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Abstract. The authors use several different methods to extend Gronwall’s inequality to more
general cases on a time scale. Two applications are also given.

1. Introduction

To unify the theory of continuous and discrete dynamic systems, in 1990, Hilger
[7] proposed the study of dynamic systems on a time scale and developed necessary
calculus for functions on a time scale (that is , any closed subset of reals).

Recently, the well-known Gronwall integral inequality has been established on a
time scale , see for example, Agarwal, Bohner and Peterson [1], Kaymakcalan, Ozgun
and Zafer [9] and the books of Lakshmikantham, Sivasun and Kaymakcalan [12] and
Bohner and Peterson [4].

In this paper, we use several different methods to extend the above-mentioned
results to more general cases on a time scale. Applying these results, we can obtain that
an initial value problem has at most one solution. For other related results, we refer to
[2,3,5,6,10,11, 13, 14, 15, 16, 17].

2. Preliminaries and lemmas

We first briefly introduce the time scales calculus.

By a times scale T we mean any closed subset of R with order and topological
structure in a canonical way. Since a time scale T may or may not be connected, we
need the concept of jump operators.

DEFINITION. Let t € T, where T is a time scale, then two mappings

o, p:T—R

satisfying
o(t) = inf{s € T|s > ¢}, p(r) = sup{s € T|s > 1}
Mathematics subject classification (2000): 26D15.
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are called the jump operators.

If o(t) >t, t € T, wesay ¢ is right-scattered. If p(t) <1, t € T, we say 7 is
left-scattered. If o(t) =t, t € T we say ¢ is right-dense. If p(t) =t, t € T, we say ¢
is left-dense.

DEFINITION. A mapping f : T — R is called rd-continuous if
(a) f is continuous at each right-dense point or maximal point of T.

(b) lim g(s) = g(¢~) exists for each left-dense point 7 € T.

s—t

The set of all rd-continuous functions from T — R is denoted by C,4[T,R].
Let

- T — {m}, if T has a left-scattered maximal point m.
B T, otherwise.

DEFINITION. The function p : T — R is called regressive provided
14+ u()p(r) #0 for each reT,
where it : T — [0, 00) is defined by

DEFINITION. Assume that f : T — R and ¢ € T, then we define f2(¢) to be the
number (if it exists) with property that for any given € > 0, there exists a neighborhood
U of t such that

F(0() =1 () = f2()lo() ]| < elor) ~ o

forall s € U. In this case f2(¢) is called the delta-derivative of f(¢) at t. If f is
differentiable at each r € T, then f is called delta-differentiable on T.

DEFINITION. A function g : T — R is called an antiderivative of f : T — R if
g*(t) = f (1) forall t € T*, and in this case, we define the integral of f by

/}WMuzao—aw

forall s, € T, and we say that f is integrable on T.

Throughout this paper, we suppose that

(@) R=(—00,00), Rt =1[0,00);

(b) T isatime scale with a as minimal element;

() R ={p: T — R| 1+ u(r)p(r) > 0forall + € T}, that is, the set R is all
positively regressive functions;

(d) an interval means the intersection of a real interval with the given time scale.

For further information concerning time scales, see [4] and [12]. In order to
establish our main results, we need the following two lemmas which can be found in
[1], [4] and [12].
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LEMMA A. Let y, f € Coy|T,R] and p € R . If

Y0 <y +£ (1), 1€,
then .
o) <3laelta) + [ et o) ()8

where e,(t,a) is the solution of the initial value problem

teT,
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LEMMA B. (Gronwall’s inequality [1, 4, 12]) Let y, f € C,y[T,R] and p € R+

with p > 0. If

W <so+ | p)As for 1T,

then

y() <f () + /t ep(t,0(s))f (s)p(s)As  for te T~

3. Main results

We now can state and prove our main results as follows.

THEOREM 1. Let y € C,y(T,R"). Suppose that h, g € R with h >0, g >0

and yy € R. If

) <+ [ Ho)[ps)+ [ a(emnaas
then .
(1) < yo [1 +/ h(s)ethg(s,a))As} for
In particular, if y(a) = yo = 0, then y(t) = 0 on T*.

Proof. Let

w0 =+ [ W[+ [ etonimadas

Then
y(t) < x(t) for teT*

and

for te T

r e Tk

for teTx

for reT*,
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Then

It follows from (1), (2) and x(¢) < m(z) that

Applying Lemma A with f =0,
m(1) < m(a)enig(t;a) = yoeniq(t,a).
It follows from (1) and the above inequality that
XA(1) < h(t)yoensg(t, a).

