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HILBERT-TYPE INEQUALITIES AND RELATED OPERATORS
WITH HOMOGENEOUS KERNEL OF DEGREE 0

YANG BICHENG AND MARIO KRNIC

(Communicated by J. Pecaric)

Abstract. In this paper we provide an unified approach to the Hilbert-type inequalities with ho-
mogeneous kernel of degree 0 and certain weight functions. As an application, we define the
related Hilbert-type operators and analyze their norms. In the case of conjugate exponents, we
obtain the best possible constants involved in the right-hand sides of derived inequalities, and
norms of the Hilbert-type operators as well. Finally, we consider some special choices of homo-
geneous kernels and parameters.

1. Introduction

Let p and g be conjugate exponents, that is, 11—74—5 =1, p> 1. One of the earliest
versions of the classical Hilbert inequality, that holds for all non-negative functions
f € Lp(RJr) and gc Lq(R+), is

R ACIS) m
——dxdy { ——— , |
/0 /0 oty TS (z) 1l lglzae, ) (1)
»
where the constant factor —Z— is the best possible in the sense that it can not be
sin E

replaced with a smaller constant (see [10]).
In 1934, Hardy et. al. (see [11]) extended (1) to the case of non-homogeneous
kernel k; (x,y) of degree —1,

/Ow /Owkl (x,9)f (x)g(y)dxdy < c1(p) || fll e, llgll o, ) )

where ci(p) = [y ki(u, l)ufédu € R and p,q are conjugate exponents with p > 1.
Recall that homogeneous function &y : Ry x Ry — R has degree —o, o > 0, if
ko (tx,ty) =1~ %kg(x,y) forall r,x,y € Ry

The Hilbert inequality is very important in mathematical analysis and its appli-
cations and, although classical, is still a field of interest of numerous mathematicians.
During decades, it was generalized in many different directions, such as different choices
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of kernels, sets of integration etc. One of the most interesting problems concerning the
Hilbert inequality is the problem of the best possible constant factors. That problem
will be investigated in this paper.

In paper [2], Y. Bicheng obtained generalization of (1) considering the kernel
x%, s > 0, and introducing two pairs of conjugate parameters. Also, Y. Bicheng
established in [4] extension of (2) by introducing the non-homogeneous kernel. In both
papers, the best possible constants are obtained.

On the other hand, M. Krni¢ and J. Pecari¢ provided in [12] an unified treatment
of the Hilbert-type inequalities. As an application, they obtained appropriate results for
homogeneous kernels of negative degree and power weights. Further, M. Krni¢ et. al.
obtained in [13] the 1nequal1ty

f(x)
dd B(1—Axp,l —1+Asp) x
// x+y y < B( 2P 2P)

x[ /OooquAl_lfp(x)dx]F[ /O P2l ()dy]_, 3)

with the best possible constant factor on the right-hand side of the inequality, where
1>0,4, ¢ <}I, lql>, Ay € <1 L 1> pAs+qA; =2 —1,and B(-,) is the usual Beta
function. Moreover, M. Krni¢ obtalned in [15] the best constant factors expressed in
terms of Gaussian hypergeometric functions.

Very recently, Y. Bicheng obtained in [7] the best possible constants for arbitrary
homogeneous kernel of negative degree and some special power weights. Namely, he
considered non-negative homogeneous kernel &; : Ri — R of degree —I, [ >0, two

pairs p,q and r,s of conjugate exponents and power weights ¢,y : R, — R defined
by ¢(x) =x" (1- 1)71 y(y) = yq(l 5)=1, He obtained the Hilbert- -type inequality

| [ kst dsdy < a1l lelg e, @

where ¢;(r) = [ ki(t, l)ﬁ_ldt and f,g:R; — R are non-negative measurable func-
tions with respect to the norm

1l ) = {/ Q)" ( >dx] , 5)

for r > 0 and non-negative measurable weight function Q : (a,b) — R, Moreover,
the related Hilbert-type operator .7 : Lj(R;) — L{; 1, (Ry), defined by (Zf)(y) =

Jo ki(x,y) f(x) dx is also studied. Since ¢;(r) is the best possible constant in (4), one
obtains that the norm of the Hilbert-type operator 7 is ||| = ¢;(r).

The best possible constant factors were also studied in extensions of the Hilbert
inequality to a multidimensional case. See, for example, papers [1], [3] and [14].

