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AN APPROXIMATION APPROACH TO EIGENVALUE
INTERVALS FOR SINGULAR BOUNDARY VALUE
PROBLEMS WITH SIGN CHANGING NONLINEARITIES

HAISHEN LU, DONAL O’REGAN AND RAVI P. AGARWAL

(communicated by R. N. Mohapatra)

Abstract. This paper presents new existence results for the singular boundary value problem

—u" =g (t,u) + Ah(t,u), t € (0,1)
u(0)=0=u(l).
In particular our nonlinearity may be singular at # = 0,1 and # = 0 and is allowed to change

sign. Existence in this paper will be established by obtaining a sequence of upper and lower
solutions which in turn will generate a sequence of approximate solutions.

1. Introduction

In this paper we study positive solutions of the second order boundary value

problem
{u”—g(t,u)+/1h(t,u),tE(O,l) (1.1)
u(0)=0=u(l) ’

where A > Ay > 0 is a constant; an estimate on Ay will also be provided. Here
g:(0,1) x (0,00) — R and h : (0,1) x [0,00) — [0,00) are continuous so as a
result our nonlinearity may be singular at # = 0,1 and # = 0. Also our nonlinearity
may change sign. A function u is a solution of the boundary value problem (1.1)
if u:[0,1] — R, u satisfies the differential equation (1.1) on (0, 1) and the stated
boundary data.

We let C[0,1] denote the class of maps u continuous on [0, 1], with norm
|u| o = max,ecp u ()| . Let

h(s)|ds < co with
heC(o,1) o I .
{ < " imyo- 2] (1)) < oo and Tim,_,— (1 — ) |h ()] < oo }

The main result of the paper is the following.
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THEOREM 1.1. Suppose the following conditions hold:
(G1) there exist g; : (0,1) x (0,00) — (0,00) (i =1,2) continuous functions
such that
gi(t,-) is strictly decreasing fort € (0, 1),
—&i(t,r) <glt,r) < gat,r) for (t,r) € (0,1) x (0,00),
forall ry > ry > 0 there exists y (-) € M such that
g2 (t,r) + v (¢) r is increasing in (ri,r2);
(G2) g1 (r91(-),82(,r) € M forall r > 0;
(H1) there exist h; : (0,1) x [0,00) — (0,00) (i =1,2) continuous functions
such that
h; (t,-) is increasing for t € (0,1),

hy (t,r) < h(t,r) < (t,7) for (2,r) € (0,1) x (0,00),

hy (t
fim 12(7)

r—o00 r

=0fort e (0,1) and

there exists T > 0 such that hy (t,7) > 0 forallt € (0,1);

(H2) hy(-,7),ha (-,r) € M forall r > 0.

Then there exists Ay > 0 such that for every A > Ay problem (1.1) has at least
one solution u € C[0,1]NC' (0,1) and u > 0 for t € (0,1). Moreover, there exists
ci=ci(A,g,h,¢1) >0 (i=1,2) such that

a1 (1) Su(t) <cz (9 (1) +1) forr €0,1],
where ¢y is defined in Lemma 2.1.

REMARK 1.1. In [3], the authors consider the boundary value problem

—u' =f(t,u), t€(0,1

( ) ( ) (1'2)
u(O) =0= u(l)

under the conditions

(i1) there exists a constant L > 0 such that for any compact set K C (0,1), there is
€ = €¢ > 0 such that

f(t,r) > Lforallt € K, r € (0,¢];
(i) forany & > O thereis hs € C((0,1),R") with
If (t,r)| < hs (¢) forallz € (0,1), r > 8,
and

1
/ t(1—1)hs (¢)dt < oc.
0
Then problem (1.2) has at least one solution u € C ([0, 1],RT)NC? ((0,1) ,RT).
In Section 3 we give an example (see Example 3.1) which satisfies the conditions

in Theorem 1.1 but it does not satisfy the conditions in Remark 1.1.
REMARK 1.2. An estimate for Ay will be given in the proof of Lemma 2.7.
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2. Proof of Theorem 1.1

We first give some lemmas which will help us to prove Theorem 1.1.

