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NEIGHBORHOODS OF A CERTAIN CLASS OF p-VALENT
FUNCTIONS WITH NEGATIVE COEFFICIENTS
DEFINED BY USING A DIFFERENTIAL OPERATOR

HALIT ORHAN

(Communicated by S. Owa)

Abstract. In this present paper, by making use of the familiar concept of neighborhoods of p -
valent functions, the author prove coefficient bounds and distortion inequalities, and associated
inclusion relations for the (n, §) -neighborhoods of a class of p -valently analytic functions with
negative coefficients, which is defined by means of a certain non-homogeneous Cauchy-Euler
differential equation. Relevant connections of some of the results obtained in this paper with
those in earlier works are also provided.

1. Introduction and definitions

Let T(n,p) denote the class of functions f (z) normalized by
f(Z) =7 - Z akzk (Clk > 05 n,p N= {172737"'})7 (11)
k=n+p

which are analytic and p -valent in the open unit disk
U={z:z€Cand |z| < 1}.
Upon differentiating both sides of (1.1) ¢ times with respect to z, we have

e RPN = (1)

(n,peN; geNy:=NU{0};p>q).

Following the earlier investigations by Goodman [5], and Ruscheweyh [6], and
others including Kamali [3], and Altintas et al. ([4] and [12]), and Srivastava and Orhan
[7], and Murugusundaramoorthy and Srivastava [16], and Raina and Srivastava [17], (see
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336 HALIT ORHAN

also [10], [13], [14] and [15]), we define the (n, §)-neighborhood of a function f (%) (z)
when f(z) € T(n,p) by (see, for details, [9, p. 1668])

N, (FD:g19) = g() € T(n.p) : g Z byt
k=n+,
! (1.3)
and Z k|ak bl <83,
k= n+p
so that, obviously,
NO (h9);g9) =S g(z) € T(n,p) i g(x) =2 = Y bid*
k=n+
! (1.4)
and Z k b <8 %,
k= n+p
where, and in what follows,
h(z) =727 (peN; geNy:=NuU{0}). (1.5)

We denote by S;(p, ) and C,(p, o) the classes of p-valently starlike functions
of order o in U0 < a < p) and p-valently convex functions of order o in
U(0 < a < p), respectively. Thus, by the definitions, we have

#'(2)
f@@)

S,’j(p,a):{feT(n,p):Re( >>a(z€U;0<oc<p)} (1.6)

and
#"(2)
(2

An interesting unification of the function classes S;(p,a) and C,(p, o) is pro-
vided by the class T, (p, o, A) of functions f € T(n, p), which also satisfy the following

inequality:

#'(2) +AZf"(2)

ke (oot arE) (18)
(zeU, 0<a<p, 0<A <)

Colp, 1) = {f € T(n,p) : Re <1+ ) >a (zeU; 0< O£<p)}. (1.7)

The class T,(p, o, A) was investigated by Altintag et al. [1]. and (subsequently)
by Irmak et al. [11]. In particular, the class T,(1,a,A) was considered earlier by
Altintag [18].
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Using the Salagean derivative operator [2]; we can write the following equalities
for the function £ (z) given by (1.2)

D' (z) =19 (2)

L@ () = DF@(z) = % W) = P g N~ Kk—9q)
D'f'%(z) = Df ()—p_q(f (z)) RIS k§p(k_Q)!(p_4) z
2009 () — (q) — p! P—q _ S k'(k—q)2 k—q

DY) = DY) = k;p(k,q)!(p, i

me(a) () — m—1r(q) Pt g N k!(k——q)ma k—q
P = PITTEE) = g k_zn;p(k—q)!(p—qy” “

Now, making use of the function f(@)(z) given by (1.2), we introduce a new
subclass T}'(n, p, o, A) of the p -valently analytic function class T'(n, p), which consists
of functions f (z) satisfying the following inequality:

(R ()

O<A<L0<a<p—q) p>qg:peN;mqgeNy=NU{0};z€U).