In 2007, Y. Bicheng obtained in [5] the best possible constant factor for the homo-
geneous kernel of degree 0 and non-negative measurable functions f,g: R, — R:

//il::j;i}} )g(y)dxdygz[/omxfz(x)dxr[/Owygz(y)dy]z. 6)
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The main objective of this paper is an investigation of the Hilbert-type inequali-
ties with homogeneous kernels of degree 0. We provide an unified treatment to such
inequalities and also obtain the best possible constant factors in some general cases. As
an application, we define the related Hilbert-type operators and analyze their norms.
Further, we regard the Hilbert-type inequalities in more general manner, that is, in the
setting of non-conjugate exponents. Basic definitions and results about non-conjugate
exponents will be introduced in the next section.

Techniques that will be used in the proofs are mainly based on the classical real
analysis. Also, throughout this paper we suppose that all functions are non-negative
and measurable, so that all integrals converge.

2. Non-conjugate exponents
Suppose p and g are real parameters, such that
1 1
p>l,g>1, —+-2>1, 7
P q

and let p’ = p%l and ¢’ = qqu respectively be their conjugate exponents, that is, % +
% =1 and é + % = 1. Further, define

A= l/ + l/ ®)

o q

and observe that 0 < A < 1 holds for all p and ¢ as in (7). In particular, equality
A =1 holds in (8) if and only if g = p’, that is, only if p and g are mutually conjugate.
Otherwise, we have 0 < A < 1, and such parameters p and g will be referred to as
non-conjugate exponents.

Considering p, g, and A as in (7) and (8), Hardy, Littlewood, and Pélya, [11],
obtained an extension of (1). However, the original proof did not bring any informa-
tion about the value of the constant included in the right-hand side of the inequality.
That drawback was improved by Levin, [17], who obtained an explicit upper bound for
the constant, that, in conjugate case, reduces to the previously known sharp constant
ﬁ. A simpler proof of that extension, based on a single application of the Holder
in(Z

inequality, was given later by F. F. Bonsall, [8].

Very recently, A. Cizmesija et. al. developed in paper [9] an unified treatment of
the general Hilbert-type inequalities extended to the case of non-conjugate exponents.
Their main result, based on one Bonsall’s idea from paper [8], is the following.

THEOREM 1. Let real parameters p, q, and A be as in (7) and (8), and let X and
Y be measure spaces with positive o -finite measures [ and Ly respectively. Let K be
a non-negative measurable function on X XY, ¢ a measurable, a.e. positive function
on X, and Wy a measurable, a.e. positive function on Y. If the functions F on X and
G on Y are defined by

U=

PO = | [ Ky 0 () vex. ©
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and

P

60) = | [ Koo wam]| . vev. (10

then for all non-negative measurable functions f on X and g on Y the inequalities

[ [ K e g) dun @) () < I0F Sl [WGelisy (1D

and

1
7

{ [werio K’%x,y)f(x)dm(x)]qdu2<y>}q <IoFflg) (12

hold and are equivalent.

Clearly, inequalities (11) and (12) are further generalizations of the classical Hilbert
and Hardy inequality. So, inequalities deduced from (11) will be referred to as the
Hilbert-type inequalities and inequalities deduced from (12), as the Hardy-Hilbert type
inequalities.

Further, in paper [9] it was shown that necessary and sufficient conditions for
equalities in (11) and (12) are described with relations

f= oup*”/FqF*l ae.onX and g= Bl//*’/G%71 a.e.onv, (13)

and o
K=yF1GP ae.onXxY, (14)

where a,f and y are some positive real constants.

The same authors also considered reversed inequalities in (11) and (12), these are
the inequalities with reversed sign of inequality. They obtained that reverse inequalities
in (11) and (12) hold if

1 1
p<O,QE<O,1>,_+—<1, (15)

P 4

or | |
p€<0,1>,q<0,—+—<1, (16)

P 4q

since the crucial step in proving Theorem 1 was in applying the Holder inequality, and
parameters given by (15) or (16) provide the so-called reversed Holder inequality (for
details, see e.g. [18, Chapter V]). Note that in conjugate case, reverse inequalities in
(11) and (12) are achieved if 0 < p < 1 and ¢ < 0.

