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Abstract. In this paper we consider three-weighted arithmetic and geometric means of positive
definite operators constructed by the symmetrization method that appeared in the definition of
Ando-Li-Mathias’s geometric mean of several positive definite operators and we establish a
converse inequality of three-weighed arithmetic-geometric means via Specht ratio.

1. Introduction

In [5], Lawson and Lim constructed three-weighted arithmetic and geometric means
of positive definite operators based on the symmetrization method that appeared in the
definition of Ando-Li-Mathias’s geometric mean of several positive definite operators
[2]: Let A, B and C be positive definite operators in a Hilbert space and 0 < s,¢,u < 1.
Then the barycentric operators of (s, 7, u) -weighted arithmetic and geometric means

a(A,B,C) = ((1—5)B+sC,(1—1)A+1C, (1 —u)A+ uB) (1.1)
B(A,B,C) = (B#,C,A#,C,A#,B), (1.2)

where A#,B = A'/?(A='/2BA~1/2)'A'/2 denotes the ¢-weighted geometric mean of A
and B, are power convergent under the Thompson metric, existing an invariant metric
d(A,B) = ||logA='/2BA=1/2|| on the convex cone of positive definite operators ([3],
[7]). That is, there exist positive definite operators denoted by A(s,t,u : A, B,C) and
G(s,t,u: A, B, C) such that

lim o"(A,B,C) = (A(s,t,u: A,B,C),A(s,t,u : A,B,C),A(s,t,u : A,B,C))
lim B"(A,B,C) = (G(s,t,u:A,B,C),G(s,t,u:A,B,C),G(s,t,u:A,B,C))

respectively. An explicit formula for the arithmetic mean A(s,z,u : A, B, C) is given

by
1—1tu 1—s4su s+t —st

C(s,t,u) + C(s,t,u) +C(s,t,u)

A(s,t,u:A,B,C) =
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where C(s,t,u) =2+1t— (s+u)t+su (see[5]). Itis shown that the geometric mean
G(s,t,u : A, B, C) satisfies the properties suggesting criteria for weighted geometric
means of higher orders to satisfy. The geometric mean G(s,,u : A, B, C) is invariant
under the congruence transformations and inversion: For any invertible operator M,

G(s,t,u : MAM* ,MBM* , MCM*) = MG(s,t,u : A, B, C)M*,
G(s,t,u: A~ B~ C ") =G(s,t,u: A,B,C)"".

Furthermore, the arithmetic-geometric mean inequality holds:
A(s,t,u:A,B,C) > G(s,t,u:A,B,C).
In this paper, we prove a converse inequality via Specht ratio
A(s,t,u: A,B,C) < (S))™7 G(s,t,u : A, B, C),

—1
where p := max{s,t,u,1—s,1—t,1—u}, S, = % denotes the Specht ratio,
h = e*4BC) and A(A, B, C) is the diameter of {A, B, C} for the Thompson metric d.
This improves the previous result for the case s =t = u ([4]).

Throughout this paper, we assume that 7 is a Hilbert space and Q is the convex
cone of positive definite operators of .7 . For Hermitian operators X and Y, we write
that X < Y if ¥ — X is positive semidefinite, and X < Y if ¥ — X is positive definite
(positive semidefinite and invertible).

2. A converse inequality
For h,s > 1, we define the Specht ratio by

(hs _ l)hs(hsfl)fl

Sh(s) = eloghs

, Si(s) = L. (2.3)

For s = 1, we denote Sj, := Sj(1).

LEMMA 2.1. The Specht ratio has the following properties.

(1) s— Sh(s)i and h — Sy, are increasing functions for s > 1 and h > 1,
respectively.

(2) Sw <S8 for0<p< 1.

Proof. See Lemma 3.2 in [4]. O

A converse inequality of weighted arithmetic and geometric means of two positive
definite operators by the Specht ratio appears in ([6], [1]).

THEOREM 2.2. Let A and B be two positive definite operators andlet 0 <t < 1.
Then
A(t:A,B) < S, -G(t:A,B),

where h = ¢?“8) for the Thompson metric d.
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Throughout this section we fix positive real numbers 0 < s,¢,u < 1. The barycen-
tric operator for (s, ¢, u) -weighted geometric mean is denoted by

B(A, B, C) = (B#,C, A#,C, A#,B).

The following property will paly a crucial role for our purpose.
PROPOSITION 2.3. (Proposition 6.2, [5]) For A = (A,B,C) € 3,

A(B(A)) g pA(A)7 p = max{s, Lu, 1- s, 1- Z 1- u}
where A(A) = max{d(A,B),d(A,C),d(B,C)} is the diameter of {A,B,C} for the

Thompson metric d.

