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NEW ITERATIVE APPROXIMATION FOR A SYSTEM OF
GENERALIZED NONLINEAR VARIATIONAL INCLUSIONS
WITH SET-VALUED MAPPINGS IN BANACH SPACES

HENG-YOU LAN, NAN-JING HUANG AND YEOL JE CHO

(communicated by R. U. Verma)

Abstract. In this paper, we introduce and study a new system of generalized nonlinear varia-
tional inclusions involving generalized m -accretive mappings. By using the resolvent operator
technique for generalized m -accretive mapping due to Huang and Fang [10], we also prove the
existence theorems of the solution and convergence theorems of the generalized Mann iterative
procedures with mixed errors for this system of variational inclusions in ¢ -uniformly smooth
Banach spaces.

1. Introduction and preliminaries

Variational inclusion is an important generalization of variational inequality, which
has been studied extensively by many authors (see, for example, [1]-[9], [13], [15], [18],
[19] and the references therein). In 1995, Liu [14] introduced and studied the Ishikawa
iteration process and Mann iteration process with errors and proved that if X is a
uniformly smooth Banach space and 7 : X — X is Lipschitzian and strongly accretive,
then the Ishikawa iteration process and Mann iteration process with errors converge
strongly to the unique solution of the equation 7x = f, respectively. Furthermore,
Huang [8] introduced a new class of generalized nonlinear implicit quasi-variational
inclusions and proved its equivalent with a class of fixed point problems by making
use of the properties of maximal monotone. The author also proved the existence of
solutions for this generalized nonlinear implicit quasi-variational inclusions and the
convergence of iterative sequences generated by the perturbed algorithms.

On the other hand, in 2001, Huang and Fang [10] introduced the concept of a gener-
alized m -accretive mapping, which is a generalization of an m -accretive mapping and
gave the definition of the resolvent operator for the generalized m -accretive mapping
in Banach space. Recently, Huang, Fang and Deng [11] and Huang [12] introduced and
studied some new classes of nonlinear variational inclusions involving generalized m -
accretive mappings in Banach spaces. By using the resolvent operator technique in [10],
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they constructed some new iterative algorithms for solving the nonlinear variational
inclusions involving generalized m -accretive mappings. They also proved the exis-
tence of solution for nonlinear variational inclusions involving generalized m -accretive
mappings and convergence of sequences generated by the algorithms.

Motivated and inspired by the recent works of [9], [11], [12], [15], in this paper,
we introduce and study a new system of generalized nonlinear variational inclusions
involving generalized m -accretive mappings. By using the resolvent operator technique
for generalized m -accretive mapping due to Huang and Fang [10], we construct some
new iterative algorithms for approximating the solution for this system of variational
inclusions. We also give the convergence analysis of the generalized Mann iterative
procedures with mixed errors generated by the algorithms in g-uniformly smooth
Banach spaces. Our results improve and generalize the corresponding results of [2], [6],
[15] and [19].

Throughout this paper, we suppose that X is a real Banach space endowed with
dual space X* and the dual pair (-,-) between X and X*. Let 2% denote the family
of all the nonempty subsets of X. The generalized duality mapping J, : X — 2X" s
defined by

Jo) ={f* € X" {xf*) = x| and [ | = [Ix]|"""}, VxeX,

where g > 1 is a constant. In particular, J; is the usual normalized duality mapping.
It is well known that, in general, J,(x) = [|x||972/,(x) forall x # 0 and J, is single-
valued if X* is strictly convex (see, for example, [17]). If X = H is a Hilbert space,
then J, becomes the identity mapping of H. In what follows we shall denote the
single-valued generalized duality mapping by j, .

Let S,A,p: X — X and N1, N,, N1, M2 : X X X — X be single-valued mappings,
T,B: X — 2% be two set-valued mappings and M, M, be two generalized m -accretive
mappings. For any given f, g € X, we consider the following problem:

Find x,y € X such that p(x) € dom(M,) and

{ y _X_AI(NI(S()’)”}) _f) € AlMl(p(x)% Vv e T(y)7 (1 1)

x—y—M(N(A(x),u) — g) € LaMa(y), Yu € B(x),

where Aj, A are two constants. Problem (1.1) is called the system of generalized
nonlinear variational inclusions involving Generalized m -accretive mappings in Banach
spaces.