We proceed with an application of Theorem 1 to homogeneous kernels of degree
0 and certain power weights. All results will be given in two equivalent forms in non-
conjugate setting, analogous to (11) and (12). However, the best possible constants will
be obtained only in the conjugate case, since described problem in non-conjugate case
seems very difficult and remains open.



HILBERT-TYPE INEQUALITIES AND RELATED OPERATORS... 821
3. Two Kkinds of the Hilbert-type operators

In this section we provide an unified treatment of the Hilbert and Hardy-Hilbert
type inequalities with homogeneous kernels of degree 0 and power weights. We con-
sider two types of kernels deduced from mentioned homogeneous functions. As an
application, we define the corresponding Hilbert-type operators. Before we state and
prove our results, we have to establish some definitions.

Let (a,b) C R be an interval and let u,v : (a,b) — R be non-negative, measurable
functions satisfying following conditions:

(i) u and v are differentiable on (a,b);
(ii) u and v are strictly increasing on {(a,b);

(iii) lim u(r) =v(r) =0 and lim u(r) =v(r) = oo.

x—at x—b~

Further, we suppose that kg : Ri — R is non-negative, measurable homogeneous
function of degree 0. Also, we consider the integral

col0t) = /O ko100, (17)

defined in terms of the function ky. Clearly, the convergence of integral (17) depends
on the function kg, so we consider only the parameters « such that (17) converges.

Now, we define the kernel by means of the function ky. More precisely, let K :
(a,b) x {a,b) — R be non-negative measurable function defined by

Ko(x,y) = ko (u(x),v(y)), (18)

where functions u and v fulfill conditions (i)-(iii).
Above definitions and notations will be valid through the whole paper. Our first
result, in non-conjugate form, reads:

THEOREM 2. Let real parameters p, q, and A be as in (7) and (8) and let u and
v be non-negative measurable functions on {(a,b), fulfilling conditions (i), (ii) and (iii).
Suppose Ky : (a,b) x {a,b) — R is non-negative measurable function defined by (18)
and Ay, Ay are real parameters such that ¢o(2 — p'A;) < e and co(q'Az) < . Then
the inequalities

b b 3 5
[ [ Ko fgo) drdy < cff 2= p'an)e] (¢A2)x

1

(AZ*AI)Q‘F’%()}) q

l/ab v(v/)T(y)gq(y) dy| (19

M(AI*AZ)PJFﬁ ()C)

b
X [/a Wfp(x)dx]
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and

b
/ (A ) [/ KO x50 f dx} dy
a 27 1

_ L
M(Al Az)p+ 7 (

<el 2—p'A)ed (dA) [ /a ’ T £ (x) dx] (20)

hold for all non-negative measurable functions f and g on {(a,b) and are equivalent.
Equalities in (19) and (20) hold if and only if f =0 or g =0 a.e. on {(a,b).

Proof. 1Tt is easy to see that this theorem is a consequence of Theorem 1. We
substitute the kernel Ky, defined by (18), in inequalities (11) and (12) and
Al A2
ut (x y
(p(x):%7 W(y):#7 xG(a,b), (21)
() ¥ (x) CORRCY)
instead of weight functions ¢ and y as well. Then considering v(y) = fu(x), using the
variable substitution theorem, and homogeneity of the function ky, we get

={[%W®N®W#M®V®®r

l
=ud [/ koltth2dt]

Using the same argument, we also obtain

& (dAu? (), xe(a,b).

G(y)—co Q=pA? M w), ye (ab),

which gives relations (19) and (20).

It remains to investigate the case of equality in obtained inequalities. According
to conditions (13) and (14), necessary condition for equality in (19) and (20) is that the
function f has the form

F ) = ey (g Agyu PRI (il (x), - (a,b), (22)
for some positive real constant oc. Now, by inserting (22) in (20), the right-hand side
of (20) reads

areo(gaa) [ Ty,
0
where we used the substitution u(x) =¢. Hence, we came to a contradiction since

obtained integral diverges. Thus, the equality in (19) and (20) holds only if f or g are
zero-functions a.e. on (a,b). [

We continue with some interesting examples of functions u# and v, fulfilling condi-
tions (i)-(iii). Obviously, functions u,v: R — R, defined by u(x) = Ax*, v(y) = By",
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where A,B,u,v > 0, satisfy mentioned conditions. So, as a direct consequence of
Theorem 2, we obtain the following result.

