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BOUNDEDNESS OF HARDY OPERATORS
ON GENERALIZED AMALGAMS

PANKAJ JAIN AND SUKET KUMAR

(Communicated by L.-E. Persson)

Abstract. Boundedness of the Hardy operator (7f)( f - t)dt between amalgam spaces

04(X,) and (4 (Lp ) is obtained, where X, is a welghted Banach function space. The adjoint
opertor (T™*f)(x f [ (¢)dr has also been treated.

1. Introduction

In [3} Lebrun Heinig and Hofmann have studied the boundedness of the Hardy
operator (77 )(x f f (t)dt in the context of weighted amalgams (7 (L) . In fact
their idea was to study the corresponding inequality in terms of two standard Hardy
inequalities one in the continuous form and other in the discrete form.

In this paper, we follow their idea and consider a more general amalgam where
the weighted Lebesgue space L, is replaced by a weighted Banach function space X,, ,
i.e., we consider the space ¢7(X,,) and characterize the boundedness of the operator
T in the framework of such spaces. We derive as a special case, the results for the
(9(X%), i.e., when the Banach function space X is taken as XP We also study the
corresponding boundedness for the adjoint operator (7*f)(x f f(#)dt. Unlike

the L7 - LY boundedness or £9(L?)-"(L”) boundedness of T* which can be obtained
directly from the corresponding boundedness of 7 using duality arguments, the situation
here is different. Since the duals of the spaces involved here are not known, the duality
argument can not be applied. So, we treat this case directly.

The L7-L7 Hardy inequality is well known in the literature. For a complete
description of such inequalities with several variants, generalizations and applications,
one may refer to [7], [8], [12], [13], and the references therein. The space X” has been
considered and used in [11], [14] and Hardy inequalities on these spaces have recently
been studied in [5], [6]. The paper is organized as follows:

In order not to distrub our discussions later on, we give some preliminaries in
Section 2. In Section 3, we characterize the boundedness of T between the weighted
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amalgams £7(X,) and ¢9(L) in terms of two inequalities. Also, this characterization
is given in terms of the condition on weights u# and v. As an example, we consider the
case when X is replaced by the space X? . Finally, a similar study regarding the adjoint
operator 7™ is made in Section 4.

2. Preliminaries

By a weight function, we mean a function which is measurable, finite and positive
a.e. on the appropriate domain. For a weight function defined on R, we shall denote
by L}, , the weighted Lebesgue space which is the space of all measurable functions f
for which

= ( v<x>Pw<x>dx)’L’ < co.

We denote by ¢, the sequence space which consists of all sequences & = {&,},¢z for
which

1

1€l = (Z&ﬂ) <0

nez

and for a sequence weight {w,}, we denote by £/ i} the weighted sequence space
which consists of all sequences & = {&,},ez for which

1
P
”5”[1; ) = <§ Wn|§np> < 0.
wn

nez

For 1 < p < oo, both the spaces L}, and ¢ are Banach spaces.
For a weight w, we denote by X,, , the weighted normed linear space of measurable
functions with the norm defined by

1 Wl == I wllx

where X is the underlying non-weighted normed linear space of measurable functions.
The weighted normed linear space X, is called a weighted Banach function space
(BFS) if in addition to the usual norm axioms, ||f ||x, satisfies the following:
(1) (A llx, = I 1llx, forall f e X,
(2) 0<f <gac. = |Iflx, < lglx:
() 0<fulf ae. = |fallx, TIfIlx, -
(4) If E is a measurable subset of (0,00) such that w(E) := [, w < oo, then
[1%ellx, < oo
(5) For all measurable E C (0,00) with w(E) < oo, there exists a constant
cg > 0 such that [, fw < cgllf||x, forall f €X,,.
The notion of BFS was introduced by Luxemburg [10]. These spaces enjoy the
properties as possessed by L” -spaces and are yet far general than L? -spaces. A BFS
satisfying properties (1)-(5) above with respect to the count measure is called a Banach




BOUNDEDNESS OF HARDY OPERATORS ON GENERALIZED AMALGAMS 551

sequence space (BSS). A good treatment of BFS can be found in [1]. The weighted
BFS have been considered in [4] where the compactness of Hardy-type operators in
such spaces has been studied.