/

Re

> o (1.9)

Let A(n)be the class of functions of the form:

f@=2-Y ad (@=>0neN={1,2..1}),
k=n+1

which are analytic in the open unit disk U.Let S¥(c) denote the subclass of A(n)
consisting of functions which satisfy

i ’(Z))

Re >a (zeU 1.10
(T2)>acen (110
for some o(0 < o < 1). A function f(z)in S;(c) is said to be starlike of order a in
U. A function f (z) € A(n) is said to be convex of order « if it satisfies

)
f'(@)

for some (0 < o < 1). We denote by C,() the subclass of A(n) consisting of all
such functions [4].

Re <1+ ) >a (zeU) (1.11)
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Clearly, we have

T(n,1) = A(n), To(n, 1,0, A) = T,(1, 0, ), Tg (n, p, @, 0) = Sy (p, ),
To(n,p,a, 1) = Cy(p, ), To(n, 1,0,0) = S*(a) and T (n, 1, 1, 1) = Cp()

in terms of simpler classes

Sp(p; @), Calp, @), Tu(p, &, A), Ty (n, p, 01, A), S, (e0), Ca ()
defined by (1.6), (1.7), (1.8), (1.9), (1.10) and (1.11) (see also [10]).

The main object of the present sequel to the aforementioned recent works is to
derive several coefficient bounds and distortion inequalities, and associated inclusion
relations for the (n, &) -neighborhood of functions in the subclass R}/ (n, p, o, A; u) of
the class T'(n,p), which consists of functions f € T(n,p) satisfying the following
nonhomogeneous Cauchy-Euler differential equation:

d2+qw d1+q

— w dW d
z2dz2+q +2(1+u)z PR +u(l +H)dq (p—q+u)(p— q+u+1)d

(W =f(z) € T(n,p), gz) € T} (n,p,ot,A)and u > g —p (u € R)) )

(1.12)

2. Coefficients bounds and distortion inequalities for the class 7¢'(n, p, o, 4)

In this section, we prove the following results which yield the coefficient inequalites
for functions in the subclass 73" (n,p, &, A).

THEOREM 2.1. A function f(z) € T(n,p) is in the class T,'(n,p,o,A) if and
only if

o0

3 (k=q)" (p —q+Alk—p)) (k=g — k! @< pllp—q9)""'p—q— )
S (k—q)! (P —4)! '

2.1)
()L(Oé)tél); a0<a<p—q); p>q p,neN; mqgeNy=NU{0}; )
P-—9!'<pp—9)"p—-—q—0) '

The result is sharp with extremal function given by

I(p—qg)™t(p—qg— —g)!
10 = = G e i et e 0
(p,neN; mqgeNy=NU{0}).
Proof. Suppose that f(z) € T,'(n,p, &, A). Then we find from (1.9) that
Pe=q) 5 Kk=g)" " p—qg+Ak=p)) s,
Re | P9 Ky (p—q)"'(k—q)! oy
Pl Kk—a"p—qg+Atk=p) .,

»—q)! [l (p—q)+'(k—q)!
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(MOSASI): a(0<a<p—q); p>q p,neN; mqgeNy=NU{0}; )
P-—a)l<pllp—q)"(p—q—0) '

If we choose zto be real and let z — 17 ; we get the following inequality:

pllp—q9) & Kk-—9"" (p—qgt+ilk—p))

P-a' S (p—a)' (k- q)! ‘
Pt & Kk—q)"(p—qt+Alk—p))

P—a) & (P —q)"(k—q)! ¢

()L(Oé)tgl); a0<a<p—q); p>q;p,neN; mqgeNy=NU{0}; )
P-9'<plp—q9)"(p—q—a)
or, equivalently,

Re

ik!(k*q)’”“(P*qﬂl(k k—aik'k Q)" (p—q+Alk—p))

(P —q)m+'(k—q)! (P —q)"t(k—q)! “

k=n-+p k=n+p

pllp—q—a)
S P—q!

