsets of X. An upper semi-continuous map G : X — 2% is said to be condensing
[16] if for any bounded subset B C X, we have a(G(B)) < a(B), where o denotes
the Kuratowski measure of noncompacteness [1]. We remark that a compact map is the
easiest example of a condensing map. The multivalued map F : J — CC(R) is said
to be measurable, if for every y € R, the function ¢t — d(y, F(¢)) = inf{|y — z| : z €
F(¢)} is measurable. For more details on multivalued maps see the books of Deimling
[6] and Hu and Papageorgiou [12].

DEFINITION 1. A multivalued map F : J x R — 2% is said to be an L'-
Carathéodory if
(i) t+—— F(t,y) is measurable for each y € R;
(ii) y+~— F(t,y) is upper semicontinuous for almost all 7 € J;
(iti) Foreach k > 0, there exists hy € L!(J,R..) such that

|F(z,y)||=sup{|v| : v € F(t,y)} < I(z), forall [y| < k and for almost all ¢ € J.

So let us start by defining what we mean by a solution of problem (1)—(2).

DEFINITION 2. A function y € AC(J,R) is said to be a solution of (1)—(2) if there
exists a function v € L'(J,R) such that v(r) € F(t,y(¢)) ae. on J, y'(t) = v(t) ae.
on J and y(0) = (7).



ON FIRST ORDER DIFFERENTIAL INCLUSIONS WITH PERIODIC BOUNDARY CONDITIONS 73

The following concept of lower and upper solutions for (1)—(2) has been introduced
by Halidias and Papageorgiou in [11] for second order multivalued boundary value
problems. It will be the basic tools in the approach that follows.

DEFINITION 3. A function o € AC(J,R) is said to be a lower solution of (1)—(2)

if there exists v; € L'(J,R) such that v;(¢) € F(t,a(t)) ae. on J, o/(t) < v () ae.
on J and a(0) < a(T).
Similarly a function B € AC(J,R) is said to be an upper solution of (1)—(2) if there
exists v € L'(J,R) such that v,(¢) € F(z,B(t)) ae. on J, B'(¢) = va(t) ae. on J
and B(0) > B(T).

For the multivalued map F and for each y € C(J,R) we define Sj, by

Sky={veL'(JR):v(t) € F(t,y(1)) forae.t € J}.

Our main result is based on the following:

LEMMA 2.1. [15]. Let I be a compact real interval and X be a Banach space.
Let F: 1 x X — CC(X);(t,y) — F(t,y) measurable with respect to t forany y € X
and u.s.c. with respect to y for almost each t € I and S}p’y # () forany y € C(I,X)
and let T be a linear continuous mapping from L'(I,X) to C(I,X), then the operator

is a closed graph operator in C(I,X) x C(I,X).

LEMMA 2.2. [16]. Let G : X — CC(X) be an u.s.c. and condensing map. If
the set

M:={veX:AveG)forsomel > 1}
is bounded, then G has a fixed point.

In the proof of our main result we need the following auxiliary result. The proof of this
result is very easy, therefore we shall not present it.

LEMMA 2.3. Let g € L'(J,R). Then the periodic value problem
Y1) +y() =g(t), t€J (3)
subjected to the condition (2) has a unique solution y given by
T
y() = / G(t,5)g(s)ds
0
where G(t,s) is the Green function defined by

1 el if 0<s<t<T;
el —1 | &7, if 0<r<s<T.
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3. Main Result

We are now in a position to state and prove our existence result for the problem
(D)-(2).
THEOREM 3.1. Suppose F : JxR — CC(R) isan L' -Carathéodory multivalued
map. In addition assume that the following condition is satisfied:
(H) there exist o and P in AC(J,R) lower and upper solutions respectively for
the problem (1)—(2) such that o < 3.
Then the problem (1)—(2) has at least one solution y € AC(J,R) such that

ot) <y(1) < B(r) forall t €J.

Proof. Transform the problem into a fixed point problem. Consider the following
modified problem

Y (1) +y(1) € Fi(t,y(r), ae. 1€, 4)
with the condition (2), where Fy(z,y) = F(t, (zy)(t)) + (ty)(¢) and 7 : C(J,R) —
C(J,R) is the truncation operator defined by

o(r), if y(r) < af(r);
(o)1) =3 »(@), if a@) <y<B(1);
B(), if B(r) <y().

REMARK 1. Notice that F; is an L' -Carathéodory multivalued map with nonempty
compact convex values and there exists ¢ € L'(J,R;) such that

1Fi(t, y(O)l < ¢(2) + max(sug) |a(t)\,sulj) |B(7)|) forae. t€J andall y € C(J,R).
te te

From Lemma 2.3 it follows that a solution to (4)—(2) is a fixed point of the operator
N : C(J,R) — 2€UR) defined by

T
NG) = {he COR):h() = /0 Glr,5)[v(s) + (0)(s)}ds - v e Sk, }
where
S’}p‘ ={v € Sp4y 1 V(1) = vi(r) ae. on Ay and v(r) < va(7) a.e. on Az},
S}:Jy {ve L'(J,R) : v(r) € F(1,(ty)(r)) forae. t € J},
Ar={reJ:y@) <a() <BO)}, Ax={reJ:a() <p@) <y}
REMARK 2.

(i) Foreach y € C(J,R) the set Sj., is nonempty (see Lasota and Opial [15]).