LEMMA 2.1. Consider the following eigenvalue problem

—u" =2Au(t), t€(0,1)
(2.1)
u(0)=u(l)=0.
Then the eigenvalues are
A = (mm)? form=1,2,--
and the corresponding eigenfunctions are
O (1) = sinmmt form = 1,2, -+
Let G (t,s) be the Green’s function for the BVP
—u"=0forz € (0,1)
u(0)=u(l)=0.
Then
s(l—1), 0<s<t<1
G(t,s) = (2.2)
t(l1—s), 0<r<s<1
Also for all (¢,s) € [0,1] x [0, 1] define
;)
ift#£0,1
¢1 (1)
N (l, S) = 2 ifr=0 (2.3)
T

It follows easily that
0<G(t,s)<t(l1—1t) forre(0,1) ands € (0,1);

_ 24
MgN(t,s)gl forall € (0,1) ands € (0,1). @4
2n 2
Define the operator A,B: M — C[0, 1] by

1
Ax (1) = / G (t,5) x (s) ds. (2.5)

0

and |
Bx (1) :/ N (t,s)x(s)ds. (2.6)

0

LEMMA2.2. Let EC M and Be M. If |x(t)| < B(t), t €(0,1) forall x € E,
then A (E) and B (E) are relatively compact with respect to the topology of C[0,1].
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Proof. Now since

Ax (1) <

1 1
/OG(t,s)x(s)ds g/o s(1—s)B(s)ds,

we know that A (E) is uniformly bounded. On the other hand, Vx € E, we find

d

z 1
|(Ax)" (1] = E/Os(l—t)x(s)der%/t t(1—s)x(s)ds

g/otsx(s)|ds+/tl(ls)|x(s)ds

t 1
</Osﬁ(s)ds+/t (1—5)B(s)ds
=y (¢) forr € (0,1).

We now prove that y € L' ((0, 1), R) . This is sufficient to ensure the compactness of
the image A (E) via the Arzela-Ascoli theorem.
A simple computation yields

/01y<s>|ds=/01y<s>ds

t 1 1
< lim (lft)/o sP(s)ds+ lim t/; (1—5)[3(s)ds+2/0 s(1—s)B(s)ds

t—1— t—0*
1
<4/ s(1—s)B(s)ds < 0.
0

Thus A (E) is relatively compact with respect to the topology of C [0, 1]. We next
prove B (E) is relatively compact with respect to the topology of C [0, 1]. Now since

Bx (t) <

1 1 /!
/ON(t,s)x(s)ds <§/0 B (s)ds,

we know that B (E) is uniformly bounded. On the other hand, Vx € E, we let

Bx(t) = h(t) Vx(z)

where .
tEl) (_t)t) forzr € (0,1)
hy=5
l fort =0,1
T
and
Vx (t) = LBx (1)
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Now, Vx € E, we find

|(Vx)' (1) =

d ["s(1—1) d ['1(1—ys)
7], wop et g | e

1 [ 1 !
‘7/0 seis)ds + s [0 x(as

1/ 1
t_z/OSB(S)dS+(1I)2/z (1—25)B(s)ds
=1(t) forr € (0,1).

N

We now prove that 7 € L' ((0,1),R). This is sufficient to ensure the compactness of
the image V (E) via the Arzela-Ascoli theorem.
A simple computation yields

/01|r<s>ds - /Olm)ds

1
< / B(s) + lim 5B (s) + lim (1—5)B(s) < oo,

s—1—
Thus V (E) is relatively compact with respect to the topology of C [0, 1]. Finally,
forany 0 < 11, < 1, note
Bx () — Bx ()] = h(n) V() — h (1) Vx (1)
< h(n)|Va(n) — Ve ()] + [V ()| A (n) — h (1)
< a|Vx(t) = Vx(n)|+c2 |h(n) — h(z)

where ¢; (i = 1,2) > 0 are constants. Thus B (E) is relatively compact with respect
to the topology of C [0, 1].