If p = I, the identity mapping, then problem (1.1) is equivalent to finding x,y € X
such that

{ y—x—M(N(SQ),v) —f) € MM (x), YveT(®) (12)

x—y—A(MN:(A(x),u) — g) € LaMa(y), Vu € B(x).

If X = X* = H is a Hilbert space and M; = 0¢;, where 0¢; denote the
subdifferential of a proper convex lower semi-continuous function ¢; on H, i = 1,2,
then problem (1.1) becomes the following problem:



NEW ITERATIVE APPROXIMATION FOR A SYSTEM OF VARIATIONAL INCLUSIONS 177

Find x,y € X such that p(x) € dom(9¢;) and
(MNL(S(),v) = f) +x =y, M(z,p(x))) 24161 (p(x)) — A1 (2),
Yv e T(y),z€X,
(Ma(Na(A(x),u) = 8) +y =X, M(2,))  2haa(y) — 422 (2),
Vu € B(x),z € X.

(1.3)

which is called the system of generalized nonlinear variational inclusions for set-valued
mappings in Hilbert spaces.

If T)B: X — X are two single-valued mappings, ¢; = ¢» = ¢ and for all
u,veX, mu,v) =M(u,v) =u—vand Ny(4,v) = N2(u,v) = u — v, then problem
(1.3) becomes the following system of nonlinear variational inequalities:

Find x,y € X such that p(x) € dom(9¢) and

{ (M(SO)-T(y) —f+x—y,z—pK)) = oK) —Mo(z), VzeX, 14

\YARR\%

(M(A(x) = B(x) —g) +y—x,2—y) = hod(y) —Ad(z), YVzeX.

Problem (1.4) has been studied by Nie et al. [15] when p =1, A=S and B=T.
REMARK 1.1. For appropriate and suitable choices of f, g, p, N;, M; for
i = 1,2 and for the space X, a number of known classes of variational inequality,
quasivariational inequality, complementarity and quasicomplementarity problems were
studied previously by many authors, see, for example, [2], [4]-[6], [15], [19] and the
references therein.
In this paper, we will use the following definitions and lemmas.

DEFINITION 1.1. The mapping g : X — X is said to be
(1) a-strongly accretive if there exists jo(x — y) € J2(x — y) such that
(8(x) = g().2lx =) = allk—yl’, VxyeX,

where o > 0 is a constant;
(2) PB-Lipschitz continuous if there exists a constant 3 > 0 such that

lg(x) =gl < Bllx—yl, Vx,y€X.

DEFINITION 1.2. Let A : X — X be a single-valued mapping. A mapping
N :X x X — X is said to be

(1) o-strongly accretive with respect to A in the first argument if there exists
Jj2(x —y) € Jo(x —y) such that

<N(A(x)> ) - N(A(y)7 ')>j2(x _y)> = 0'||)C _yH27 Vx,y €X,

where o > 0 is a constant;
(2) e-Lipschitz continuous in the first argument if there exists a constant € > 0
such that
INGe-) = Nl < efle =yl Yooy € X

Similarly, we can define the y -Lipschitz continuity in the second argument of N(-, ).
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DEFINITION 1.3. ([10]) Let n : X x X — X* be a single-valued mapping and
A : X — 2% be a multi-valued mapping. Then A is said to be
(1) n-accretive if

(u—v,n(x,y) 20, Vx,y€ X uécAx), and v € A(y);
(2) strictly n-accretive if
(u—v,n(x,y)) =20, Vx,ye€X,ueA(x),and v e A(y),

and equality holds if and only if x = y;
(3) strongly n-accretive if there exists a constant r > 0 such that

(u—v,n(x,y) >rlx—yl*>, Vxy€X,ucA),and veA(®y);

(4) generalized m-accretive if M is n-accretive and (I + AM)(X) = X for all
(equivalently, for some) A > 0.

REMARK 1.2.If X = X* = H is a Hilbert space, then (i)-(iv) of Definition
1.2. reduce to the definition of 7-monotonicity, strict 71-monotonicity, strong 7 -
monotonicity and maximal 1) -monotonicity respectively; if X is uniformly smooth and
N(x,y) =j2(x—y) € Ja(x—y), then (i)-(iv) of Definition 1.3. reduce to the definitions
of accretivity, strict accretivity, strong accretivity and m -accretivity in uniformly smooth
Banach spaces, respectively (see [10], [11]).