COROLLARY 1. Suppose p, q, and A are as in (7) and (8) and kg : Ri — R
is non-negative measurable homogeneous function of degree 0. Let Ay, Ay be real
parameters such that co(2 — p'A) < e and co(q'A;) < e, and let A,B,,v > 0. Then
the inequalities

/ / (Ax, ByY) f(x)g(v) dxdy

& 5 °° _ 1 _ _ 7
<C(§ (z_p/Al)Cg (Cl/Az)Co |:/0 x(Al A2+q/>17/-‘-+(17 1)(1 V-)fp(x)dx] r o

1

g [/(>wy(A2Al+"l’)"V+(ql)(lV)gq(y) dy] q (23)

and

{/Omy(Al_Az_z”qlerv_l [/Oooké(Ax“,Byv)f(x) dx] q,dy}y

o 7 * (A—Ayt+ L )1
<C(’; (z_p/Al)c(c)] (q/Az)CO |:/O X(Al A2+q1)PH+(P N /J)fp(x) dx:| P’ (24)

where : 1 . .
B ¥ Ey/ Die e Sy Py SE S
CO — H » v q/A 1 2+q/ » 2 1+’,/ q/7

hold for all non-negative measurable functions f and g on R4 and are equivalent.
Equalities in (23) and (24) hold if and only if f =0 or g =0 a.e. on R.

REMARK 1. Corollary 1 is obtained in paper [9] (see relations (47) and (48)). So,
we can regard Theorem 2 as a generalization of mentioned results from [9]. [

Another interesting application of Theorem 2 appears if we consider the functions
u,v:R— R, defined by u(x) =¢* and v(y) = ¢.

COROLLARY 2. Let real parameters p, q, and A be as in (7) and (8) and let
ko : Ri — R be non-negative measurable homogeneous function of degree 0. Suppose
Ay and Ay are real parameters such that c¢o(2 — p'A;) < e and co(q'Az) < . Then
the inequalities

/:O [Zké(ex7€y)f(x)g(Y) dxdy < 067 (2—p’A1)cg (¢'A2) %

1

" Ui [@r=a2re1=E]x o 4 r [/ie[(Az—Al)qH—%}ygq(y)dy T s
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and

(- dnssecth [ e ommal o)

& 5 o _ _rlx
<ef 2= pAe] (d4) [ / el@r=rsi=ghepo dx} BCS
hold for all non-negative measurable functions f and g on R and are equivalent.
Equalities in (25) and (26) hold if and only if f =0 or g =0 a.e. on R.

Now, we consider another interesting kernel depending on homogeneous function
ko : R2 — R of degree 0. Namely, let Ky : (a,b) x (a,b) — R be non-negative mea-
surable function defined by

Ko(x,y) = ko (1,u(x)v(y)), 27

where the functions u and v fulfill conditions (i)-(iii). The following result is an ana-
logue of Theorem 2.

THEOREM 3. Let real parameters p, q, and A be as in (7) and (8) and let u and
v be non-negative measurable functions on {a,b), fulfilling conditions (i), (i) and (iii).
Suppose Ky : {a,b) X {a,b) — R is non-negative measurable function defined by (27)
and Ay, Ay are real parameters such that co(p'A1) < o and co(q'A2) < e=. Then the
inequalities

b b TR
| [ R ensogtdedy < of (aneg (¢'a)

(A1 +42) ; s g o i

by p_ﬁ(x) 4 by »
) Va Twrw p(x)dx] [ /a qu(y)dy] (28)

1
7

and

b
/ [/ K’l (x,9)f dx} dy
a (A1+A2 /— ;’,

b (AIJFAZ)P*E/(X)
/a Wfp(x) dx] (29)

hold for all non-negative measurable functions f and g on {(a,b) and are equivalent.
Equalities in (28) and (29) hold if and only if f =0 or g =0 a. e. on {(a,b).

1
<cf (P'ADc] (4'Ar)

Proof. We use Theorem 1 and follow the same lines as in the proof of Theorem 2.
Considering the weight functions defined by (21), we get

7 -

_ L _ 1
F(x) =c (A2 7 (x), and G(y) =cf (PA )" 7 (x), x,y € (a,b),
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which yields inequalities (28) and (29). The equality in obtained inequalities is estab-
lished in the same way as in proof of Theorem 2. [

Of course, it is easy to obtain analogues of Corollaries 1 and 2, with the kernel Ko
instead of Kj. Corresponding results are given in the sequel.