Next we consider the boundary value problem
—u"+a(u(@)y=f (1), t€(0,1)
{ u(0)=0=u(l)
where a,f € M, a(t) >0 fort € (0,1).

LEMMA 2.3. (1, pp 69) The following statements hold:
(i) forany f € M, (2.7) is uniquely solvable and

u+Aau) =A(f);
(i@i) if f (t) = 0 for t € (0,1), then the solution of (2.7) is nonnegative.
COROLLARY 2.1. Let ® : M — C[0,1]NC" (0, 1) be the operator such that ® (f )
is the solution of (2.7). Then we have
(i) if f1 (1) < f2(1) for t € (0,1), then @ (f1) (1) < @ (f2) (1) for 1 € [0,1];

)
(ii) let EC M and B € M. If |f (1)] < B(t), t € (0,1) forall f € E, then
@ (E) is relatively compact with respect to the topology of C[0,1].
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LEMMA 2.4. Suppose (G1), (G2), (H1) and (H2) hold. Let ny € N. Assume
for every n > nyg, there exist a,,8,,0 € M such that
0<ay(t), [8, ()] <6 (t) and ”linolo O, (1) =0 fort € (0,1)
and there exist U, Uy, Uy, U € C [0, 1] such that
0<u(t) <u,(t) <u,(t) <u(r) fort€(0,1)
and u(0) =u(l)=0.1If
@ (0) + an (07 (< g (r, L+ v> AR (1) + 8, (1) + @ (1) v 1)

forte (0,1)

(2.8)

and

LR + an (1) (0> (;, % + v> AR (V) + 8y () + an (1) v (1)

forte (0,1)

where A >0 and v € [uy,uy] = {u € C[0,1], u, (t) < u(t) <u,(t) fort €[0,1]},
then problem (1.1) has a solution u € C[0,1]NC" (0,1) suchthat u (t) < u(t) < u(t)
fort€10,1].

(2.9)

<)

Proof. Fix v € [#,u]. From Lemma 2.3, there exists ¥ (v) € C[0, 1] such that
YW@ +a, ()Y (v) (1) =g (t, % + V) + AR (1,v) +a, (t) v (2) + 8, (2)
forr € (0,1)
Y (v) (0) =¥ (v) (1) =0.
Then
Y (v) (1)+A (@, ¥ (v)) (1) = A (g (-, % + v) +AR(,v) +av+ Sn) (r) forr € (0,1).

By Corollary 2.1, we have
u, (1) <Y (v) () <uy,(r) forr € [0,1].

o (2)en ()

+ Ay (1, |i‘\n|<x>) +ap |i‘\n‘oo + 16, (2)]
=B() eMforte (0,1).

Also
1

g <t,— +v> + Ah(t,v) + av+ 5,
n

By Corollary 2.1 we have that W : [u,, #,] — [H,, U,] is relatively compact. From
Schauder’s fixed point theorem, there exists u, € C[0,1] such that @, () < u, (1) <
Uy, (1) and W (uy,) (t) = u, (¢) for t € (0,1). Note

—u, (1) =g (t, 1y u) + AR (t,uy) + 8, (£) fort € (0,1)
n

u, (0) =u, (1) =0.
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Fix mg € {2,3,---}. Let us look at the interval [1/2™1 1 —1/2mF1] | Let

Ry, = sup{|g (t,u)[ + A | (1,u)] + |8 (1)]
cre [1/2mF 1 — 172" ] andu (1) < wu () <u(f)+1}.