DEFINITION 1.4. The mapping 1 : X x X — X* is said to be
(1) 8- strongly monotone if there exists a constant § > 0 such that

(x=y.nxy) >8llx =y, VxyeX:
(2) 7— Lipschitz continuous if there exists a constnt 7 > 0 such that
eyl < tllx =yl vxyeX.

DEFINITION 1.5. The mapping T : X — CB(X) is said to be ¢-H -Lipschitz
continuous if there exists a constant ¢ > 0 such that

H(T(x), T(y)) <slx=yll, vxyeX,

where CB(X) denotes the family of all the nonempty bounded closed sets of X and
H(-,-) is the Hausdorff metric on CB(X).

The modules of smoothness of X is the function px : [0,00) — [0,00) defined
by 1
px (1) = sup{Z[lx + ¥ + llx =yl = Lo [lxll < 1, Iyl <2}

A Banach space X is called uniformly smooth if lil'% DXTU) = 0 and X is called g-
1—

uniformly smooth if there exists a constant ¢ > 0 such that px < ct?, where g > 1 is
a real number.

It is well known that Hilbert spaces, L, (or [,) spaces, 1 < p < oo, and the
Sobolev spaces WP, 1 < p < oo, are all g-uniformly smooth. In the study of
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characteristic inequalities in g-uniformly smooth Banach spaces, Xu [17] proved the
following result:

LEMMA 1.1. Let g > 1 be a given real number and X be a real uniformly smooth
Banach space. Then X is q-uniformly smooth if and only if there exists a constant
¢q > 0 such that for all x,y € X, j,(x) € Jy(x), there holds the following inequality

[+ Y11 < JIxll? + g (g () + cqllyl]-

LEMMA 1.2. ([10], [11]) Let n: X xX — X* be strict monotoneand A : X — 2%
be a generalized m-accretive mapping. Then the following results hold:

(1) (u—v,n(x,y)) =0, ¥(y,v) € Graph(A) implies (x,u) € Graph(A), where
Graph(A) = {(x,u) e X x X : u € A(x)};

(2) forany p > 0, inverse mapping (I + pA)~! is single-valued.

DEFINITION 1.6.Let A : X — 2% be a generalized m-accretive mapping. Then
the resolvent operator J4 for A is defined as follows:

@) = +pA)~'(z), VzeX,
where p > 0 isaconstantand 1 : X X X — X* is a strictly monotone mapping.

LEMMA 1.3. ([10],[11]) Let n: X x X — X* be strongly monotone and Lipschitz
continuous with constants § > 0 and T > 0, respectively. Let A : X — 2% be a
generalized m-accretive mapping. Then the resolvent operator J/ﬁ) for A is Lipschitz
continuous with constant t/9, i.e.,

T
[WACIRACIES sl vxyex.

2. Existence theorems

In this section, we shall give the existence theorems of problems (1.1) — (1.3),
respectively.

LEMMA 2.1. For given x,y in X, (x,y) is a solution of problem (1.1) if and only
{ p(x) € it (p(x) +y — x = (N (S(), T(v) = f)),

Y €T (x = M (Na(A(x), B(x)) — g))-

Proof. The proof directly follows from the definition of J f,,",_ for i =1,2 and so it
is omitted.

if
(2.1)

LEMMA 2.2. ([16]) Let (X,d) be a complete metric space. Suppose that Q :
X — CB(X) satisfies

H(Q(x),0(y)) < 1d(x,y), Vx,y €X,

where t € (0,1) is a constant. Then the mapping Q has a fixed point in X .
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THEOREM 2.1. Let X be a q-uniformly smooth Banach space, mappings S,A :
X — X be u -Lipschitz continuous and & -Lipschitz continuous, respectively. T,B :
X — CB(X) be v-H -Lipschitz continuous and {-H -Lipschitz continuous, respec-
tively. Let p : X — X be a-strongly monotone and [ -Lipschitz continuous,
N1 ¢ X x X — X be ¢ -Lipschitz continuous and oy -strongly accretive with re-
spect to S in the first argument, N, : X X X — X be €, -Lipschitz continuous and
0, -strongly accretive with respect to A in the first argument, N; be Y; -Lipschitz con-
tinuous in the second argument, 1; : X X X — X* be 7;-Lipschitz continuous and
8; -strongly monotone and M; : X — 2X be generalized m-accretive, for i = 1,2.
Suppose that the following conditions hold:

h= ()= got e <1,

un[(l —qrior + cqlfe‘{uqﬁ + A v]x (2.2)

% [(1 = qAa0s + e AIIED) T + Dayal] < 818:(1 — h),

where cq is the same as in Lemma 1.1 and Ay,A> > 0 are constants. Then problem
(1.1) has a solution (x*,y*).