Thus we obtain

o~ P—q+Ak—p))(k—g—a)k—q)"k! _pp—q)""'(p-—q-—a)
> (k—q)! s v a)
AO0LKAL); a(0<a<p—gq); p>q; p,n€N; mqgeNy=NU{0};
((P—CI)!<P!(P—CI)W(P—CI—05) )

Conversely, we assume that the inequality (2.1) holds true and let

z€dU={z:z€C, [z <1}

Then, we find from the definition (1.9) that

B D"F @ (z) ! DHF@(z)
a MZ( > +kz((}ﬁé])’”“) =" 'pp—q— )

P —q)"
- (BLEY 4 () ol

Po=a),,  $ RE—Q" p-atrkop), .,
(p - q)' < k:%»p (p _ q)n1+l(k _ q)| k<

Pt S Rk "(p—gtAk—p) .,
T o T [

=" 'plp—g—a)
P —q)!
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Plp—a)"* (-9 —pP0-9)"P—q-2)) ,,

Z

Yakzk_q

[(p*q)!f 1
S Kl(p—g)l(k—q)"" —klpl(k—q)"(p —q9)""'(p —g— @)
- k=n-+p (P* )'(k C])
- P—a)"p! ., & Kk—q)" .
P —q)! k%;rp (k—q)! Yot

where Y= (p—g+A(k—p)).

From here, we can write the following inequality:

plp—aq)" " (p—q— )|l

Pp—"" (0 —a)p—q)' -
[(p—q)]
[k!(k—q)" ((p — q)!(k— q)

2
q)—p'(p—q)" ' (p—q— a))| [Ya1|

+ 3 T

/A

o0

S

k=n+p

(p—q)""'p! k!(k —q)"
»—q)! (k—q)!
plo—a" " [ (p—p—a)! —pp—a)" ' (p—q- )|

! 2

Yaizk—

P

+k:n+p (P - q)'(k - CI)'

(p—q
& Kk —q)" [((p —q)'(k—q) —p(p— )" (p — g — @) | [Ya]|

(p _ q)n1+lp! B 0o k'(k _ q)m
(P - Q)! k=n+p (k - C])!

Yak

[(p— )
< klk—q)" ((p—q)!(k—q)—p'p—aq)" " (p—q—a)) Ya

+ 2

Pl (p—a)!(k—q)!

p—q)"'p! X kl(k—q)"

G-l o, kgt

pPo—a" {(-—a)p—a)!+pp—q)" " (p—q—a))}
(P — )

+ 2

< klk—q"(p—aq)k—p+p—aq)—p'p—q@)" "' (p—q— ) Ya

{ plo—a)" " {-(p—a)p—a) —p'p— )" "' (p—q— )}

k=n-+p (P ) (k C])

(P _ q)n1+lp! B oS} k'(k _ q)mYak
(p - CI)' k=n+p (k - C])'




CLASS OF p -VALENT FUNCTIONS WITH NEGATIVE COEFFICIENTS

plo—a)" " {(-p—a)p—a)'+p'p—a)" ' (p—qg— )}

= klk—q)"(k—p)
k:%;f'[? (k - Q)! Yak

(P — )
L5 RE—9" (09 —9) Pl =0 (p— g~ o)) Va
k=n+p (P - q)'(k - C])!

P—a@)""'p! = K(k—q",
(piq)! k=n+p (qu)!
pPo—a)"" (-p—p—a)+p'p—a)""(p—q— )

12

[(p—q)!
<(pq)(pq)!+p!(pq)"’“(pqa)) $ k!(k —q)"

* o 0T A Y
X klk—g)"k—0—qg+qg+a—p
Rer —a) Yo
a (P—cI)’”“p'_ > Kk — )Ya
P—a)! Gy k- > ‘
(—(p—a)(p—a) !+ (p—q)"* (p—q—0)) )" $ ki(k—q)" .
(p q ' k= n+p (k_CI)'

341

)}

(P m+1 00 kl

S =T
X klk—q)"(k—q—a) X klk—q)"(g—p+a)
S ey e (e B
p—q"'p! & kl(k—q)"
(r—q)! k:nz+p (k—q)! Y
_ -9 —a)'+pp— )" (p—q— )
P —q)!
_ & klk—q)" & Kk —g)"k—g—a)..
+(q era)k:%;rp (k_ ) Yk+kzn;r1/) (k_Q)! Y
p—q"'p! $ Kk —q)"
(pfq)! k=n+p (qu)!
=99 +pp—a9" P —g-)
h r—a)
+ =n+p .