For a BFS X and —oo < p < o0, p # 0, we denote by X”, the space of all
measurable functions f for which

1
I Ilxe = ([ Pllx < oo

For 1 < p < oo, XP is a BFS and for X = L', XP coincides with the usual L7 -
space. Such spaces have been studied in [11], [14]. Recently, in [5], [6], the authors
have obtained weight characterization of the Hardy inequalities in the framework of
XP -spaces.

For 1 < p, ¢ < co and a weight function w the weighted amalgams ¢4(L%,)
consists of functions which are locally integrable in the weighted Lebesgue space LI,
where the integral over intervals [n,n + 1] form a sequence of the sequence space £7,
ie.,

TR
Q=

W lpwg =D (

neN

/ " [f(x)pw(x)dx> < .

n

We consider in this paper, the weighted amalgams ¢7(X,,) in which the weighted
Lebesgue space L}, is replaced by the weighted BFS X,,. The natural norm in such a
space is defined by

L

£ lleax) := (Z lfmll?i)

nez

Clearly, when X = I?, then ¢4(X,,) = ¢4 (L’:V 1 /p) .
The following is the well known result giving the boundedness of the discrete
Hardy operator H(a,) = Y ,__._ ax between appropriate sequence spaces.

THEOREM A. Let 1 <p,q <00, u, 20, v, >0, n € Z and } = . Then

there exists a constant C > 0 such that

n a\ 7 5
(Ze () =e(ge)
ne k=—o00 ne

holds for all non-negative sequence {a;} € K(fvn} , if and only if
(a) for I<p<g< o

I_1
q P

1

1 L
sup (Z u,,) ' ( Z v},—P'>p < 00

meZ n=m n=—0o0
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(b) for 1 <g<p< o0

0o 5 m qL/
Z (Zun> ( Z v}q”/> v,if”/ < oo0.

meZ \n=m n=—00

The corresponding result for the adjoint operator H*(a,) = > ay is the following:
k=n

. Then

THEOREM B. Let 1 <p,q <00, uy >0, v, >0, n€Zand ; =, —

there exists a constant C > 0 such that

00 a\ g [l)

(Z " (Z ak) ) < C ( aﬁvn)

nez k=n nez

holds for all non-negative sequence {a} € K‘EV"} , if and only if
(a) forI<p<g< o

w($ unf () <

mez

(b) for 1 <g<p< o0

m q [e'e} q/ r
Z ( Z u,,) (Z v,lqpl> Up, < 0.
meZ \n=—oo n=m
In Theorem A and throughout primes will denote the conjugate indices, e.g.,
p = 1% . As usual, the symbol x|, will denote the characteristic function over the
interval [a,b]. However, for any integer, say n, X, ,4+1] Will be denoted by y,. X’
will denote the associate space of a BFS X .

3. Boundedness of the operator T

We begin with our first main result which characterizes the boundedness of the

operator T between the amalgams ¢7(X,,) and ¢4 (L’V; ).
THEOREM 1. Let u,v be weight functions, X, be a weighted BFS and 1 <

D, 4q,q < oo. Then the inequality

TS ey < ClF Nl g (3.1)

holds for all f € K‘}(L’V;) if and only if the following inequalities hold:
(a) for all sequences {A} € E‘fvn}

SENE

neZ \k=—oo

Q-
Q=

<C (ZA:{W) , (32)

nez



BOUNDEDNESS OF HARDY OPERATORS ON GENERALIZED AMALGAMS 553

where

k n =
A= £, U=l and Vi = H/>p
A U
(b) foreach n € Z
X nt+l
<cC . 33
(L], e[ o

Proof. We prove sufficiency first. Without any loss of generality, we may assume
that f > 0 since |Tf| < T|f|. We have

(/_noof+/nxf> Xn N
(L)l ()

u

= ( E / >Xn
k=—o00 k=1
so that

Xu

; Co g

1Tl < ( ( ) ||xn|‘i,> +< ( f)xn )
04 (Xy) e Z/ X, % /n .