Proof. First, we prove the existence of the solution. Define a mapping Q : X —
CB(X) as follows:

Q(x) = x = p(x) + Jii, (p(x) + I3, (x = 2 (N2(A(x), B(x)) — g)) — x
= M (N1 (U3, (x = A2(N2(A(x), B(x)) — 8))), (2:3)
T34, (x = 22(N2(A(x), B(x)) = 8))) —f)), Vx€X.

It follows from (2.3) and Lemma 2.1 that (x*,y*) is a solution of problem (1.1) if and
only if there exists x* € X such that x* € Q(x*). Now we prove that Q has a fixed
pointin X . In fact, for any given x,y € X, € > 0 and a € Q(x), there exist u € B(x)
and v € T(w) such that a = x — p(x) + J;,l,,‘l (p(x) +w—x =L (N (S(w),v) —f)).,
where w = J]%,}z (x — A2(N2(A(x),u) — g)). Since B,T : X — CB(X), it follows from
Nadler [16] that there exist «’ € B(y), v/ € T(w’) such that

lu— 'l < (1+ €)H(B(x), B(y)),
v =Vl < (1+ &)H(T(w), T(w"),

where w' = Ji2 (v — M (N2 (A(y), ') — g)). Let b=y — p(y) + Jia (p(y) +w' —y —
A (N (S(W'), v’) —f)). Then b € Q(y). Thus, we obtain
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la = bl = [lx = p(x) + I3, (p(x) + w = x = A (N1 (S(w),v) = )
—{y=pO) + I () + W —y = LN (SW),v) — D}
<l =y = (@) = pO))| + 137, (p(x) +w = x = A (N1 (S(w), v) = £))
— T3 () + W =y = (N (SW), V) — )]
<mfyf@@wnmmw+gﬂufyf@w—p@»n
+w = w = A (N1 (S(w), v) = Ni(S(W), v))|
+ AN (S(O),v) = Ni(S(0w), )|}

<U+%Wwwfww*MﬁN+§MﬂM@W%WfM6w%ﬂH

+w = w = A (N1 (S(w),v) = Ni(S(w'),v)I}-
(2.4)
Since X is g-uniformly smooth Banach space and p : X — X is o -strongly monotone
and B -Lipschitz continuous, from Lemma 1.1, we know that there exists ¢qg > 0 such
that

x =y = (p(x) =pO)I* < (1 = qot 4 cof?)]x =yl (2.5)

Since N is €; -Lipschitz continuous and o -strongly accretive with respect to S in the
first argument and ¥; -Lipschitz continuous in the second argument, S is u -Lipschitz
continuous and T is v-H -Lipschitz continuous, we have

INL(S(W'),v) = Ni(S(w'), )]
1L+ e)H(T(w), T(w')) < nv(l +&)llw —w'||

and (2.6)

[w = w" = A (N1 (S(w), v) = Ni(S(w'), v)) ||
< (1= qA101 + cAfefu)[[w — w'||“.
(2.7)
Similarly, by & -Lipschitz continuity of A, {-H -Lipschitz continuity of B, e, -
Lipschitz continuity and o, -strongly accretivity with respect to A in the first argument
of N, and ¥, -Lipschitz continuity in the second argument of N, , we obtain

Vallu — o'
Y(l + e)H(B(x), B(y)) < n28(1+¢€)llx —yl,
[[x =y = A2 (N2 (A(x), u) = Na(A(y), )| < (1 = gha0r + ¢y Ay €5E7)||x — |7,

IN2(A(y), u) = Na(A(y), )| <
<
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and so
lw = | =I5, (x = 22 (N2(A(x), 1) = 8)) = Jiz, (v = 2 (N2(A(y), ') = g)
< ;—i{\ley — M (N2(A(x), 1) = N2 (A(y), u))|
+ Al IN2(A(y), ) = Na(A(y), )|}
[(1 = g220 + e AIe1ENT + Aoy C(1 + €)]|lx — -

(2.8)

<k
S5
(2.