COROLLARY 3. Let p, q, and A be as in (7) and (8) and let k Ri — R be non-
negative measurable homogeneous function of degree 0. Let A1, Ay be real parameters
such that co(p'A1) < oo and co(q'Az) < o, and let A,u,v > 0. Then the inequalities

/ / (1,AxMyY) f(x)g(v) dxdy

1
<<l ( /Al) (qu)Co [/0 x<A1+A2 )P#Jr( M)fp(x)dx]’ y
1
~ |:‘/0 y(AH’AZ*ﬁ)LIV‘F(‘I*l)(lfV)gq(y) dy:| a (30)

and
1

{/Owy(‘AI‘Aﬁ#)‘/V*V‘I [/Omké(l,AxuyV)f(x) dx} ’ dy}q,

1 1 ~ o
<el (pP'ANed (dA2)Co { /0 At ot (- 0-w) 17 (x) dx] B T)

where

1 1
T T 7 AAI A
Co=u rv dATR274

hold for all non-negative measurable functions f and g on R4 and are equivalent.
Equalities in (30) and (31) hold if and only if f =0 or g =0 a. e. on R..

COROLLARY 4. Suppose p, q, and A are as in (7) and (8) and ky : Ri — R
is non-negative measurable homogeneous function of degree 0. Further, suppose Ay
and Ay are real parameters such that co(p'A;) < oo and co(q'Az) < oo. Then the
inequalities

1

Li[iké(l»ex+y)f(X)g(y) dxdy < 0(37 (p’Al)cg (¢'Ay) x

1
" U"" e[(A1+A2)p+lf2p+ﬂxfp(x) dx} v [/w e{(A|+A2)q+lf2q+%}ygq(y) dy] ' 32

— oo —oo

and

{/_";e[l a5 [/ K (1) ()dx]q/dy}q%

1

<<l (A)e] (7 [/ we[(AﬁAZ)pH_z”ﬂ"f”(x)dx]p (33)
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hold for all non-negative measurable functions f and g on R and are equivalent.
Equalities in (32) and (33) hold if and only if f =0 or g =0 a.e on R.

REMARK 2. According to the discussion in Section 2, if non-conjugate exponents
p and g satisfy conditions (15) or (16), then the inequality sign in all relations from
Theorems 2, 3 and Corollaries 1, 2, 3, 4 is reversed.

The Hardy-Hilbert type inequalities (20) and (29) allow us precise definition of
the Hilbert-type operators and some conclusions about their norms as well. We observe
the measure space

Lo(ab) = {f: (@b) =R |flpan <},

where the norm || - {17 (45 is defined by (5).
Hence, if we denote

(A1—A2)p+5 (A2—Ar)g+%
u 7 (%) " ()
e [ .2 i, 77 0) R A—. 2 b
(‘x) (u/)pfl(x) an (y) (V/)qil(y) ’ -x7y € <a7 >7
we can define the operator .% : Ll (a,b) — Lg,lf sla,b) as
(Df) (y / Ko x,y)f(x)dx, yé€a,b). (34)

Of course, we suppose p, g and A are as in (7) and (8). Clearly, the operator .7 is
well defined since from inequality (20) we conclude that .5, f € L?PHI, (a,b). Further,
we define the norm of the operator 7 as

H %fHL‘I/17 , <a7b)

%= sup (35)
FELR (ab),f#0 ”fHLg(mb)

We conclude, from inequality (20), that the operator %, is bounded. More precisely,
(20) yields upper bound for the norm of the operator:

||%||<C 2- P’Al)Co (4'A2).

The same type of discussion can also be applied in obtaining the Hilbert-type
operator related to kernel Ky, defined by (27). More precisely, if we denote

_ M(A1+A2)P—§ _ (A1+A7)q— 1
D(x) = W and ¥(y) = Tl()/)(y)7 x,y € (a,b),

we can define the operator T : Lg) (a,b)y — qujllfq, (a,b) as

(Zf) 0y / Ri(ey)f()dx, ye (ab). (36)
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The operator % is well defined since inequality (29) implies % fe qu:lfq, (a,b). Since

the norm of the operator % is given by

r(ab)

1-¢'

X
‘*I"

|%ll=  sup

— (37
settabysro ez ap

inequality (29) yields upper bound for the norm of the operator % :

l 1

1%] < cf (P'A1)ef (q'Az).

