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POSITIVE INCREASING SOLUTIONS OF
QUASILINEAR DYNAMIC EQUATIONS

E. AKIN-BOHNER

(communicated by R. N. Mohapatra)

Abstract. We consider quasilinear dynamic equations whose solutions are classified into disjoint
subsets by certain integral conditions. In particular, we investigate the asymptotic behavior of all
positive increasing solutions of quasilinear dynamic equations.

1. Introduction

In this paper, we consider a quasilinear dynamic equation

[a()®, ()] = b(1)f (x), (1)

where a and b are real positive rd-continuous functions on a time scale T (an arbitrary
nonempty closed subset of the real numbers R), f : R +— R is continuous with
uf (u) > 0 for u # 0 and ®@,(u) = |u[’~>u with p > 1. Here, we assume that T is
unbounded above. The set of rd-continuous functions and the set of functions that are
differentiable and whose derivative is rd-continuous will be denoted in this paper by Cyq
and CJ; , respectively. By a solution we mean a delta-differentiable function x satisfying
equation (1) such that a®,(x*) € CL;. x() turns out to be the usual derivative x'(7) if
T = R and the usual forward difference operator Ax(7) = x(t+ 1) —x(¢) if T = Z, the
set of integers. Therefore, Equation (1) reduces to the quasilinear differential equation,
see Cecchi, Dosld and Marini [8],

la(1)®@, (X)) = b(1)f (x) )

when T = R as well as to the quasilinear difference equation, see Cecchi, Dosld and
Marini [7, 9],

Alar®y (Axi)] = bif (xi41) 3)
when T = Z. In addition we also consider the special case of equation (1)
A
[a(n)@, (x*)]" = b(1)®y(x7) 4)

where g > 1.
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Such studies are essentially motivated by the dynamics of positive radial solu-
tions of reaction-diffusion (flow through porous media, nonlinear elasticity) problems
modelled by the nonlinear elliptic equation

— div(a(|Vu|) V) + Af (u) = 0, (5)

where o : (0,00) — (0,00) is continuous and such that §(v) := a(|v|)v is an odd
increasing homeomorphismfrom R to R, A is a positive constant (the Thiele modulus)
and f presents the ratio of the reaction rate at concentration u to the reaction rate at
concentration unity, see Diaz [10] and Grossinho and Omari [11]. If o(|v]) = |[v[—2,
then the differential operator in equation (5) is the one dimensional analogue of the
p-Laplacian A,(u) = div(|Vu[P~2Vu), and equation (5) leads to equation (2) when
T=R.

Our goal is to investigate the asymptotic behavior of all positive increasing solutions
of equation(1) on time scales. We have some conditions on certain integrals depending
on a and b to divide solutions into several disjoint subsets. The Tychonov fixed point
theorem is used as well.

The setup of this paper is as follows: In Section 2, we briefly introduce preliminary
results on time scales. An introduction with applications and advances in dynamic
equations are given in [4, 5]. In Section 3, we consider the existence of bounded
solutions of (1) on T. In Section 4, we discuss a comparison criterion which gives
the existence of upper solutions. In Sections 5 and 6, we assume that u(¢) is delta-
differentiable on T and the existence of unbounded solutions of equations (4) and (1)
on T is investigated, respectively.

2. Preliminary results

The forward jump operator and the backward jump operator on T are defined
by o(t) :=inf{s > ¢r:5 € T} € T and p(r) :=sup{s < ¢t:s5 € T} € T for all
t € T, respectively. In these definitions we put inf()) = sup T and sup(@)) = infT.
If o(r) > t, we say tis right-scattered, while if p(r) < t, we say ¢ is left-scattered.
If o(t) = t, we say 1t is right-dense, while if p(t) =, we say ¢ is left-dense. The
graininess function W : T +— [0,00) is defined by u(z) := o(¢) — . We define the
interval [fp,00) in T by [fg,00) :={t € T : ¢t > to}. The set T* is derived from
T as follows: If T has left-scattered maximum m, then T* = T — {m}. Otherwise,
T* =T.