Combining (2.4)-(2.8), we have

L
la =l < (14+5)(1 — qar+ )i lx ]

T L
+ = [(1 = gAroy + e ATelu?)a + Ay v(L + &)]|jw — W]

all

< {(1+§—1 ;—i[(lquloﬁrchfe‘l’uq)é+/11y1v(1 +€)]x

x 10— ghos + e ML) +Anl(1+ e} x -
= 1+ 01(e) - Oa(&)]Jx — ]
= o(e)llx 1.

)(1—qorte B9 i+

where T
1
5 (1 — a0+ BT,

[(1 — ghioy + ¢ M€ (fﬂq)" +Anv(l + g)],

0(e) =h+0i(e) - (), h=(1+

91(8) 51

0:(e) = (1~ 4ha0n + ¢G2S + hal(1 + )]
From (2.9), we know that

su1<)>d(a, o)) <0(e)|x—yll, Vx,yeX. (2.10)
acQ(x

Similarly, we have

sup d(b,Q(x)) < 0(¢)[lx —y[l, Vx,yeEX. (2.11)
beQ(y)

It follows from (2.10), (2.11) and the definition of Hausdorff metric that

H(Q(x),0(y)) < 0(e)lx —yll, VxyeX

Letting € — 0, we get

H(Q(X), Q(y)) < QHX *)’H, vx?.y € X’ (212)

where 6 = h+ 616,, h = (1 + §)(1 —qgo + cqﬁq)é = 5[(1 — ghior +
chfe‘fuq)flf +Ainyv], 6, = EZ[(I — qA0s + cq)kqe;’éq)q + /lg}/gC] It follows from
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(2.2) that 0 < 6 < 1 and so by (2.12) and Lemma 2.2, we know that Q has a fixed
point in X, i.e., there exists a point x* € X such that x* € Q(x*). This completes the
proof.

If p = I, then Theorem 2.1 becomes the following existence theorem of the
solution for problem (1.2).

THEOREM 2.2. Assume that X,S,A,T,B,N;,n; and M; for i = 1,2 are the same
as in Theorem 2.1. If there exist constants Ay, Ay > 0 such that

un[(1 - qriol + cq/lfe‘fuq)é + AV x

1 (2.13)
X [(1 = gA0r + ¢ AJedE)d + Aayn] < 6162,

where c, is the same as in Lemma 1.1, then problem (1.2) has a solution (x*,y*).

If X = X* = H is a Hilbert space and M; = A¢;, where A¢; denote the 7n-
subdifferential of proper convex lower semi-continuous functions ¢; on H, i = 1,2,
then from Theorem 2.1 and Ding [2], we can obtain the following theorem.

THEOREM 2.3. Suppose that S,A,T,B,N; and N, are the same as in Theorem
2.1. Let X = X* = H be a Hilbert space, forall i = 1,2, 1, : X — X be 7;-Lipschitz
continuous and 0; -strongly monotone such that 1;(x,y) = —n;(y,x) for all x,y € X
and for each given x € X, the function h(y,u) = (x — u,n;(y,u)) be 0-diagonally
quasi-convex (in short, 0 —DQCV) in 'y (see [2],[20]) and ¢; : X — RU{+oc} be
proper convex lower semi-continuous and 1 -subdifferentiable functionals. Ifthere exist
constants Ay, Ay > 0 such that condition (2.2) in Theorem 2.1 holds, then problem
(1.3) has a solution (x*,y*).

Proof. Let M; = Ag; and Jjj (x) = J5, % (x) = (I + A:A¢) "' (x) forall x € H,
where A¢; denote the 1 -subdifferential of ¢; on H and i = 1,2. Then it follows from
Theorem 2.2 of Ding [2] that the 7-proximal mappings Jf‘p" of ¢; is t;/0;-Lipschitz
continuous for i = 1,2. Thus the conclusion follows from Theorem 2.1.

3. Algorithms and convergence

In this section, we construct some new perturbed iterative algorithms with mixed
errors for solving problems (1.1)-(1.3), respectively. We also prove the convergence of
the iterative sequences generated by the algorithms in Banach spaces.