The mean value theorem implies that there exists 7 € (1 J2motl 1 —1/ 2’”0“) with
|uy, (7)] < 2sup,poyu (2) . As aresult

TP St is bounded, equicontinuous family on [1/2™F1 1 — 1/2m*1]
n=mp+1 q y

The Arzela-Ascoli theorem guarantees the existence of subsequence N,,, of in-
tegers and a function z,, € [1/2™"! 1 —1/2™*] with u, converging uniformly to
Zmo o0 [1/2m0F1 1 — 1/2m+1] as n — oo through N,,. Similarly

u, Y2 is bounded, equicontinuous family on [1/2"%2 1 — 1 /2m+2
n=mgp+1 q y

so there is a subsequence Ny,41 Of Ny, andafunction z,,,41 € C [1/2™72, 1 — 1/2m+2]
with u, converging uniformly to z,,, 1 on [1/2™%2 1 —1/2™*2] as n — oo through
Nugt+1- Note zy41 = Zy, ON [1/2’"0“7 1— 1/2’"0“] since Np,+1 € Ny,. Proceed
inductively to obtain subsequences of integers Ny, 2 Npygy1 2 -+ 2 Ny 2 -+
and functions z; € C [1 J2H 1 — 1 /Zk“] with u, converging uniformly to z; on
[1/211 — 1/281] as n — oo through Ni, and z¢ = 1 on [1/2%,1—1/2%].

Define a function u : [0,1] — [0,00) by u (f) = z(¢) on [1/2%"1,1 —1/2k+1]
and u(0) = u(1) = 0. Notice u is well defined and u(r) < u(¢) < u(r) for
t € (0,1). Next fix 1 € (0,1) (without loss of generality assume 7 % 1 ) and
let m € {mo,mp+1,---} be such that 1/2"*! < ¢ < 1 — 1/2""1. Let N} =
{n €N, :n>m}. Now u,, n€ N}, satisfies the integral equation

o (1) = 1y (%) ! (%) (;%) + /1 ;(2“) <g (s, %ﬂ) T+ Ah(s, un) 45, (s)) ds

for r € [1/2™',1 —1/2""] . Notice (take 1 = 2/3 say) that {u, (1/2)}, n € N,
is a bounded sequence since u (1) < u, (1) < u(r) for t € [0,1]. Thus {u], (1/2)},enz
has a convergent subsequence; for convenience we will let {u;, (1/2)},,cy. denote this
subsequence also, and let T € R be its limit. Now for the above fixed ¢, and let n — oo
through N, to obtain

Zm () = Zm <%) +7 (t - %) + /1;2 (s —1) (g (s,2m) + Ah(s,2m) + On) ds,

/2
We can do this argument for each ¢ € (0, 1) and so

—u" (t) = g (t,u) + Ah(t,u) fort € (0,1).

It remains to show u is continuous at 0 and 1.
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Let € > 0 be given. Since u € C|0, 1] there exists 0 > 0 with u(¢) < &/2
for r € [0,0]. Asaresult u(¢) < u,(t) <u(t) < €/2 for ¢ € [0,8]. Consequently
u(t) <u(t) < €/2 < e fortel0,0] and so u is continuous at 0. Similarly u is
continuous at 1. As aresult u € C|[0,1] and

{ —u" =g (t,u) + Ah(t,u) forr € (0,1)
u(0)=u(l)=0.

LEMMA 2.5. Let y : (0,1) x (0,00) — (0,00) be a continuous function with

v (t,+) is strictly decreasing
v (-,r) €M forallr > 0.

Then the problem

-0 (t)=vy <t,w(t) + %) fort € (0,1)

00)=0(l)=0

(2.10)

has a solution w, € C|0, 1] such that
0, (1) < Opp1 (1) < 1+ 1 (1) fort €]0,1] andn € N.
Ifwelet o (t) = lim,_  w, (t) for t € [0,1], then
weC0,1], w(t) >0forte (0,1)

and

— 0" (1) =y (t,0()) fort € (0,1)
{ o0)=w(l)=0.
Proof. There exists x; € C [0, 1] such that
—x ) =y(t1)
21(0)=x1(1)=0
x1(t) > 0forz e (0,1).
Notice
() =w (1) = w1+ 0(1)
and
—0" () =0< y(,1+0).
By a standard upper and lower solution method [1, 3], there exists @; € C [0, 1] such
that —o () =w(t,1 +w()) fort € (0,1)
{ o (0) =, (1) =0.
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Suppose there exists @, € C [0, 1] such that
1

ol =v (1l 00)
w, (0) =w,(1)=0

w, (1) >0forre (0,1).
We know there exist x,.1 € C[0, 1] such that

o/ _ 1
ni1 (1) =W (t, P 1)
Xn+1 (0) = Xn+1 (1) =0
Xnt1 (1) > O0forre (0,1).