Assume f : T — R and let + € T¥. Then we define f2(¢) to be the number
(provided it exists) with the property that given any € > 0, there is a neighborhood U
of ¢ such that

[f (0(0) —f ()] =2 (Dlo(r) —s][ < e[o(t) —

forall s € U. We call f2(¢) the delta derivative of f (t) at ¢.
It can be shown thatif f : T — R is continuous at # € T and ¢ is right-scattered,
then
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while if ¢ is right dense, then » )
A f) —f(s
t) = lim—————=
fR() = lim——=
if the limit exists. If f is differentiable at 7, then

£ = £ () +m(Of>0),  where [T =foo. (6)
If f,g: T+ R are differentiable at r € T*, then the product and quotient rules are as
follows:

)

(F&)" (1) = f(0)g(0) +° (18" (1)

and A
f _fR0g() —f(1)g"(1)
( ) 0= 0w

p it g(1)g%(1) #0.

Wesay f : T — R is rd-continuous provided f is continuous at each right-dense point
t € T and whenever 7 € T is left-dense lim,_,,— f (s) exists as a finite number.

A function F : T* — R is called an antiderivative of f : T +— R provided
FA(t) = f (t) holds for all # € T¥. Every rd-continuous function has an antiderivative.
In this case we define the integral of f by

/tf (s)As = F(t) — F(a) for teT.

IfaeT, supT = o0, and f € Cq on [a,0), then we define the improper integral

by oo b
/ f ()AL = bli>nolo f(H)Ar

provided this limit exists, see Bohner and Guseinov [3].
The chainrule on T plays an important role in this paper (see the proof of Theorem
3.2) and is given as

(f og)™(r) = {/0 £ (g(r) + hu(n)g™(n)) dh}gA(t% (7)

where f : R — R is continuously differentiable and g : T — R is delta differentiable,
see Bohner and Peterson [4, Theorem 1.90].

In the earlier paper by Akin-Bohner [2], the asymptotic behavior of all positive
decreasing solutions of (1) is considered. It is shown that any nontrivial solution of (1)
is eventually monotone and belongs to one of the two classes:

MT :={x € S: there exists T > t, such that x(¢)x*(t) > 0 for¢ > T}

M~ :={xeS: x(t)x*(t) < 0on [tg,0)},
where S is the set of nontrivial solutions of equation (1) on [z, 00), see [2, Lemma 3.1].
Concerning the class M* for equation (1), such a class can be empty when T = R,
see Kiguradze and Chanturia [17, Corollary 17.4]. However, it is not true when T = Z.
For instance,

X’ = x*sgnx
does not have solutions in the class M, whereas the corresponding difference equation
Ax, = X2, | SgNXps1

has positive increasing solutions.
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We denote the subsets of M* consisting of bounded and unbounded solutions of
(1) by Mj; and M, respectively, where
My ={xeM": lim |x(r)] < oo}
t—o0
and
M ={xeM": lim |x(r)] = oo}
—o0
A solution x € M7, is said to be strongly increasing if lim,_,oo |a(t)®,(x*(1))] =
and regularly increasing otherwise. The set of strongly increasing solutions and the
set of regularly increasing solutions will be denoted by M ¢ and M_ ., respectively,
where
M}, ={xeM": lim |x(t)| = oo, lim |a(t)®,(x*(1))| < oo}
t—00 t—00
and
Mis={xeM": lim |x(r)| = oo, lim |a(t)®,(x"(1))| = oo}.
—0o0 t—o0
Notice that
M" =M UM =Mj UM_,UM .
Such sets are characterized by certain integrals

T 1 > ( t
lim [ @ [ — ) D) /bsAs)At,
T—o0 Iy b <a(t) P Iy ( )
T 1 T
Y, lim ®*<—>(D*(/ bsAs)At,
T 00 o P a(t) P ] ( )

! 1
Y; = lim (I)p* <—> At,
T—co J, a(t)
T
Yy = lim b(1)At,
T—o0 fo
where ®,« is the inverse of the map @, , i.e., ®p(Pp* (1)) = Pp= (Dp(u)) = u. Then
@, (1) = |ul”" 2u, where [17 + pi* = 1. One can find the proof of the following result
in [2, Lemma 3.2] which gives the convergence or divergence of Y, Y>, Y3 and Yj.