(p— cI)’”“p % kl(k—q)"

boal 2, kg

Yak
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_ -9 —a)'+pp— 9" (p—q— )
r—q)!
_pp—9"p—gq-a)
= -
r—q)!
()L(Og)t <1); a0<a<p—q); p>q; p,neN; mqgeNy=NU{0}; )
P—a)l<pllp—9)"(P—q—a)
provided that the inequality (2.1) is satisfied. Hence, by the maximum modulus principle,
we infer that

f(2) € T3 (n,p, o0, A)
which evidently completes the proof of Theorem 2.1. [J

REMARK 1. In its special case when g = 0, Theorem 2.1 yields a result given
earlier by Kamali [3, p. 663, Theorem 2.1].

Finally, we note that the assertion (2.1) of Theorem 2.1 is sharp, the extremal
function being

plp—q)""'(p—q—a)n+p—q) o
P-—'\p—qg+tAin)(n+p)(n+p—qmn+p-—q-—a)

(p,n € N; m,q € Ny).

f@) =2~

THEOREM 2.2. Let the function f(z) givenby (1.1)be inthe class T;'(n,p, &, ).
Then

) k! P'([) _ q)n1+l(p —gq— OC)

k_zn%p(k—q)!akg(p—q)!(n+p—61)’”(p—q+/ln)(n+p_q_a) (2.3)
and

K a pllp—q)" "' (p—q—a)(n+p)

k—zn;p( S Gt p— g —a At p—g—a Y

Proof. By using Theorem 2.1, we find from inequality (2.1) that

> k!
(n+p—q)"(p—q+Ain)(n+p—q—a) Z mak
k=n+p 9):
— kl(k—q)" k g—a)Y _pllp—q)""'(p—q—a)
\ Z ) ak< (P* )'
k=n+p —4 47

which immediately yields the first assertion (2.3) of Theorem 2.2.
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On the other hand, by appealing to (2.1), we also have

" = k!
(n+p—q) (P—Q‘*‘A”)k;pmkak
~ g+ a)ntp—a)p—q+ i) Y
k=n+p ’

=9 p—q—0)

h (r—q)!
that is,

> k!
(” +p— Q)m(l) —q+ )L”) k;rp mkﬂk
p—q)"'(p—q—a) m K
<P T k@) g At p - q) > g

which, in view of the coefficient inequality (2.3) can be put in the form:

o0

B D ) K P —a" p—g—a)(n+p)
poathner=a" b, G S T Gt —q- o)
or, equivalently,

— K pp—q9)" "' (p—q—a)(n+p)

Z Gl " S G alp g+ innip—g-@nip g

REMARK 2. In its special case when g = 0, Theorem 2.2 yields a result given

earlier by Kamali [3, p. 666, Theorem 2.2].

Our main distortion inequalities for functions in the class RZl(n7 p,a, A1) are

given by Theorem 2.3 below.

THEOREM 2.3. If f(z) € T(n,p) is in the class R (n,p, o, A; 1), then

pl(p—q)"" (p—q—a) (n+p—q

f @I < ="+

(n+p) (p—q)(p—q+An)(ntp—q

pl(p—q)" (p—q—a) (n+p—q

)'([)*C]+H)([)*C]+H+l) n+p
— — — |2
)m(nt+p—q—0o)(ntp—q+u)

(2.5)

@ > ke (n+p)!(p—q)!(p—an)(n+p—q))'i'(([;+;]9+—l;)—(2)(cr]:;t;)+u) S
and (in general) (2.6)
o] < gkt 27)

pl(p—g+1) (p—q+u+1)(p—q)" ' (p—g—a) (n+p—q)! i

(n+p—1)!(p—q)!(p—g+An)(ntp—q)"(n+p—q—a)(nt+p—q-+u)
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o] gt e

Pt p—gqtpt)(p—9)" " (p—q—a)(ntp—q)! o
(n+p—1)!(p—q)!(p—q+An)(n+p—q)"(n+p—g—a)(n+p—q+u) '

Proof. Suppose that f(z) € T(n,p) is given by (1.1). Also let the function
g(z) € T;'(n,p, &, A) occurring in the nonhomogeneous differential equation (1.12),
be given as in the definitions (1.3) or (1.4) with, of course,

by 20 (k=n+pn+p+Ln+p+2,..).
Then we readily see from (1.12) that

—q+ —qg+u+1
ay = (p | H)(p g7 H )bk (k:n+P7n+P+1>”+P+2>~-~) (29)