= L +/. (3.4)

= -

(TS ) 2 L,

N

Xu

)

Xu

Taking U, = ||Xullx, » Ax = fk \f » using (3.2) and applying Hélder’s inequality, we

get
n AN
(e
n€Z \k=—oo

Q=

e }EZ;A‘I (/ vlﬁ'>’7
- e[z (L) (L)
<e(s(Lm))

= Clflsus- (33)
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Also, since (3.3) holds, we find that
L < Clf Mgz (3.6)

Now, (3.4), (3.5) and (3.6) give sufficiency.
In order to prove the necessity, define for any non-negative sequence {a}, a
function

f= Z akvlil;,Xk

kEZ
. . k St
so that if we write By = ay_1 fk71 v=P  wehavefor n <x <n+1;

(T )| = ’/ooer/f‘ > ( 3 Bk>

k=—o00

which gives

n a i
ITf o) > (Z( > Bk> lenléa,>

neZ \k=—oo

and also for this f

Q=

W lls0q= (Z BgVn)

nez

Consequently, (3.1) reduces to

n g é =
> ( > Bk>q bl | <c (ZBZVn> q

n€Z \k=—oo nez

for {B;} € E‘?Vn} which proves the necessity of (3.2). Finally, in order to prove the
necessity of (3.3), take forafixed me€ Z, g>0and m < x <m+ 1

I =8%xm;
so that the LHS of (3.1) can be estimated as

I Tf M| eagx,) = H (/ f) Xnl|| = H( 8) Xm
— 00 Xll m
m+1 _
s = ( / g"v>

Xu

while

-
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m+l %
([ )l < ([
ll m

for each m € Z and the assertion follows. O

so that (3.1) becomes

Berezhnoi [2] (also Lomakina and Stepanov [9, Theorem 4]) obtained a charac-
terization for the boundedness of the Hardy operator (Hf )(x f w(y
between BFS X and Y, where ¢, v are weight functions.

The following was proved:

THEOREM C. Let —o0o < a < b < oo and X, Y be BFS satisfying the {-
condition. Then the inequality

18f [ly < CIIf llx (3.7)

holds for all measurable functions f if and only if

A= sup A(1) := sup || 9ll¥[lXaqwlx < oo
b>t>a b>t>a
REMARK 1. In fact, Theorem C was proved for a = 0 and b = oo. However,
it remains valid for general @ and b. This fact has also been confirmed through a
personal communication with Professor V. D. Stepanov.

REMARK 2. The “/-condition” mentioned in Theorem C was introduced by
Berezhnoi [2] which provides an ordering in certain sense: Two BFS X and Y are
said to satisfy an ¢-condition, if there exists a BSS ¢ such that X is ¢-concave and Y
is /-convex simultaneously. For the notions of ¢-concavity and ¢ -convexity, one may
refer to [2] (see also [9]). The £-condition, for the L7 - L9 case, corresponds to the case
P<q-

Theorem 1 characterizes the inequality (3.1) in terms of two further inequalities
namely (3.2) and (3.3). Next, we provide a characterization of (3.1) in terms of the
weights u and v. This is indeed simple once we have the weight characterizations of
the inequalities (3.2) and (3.3). The corresponding characterizations for (3.2) is given
by Theorem A while for (3.3), if we take g = fvll’ , U= Y, v = ¢, then (3.3)
becomes equivalent to (3.7) and its characterization can be obtained by Theorem C.
Precisely, we have proved the following:

THEOREM 2. Let 1 < p,q,q < 0o, u,v be weight functions and X,, be a weighted
BFS. Let X,, and the Lebesgue space LP satisfy ¢ -condition. Then the inequality

1Tf o) < ClIf ll7.03 (3.8)

holds for all f € ((L2) if and only if
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L
&Ll__