Y

LEMMA 2.1. We have
) If Y1 < 00, then Y3 < 00.
) If Y, < 00, then Y4 < 00.
(iii) If Yy = 00, then Y3 = 00 or Y4y = 0.
) If Y, =00, then Y3 = 00 or Y4 = 00.
) Y1 < oo and Y, < oo ifandonly if Y3 < 0o and Y4 < oc.

3. Bounded solutions of (1)

In this section the existence of bounded solutions of (1) is considered. We start
with necessary and sufficient conditions ensuring that M, # 0.

THEOREM 3.1.  Equation (1) has a solution in the class My if and only if
Y < 0.
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Proof. Let x € M}, . Without loss of generality assume x(f) > 0, x*(¢) > 0 on
[fo,0), t > to . Therefore, we have

A
[a() @, (x*)]" = b(0)f (x7) = b(t)my, (8)
where my = : (m)in( : f (u) . Integrating inequality (8) from 7, to ¢ yields
ue |x(tp),x(oco

t

a()®@,(x*(1)) = a(ty)®@,(x*(t0)) + mf/ b(s)As > mf/ b(s)As

Iy 4]

() > D, (% /totb(s)As) . 9)

Integrating inequality (9) from #, to 7 yields

x(t) > x(to) + /, t D, (% [ Sb(r)AT) As,

which is the desired result when ¢ — co.
Conversely, we prove that Mj; # (). Define M; = max f (1) and choose 7 > to
such that u€lz 1]

@ ) | / o (o / tb(r)Arﬂ .

Define X to be the Fréchet space of all continuous functions on
the topology of uniform convergence on compact subintervals of
nonempty subset of the Fréchet space Cl[t;,00) given by

and so

D =

t1,00) endowed with
t1,00). Let Q be the

Q={ueClt,o): % <u(r) < 1}

Clearly Q is bounded, closed and convex. Now we consider the operator 7 : Q —
Clt1,00) which assigns to any u € Q the continuous function T(«) =y, given by

(L / Sb(r)f(u"(r))AT) As.

yu(t) = T(”)(t) = % +/ D) a(s) J,

131

Thus

% <T(w)(r) = % + @, (My) U;cbp* (% /tlsb(r)Ar) AS] <L

which implies 7(Q) C Q. One can show that T is continuousin Q C X and relatively
compact. Finally, using the Tychonov fixed point theorem gives the existence of a
solution in M}, , similar to the argument in [2, Theorem 4.1].

The following result gives a stronger result.

THEOREM 3.2. Assume Y| < oo and

—i0
1
e @510

Then every solution x of equation (1) in M™ is bounded, i.e., M, = 0.

< 0. (10)
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Proof. In view of (10) there exist two positive constants R and L such that

f(u)
D, (u)

<L for u>R.

Assume there exists an unbounded solution x of equation (1) and without loss of
generality assume x(f) > R, x*(t) > 0 forall > #,. From equation (1) we have

a(t)®, (x> . A
(i) = 020N 5y + a0 0) (57 )
_ b (x°(1)  a()®, (x*(1))[@p (x(1))]
D, (x7(1)) Dy (x(1))®p (x7(1))
Integrating the above equation from #y to ¢ gives
a(t), (1) ’
W < H+L/t0 b(T)AT, (11)
where H = %W. If Y4 < oo, then there exists a positive constant H; such that
a(t) @, (x4(1))
oam)
(1) H
o <o (i)
Then by (7),

A ! 1
[In(x(z))]* = x2(¢) /0 Wdhéﬁ(t) /0 FORRETOR

This implies that
xA(1) H
) < 35 <0 (375).

Integrating the above inequality from 7y to ¢ yields

In(x(z)) < In(x(10)) + /to , D, (%) AT.

As t — 00, this contradicts the fact that ¥; < oo implies ¥3 < oo by Lemma 2.1 (7).
If Y4 = oo, then choose #; > fy such that

131
H< L/ b(T)At.
0]
From inequality (11) we have for t > 1,
ai(t)(bp(xA(t)) <2L /tb(T)AT
@, (x(1)) f

or
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20 g "b(7)
TN X Ep* (2L)(I)p* VAT
By (7), we obtain x(1) (/to a(t) )

In(x(T)) < In(x(10)) + @~ (2L) / ", ( / t %As) AL

to

As T — oo, this contradicts the fact that ¥; < co. Therefore M1, = 0.