(k—g+u)k—qg+u+l)

so that
P—gq+w)lp—g+p+1), 4
7)) =72 — akz =7 — 17%4 2.10
kzn;rp k;ﬂu k—gq+u)k—g+u+l) 210
and
n +uw)p—g+p+1)

<l S P4 by. 2.11
@I <Ief +1d ,;,H:p P e 1)

Next, since g(z) € T;'(n,p, &, A) the first assertion (2.3) of Theorem 2.2 yields
the coefficient inequality:

plp—q9)""'(p—g—a)(n+p—q)!
m+p)lp—a)p—qg+Ain)(n+p—q)"(n+p—q— )
(k=n+pn+p+1,..). (2.12)

b <

which, in conjunction with (2.10), yields

s (Pp—q)"  (p—g—a)(ntp—q) (p—q+1)(p—g+u+1) | uip
Fl < Fl ( (P (00 g Am) (ntp—q)"ntp—g—a) )

oo

1

X
DD R P ETEaY

(2.13)
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Finally, in view of the following telescopic sum:

i 1 _i(l_ 1)
S, kgt (U tk—g+p) S \k—g+p  l+k—qg+pu

. 5( )
gm0 L \k—qtp  l4+k—qg+u

= lim ( ! — ! >
oo \n+tp—q+u 1+&—g+u
1
= (2.14)
n+tp—q+tu
(‘bL €ER- {71’1 —-—p,—n—p— 17})
thefirst assertion (2.5) of Theorem 2.3 follows at once from (2.13).
Similarly, we can write

b mir N~ P—a+wWp—g+u+1)
If @) > |zI” — |z k;p(k—q+u)(k—q+u+1)b"‘ (2.15)

Since g(z) € T;'(n,p, @, A),the first assertion (2.3) of Theorem 2.2 yields the
coefficient inequality:

plp—q9)""'(p—g—a)(n+p—q)!
(mtp—q)"(n+tp)llp - p—q+Ain)(n+p—q—a)
(k=n+pn+p+1,..) (2.16)

which, in conjunction with (2.15), yields

b <

p (P0—a)" (p—g—c)(ntp—q)! (p—q+p) P—g+u+1) iy
AR ( (rp—a)" () (—a) p—g +An)(ntp—g—a) )X

oo

1

X
DD R P ETEaY

(2.17)

Finally, in view of the following telescopic sum:

oo

Z 1 - Z( 1 B 1 >
S, k—atu)(L+k—g+p) A= Nk—g+p  1+k—q+u

oo

e 1 1
= lim = S —
o0 22 q+u q+u

. ( 1 1 )
= lim —

oo \N+p—q+pu 14+&—g+u
- 1

n+p—q+Hu
(MeR—{-n—p,—-n—p—1,...})
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the second assertion (2.6) of Theorem 2.3 follows at once from (2.17).
By setting ¢ = 0 in inequalities (2.5) and (2.6), (or ¢ = 0 and ¢+ = 0 in
inequalities (2.7) and (2.8)) of Theorem 2.3, we arrive at Corollary 2.1.

COROLLARY 2.1. If f(z) € Rj(n,p, a, A; ), then

P p—a)lp+uw)p+u+l)

(n+p)"(p+An)(n+p—a)(n+p+np) ™" (2 € U).

[If (@) — |zFP| <

By letting g = 0 and t = 1 in inequalities (2.7) and (2.8) of Theorem 2.3, we arrive at
Corollary 2.2.

COROLLARY 2.2. If f (2) € R (n,p, 0, A; ), then

P —a)p+w)ptu+l)
(n+p)"'p+An)(n+p—a)(n+p+u)

IF'(2) —plaf ' < "7 (ze ).

By setting m =0, A =0, g =0 in Theorem 2.3, we arrive at Corollary 2.3.