Then
Al ) =w (6=
ntl "n+1
> t ! + (1)
z Y ’n+1 Xn+1 ’
- (t)= tl—&—w(t) < IL—i—w(I) forz € (0,1)
n —U/ 7l’l n \1// 7n+1 n 9
0, (0)=0w,(1)=0
and

o, (1) = /01 G(ts)y (s, % + wn(S)) ds

1
<

69w (5.7 + o)) ds

n—+
1

1
; G(t,s)q/(s,n+l>ds
= Yu+1 (¢) forz € (0,1).

<

J
J

By a standard upper and lower solution method, there exist @,;; € C 0, 1] such that

1
- wi/1/+1 (t) =V <t7 m + Wyp1 (t)) fort € (O> 1)

Wy 41 (O) = W1 (1) =0
and
0, (1) < Wy (2) forr e [0,1].
Next we prove
1
n+1

1
Ot (1) + < (1) + 5 for1 € [0,1]. (2.11)
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To see this we consider the problem

=" (t) = y (t,v(2)) fort € (0,1)
1 (2.12,)

o
Then v, (1) = & +w, (1), t € [0, 1] is a solution of (2.12,). We now prove
Vg1 (1) < v, (1) fore e [0,1].

Since vuy1 (0) = 75 < £ = v, (0), vup1 (1) = 715 < £ = v, (1), we need only
prove
Va1 (£) < vy, (1) forz € (0,1). (2.13)

Suppose (2.13) is not true. Let y (f) = v,11 (f) — v, (f) and o € (0,1) be the point
where y (¢) attains its maximum over (0, ) We have

y(6) >0andy” (o) <0.
On the other hand, since v, (0) > v, (0) we have
Y (0) =1 (6) V! (0)
= =¥ (0,11 (0)) + ¥ (0,v, (0))

=y (0,7 (0)) = W (0,111 (0))
>0,

This is a contradiction. Thus v, () < v, (¢) for ¢ € (0, 1) and so

Thus

<
< Wy (1) (2.14)
<

Put

o() = lim w,(7)

n—oo

= supw, (t) fort € [0,1].
neN

By (2.14), we have
O<w () <o) <14+ (r) forre (0,1)
and
0w 0)=w(l)=0.
Now it is easy to prove (see the ideas in the proof of Lemma 2.4) that
—o" (1) =w(t,0()) fort € (0,1)
{ 0(0)=ow(l)=0.
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LEMMA 2.6. Suppose m : (0,1) x [0,00) — [0,00) is a continuous function with
m(-,r) €M forallr >0
m(t,-) is increasing
and there exist b € M, b(t) > 0 for t € (0,1) with
.om(tr
A0,
Then there exist Ry >0 and v € C[0,1], 0 <V < Ro¢; such that
{ V' (1) =m(1,v) fort € (0,1)
7(0) =¥ (1) =
Proof. We first prove that
lim fol N (t,s)m (s,v)ds
R— oo R

Vv e C0,1] with 0 < v (r) < R¢y (¢) for ¢ € [0,1]; here N (z,s) is defined in (2.3).
From (2.15), for all o > 0, there exist s > 0 such that

~

= 0 uniformly with respectto t € (0,1). (2.15)

= 0 uniformly with respectto ¢ € (0,1), (2.16)

m(t,s) < ob(t)sfort € (0,1) and 55 < s.
As aresult

(t,56) + ob (t) v (¢)

m (t,v (1)) lo<v()<re (1) (
(t,56) + ORb (1) ¢y (1) fort € (0,1),

m
m

N IN

1 1 1
/()N(t,s)m(s,v)dsg/o N(t,s)m(s,sg)derRO'/O N (2,5) b (s) ¢1 (s) ds.