Now, based on Lemma 2.1, we give a new iterative algorithm for solving problem
(L.1).

Algorithm 3.1. For any given xo € X, the generalized Mann iterative sequence
with mixed errors {x,} and {y,} in X is defined as follows:

Xpy1 € (1 — 0t)x, + 04 [X — p(x) JFJ[%/III(P(xn) + Yn — Xn
- Al(J\II(S(yn%T(yn)) _f)) ] + Onen + S, (31)
Yn € ]1%/122()(" - AQ(NZ(A(Xn),B(Xn)) - g)) +f"7 n= 07 17 27 ccey



184 HENG-YOU LAN, NAN-JING HUANG AND YEOL JE CHO

where {o,} is a sequence in [0,1] and {e,},{fn}, {s.} are three sequences in X
satisfying the following conditions:

(i) en=¢e, +el;

(@) lim e[| = Tim |[fa]| = 0;
n—oo n—oo
o0

o0
(iii) > lles]l < oo, 3 [Isall < oo
0 n=0

If p = I, then Algorithm 3.1. reduces to the following algorithm for solving
problem (1.2).

Algorithm 3.2. For any given xo € X, define the Mann iterative sequence with
mixed errors {x,} and {y,} in X as follows:

{ Xn+1 € (1 - an)xn + an[JA)tlll (yn - A1(]\]1(5()01)7 T(yn)) _f))] + e, +Sn>
Yn € T3 (% = Ao (N2 (A(xa), B(xn)) = 8)) +fo n=0,1,2,...,

where {0}, {e.}, {fn} and {s,} are the same as in Algorithm 3.1.

If X = X* = H is a Hilbert space and M; = A¢;, the n-subdifferential of ¢; for
i = 1,2, then we have the following algorithm for solving problem (1.3).

Algorithm 3.3. For any given xy, € X, we obtain the following iterative sequence
{xn} and {y,} in X:

Xn+1 € (1 - an)xn + OCn [xn *p(xn) + Jﬁqjl ([)(Xn) +_Vn — Xn
= M N (Sn), Tn)) — 1)) ] + Qwen + sn,
Y € I35 (0 — Mo (N2 (A(xa), B(xa)) — 8)) + fo n=0,1,2,...,
where Jﬁ(p" (x) (i = 1,2) are the same as in the proof of Theorem 2.3 and {c,}, {e,},
{fn} and {s,} are the same as in Algorithm 3.1.

LEMMA 3.1. Let {an},{bn},{cn} be three nonnegative real sequences satisfying
the following condition: there exists a natural number ngy such that

Ap+1 < (1 - tn)an + bntn + Cn, Vn 2 no,

where t, € [0,1] with > t, =00, lim b, =0 and > ¢, < c0.Then a, — 0 (n —
OO) . n=0 n—0o0 n=0

Proof. The proof directly follows from the proof of Lemma 2 in Liu [14].

THEOREM 3.1. Suppose that X,S,A,T,B,p,N;,n; and M; are the same as in
Theorem 2.1 for i = 1,2. If > a, = oo and condition (2.2) holds, then the
n=0
generalized Mann iterative sequence {x,} and {y,} defined by Algorithm 3.1 converge
strongly to the solution (x*,y*) of problem (1.1).
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Proof. Let (x*,y*) be the solution of problem (1.1). It follows from Lemma 2.1
that

{ p(x*) = Ji (p(&) + ¥ =2 = (NI (SO, V) —f)), W e T(Y),
V= IR (0F — a(N2(A(),u) — g)),  Vut € B(x*).

Since B(x*),B(x,),T(y*),T(y,) € CB(X) for all n > 0, for any given n > 0 and
€ > 0, it follows from Nadler [16] that there exist u, € B(x,), v, € T(y,) such that

||un —u H S ( + S)H(B(xn)vB(x*))’
||Vn - V*” < (1 + E)H(T(yﬂ)7 T(y*))
From (3.1), (3.2) and the proof of (2.9), for all v, € T(y,) and v* € T(y*), we have

(32)