'wilm

3] é m—1 n+1 »
Ay = sug ZHxnuH;’( Z / =P < 00,
me n

n=m n=—oo

1 =1
= swp sup (It ) (12mav 7 1l ) < o0

meZ m<t<m+l1

(b) for g < q, Ay < oo and

oo g
A Z(me;)
keZ n=k
1
B N\ B
k n -/ [i_: v k - %
A (Lo ()]
oo \Jn—1 k—1
11
where — = — — —.
B aq ¢

REMARK 3. In Theorem 2, the spaces X, and L’ were assumed to satisfy -
condition. If we replace the BFS X by X” then the ¢-condition for the pair of spaces
X5 and )73 corresponds to the case p < p. In such situation, Theorem 2 can be written
for the boundedness of 7' between the amalgams ¢7(L}) and ¢9(X%). We next provide
the corresponding boundedness that covers the case p < p too. For this purpose, we
need the following results from [5], [6].

THEOREM D. Let 1 <p, p <00, —o0 < a < b < 0o, u,v be weight functions

defined on (a,b). Then the inequality
b\
<C / [Py
xp a

|([7)+

holds for all measurable functions f > 0, if and only if
(a) forp<p

L AN
sup [ xnu? |7 (/ V! p> < o0 (3.9)

a<t<b

/N
:\
&
"= TN

N

&=

<
<=

5
N———
S
VRS
:\»
<_ .

~
N———
U

<r—

|

.w\

=

=
~—
Nl

AN
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REMARK 4. In [5], it was proved that (3.9) is equivalent to the following condition,
which was, in fact, proved in [5] for a =0, b = oo
s=1) =

1
sup Vi " (D[[Vi " u? x5 < o0,
a<t<b
where V| (t) = fatvlfpl and s € (1,p).
Now, in view of Theorems 2 and D, the boundedness of the operator 7' between
the amalgams ¢7(X%) and ¢9(L}) can be obtained immediately. The following is the
result:

THEOREM 3. Let 1 < p,q,p,q < oo and u,v be weight functions. Then the
inequality

1Tf ey < ClIf 5.5

holds for all f € (9(LY) if and only if
(a) for p<p, 4<q

L g
0o . q m—1 n+1 . F
o 514 1—
B sup (Sl ) | 30 ([ v < o0,
me7Z n

n=m n=—00

1
t N\
B, = sup sup (||X[r,m+1]u’l’”xp) (/ vl”)p < 00.

meZ m<t<m+1

1
Q\\l.—

(b) forp<p, g <gq; By < oo and

n+1 1 t . » ’% . » o
A ( / ) VT () < oo,
n n

1 1
where — = — — —.
_ p P
(c) forq< g, p<p; By < o0 and
B
oo . q
By = (Z Ixnum;f@)
kEZ n=k
—1 ﬁ, 5’ %
x Z(/ vl_p>' / pi=p < 00
n=—o00 n—1 k—1
1 1
where — = — — —.
B a q

B <o and B3z < .
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REMARK 5. Theorem 3 extends a result of Carton-Lebrun, Heinig and Hofmann
[9] who proved it for X = L!.

4. Boundedness of the operator T7*

This section is devoted to the boundedness of the adjoint operator (7%f)(x) =
[ (£)dt between ¢4(X,) and ¢7(L}). Itis known that the dual of ¢7(LY) is the space
o (L’; 17;7’) . However, no concrete structure to the dual of ¢4(X,,) is known. Therefore

the usual practice of deriving the boundedness of 7* by duality argument is ruled out
here. So, we treat this case directly. However, the result is obtained on similar lines as
that in Theorem 1. Precisely, we prove the following:

THEOREM 4. Let u,v be weight functions, X, be a weighted BFS and 1 <
D, q,q < oo. Then the inequality

IT"f lleax) < CllF N5 (4.1)

holds for all f € ¢4 (Lé7 ) if and only if the following inequalities hold.:
(a) for all sequence {A,} € K%Vn}