Consequently,

1 1 1
%/0 N(t,s)m(s,v)dsé%/o N(t,s)m(s,sg)ds+0'/o N (2,5)b(s) ¢ (s)ds

I o (!
< A m(s,ss)ds + 5/0 b(s)¢ (s)ds
and (2.16) is proved. There exist Ry > 0 (independent of 7 € (0,1)) such that if
ve C[0,1] and 0 < v (r) < Ro¢ (¢) for 7 € [0, 1] then
1/
A N (t,s)m(s,v)ds < 1fort e (0,1),
0

and so

1
Og/o G(t,s)m(s,v)ds < Ro¢y (¢t) forr € [0,1].
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Let @ : C[0,1] — C|0, 1] be the operator defined by
1
(Dv) (1) :== / G (t,s)m(s,v)dsforve C[0,1] andr € [0,1].
0

It is easy to see that @ is a completely continuous operator. Also if 0 < v () <
Ro¢y (¢) for ¢ € [0,1] then 0 < @ (v) (¢) < Ro¢ (¢) for ¢ € [0, 1], so Schauder’s fixed
point theorem guarantees that there exists v € [0, Ro¢;] such that ® (v) =, i.e.

{ V" (t) = m(t,%(r))
V(0) =7 (1) = 0.

COROLLARY 2.2. Let y (t,5), m(t,s), (0,),cy and Ry > 0 be as in Lemma
2.5 and Lemma 2.6. There exists {v,},., C C[0,1] and 0 < v, < Ro¢1 such that

{ V' (8) = m(t, 0, + V) fort € (0,1)

0 (0) =, (1) = 0 (2.17)

and

~ 1 ~ ~
— (wn JrVn)H ) = w (t7 n +wnJFVn) +m (1,0, + V) fort € (0,1).

Proof. Let n € N be fixed. Then m (t w, + s) satisfies the conditions of Lemma
2.6, so there exists v, € C[0, 1] with 0 <V, < Ry ¢; such that (2.17) holds and

— (wn +vn)// (1) = —wy, (1) =V, (1)

1 ~
=y |t -+ w, +m(t7wn+vn)
n

1 ~ ~
>q/(t,—+wn+v,, +m(t,w, +v,) fort € (0,1).
n

LEMMA 2.7. Suppose (G1), (G2), (H1) and (H2) hold. Then there exists Ay >

0, ¢ > 0 such that for all A > Aq there exist R, > ¢, u € C([0,1]) with c¢; () <
u (1) < Ry (¢) and

—u'(t) = — + Ahy (t,u(t)) fort € (0,1

{ () gl( u(t)) + Ahy (1,u(1)) fe (0,1) 2.18)

with
g (u (), b (u() € M.

Proof. Let us consider the operator 7, : C[0,1] — C|0, 1] given by

1
T, (v) (1) :== /0 N (t,5) [—g1 (s,v@1) + Ahy (s,v1)] ds fort € (0,1).
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By (H1), there exists 7 > 0 such that 0 < h, (¢,7) for r € (0,1). We let

c—2(7+1),@-{tG(O,l):%<¢1(I)}.

Note that © is nonempty. If t € @, v € C[0, 1] and ¢ < v, we have

F=s-1<s <<y o),
S0
hy (t,7) < hy (£,vo1) , (2.19)
forall v € C[0, 1] with ¢ < v. Let
p:% Se@s(lfs)hl(sj)ds>0,

and note for v € C[0, 1] with ¢ < v that

1
/ N (t,5) hy (s,v¢y)ds > N (t,s) hy (s,v¢y)ds
0

SEO

> N (t,s) hy (s,7)ds (see (2.19))
s€0
1

- 2n s€0

=p>0forallt € (0,1),

s(1—s)hy (s,7)ds (see (2.4))

i.e.