Integrating the above inequality from a to ¢,

x(t) — x(a) < yo /th(s)ethg(s, a)As,
which implies that t
x() < yo [1 +/ h(s)entg(s,a)As|.
Hence we obtain the desired result. ’
THEOREM 2. Let y, f € Cyy(T,RT) with f(t) be a nondecreasing function and

g, heR withg>0,h>0.1If

YO <f0+ [ 16+ [ eonmadas or e
then the following two inequalities hold:
(@) y(r) <f(1) [1 +/ h(s)eniq(s, a)As} for tec Tk

() 3(0) <fWenrglta) for 1T,
In particular, if f (1) =0, then y(t) =0 for t¢e T,

Proof. Since f (t) is nondecreasing, we see that, for any € > 0,

p(l): - ((

€

h(s f(yt(s) 6As+/th( )(/:g(r)f(ytgflem)m

)
o
1+§ fi)s Asj/at (sz /:g(r)f(i()?reAr)As

h
—14 [ ns s)As+/h(s)( ‘g(r)p(r)m)m::u(t). (3)

+

E‘
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(a) Tt follows from Theorem 1 that

p(H) <1+ /ath(s)eh+g(s, a)As.
Hence .
Y0 < (W +01+ [ Ben(sans]

Letting € — 0, we obtain the desired result (a).
(b) By (3), for t € T*,

Thus, for t € TF,

and
vA(r) = ut (1) + g(D)u(r) < [h(r) + g(1)]v(7).
However, it follows from Lemma A and (3) that

=p(1) <u(t) <v(1) < eh+g(t7 a,

which implies
y(t) < (F(1) + €)entg(t, a).
Since € > 0 was arbitrary, thus, we have the desired result (b).
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In the following theorem we delete the nondecreasing property of f (¢) in Theorem

THEOREM 3. Let y, f € Cry(T,R") and h, g€ R" with h >0, g > 0. If

70 <0+ [ B+ [ eonadas or 1eT

then

Y0 <50+ [ enselt OV OI) +(las for €T

In particular, if £ (f) = 0, then y(f) = 0 on T*.
Proof. Let
t
x(t) = y(¢) +/ g(s)y(s)As for te T

4)
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Then
y(t) <x(r) for teTk

Thus,
w0 <FO+ [ Hoxoss+ [ gonions

<f(0) +/ h(s)x(s)As + /tg(s)x(s)As
7O+ [ hs) + g(5)a(s)as.

Therefore, it follows from Lemma B that

Y0 <30 SO+ [ enelts 0 QA +g(0)as for 1e T

Thus, the proof is complete.

COROLLARY 4. Let y, f € Crq(T,R") with f be nondecreasing in T and h, g €
R with h >0, g=>0. If

70 <50+ [ B+ [ elen(ndas or 1eT
then

w0 <FO[1+ [ enrele o)) + gsas] or re

DEFINITION. A function H € C(R*,R™) is said to belong to the class S if H(u)
is nondecreasing and H(u) > 0 for u > 0.

We are in a position to generalize LaSalle’s integral inequality [10] (which was
established by LaSalle in 1949) on time scales as follows:

THEOREM 5. (LASALLE’S INEQUALITY) Let f € Crq(T,R™) be nondecreasing and
geRNt with g2 0. If He S and y € Cry(T,R") satisfies

W0 <£0+ [ A for 1eT 6
then "
Y As ! "
/f(t) H0) </ag(s)As for te T

In particular, if f (t) = 0 fort € T* and /
0
for t € T .

As
H) oo forall ¢ > 0, then y(t) =0



GRONWALL INEQUALITIES ON TIME SCALES 81

Proof. For any given ¢ > 0 and any fixed x € T*. Let
t
p(t) :=f(x)+e¢ +/ g(s)H(y(s))As on TN a,x].

Then, p(z) > 0 and is nondecreasing on  T* N [a, x]. Thus, it follows from (6) that

W0 <F0+ e+ [ gHOEAS
<fx)+e+ /tg(s)H(y(s))As =p(1), on T™N [a, x].

Hence

Therefore, N
p°(1)
by <4

Integrating the above inequality from a to x and using Theorem 1.98 in [2], we obtain

that " ” N
y(x p(x X X
/ As g/ As :/ L) As g/ g(s)As.
f (x)+e H(S) p(a) H(S) a H([)(S)) a

Letting € — O in the above inequality, we obtain that
Y& A x
/ 2 < / g(s)As.
rw Hs) o

In 1995, Ozgun, A. Zafer and B. Kaymakcalem [9] established Bihari’s inequality
[3] (which was established by Bihari in 1956) on time scales as follows:

THEOREM A. Let H € S and g € R™ with g > 0. If y(t) € Cq[T,R"| satisfies

This completes our proof.

y(t) <M+ /tg(s)H(y(s))As for te T,

where M > 0 is a constant, then

t

y(t) < G (G(M) +/ g(s)As)7 € T,

a

where G satisfies condition:

(C) G is a solution of G*(u(t)) = ut(1)

t HGu(0)
G(M) + / g(s)As which is in the domain of G~! for t € TX.

and G is strictly increasing with

In order to generalize Bihari’s inequality [3], Dhongade and Deo [5] introduced the
following class S*.
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DEFINITION. A function H € C(R™, R") is said to belong to the class S* if H € S

and
H
@éH(%) for u>0andt>0. (%)

However, looking closely at condition (x) and letting x = % foru >0 and >0, we
see that

Hence, condition (x) reduces to
xH(u) < uH(x).