For the readers convenience, we provide a proof of the power convergence of 3. By
the preceding result, A(B(A, B, C)) < pA(A,B,C) forany (A,B,C) € Q. Applying
this inequality inductively,

A(B"(A, B, C)) < p"A(A, B, C). (2.4)
Now, the metric convexity ([3]) implies that
d(B#,C,A) = d(B#,C,A#,A) < (1 — 5)d(A, B) + sd(A, C) < A(A, B, C)

and similarly d(A#,C,B), d(A#,B,C) < A(A, B, C). Therefore equipped Q* with sup
metric we have
d(B(A,B,C),(A,B,C)) < A(A, B, C)

forall (X,Y,Z) € Q3. Combining this inequality with (2.4), we conclude that
d(B""'(A,B,C),B"(A,B,C)) < A(B"(A,B,C)) < p"A(A, B, C).

From 0 < p < 1, the sequence {B"(A,B,C)} is a Cauchy sequence in Q* and
thus converges in this complete metric space Q3. The fact (again from (2.4)) that
the diameter of the sets consisting of the coordinates of each f3"(A, B, C) approach 0
implies that the limits in each coordinates are all equal.

PROPOSITION 2.4. For A € Q3,

1
limksupShO(A)Shl(A) ce Shk(A) g S/,i;p7 (25)

where hy(A) = eA(ﬁk(A)>, (k=0,1,2,...).

Proof. Let A € Q. Set h; = h;(A). By Proposition 2.3, A(B*(A)) < p*A(A)
k
and hence 1 < hy = ABEW) < OPAB) — hg . By Lemma 2.1, §j, < Shpk < (Sho)pk
0
i 1
and therefore Sj,Sp, - - - Sp, < Sh{()1+p+p2+'“+p L. Spy " O

THEOREM 2.5. Let A = (A, B, C) € Q3 and let hy = e**) . Then

A(s,t,u: A, B,C) < (Sp,) TP G(s,t,u: A, B, C). (2.6)
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Proof. Let o denote the barycentric operator for the (s, ¢, u) -weighted arithmetic
meanon Q3 ,andlet A = (A,B,C) € Q*. Denote 74 (A) = (B,C),mn(A) = (A,C)
and 7x(A) = (A, B). From A(n.4A) < A(A) and Lemma 2.1,

Sy < Sy B = TR L AB) = . (2.7)
By Proposition 2.2
a(A) = (A(s : mah), Al : TpA), Alu: msh)
S (G(S ﬂ#lA) ( . n¢2A),G(u . ﬂ#}A))
= SiB(A),

and by replacing A to B(A),
a(B(A)) < SnBA(A), by = APE).
By monotonicity of ¢, we have
0o (A) < (S, B(A)) = S (B(A)) < (S, )B*(A).

Inductively, we have

r—1
(2.5) 1
AK(H%) B(a) < SLTBA), b= A,
k=0

Taking the limit (for the Thompson metric) of both sides as r — oo and projecting into
the first coordinate yield

1 1
A(s,tyu s A) = my(lim, oo & (A)) < SE7 m (lim, oo B7(A)) = ST G(s, 1, A).
O

REMARK 2.6. In [4], we have proved a converse inequality of higher order ¢-
weighted arithmetic and geometric means of positive definite operators : for A =
(A17A2? s 7Aﬂ) € >

A(t:A) < (Sh{)"*‘“) (=) G(t:A), p=max{t,1-—1},

where hg = ¢*®) and 0 <t < 1. For n = 3, our result is sharper than the previous
one even if s =t = u. See [8] for the case t = 1/2 via Kantorovich constant.

REMARK 2.7. By Theorem 6.3 and Theorem 6.7 of [5], staring at the weighted
arithmetic and geometric mean A(s, z,u : A, B, C) and G(s,t,u : A, B, C) for fixed three
weights (s,7,u), the (s,7,u)-weighted arithmetic and geometric means of 7 -positive
definite operators A = (A}, Az, ...,A,) € Q"(n > 3) can be defined inductively via
the symmetrization procedure with the arithmetic-geometric mean inequality

G(s,t,u: A) <A(s,t,u: A).
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‘We have checked that the converse inequality holds for n < 5 :
As tyu: ) < (i)l ™5 Gls,tu: ), ko = A(A)
where
p=p3, pp =max{(l — o)+ apr—1,a+ (1 — a)pr—1 : & = s,t,u}.

We left open the problem of associated converse inequalities for n > 5. A variant of
Proposition 2.3 for higher orders will be necessary.
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