In the next section we shall consider some general cases in which we are able
to find the norm of operators T and 7p. Obviously, that problem is equivalent to the
problem of the best possible constant factors in inequalities (20) and (29).

4. On the best possible constant factors and norms

As already mentioned, the problem of the best possible constant factors in the
Hilbert and Hardy-Hilbert type inequalities seems to be very difficult in the case of
non-conjugate exponents and remains still open.

In spite of that, we can solve mentioned problem in some general settings with
conjugate exponents. Hence, in this section parameters p and g are assumed to be
conjugate, that is, when p = ¢’, g = p’ and A = 1. We consider constant factors
involved in the right-hand sides of inequalities from Theorems 2 and 3. Of course, it is
enough to investigate the problem for the Hilbert-type inequalities since we have pairs
of equivalent inequalities.

The main idea in obtaining the best possible constant factors is a reduction of the
constant in the form without exponents, by appropriate choice of real parameters A
and A,. More precisely, in the conjugate case the constant involved in the right-hand

sides of inequalities (19) and (20) reads Co I(2— qu)CO (pAz), hence it is natural to set
the condition

PA2+qA =2. (38)

Thus, if parameters A; and A, satisfy (38), the previous constant factor reduce to
co(pAz). Moreover, if the constraint (38) is satisfied, inequalities (19) and (20) from
Theorem 2 become respectively (in conjugate case)

[ [ sotensist)aas

hu Alflx % b v Ay—1 q
co(pAz) Ua Mﬂ’(@d}c} Ua ﬁgq(y)dy (39)
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and

1
b iz
{/a ” qu1+17+1 [/ Ko(x,y)f dx] dy}

b uPaAI—1(x 5
< co(pha) { / (Z’),,—_l((x))ﬂ’(x)dx} . (40)

Our next step is to show that the constant cy(pA;) is the best possible in both
inequalities (39) and (40). For that sake, we need to establish the following lemma.

LEMMA 1. Suppose that p and q are conjugate parameters. Let functions Ko,u,v
be as in the statement of Theorem 2 and let u(c) = 1,v(d) =1, c¢,d € (a,b). Let
parameters Ay,A; fulfill conditions as in the statement of Theorem 2 and let gA| +
pAr = 2. Then the relation

/” u'(x)
8 £
o ut™ (x)

hold for € \, 0.

/” Ko(x,y)v'(y)
d

VA2 (y)

dY] dx = co(pAz) +o(1) (41)

Proof. Let us denote the left-hand side of relation (41) with I . By using substitu-
tion X = u(x) and y = v(y) we have

18:5/ Fohip [/ ko(zy)rpf‘zf}dy] A%
1 1

Further, considering substitution y = Xt, homogeneity of the function kg and the con-
dition gA| + pA; =2, we obtain the expression

I, = e/ xol-e [[ k0(17t)tpA22dt] dx.
1 kS

If we separate the inner integral in I into two integrals and apply the Fubini theorem,
we have

©° 1 € o €
I = s/ xle [/1 ko(l,t)t_”AZ_ﬁdt+/ ko(l,t)t_pAz_ﬁdt] dx
1 = 1
oo 1 B
= s/ yol-e [/1 ko(1,0)t P42 ady
1 L
1 e [ = 1 A LE
= e/ ko(1,0)t 7% 4 [/1 rl—edz} dt+/ ko(r, 1)t ¥ aqy
0 1 0

1 ¢ 1 ¢
:/ ko(l,t)t_pA2+th+/ ko(t, 1)t~ a gy, (42)
0 0

dx+ / ko(1,0)t P24
1
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Now, we have to distinguish two cases, depending on signs of conjugate parameters p
and g. If p>1,theng>1,s0 1‘9—? >0 and 3 > 0. Hence, relation (42) yields

1 1 -
Igg/ k0(17t)t_pA2dt+/ ko(t,l)t_qudt:/ ko(1,2)t=P22dt = c(pAy).
0 0 0

Finally, by the Lebesgue control convergent theorem (see [16]) we obtain (41).
It remains to consider the case when 0 < p < 1 and g < 0. Then for € > 0,
there exist o > 0 such that ¢ < —go. Namely, we can choose 0 = 2 Thus, we can

estimate /¢ in the following way: o
1 At E 1 A LE
I, g/ ko(1,0)1" 2+3dt+/ ko(r, D)+ dr
0 0
1 1
</ ko(l,t)t*I’AZ*"dtJr/ ko(t, 1)t~y
0 0

Clearly, € \, 0 implies o\, 0 and again, by the Lebesgue control convergent theorem
we obtain (41). O

Now, we are ready to state and prove the main result, concerning the best possible
constant factors in inequalities (39) and (40).

