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GEOMETRIC INEQUALITIES FOR A SIMPLEX

YANG SHIGUO

(communicated by V. Volenec)

Abstract. In this paper, we study the problem of geometric inequalities for an n-simplex.
Some new geometric inequalities for simplex are established. As the special case, some known
inequalities are gotten.

1. Main results and applications

Let 0, be an n-dimensional simplex in the n-dimensional Euclidean space E",
T = {Ao,Ay,...,A,} denote the vertex set of g,, V the volume of o, , R and r the
circumradius and inradius of o, , respectively. For i = 0,1,...,n, let r; be the radius
of i-th escribed sphere of ©,,, F; the area of the i-th face f; = Ay ... Ai—1Air1 ... Ay,
of 0,. Let P be an arbitrary interior point of the simplex ©,,, d; the distance from the
point P to the i-th face f; of o,, h; the altitute of o, from vertex A; for i = 0, 1,

., n.

Let ap, a1 and a, denote the edge-lengths of triangle A¢pA;A; (2-dimensional

simplex). An important inequality for a triangle was established by Janic [1] as follows

2 2 2
a, a a

0 1 2
L 4L 2 >y (1)
rnr nry rori

Let P be an arbitrary interior point of the triangle ABC. Gerasimov [2] obtained
an inequality for the triangle ABC as follows
didy n dady n dod, - 1

N
ayay anagn apa 4

2)

We extended inequalities (1) and (2) to an n-dimensional simplex. Our main
results are the following theorems.

THEOREM 1. For the n-dimensional simplex o, we have

n 12
n F ( 1) ,, )

> > = : (3)

i—o ..r1_1r1+1...rn (n ) (nl)n 1

with equality if the simplex ©, is regular.
If n =2 in inequality (3), then inequality (1) is gotten from inequality (3).
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THEOREM 2. Let P be an arbitrary interior point of the simplex o, and real
number 0 € (0, 1], then we have

i do N di—ldi+l . dn < (n!)ZQ Vn—2(n—l)9 (4)
(F() e F,;]F,:H e Fn)2071 = (I’l + 1)(”_1>(1_9>n"(39_1> ’

i=0
with equality if the simplex ©, is regular and the point P is the circumcenter of G, .

If take 0 = ﬁ in inequality (4), we get a corollary as follows.

COROLLARY 1. Let P be an arbitrary interior point of the simplex ©,, then we

have
- dy...di_1diyy...d, n! =
> - < )

— S i
=0 (Fo...Fi_1Fipy...F,)™T (n+1)Tzn2(nfl)

with equality if the simplex ©, is regular and the point P is the circumcenter of G, .

If n =2 in inequality (5), then inequality (2) is gotten from inequality (5).
If taking 6 = % in inequality (4), then we obtain a generalization of Gerber’s
inequality as follows.

COROLLARY 2. Let P be an arbitrary interior point of the simplex ©,,, then
n
> do...dirdiyy . dy < —————V, (6)
i=0

with equality if the simplex ©, is regular.

Using inequality (6) and the arithmetic-geometric mean inequality we get Gerber’s
inequality [3] as follows

" ! n n+l

THEOREM 3. Let P be an arbitrary interior point of the simplex ©,,, then we have

r

n 1
= D! g
;d‘)'“di—ldm---dn (n+ ) Rl (8)

with equality if the simplex ©, is regular and the point P is the circumcenter of o, .

If the point P is the incenter I of the simplex o,,then d; =r (i=0,1,...,n),
and following n-dimensional Euler inequality in [4] is gotten from (8)

R > nr. 9)
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2. Lemmas and proof of theorems

To prove theorems stated above, we need some lemmas as follows.

Let m; (i=0,1,...,n) be positive numbers, Vigir...i, denote the k-dimensional
volume of the k-dimensional simplex A;A;, ...A; for A;, A;,..., A; € T. Put
M, = Z miym;, . . .m,-le%l-lmik (1 <k<n),

0§i0<i1<---<ik§n

n

M() = Zmi.

i=0

LEMMA 1. For positive numbers m; (i = 0,1,...,n) and the n-dimensional
simplex o, , we have

— D)3 _
MZ>[(’17 IMo)'~* My 1<k<iI< 10
k [(Vl—k)'(k')3]l(n 0) 1 ( < n)7 ( )
with equality if the simplex ©, is regularand my =m; = --- = m,,.
LEMMA 2.

n

n oy 3N\ =T

1 n 2(n—1)
17 >— (%) Vo (11)
i=0 (n41)2 \n?

with equality if the simplex ©, is regular.
For the proof of Lemmas 1 and 2, the reader is referred to [5] or [1].

LEMMA 3.

n

ho...hi_thisy ... hy .
Y- — Z (n+1)(n—1)", (12)
-0 ro...r—1ri+1..-In

with equality if the simplex ©, is regular.
For the proof of Lemma 3, the reader is referred to [6].

LEMMA 4.

n 1)
V> wrrz (13)
n!

with equality if the simplex ©, is regular.

For the proof of Lemma 4, the reader is referred to [5] or [1].