REMARK 3.1. In general Theorem 3.2 does not hold without the condition (10).
When T = Z, Cecchi, Dosla and Marini in [7, Example 1] show that x, = (n — 1))
is an unbounded solution of the equation

20
Al(n—3)(n —4)Ax,) = Wf(xnﬂ), n>4,
k) _ _ 2 . f(u) _
where n'W =n(n—1)---(n—k+1) and f(u) = u*sgnu. In this case, o)
» u

usgny and Y, < oco.
The following corollary follows from Theorem 3.1, Lemma 1.1 and Theorem 3.2.

COROLLARY 3.1. Assume Y, < co. Then My # () and M. = (. In addition,
if (10) holds, then M} g =0, i.e., every solution of (1) in M" is bounded.

(o)

Proof. When Y; < oo, M} # 0 follows from Theorem 3.1. To prove M1, =0,
we assume not. Then there exists a solution x of equation (1) in M7 . Without loss of
generality, we assume that x(#) > 0 and x*(r) > 0 forall 7 > #,. Since a(1)®,(x*(7))
is bounded, there exists a positive constant m such that for all ¢ > ¢y,

A (f) < Dy (%) .

Integrating both sides of the above inequality from 7y to ¢ gives us

x(1) < x(to) + /tot - (%) As.

Since Y| < 0o, Y3 < oo by Lemma2.1. But this contradicts the fact that x is a solution
of equation (1) in M , as t — oo. Finally, the last claim follows from Theorem 3.2.

4. The Comparison criterion

In this section, we consider two quasilinear dynamic equations

A
[a(n)®, (x*)] = b(1)g(x?), (12)
and R
[a()®, ()] = B(O)h(7), (13)
where a,b and B are real positive rd-continuous functions on T and functions g, :
R +— R are continuous with ug(u) > 0, uh(u) > 0 for u # 0 and ®,(u) = [ulP2u
with p > 1.
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The following comparison criterion gives the existence of upper solutions.

THEOREM 4.1.  Suppose that B(t) > b(t) and there exists a positive constant R
such that
[h(u)] = |g(u)] for |u| = R (14)
and h or g is strictly increasing for |u| > R. Let x be a solution of equation (12)
such that |x(t9)] > R, x(19)x*(t9) > 0, ty € T. Then for any solution y of equation
(13) in M with |y(to)| > |x(10)|, x(t0)y(t0) > 0 and |y*(10)| > |x*(t0)| it holds for
t>t

(@] = x(@)]
and
|a(t)®,(y*(1)] = [a(t) @y (x*(1)] -
Proof. Without loss of generality we consider solutions x(#) starting with a positive
value, i.e., x(f9) > 0. In view of [2, Lemma 3.1], x(f) and y(¢) are increasing and so
x(#) > R, y(t) > R. Define for t > t,

d(r) = y(1) = x(1).
Clearly, d(t)) > 0 and d*(#)) > 0. In order to finish the proof it is enough to show
that d does not have a positive maximum in (#p, 00). Assume not, then there exists
t1 € (t,00) such that
d(t;) = max{d(t) : t € [ty,00)} > 0

and

d(t) < d(n) fort > 1.
One can show that p(#;) = #; < o(#1) is not possible and for cases p(t;) < #; < o(t1),
p(n) <ty =o0(t) and p(f1) =1, = o(t;) we obtain

d* (1) < 0and d*(p(t,)) > 0.

Here, we refer to the paper by Akin [1] for the detail of the last claim. We define

G(1) = a(t) [@,(y (1)) — @p(x*(1)] -

Then we have

By inequality (14) we obtain

GA(1) = b(1) [n(y° (1)) = h(x*(1))],  G*() = b(1) [s(+7 (1)) — 8(x°(1))] -
Since d(t;) > 0, the monotonicity of & or g gives G*(p(#1)) > 0.