THEOREM 4. Let p and q be conjugate exponents, let A| and A, be real param-
eters such that gA| + pAy =2, and let co(pAy) < o. Then the constant factor co(pA;)
is the best possible in both inequalities (39) and (40).

Proof. We consider two cases depending on weather p > 1 or 0 < p < 1.

If p>1 then ¢ > 1. Suppose that the constant factor co(pA;) is not the best
possible in inequality (39). That means that there exist the constant factor kg < co(pA;)
such that inequality (39) holds if we replace co(pA;) with ky. For € > 0, we substitute

functions
0, x € (a,c),
felx) = Mq/\':fg(x), X € [e,b),
and
0, x € (a,d),
g:(y) = Y ()
€ VPA2+%(y)’ X € [d b>,

where c¢,d € {(a,b), u(c) =1, v(d) = 1, in inequality (39). We get

q

[

1
P

/ah /;Ko(x,y)fg(x)gg(y) dxdy < ko {/Chulg(x)u’(x)dx}

and further -
e [ [ Kol fe(x)ge) dxdy < o “3)
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The left-hand side of the inequality (43) coincides with the left-hand side of relation
(41), so by Lemma 1 we have

co(pAz) +o(1) < ko.

Now by letting € \, 0 we obtain that ¢y(pA;) < ko which contradicts with the assump-
tion ko < co(pAz). Thus, the constant co(pAz) is the best possible.

It remains to consider the case when 0 < p < 1, that is, the case of the reverse
inequality in (39). Suppose that cy(pA;) is not the best possible constant. That means
that there exist the constant factor k6 > co(pA,) such that the reverse inequality in (39)
holds if we replace co(pA,) with k(. Now, for above choice of functions f. and g,
and with the use of Lemma 1 we obtain

co(pA2) +o(1) = ko,

and also co(pAz) > ki, when € ™\, 0. Hence, we get a contradiction and co(pA,) is the
best possible in the reverse case as well.

Finally, since (39) and (40) is a pair of equivalent inequalities, it follows that
co(pAz) is also the best possible constant factor in (40). O

According to discussion in Section 3, the previous result also yields the norm of
the operator %, defined by (34), in the case of conjugate exponents.

COROLLARY 5. Let p and q be conjugate exponents, let Ay and A, be real
parameters such that gA; + pA; = 2, and let c¢o(pAy) < o. Then, the norm of the
operator 7 Lg<a,b> — Lg,l,,, (a,b), defined by (%f) (y) = fubKo(x,y)f(x) dx, y €
(a,b), is || F0|| = co(pA2).

REMARK 3. Itis very interesting that we can deduce inequalities (3) and (4) from
(39). First, we show that inequality (39) implies (3). For that sake, we suppose that
parameters A; and A; satisfy condition pA; +qgA; =2—1, [ > 0, as in (3). Note that
parameters A; + L and A, satisfy condition (38). Further, since ko(x,y) = (x+y) 'x!
is homogeneous function of degree 0, we have

co(pAs) = /0 (140) ' P2ds = B(1 — Asp,l — 1+ Asp),

where B(-,-) is the usual Beta function. Hence, if we substitute u(x) = x, v(y) =y,
Ko(x,y) = (x+y)~'x! in (39), and replace A and f(x) respectively with A; + é and
x~!f(x), we obtain (3).