Proof of Theorem 1. Without lose generality, let Fo < F; < --- < F,
By the formula [1]
Vv
= —r (i=0,1,...,n), (14)
> F;—2F,
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we know that 7y < r; < --- < r, and

1 1 1
n g n g e < n :
> Frp Y Fn > Fjrj
j=1 j=0 j=0
A i

Using Chebyshev inequality we have

=Bl = 1 Fyr
Jj=0 Jj=0
e i#
(15)
1 n F n Fanl n 1
AU RO DO
i=0 i=0 =0 [] Fjr
j=0
e
Substituting F; = 2¥ (j = 0,1,...,n) into the right of inequality (15) and using the
X J
arithmetic-geometric mean inequality we get
" 1 - N 1 &ho..hisihigy .. hy
D > A\ ) o o
=i n+1 P — (nV) T T0 - TiiTigl - T
j=0
i
2 (16)

n

n 21
HFi> n
i=0 hO-.-hi_lhi+l hn
> .
>l

(nV)" i—o Vi1l - - Ty

Using inequalities (16), (11) and (12) we obtain inequality (3). It is easy to see that
equality in (3) holds if the simplex o, is regular. [

Proof of Theorem 2. Taking k =n — 1, [ = n in inequality (10), we have

n n—1
n n3n n n .
(Zmo...mi_lm,-ﬂ mnF12> > m Zm,- Hmi Vz( 1)_ (17)
i=0 i=0 i=0

Put mg...m;_ymipy...m, = LF;72 (i=0,1,...,n) in equality (17), we get

(135 (1) 5% (1) (55) - oo

Now we prove the following inequality (19) is valid for any number 0 € (0, 1].

1 n " n n 12(;171)0 nv 2(n—1)0
(Z 2&') HFZG (HA> (Z ] ) ( —;n(l)—e) '((n)l)!ze' (19)

i=0 i=0
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When 0 = 1, inequalities (19) and (18) are same, so inequality (19) is valid for 8 = 1.
For 6 € (0, 1) , using inequality (18) we have

1 n mon 1 n
(Z;&) QFZ-ZQ: (Z;&) HF2

[ 1) (55)

By Marclaurin inequality [1] we have

=

=—

j— 1
A, ...A,,', A,i A,n < A,,',
<n+1zi_0 ‘ S n+14

() () () o
i=0 i=0 "

From (20) and (21) we get

n 146
ni:O i=0 l i=0 i=0 Ai(9

i. e.

By Holder inequality [1] we have

1 0 1 1-60
n F,ze il n 1 —9 n F,ze
[Z(M)] [Z (55) ] 2> 5 23)
X i i—0 i . 1

i=0

Using (22) and (23) we get inequality (18).
Taking A; = d;F; (i=0,1,...,n) in equality (18) and noting the fact >_ d;F; =
i=0
nV, we get inequality (4). It is easy to prove that equality in (4) holds if the simplex
o, is regular and the point P is the circumcenter of ¢,. [

Proof of Theorem 3. Inequality (18) can be written as

"yt ZAO Aottt - (ZA) ﬁFi. (24)
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Let V' denote the volume of the n -dimensional simplex o, = AjA]

" VAl ... A}, F] the area
of the i-th face f ! of o). By Cauchy inequality and inequality (24), we have

n— n—1
WV v’ Zxo Aim1hizt . JuFiF]

i

%
l yAn=1) ZAO AiciAigr - /lnF,-zl X
1 (25)

3n n 2
x [%vﬂ("‘” S Ao dicihia . .)L,,F’f]

i=0

(52 (1) (117)

If take o, is a regular simplex and F|)

=F;=---=F,=1,then
1
1 l’l!2 2m=1
v=ont (i)
and inequality (25) is
1 3n n n
RS VallLRVS ‘ZAO hiciis - AF,-<< /L-) F.  (26)
i=0 i=0
Put g = A

-+ = A, = 1 in inequality (26), we get

1
3
n2mn—1 n

| n | =1
LIPS _ . 27
Vv n!ﬁ(n+1)z(n—ll) (;F()...FilFi+1...Fn> ( )

By Cauchy inequality we have

" 1
Y do...diydiyy d) <§ ) > (n+1)?
( dy...di_idis .. .d

. l*ldH’l s lp
1. €.
z 1 1)?
Z T - > (n+1) ) (28)
i—o 40---di—1tit] ..U Zdﬂ di_ ldz+1 .d,

Using (28), (6) and (27), we get

Z”: 1 _ (n+ 1)Tnt 1
i dy...di—ydis ... dy - n! v
1
s 1 n—1 (29)
2(11—&—1) nl)iZn 1><”Fi>”l nl .
(n— 1)!"" i=0
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By inequality (29), formula [1] >° F; = 2 and following inequality [1]:
i=0

n ( +1)n271
n 2 2
[[F< Bt U= gt
n-—3n—4
i=0 nlntly =

we get

. 1 > 1 n—3 w2 —n—2 ‘; V n—1 1
E : n+ 1)2m—np2-0 pla—1 | — . )
i=0 do...dirdiyy...dy ~ ( ) r Rn+l1
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(31)

From (31) and (13) we get inequality (8). It is easy to prove that equality in (8) holds

if the simplex o, is regular and the point P is the circumcenter of ,. U
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