For the cases p(t1) < f1 < o(f) and p(t;) < 1, = o(f1), we obtain G(t;) < 0
and G(p(t1)) > 0 by the monotonicity of @,. On the other hand, by equation (6) we
obtain

G°(p(n)) = G(p(n)) + u(p(n))G*(p(n)) > 0.
Since o(p(#;)) = #; in these cases, we have G°(p(#;)) = G(#;). But this gives a
contradiction.
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For the case p(t;) = t; = o(t;), we obtain G2(¢;) > 0 and G(t;) = 0 since
d(t;) > 0, d*(ty) = d*(p(t;)) = 0 and by the monotonicity of & or g. Therefore,
there exists § > 0 such that lim G*(f) = G*(t;) > 0. This implies that G(¢) is

tﬂtr
strictly increasing on (#1,#; + 6] and so G(¢) > 0 on (1,4, + 0]. This ensures that
d*(t) > 0 on (t;,1; + 8], and so d is strictly increasing on (1,1, + &]. But this gives
a contradiction.
Therefore, d does not have a positive maximum on (fy, co) for all cases and so
d(t) > 0 on [tg,00). Since y*(t) — x*(t) = d®(t) > 0 for t > 1, the monotonicity of
®,, yields the second part of the result.

REMARK 4.1. In the above result we have to assume that 2 or g is strictly
increasing due to the case where p(f;) = 1, = o(#;). Since we do not have dense
points when T = Z, it is enough to assume that & or g is nondecreasing, see [7,
Theorem 3]. When T = R, there exists a comparison result only for solutions of
equations (12) and (13) when h = K®,, K > 0, see [8, Theorem 7).

5. Reciprocal principle

In this section, we study the existence of unbounded solutions of equation (4) on
T. From now on we assume that u(7) is delta-differentiable on T. Let x be a solution
of equation (4), then y = a(r)®,(x*(7)) is a solution of the reciprocal equation

1 A

= @ (1) = [1+p(1)] Dy (v°), (15)

Py (a®(7))

where p* and ¢* are conjugate numbers of p and ¢, respectively. Equation (15)

1
follows from the equation (4) by replacing a with o600 and b with [14u*(7)]
1 -
—————, where we use x® = [1+ u*] xA, see Bohner and Tisdell [6]. Notice
By (@ (0)

that for solutions x of equation (4) and y of equation (15) it holds that
x € MT ifand only ify € M.

Also, Y3 for equation (4) plays the same role as Y4 for equation (15) and vie versa,
analogously Y, for equation (4) plays the same role as Y3 for equation (15). Similarly,
for equation (15) the integrals Y; and Y> become

T

Ys=lim | b(1)®, (/t (14 pl(s)) @y~ (ﬁ) As> At

Iy Iy

and

Yo = lim IOT b(t)®, (/T (14 u(s)) @y (ﬁ) As) At,

respectively. Because of p < ¢ if and only if ¢g* < p* and the reciprocity principle we
have the following corollary.



108 E. AKIN-BOHNER

COROLLARY 5.1. We obtain
(i) if p 2 q and Ys < oo, then every solution x of equation (4) in M* satisfies
tgrgloa(t)(l)p(xA(t)) < 00, ie, Ml g=10;
(ii) if Ys = oo, then a®,(x*) of every solution x of equation (4)in M" is unbounded;
(iii) if Y1 = oo and Ys = oo, then every solution of equation (4) in M is strongly
increasing, i.e, M™ =M} ¢+ 0;
(iv) if Y1 = 00 and Ys < 0o, then equation (4) has a solutionin M’ g, i.e., M # 0.

Proof. To prove part (i) we apply Theorem 3.2 to the reciprocal equation (15)
and obtain that every solution of equation (15) in M* is bounded, i.e.,

Tim y(1) = lim a()®, (<(1)) < oo,

To prove part (ii) we apply Theorem 3.1 to the reciprocal equation (15). The proof of
(iii) follows from Theorem 3.1 for equation (4) and part (ii). For part (iv) we apply
Theorem 3.1 to obtain M, = () for equation (4), i.e., Mt = ML . Applying Theorem
3.1 to the reciprocal equation (15) completes the proof.

6. Unbounded solutions of (1)

Theorem 4.1 and Corollary 5.1 give us the existence of unbounded solutions of
equation (1).

THEOREM 6.1.  Assume (10) holds. If Ys < oo, then equation (1) does not have
solutions in M1 g, i.e, M1 ¢ =10.

Proof. Since (10) holds, there exist two positive constants L and R such that

f(u) < L®,(u) foru > R.