COROLLARY 2.3. (see[3,9]). Ifthe functions [ and g satisfy the nonhomogeneous
Cauchy-Euler diffential equation (1.12) with g € S;(p, o), then

P _ (p_a)(p+u)(p+u+l) n+p
2] — |2
(n+p—oa)(n+p+u)
(n+tp—a)nt+p+u)

<<+

By setting m =0, A =1, g =0 in Theorem 2.3. We arrive at Corollary 2.4.

COROLLARY 2.4. (see[3,9]). Ifthe functions [ and g satisfy the nonhomogeneous
Cauchy-Euler diffential equation (1.12) with g € C,(p, &), then

|Z‘P_ p(pfa)([)+‘u)(p+u+l) |Z‘n+p
(n+p)n+tp—a)n+p+pu)
p, Po—)p+wp+u+1)
SV R G p e 1€

3. Neighborhoods for the classes 7¢'(n,p, o, A) and qu(n, p, o, A L)

In this last section, we establish several inclusion relations for the normalized p -
valently analytic functions classes T,'(n,p, &, ) and R} (n,p, &, A; ) involving with
the (n, d)-neighborhood defined by (1.3) and (1.4).

THEOREM 3.1. Let the function f(z) € T(n,p) be in the class T;'(n,p, o, A).
Then,

m S .
Tq (nvpaohﬂ’) CNn,p(h(q)7f(q))v (31)
where h(z) is given by (1.5) and the parameter 0 is given by
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Pip—q)" " (p—q—a)(n+p)
P =atn+p—q)nt+p—qg-a)p—q+in)
Proof. Assertion (3.1) would follow easily from the definition of N,‘z » (R f @),

which is given by (1.5) with g(z) replaced by f(z) and the second assertion (2.4) of
Theorem2.2. O

0:= (3.2)

THEOREM 3.2. Let the function f(z) € T(n,p) be in the class Ry (n,p,a,A; ).
Then
m . ) .
Rq (”a[ﬁ OC,A,,‘M) CNn,p(g(q)7f(q))7 (33)

where the function g(z) is given by (1.12) and the parameter 0§ is given by

5. P—a" p—qg-a)ntp)(nt(p—g+m)p—gq+p+2)

b— 0 p—a— @ tp—a o —qrimntr—gim 0

Proof. Suppose that f € Ry (n,p, o, A;u). Then, upon substituting from (2.9)
into the following coefficient inequality:

oo oo oo

k! k! k!
N okl —al < Y kbt Y ——kay (ax > 05 by > 0),
_ | — | — |
S, k—a)! S, k—a)! S, k—a)!
(3.5)
we get
k!
—k bk — dy
P
(3.6)

o0

k! P—q+tw)p—qt+tp+1) K
< kb kby.
2 (k— e Z k—g+u)(I+k—q+p) k—q

k=n+p

Next, since g(z) € T,'(n, p, &, A), the second assertion (2.4) of Theorem 2.2 yields
that

< P —q)" " (p—gq—a)(n+p)
(k—g)!" " " (n+p—q)"(p—q)!(n+p—q—a)(p—q+An)
(k=n+pn+p+1,..).

(3.7)

Finally, by making use of (2.4) as well as (3.7) on the right hand side of (3.6), we
find that

- ! p!(p—q)" "' (p—q—a)(n+p)

k
D e B S B ) B PR E Yy

4 Z P—q+u p g+u+1) (3.8)

S, k=gt )Ltk —g+p)
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which by virtue of the zelescopic sum (2.14), immediately yields

k

o0

k!
2 gkl a

=n-+p

PP p—g-)ntp)n+ (P —a+ WP —qt+u+2)
S ntp—q@rp—q)(n+tp—g—a)p—q+Ain)(n+tp—q+p)

Thus, by definition (1.3) with g(z) interchangedby f (z),f € NZ,(g'?,f©). This

evidently completes the proof of Theorem 3.2.

Ry

By putting g = 0 in Theorem 3.1, we have the following Corollary 3.1.

COROLLARY 3.1. (see [3]). If the function f(z) € T(n,p) is in the class
(n,p, 0, A; ). Then

Ry (n,p, o, A; i) C N2, (g:f ),

where g(z) is given by (1.12) and the parameter O is given by

N =

(10]
(1]
(12]
(13]
(14]

(15]

pn1+l(p _ a)
(n+p)"tn+p—o)(p+Ain)
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