(ii) Foreach y € C(J,R) the set S} is nonempty. Indeed, by (i) there exists
v € St Fy- Set
W =Vi)Xa, T VaXa, T VXAss
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where
As = {1 €7 al) < (1) < B},
Then by decomposability w € S} .

We shall show that N has a fixed point, by applying Lemma 2.2. The proof
will be given in several steps. We first shall show that N is a completely continuous
multivalued map, u.s.c. with convex closed values.

Step 1: N(y) is convex for each y € C(J,R).

Indeed, if h, h belong to N(y), then there exist v € 8}, and v € 8}, such that

T
h(t) = /0 G(t,9)[v(s) + (zy)(s)]ds, t € J

and ’
h(t) :/0 G(t,5)[v(s) + (zy)(s)lds, t € J.

Let 0 < k < 1. Then for each t € J we have
T
K+ (1 — RR)(r) = / G(1,5)[kv(s) + (1 — K)T(s) + (2y)(s)]ds.
0
Since S}yy is convex (because F has convex values) then

kh + (1 —k)h € N(y).

Step 2: N is completely continuous.
Let B, := {y € C(J,R) : ||[y|loc < r} be a bounded set in C(J,R) and y € B,,
then for each 7 € N(y) there exists v € i, such that

T
h(t) = /0 G(t,5)[v(s) + (zy)(s)lds, t€J

Thus for each ¢ € J we get

T
()] < /0 1G(2,9)|l[v(s) + (zy)(s)|ds

< max |G(t,5)|[[[¢r]l + T max(r, sup |(t)|, sup [B(7)])] = K.
(ts)€IXJ e e

Furthermore

W@l < / 161, )[1v(s) + (3)(5)lds

< max |Gi(t,9)|[[| @l + T max(r, sup [ee(s)], sup [B(1)])] = K.
(1,s)eIxJ teJ teJ

We note that G(z,s) and G,(¢,s) are continuous on J x J. Thus N maps bounded set
of C(J,R) into uniformly bounded and equicontinuous set of C(J,R).
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Step 3: N has a closed graph.
Let y, — y«, hy € N(y,), and h, — h,. We shall prove that h, € N(y.).
h, € N(y,) means that there exists v, € § Fy, such that

T
() = /O G(t,5)[vu(s) + (Tyn)(s)]ds, 1 € J.

We must prove that there exists v, € S, such that

T
ho(t) = /0 G(t,5)[ve(s) + (1y2)(s)]ds, 1 € J.

Since y, — y«, h, — h, and 7 is a continuous function we have that

H(hn—/OTGu,s)(ryn)(s)ds)—(h*—/or (1, 5)(17.)(s )H —0,

as n — oo.
Now, we consider the linear continuous operator

[':L'(J,R) — C(J,R)

T
vi— IT(v)(2) = /0 G(t,s)v(s)ds.

From Lemma 2.1, it follows that I" o Sy is a closed graph operator. Moreover, we have
that

(hnm - "ot s)(fyn)(s)ds> € T(Sra).

Since y, — Yy, it follows from Lemma 2.1 that

h*(t):/o G(t,s)(Ty*)(s)der/o G(t,5)vs(s)ds

for some v, € Sg,, .

Therefore N is a completely continuous multivalued map, u.s.c. with convex
closed values.

Step 4: The set

M :={ye€ C(J,R): Ay € N(y) for some A > 1}

is bounded.
Let Ay € N(y) forsome A > 1. Then there exists v € Si., such that

e / (6, 9)[v(s) + () (s)lds, 1€ J.

Thus
ly(1)] ||Gts\|/ [v(s )(s)|ds, teJ.
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Thus we obtain
el

¥lloo < g 91l +TmaX(Sup\0!( ) S;él;\ﬁ(f)\)l

This shows that M is bounded. Hence, Lemma 2.2 applies and N has a fixed point
which is a solution to problem (3.1)-(3.2).
Step 5: The solution y of (4)—(2) satisfies

ot) <y(1) < B(r) forall t €J.
Let y be a solution to (4)—(2). We prove that
y(t) < B(¢) forall r e J.

Assume that y — 3 attains a positive maximum on J at 7, that is

(y — B)(to) = max{y(t) — () : 1 € J} > 0.

If 7o € (0,7T) there exists ¢ € (0,1) such that
0 < y(1) = B(r) < y(t0) — Blto) forall 1 € [15,10].

Thus for 1 = 15 we get
Blto) — Brg) < y(10) — ¥(15)-
By the definition of 7 there exists v € L' (J,R) with v(¢) < vy(¢) ae. on (£;,19) and
v(t) € F(t,P(2)) a.e. on (£, 1) such that
0]

¥(to) — y(15) = / (v(s) = ¥(s) + B(s))ds

*
0

< / "(va(s) — ((s) — B(s)))ds.

*

Using the fact that f is an upper solution to (1)—(2) the above inequality yields

3t0) =3(65) < Bloo) = Bls5) = [ 6) = Blo)s
< B(to) — B(tg)
Thus we obtain the contradiction
B(to) — B(15) < Blto) — B(15)
Finally, #yp # O for if 7o = O then

B(T) < B(0) < y(0) = ¥(T)

which is a contradiction.

Analogously, we can prove that y(¢) > o(¢) forall ¢ € J. This shows that the
problem (4)—(2) has a solution in the interval [c, B]. Since t(y) =y forall y € [, f],
then y is a solution to (4)—(2).
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