==

(Z (iﬁky U3>é <cC (Zfﬁ’%) , (4.2)

n€”Z \k=n nez

where

~ n+1 ~ n+1 N\ 7
An = / f7 Un = ||x”l||Xu Clnd Vn = / vl_P

(b) foreach n € Z

(e sel )

Proof. We prove sufficiency first. Without any loss of generality, we may assume
that |T*f| < T*|f|. We have

1Tl = H ( / " /oof> o
‘(/Xnﬂf) . ( i /kk+1> “

k=n+1

Xu

< +

Xu Xu
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N

1T Nl eax)
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ntl N oo 1\ 9 q
(7)) ) (2 (2 ) e
nez x Xu n€Z \k=n+1"*k

= T +J;. (4.4)
Since (4.3) holds, we find,

< Clf g - (4.5)

Taking U, = ||xullx, » Ax = fkkH S, using (4.2) and applying analogous procedure as
done in Theorem 1, we get

o q q
5o (2]
n€Z \k=n+1

L_
c (ZA;’ Vn>
nez

< Clf 5z - (4.6)

Sufficiency now follows from (4.4), (4.5) and (4.6).
In order to prove the necessity, define for any non-negative sequence {a,}, a
function

N
<=

f= Z akvlil;,Xk

kEZ

. .o Kl 5
so that if we write By = (ak IA yl=p

),wehaveforn<x<n+l;

[ref (2]

k=n

(TF) ()] =

which gives

q
1T Neax) = (Z (ZE) ||Xn|;1(u>

neZ \k=n
and also for this f

==

£ ll50g = (ZR‘ZN")

ne”Z

Consequently, (4.1) becomes

(Z <i3> ||xn||;a,> e (Z BZV”) L

neZ \k=n
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which proves the necessity of (4.2). Finally, in order to prove the

for {B:} € f? 3
,takeforafixed me Z, g>20and m <x <m+
ke f fixed Z 0 and 1

v
necessity of (4.3

f = 8Xm 5

so that the LHS of (4.1) can be estimated as
2

[ee) m+1
1T o) = H ( / f) o ( / g) o
X Xu X

m+1
Hf”,;,v,,; = ( 8PV>

m+1 m+1
(/ g)xm <C</ g”V)

for each m € Z and the assertion follows. O

Xu

while

==

and (4.1) becomes

=il

Xu

REMARK 6. Naturally, one may expect a result corresponding to Theorem 2, i.e.,
precise weight conditions for the inequality (4.1) to hold. This involves precise weight
conditions for the inequality (4.3) which, unfortunately, are not yet known. However,
for the special case when X is taken as the space X”, these conditions have been
obtained in [5], [6]. Using these conditions, we can obtain the result corresponding to
Theorem 3. This result reads:

THEOREM 5. Let 1 < p,q,p,q < oo and u, v be weight functions. Then the
inequality

T laxry < Clf ll5.05

holds for all f € ((LY) if and only if
(a) forp<pand g<q

1

m—1 q 0o n+1
* 1 -5
Ci = sup{ S |xnw||3a,} §:</ . ) < o0

meZ n=—00 n=m

and

L
. i m+1 17[;, I;’
C; :=sup sup (Hx[m’,]ul’ pr) v < 00
meZ m<t<m+1 t
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(b) for g < q and p ; C5 < oo and

Q™

p <p
1
Z 126247 ||
k€Z Ln=—o0

=I—

B
.
q

oo n - ,
A ([T ity <o
n=k n—-

1 1

where - = — — =

B a9 q

(c) forq< gand p <p; C; < oo and

§ n+1 L n+1 171’;/ P 1
o | [ i () Il | <o

t

e
SIE

=

Ci <o and C; <.

REMARK 7. Theorem 5 extends a result of Carton-Lebrun, Heining and Hofmann
[3] who proved it for X = L.

REMARK 8. In this paper, one of the amalgam spaces has been ¢4 (Li7 ). ITtis of
interest if this space is taken also as a more general space such as €§(X5 ) or even

EP( V), X,, Y, being weighted BFS different from X, . In this direction, one needs to
extend Theorems D and E to X? - X? boundedness of the operators 7' and T*.
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