In this case, the function H is limited to linear form: H(u) := cu on [0,00) for some
nonzero constant c.
In order to eliminate this disadvantage, we modify the above definition as follows:

DEFINITION. A function H € C(R*,R") is said to belong to the class S} if
H € § and there exists a positive number 7 such that

forall u >0 and ¢ € (0,1].
For example, if H(u) = u”, p > 1, then

for t€(0,1].

Then we can improve Bihari’s inequality as follows:

THEOREM 6. (BIHARI’S INEQUALITY) Let f € Cq(T,[0,7)) be nondecreasing
and g € R with g > 0. If H € SF and y € Cry(T,R") satisfies

t
YO <FO+ [ WHOOSS for e T
then ,
Y0 <FOG (G + [ gloias) or 1e T
t
where G satisfies condition (C) and G(1) +/ g(s)As is in the domain of G™'. In
particular, if f (t) = 0 for t € T*, then y(t) = 0 for t € T*.

Proof. Ttfollowsfrom (6) and H € S that, for any given € > 0 with f ()+€ < 7,

() < (f(r) +€) + /rg(s)H(y(s))As for te T,
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which implies

f@t)+e f(s)+e
e A (1)
ula) = 1,0 = g(H (557 ) < sOH@W),
and hence ()
GHu() = e < 80

Integrating the above inequality from a to ¢ € T, we obtain that

Gu(n) - G(1) < [ g)as

which implies

Therefore .
Y1) < (f(t)+e)G’1(G(1)+/a g(s)As).

Letting ¢ — 0, we obtain the desired result.

THEOREM 7. Let f € Cyy(T, [0,7)) be nondecreasing, g € Rt with ¢ > 0 and
He S:. If y € Cq(T,RY) satisfies

w0 <10+ [+ [ eonomaas por et
then
y(1) < f () [1 +/a 2(s)GH(G(1) —|—/a g(r)Ar)As} for teT,

u (1)
here G sati dition (C*) G is a soluti G*u(t)) = ——— and
where G satisfies condition (C*) G is a solution of G™(u(t)) 0 HED) an

t
G is strictly increasing with G(M) + / g(s)As which is in the domain of G~ for
t € T*.

Proof. Since f (¢) is nonnegative, nondecreasing and H € Si, it follows that for
any given € > 0 with f () + e < 7,

p(1) :=% <1+ /atg(s) _f(igsi —+ / gigfzg(i(?)m}m
< 1+/atg(s) :f(igs)ﬂ+/;g(r)H(f(yr§’)+e)Ar}As (7)
1+ [0 pl)+ [ )]s =),
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Then ,
20 = g0[p0) + [ 6 (po))as]. va) =1 (®)
It follows from H € S%, (7) and (8) that
0 < g0)[v(0) + [ sOHOE)AS] = glom), o)
where ,
nlt) =v(0) + [ e H(5)s. (10)
Then m(a) = v(a) = 1. It follows from (9), (10) and v(¢) < m(¢) that
m (1) < g(1) (m(1) + Hm(1))). (1)
Dividing both sides of (11) by m(z) + H(m(r)) and integrating it from a to ¢,
Gn(1)) - Glm(a)) < [ g(s)as. (12)
Then from (9) and (12),
VA1) < g(t)G—l(G@) +/tg(s)As). (13)

Integrating both sides of (13) from a to ¢ and using (7), we see that

<<+ (6~ (01 + [ e0)as

which implies

y(©) < (f(2) +¢€) [l + /tg(s)G1 (G(l) + /asg(r)Ar)As]

a

Letting € — O in the above inequality, we obtain the desired result.

4. Some applications

THEOREM 8. Suppose that r,g € Cry([a, b],[0,00)) with r > 0 on [a,b], g € R"
with g 2 0. If F : R — R satisfies

[F) = F)I < H(x—yl) for x,yeR

for some H € S with

/—:oo foreach ¢ >0,
0
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then the initial value problem
r()x2 (1) = r(a)x®(a) — /tg(s)F(x(s))As for te Tk,
x(a) =oa, x*a)=p

(IVP)

has at most one solution.

Proof. Suppose that the (IVP) has two solutions x(7) and y(¢), then

20 = [~ [ eFu)a]
and .
70 = 75 [0 @ = [ Poad
Hence
x(t) =a+ /ut r(l—s) [r(s)ﬁ - /usg(u)F(x(u))Au} As,
0 =+ [ L [r0p = [ strow)sas
which imply

([ 25 ([ stma0 - o),

By LaSalle’s inequality, |x(¢) — y(¢)| = 0 on T*. Therefore

x(f) =y(r) on T*.

Similarly, using Theorem 6, we can prove the following:

THEOREM 9. Suppose that r,g € Cr4([a, b], [0, 00)) with r > 0 on [a,b], g € R
with g 2 0. If F : R — R satisfies

|F(x) = F(y)| <H(lx—y|) for x,yeR
for some H € S3, then the initial value problem
r(O)x* (1) = r(a)x*(a) — /tg(s)F(x(s))As for te T,
x(a) =a, x*(a)=p

has at most one solution.

(IVP)
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