X1 — x*[| = [[(1 = 06)xn + 0l — p(xn) ""Jn)ﬁlll (P(%n) + Y0 — Xn
— M (N1 (SOn)s Vi) — )] + O + 55 — x|
< (1= o)l — x| + Ol —x* — (p(a) — p(x*))|
+ 0|l T (P () + Y — X0 — (N1 (S(), va) = F))
— T3 () v =2 = AN (SO, ) =)+ allenl| + llsull
< (1= o) = x| + 06 (1 + =

5, Il = x" = (pla) = p())l]

T N *

+ S—i[llyn =¥ = AN (S (), va) = Ni(SOT), )l
+ AN, vn) = NUSO) v + cullenll + omllen || + llsall
< (1= on)[lxn — x*[| + awh|xn — x*[| + 001 (€)]|yn
=¥l + oullenll + eyl + lisall),

where h = (l—i—g—i)(l—qa%-cqﬁ‘f)ﬁ , 61(8):5—1[(l—q/110'1+cq/ll"e‘{u‘1)%f—i—)tlylv(l—i—e)] .

Similarly, we get
lyn=y" 1| = V32, (=22 (N2 (A (%0 )= 8)) Hf =i, (5" =22 (N2 (A ("), ") —g) )|
02(&)[1xn — x"[| + [Ifall,

where 0,(¢) = 2[(1 — gA0, + cq/lf’egéq)é + L1+ ¢)].
Combining (3.3) and (3.4), we have

)

AS”

[n1 = x| < [1 = 00 + ah + 0,61 (€) - B:(&)] [lxn — x7|
+ ollley]l + O1(&)Ifull] + (lley Il + [Isall)
= [1 = au(1 = 6(e))][lxn — x|
+ o[yl + 01 (&) Ifull] + (lley || + [Isall),
where 0(¢) = h+ 01(¢) - 02(¢). Let € — 0. Then we have 6;(¢) — 6; for
i =12, 0() — 0, where 0 = h+616,, h = (1 + 2)(1 — qo + c,p9)7,
01 = $[(1-ghioi+e Afefu) T + v, 0 = Z[(1-ghaor 216 i +Aonl].

(3.4)
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Since 0 < 8 <1, 1 —6 > 0, it follows from (3.5) that

[r =X < [1 = o (1 = 0)] [l — X7

1 , " (3.5)
+06(1 = 6) - T3 (llenll + Orllfull) + (llex || + llsull)-

Since Y oy, = 00, it follows from Lemma 3.1 and (3.6) that ||x, —x*|| — 0 (n — o),
n=0
i.e., x, — x*. This completes the proof.

REMARK 3.1.If X is a 2-uniformly smooth Banach space and there exist constants
A1, A2 > 0 such that

h= (1—&—%)\/1—20:—&-@[52 <1,

Tsz(\/l —2A101 + C2)le€%u2 + /11)/1V)><

% (/1 = 2200y + 2A2EE + Aapd) < 8i8(1 — ),

then (2.2) holds. We note that Hilbert spaces and L, (or [, ) spaces, 2 < p < oo, are
2-uniformly smooth.
From Theorem 3.1, we can get the following theorems.

THEOREM 3.2. Assume that X, S,A,T,B,N;,n; and M; for i = 1,2 are the same

as in Theorem 2.2. If Y o, = oo and condition (2.13) holds, then the Mann iterative
n=0

sequence {x,} and {y,} defined by Algorithm 3.2 converge strongly to the solution
(x*,¥*) of problem (1.2).

THEOREM 3.3. Let X,S,A,T,B,N;,n; and ¢; for i = 1,2 be the same as in

Theorem 2.3. If > o, = oo and the following conditions hold:
n=0
T

)(1— ga + ¢, < 1,
o1

h=(1+

T1%[(1 — gAior + Cq/lfelfﬂq)‘l_’ + Ainv]x
% [(1 = qAa0s + e ALe1ED) T + Dyyal] < 818:(1 — h),

where ¢, is the same as in Lemma 1.1 and Ay, Ay > 0 are constants, then the iterative
sequence {x,} and {y,} defined by Algorithm 3.3 converge strongly to the solution
(x*,¥*) of problem (1.3).

REMARK 3.2. For an appropriate choice of the mappings S,A,T,B,N;,n; and
M; for i = 1,2 and the space X, Theorems 3.1 ~ 3.3 include many known results of
generalized variational inclusions as special cases, see [3], [4], [8], [13], [15], [19] and
the references therein.
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