f o )ds l forr € (0,1). (2.20)
0 1

On the other hand, for Vv eC [07 1] with v > ¢, we have

1 1
c—l—/ N (,5) g1 (s,v¢1)ds<c+/ N (t,s) g1 (s,c)ds fort € (0,1),
0 0

sofor 1€ (0,1) we have

C+fo (t,5) g1 (s, V¢1)ds 1 1/1
it S NG 7 4
fo (t,8) hy (s,v¢1)ds p (CJF 2 Jo (t,5) g1 (s,co1)ds

Let

Ao == sup {

c+f0 (t,5) g1 (s,v¢1) ds
fo (t,5) hy (s,vo1) ds

6C[0,1],c<v}<oo.
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Then, for all A > Ay with v € C[0, 1] with ¢ < v we have

c+f0 (t,5) g1 (s,ve1) ds
fo (t,8) hy (s,vor)ds

< Aforre (0,1)

i.e.

1
c+/0N(ts)g1(s vey)d /1/ (t,8) hy (s,vey)ds fort € (0,1),
SO
1
c< / N (t,s) (—g1 (s,v1) + Ahy (s,ve1)) ds
0
=T, (v)(¢) fort € (0,1).

On the other hand, for Vv € C[0, 1] with v > ¢, we have

/Ntsgl(qu)l /Ntsgl(scq>1)

1

1
S 5/ g1 (s,c¢p)ds forr € [0,1].
0

Thus
OgRlLHOlOEl/ N (t,5) g1 (s,v1)d ]

1

<
R1—><>o R 81 (S C¢1) 07

uniformly with respect to ¢ € [0, 1].
Essentially the same reasoning as in the proof of (2.16) yields for v € C[0, 1]
with 0 < v(¢) <R for 1€ [0,1],

lim —[/ N (t,5) hy (s, vq)l)ds] =0

uniformly with respect to ¢ € [0, 1]. Then there exists R, > ¢ so that T, ([c,R]) C
(e.R].

It is easy to see that T) : [c,R.] — [c,R.] is a completely continuous operator,
so Schauder’s fixed point theorem guarantees that there exists v € [co, R;] such that
T, (v)=vie.

1
v(t) ¢ (1) = /0 G (t,5) (—g1 (5,901) + Ahy (5,v¢1)) ds

The function % (r) = ¢; (1) V(¢) for ¢t € [0, 1] satisfies (2.18). Moreover, we have
codr (1) <u(r) <Ry (¢) for t € [0, 1] and

81 (7ﬁ()) v (>ﬁ()) EM.
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Proof of theorem 1.1. Let Ay > 0, ¢ > 0 and @ € (C|0,1]) be as defined in
Lemma 2.7. Define

v (t,r) = g2 (t,r) + Ahy (t,u(z)) fort € (0,1),
and
m(t,r) :A'hZ(tJ‘)
where 4 > Ag.

From (G1) notice y satisfies the assumptions of Lemma 2.5, so there exists ®,
w, € CI0,1] such that

1
—w, (1) =g <t, ~+ con> + Ahy (1,7) fort € (0,1)

0, (0)=0w,(1)=0
and

o (t) = lim w, (¢) fort € [0,1].

n—oo

From (H1) notice m satisfies the assumption of Lemma 2.6, so by Corollary 2.2, there
exists Ry > 0 and v, € C([0,1]), 0 <V, (¢) < Ro¢ (¢) for t € [0, 1] such that

— V(1) = Ahy (t, @, + V) fort e (0,1)
v, (0)=v,(1)=0
and
(w0 + )" (1) = g (t, ! + w, +Vn> +Ahy (1,7) 4+ Ahy (1, @, +7,) forz e (0,1).
n
Let

Uy (1) = @, (1) + v, (1) fort € [0,1].