Let x(¢) be a solution of equation (1) in M} ¢ and without loss of generality assume
x(#) = R and x*(t) > 0 for ¢ € [ty,00). From Theorem 4.1 with h(u) = L®,(u),
g(u) = f (u) and B(r) = b(r) for any solution y € M+

[a()®, (2 (1))] " = b(1)L®, (" (1)), (16)
with y(t9) > x(t9) and y*(ty) = x*(to) it holds for t > t,
a(1)®, (Y (1)) = alt) D, (2 (1)). (17)

By Corollary 5.1 (i), equation (16) does not have solutions in M__;. But inequality
(17) gives a contradiction as t — oo .

REMARK 6.1. In general, Theorem 6.1 does not hold without the condition (10)
when T = Z. In [7, Example 2] the equation

2
Nx, = mf(xn+l)7 n>1,

is considered where f (u) = |e" — 1|sgnu. It is shown that x, = n(n — 1) is an
unbounded solution of the above equation and belongs to one of the class MZ_; . In this
case, forany ¢ > 1, ¥s < oo and (10) is not verified.
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THEOREM 6.2. Assume that there exists q > 1 such that

[ () . (18)

lim sup <00

|u| —o0 q)q(”)

If Y1 = o0 and Ys < 0o, then equation (1) has a solutionin M}y, i.e., M’ # 0.

Proof. By (18), there exist positive constants L and R such that
f(u) < Ldy(u) foru > R.

By Corollary 5.1 (iv), there is a solution y of

in M, and without loss of generality assume y(¢) > R and y*(¢) > 0 for ¢ € [t, 00).
Let x be a solution of equation (1) with x(ty) = y(tp) and x*(t)) = y*(to). From
Theorem 4.1 with h(u) = L®,(u), g(u) = f (1) and B(r) = b(r), we obtain (17) and
so limsup a(7)®, (x*(¢)) < oo for t € [ty,00). By Theorem 3.1, solution x belongs to

—0o0

M7, since Y; = 0o andso M, # ().

REMARK 6.2. When T = Z, in [7, Example 3] the equation
A [Axn] = einf(xn+1)7 nz 17

is considered where f : R — R is continuous with uf (u) > 0 for u # 0 and
If (u)| = e” for |u| > 1 to show that the condition (18) cannot be dropped in Theorem
6.2.

We have the following corollary for equation (1). It follows from Theorems 3.1,
6.1 and 6.2.

COROLLARY 6.1. Assume that Y\ = oo and Y, < oo. Then M; =0. In
addition, if there exists q > 1 such that (18) holds, then M__p # 0. If (10) holds,
then Mg = 0. Therefore, if there exists q > 1 such that (18) holds and (10) is
verified, then every solution of (1) in M is regularly increasing.

THEOREM 6.3. Suppose that there exists q > 1 such that

. f)
1|1ur\n_}g D, (u)

> 0. (19)

If Y| = Y5 = oo, then every solution of equation (1) in M+ belongs to M g, i.e.,

oS>
Mg =Mz =0.

Proof. By Theorem 3.1, it is enough to show that M. . = () since ¥; = oo
implies M = (). From (19), there exist positive constants / and R such that

f(u) > 1D, (u) foru > R.
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Let x be a solution of equation (1) in M., and without loss of generality assume
x(¢) = R and x*(¢) > 0 for t > to. Let z be a solution of equation

[a(0)®,(22(1)]" = b(1)i®, (% (1)

with z(t) = x(t0), z*(to) = x*(t). From Theorem 4.1 with h(u) = f (u), g(u) =
I®,(u) and B(r) = b(r) it holds for 1 > 1,

a()®(x*(r)) = a(r)®,(2(1)). (20)
By Corollary 5.1 (iii), z belongs to M/ . But (20 gives) a contradiction as 7 — 0o .

REMARK 6.3. When T = Z, the condition (19) cannot be dropped in Theorem
6.3 for the equation

A

1 2n
n+ 1 n:| _mf(xn+l)> I’l>1,
where f : R — R is continuous with uf (1) > 0 for u # 0 and |f (u)| = |17‘ for

lu| > 1. It is shown that x, = n(n — 1) belongs to the class M. .. In this case,

f ()

Y = o0, Y5 = 00 and lim B0 —

U— 00

0 forany g > 1, see [7, Example 4].
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