Then u, € C[0,1] and u, (1) = u, (1) = 0.
Let

<)

(1) = o () + Rogy (1) fort € [0, 1],

SO

~

0<u,(t) <u(r) forte0,1]. (2.21)

From Lemma 2.7 we obtain

A
_ 1 ~
<Al (7)) + g (t, " + un) + Ahy (t,u,)

< —u) (1) forr € (0,1)

i.e
— (@ —u,)" (t) <Oforte (0,1).
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A standard argument yields
u(t) <uy,(r) forre0,1]. (2.22)

From (G1), thereexists y € M suchthat r — g5 (1,2 + r)+y (1) r is increasing.
Let u, = u. From (2.21) and (2.22), we have

0<u(t) <u,(t) <u, () <u(r) forre (0,1).
Also for v € C[0,1] with %, (1) < v (¢) <u,(t), t €0,1], we have
=W () +y () u, (1) = —g1 (t, ;) + Ahy (2, 1,) + y (2) Uy (2)
< =g (6,v) + Ak (5,v) + v () v(2)

<-a (r, % +v> A (1) +7 () ()

<g(l,%+\/) + ARt v)+y(t)v(r) fort e (0,1),

so (2.8) holds with &, () =0 for 1 € [0,1], n € N.
Also for v € C[0,1] with @, (1) < v () <u,(¢), t €0,1] we have

~1 ~ | — ~ ~
—u, (1) +a, () u, (1) > g2 <t, - + u,,> + Ahy (t,u) + Ahy (t,u,) + v (2) uy (2)

| N ~ ~
> <t, " + u,,> + v () Uy (1) + Ay (8, uy)

> (l, % +v> +y (D) v () + Ahy (2,v (1))

2g(l,%+\/) + AR (t,v)+y(@)v(r) fort € (0,1),

so (2.9) holds. Lemma 2.4 guarantees that there exists a solution u € C[0, 1] to (1.1)
with

u(t) <u(r)<u(r) fort€[0,1].

Moreover, because u(r) < |w|. + Ro¢i(r) < (Jo|,, +Ro)(1+ ¢i(r)) and
¢y (1) < u(t) (see Lemma 2.7), the estimates asserted in the theorem follow.

3. Example

EXAMPLE 3.1. Consider the boundary value problem

{ —u" (1) =g (t,u) + Ah (t,u) forz € (0,1) 61)
u(0)=u(l)=0
where

gt,r)= —% for7 € (0,1) and r € (0, c0)

h(t,r) = /rfort € (0,1) and r € [0, 0)
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solution u € C[0,1] N C' (0,1) with u () > 0 for t € [0, 1]
i , (G2). Let

To see this we first prove that g satisfies (G1)
1

81 (t’r) :gZ(t’r) =

and A > 199.05. We will show that Theorem 1.1 guarantees that (3.1) has at least a

~

Forevery ri,r, (0 < ri < r),let
y(t) = 3 (0,1).
2rf
Now 9 {
982 -2l <14 — forre (0,1), (ri,m),
or 2r3 2,,7
SO
5y (& () +y(0)r) > 0fort€(0,1), re (ri,r).
gtr)+y@)r

Consequently the function
is increasing in [ry, 2], so condition (G1) holds. Also
Y€ M forallr >0

82 ("r

g1(rn (),
(G2) is satisfied.
Also with
hy (t r) =h (t, r) = \/;,
(H1) and (H2) are satisfied. We next obtain an upper bound for Ay in Theorem 1.1
(H2), let =1, s0in Lemma 2.7, we have ¢ =4, © = (£, 2) and
1
p = 5 o (L —s)hy (s,7)ds
5
1 [e 23
= = | —5)ds = ——.
an ), S0 = 5

Then
324w 324w
3 3 X 4.5 =~ 199.05,

1
4+/ N (t,s) ———ds| < ——
V4asin s L}

SO
0 < Ap < 199.05.
Then Theorem 1.1 guarantees that (3.1) has at least a solution u € C |0, 1]

(0,1) with u(r) > 0 for t € [0, 1]
—oo fort € (0,1)

On the other hand, for A > 199.05
lim g (¢,r) + Ah(t,r) =

so the conditions in Remark 1.1 are not satisfied
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