To obtain (4), we suppose that k;(x,y) is homogeneous function of degree —! and
r,s is a pair of conjugate exponents. Then, ko(x,y) = k;(x, y)xé y% is homogeneous
function of degree 0. Now, if we substitute u(x) =x, v(y) =y, A = é, Ay = %,
Ko(x,y) = ki (x, y)xé yé in (39), and replace f(x) and g(y) respectively with X f(x)
and y’ég(y), we obtain (4) since

CO(PA2)=Co(1)=/O kz(ht)t%—ldz:/() Ko (o0, Vs~ lu.
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The previous discussion about the best possible constant factors can also be ex-
tended to Theorem 3. Namely, the constant involved in the right-hand sides of inequal-
1 1

ities (28) and (29) becomes cg (qu)cg (pA;) in the conjugate case, so it is natural to
set the condition

pA2 = qAy. (44)

Hence, in this setting the constant becomes ¢ (pA,) and inequalities (28), (29) respec-
tively read
1

/ub /ub Ko(x,y)f (x)g(y) dxdy

oo | [ B o a] 'l_’ [ oesema| @

and

1
b p
{/ quA1 p+1 [/ Koxy dx] dy}
a

co(pAa) [ / ’ ”(‘pq? 1((")) () d } % (46)

The crucial step in proving that the constant co(pA;) in (45) and (46) can not be
replaced with the smaller one, is the following lemma.

LEMMA 2. Let p and q be conjugate parameters, let functions I?o,u,v be as in
the statement of Theorem 3 and let u(c) = 1,v(d) =1, ¢,d € {(a,b). Suppose A1,A;
Sfulfill conditions as in the statement of Theorem 3 and qA| = pA,. Then the relation

by (x d X, /
8/0 qulJE%)(x) /u K\(})}EAZy)%(y(;) dy] dx = co(pA2) +0(1) (47)

hold for € \, 0.

Proof. By using substitution X = u(x) and y = v(y) we have
~ el A& 1 An+ £
e [T | [ as] a
1 0

where I, denotes the left-hand side of relation (47). Further, considering substitution
Xy = t, homogeneity of the function k and the condition gA; = pA;, we get

E:s/ gl [/ ko(l,t)tpAer;dt} d5.
1 0
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Now, if we separate the inner integral in Iz, into two integrals and apply the Fubini
theorem, we have

~ had 1 € X €
I :s/ P [/ ko(l,z)fl’*‘ﬁadw/ ko(l,z)tf”‘ﬁadt] dx
1 0 1
! —pAr+E e * —phy+E ~
:/ ko(1,t)t P2 th+e/ x /ko(l,t)t PR g dr | dx
0 1 1
1 e oo . oo
:/ ko(l,t)t_pAerﬁdt—i-s/ ko(1,0)t P42ty [/ 351%5] dt
0 1 t
1 . 1 .
= / ko(1,0)t P42 adr + / ko(t, 1)t 2 TPA2 5 gy (48)
0 0

Similarly as in Lemma 1, we have to distinguish two cases, depending on signs of
conjugate parameters p and g. If p > 1, then g > 1, so f; > 0 and % > 0. Hence,
relation (48) yields

- 1 |
Ie S/ ko(l,t)t—PAzdt+/ ko(l,l)t_2+pA2dt
0 0

1 o
:/ ko(l,t)t*I’Azdt+/ ko(1,0)tPA2dt = co(pAs).
0 1

Thus, according to the Lebesgue control convergent theorem (see [16]) we obtain (41).
Now we consider the case when 0 < p < 1 and g < 0. Then, for € > 0, there exist

o > 0 such that € < —go . Namely, if we choose 6 = E—‘Z , we get

~ 1 € 1 €
Igg/ ko(l,t)fl”‘ﬁadur/ ko, 1)~ 2 P42+ G g
0 0

1 1
g/ k0(17t)t‘PA2“’dt+/ ko(t, 1)t PA2=9 gy
0 0

Clearly, € \, 0 implies o\, 0 and again, by the Lebesgue control convergent theorem
(see [16]) we obtain (47). The proof is now completed. [

Finally, by means of Lemma 2, we obtain the best possible constant factors in
inequalities (45) and (46).

THEOREM 5. Let p and q be conjugate exponents, let A| and A, be real param-
eters such that qA| = pA,, and let co(pAy) < oo. Then the constant factor cy(pAy) is
the best possible in both inequalities (45) and (46).

Proof. We perform the proof similarly as the proof of Theorem 4, by means of
Lemma 2. For p > 1, we suppose that there exist the constant factor kg, smaller than
co(pAz) such that inequality (45) still holds if we replace co(pAs) with ky. Now, we
consider functions

_ 0,  xelao)
fe(X)={ 0 e fe,b),

£ 9 9
qu1+p (x)
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and

Y0y e (a,d)
ge(y) = /2a0)
0, xed,b),

where € > 0 and c¢,d € (a,b), u(c) =v(d) = 1. Clearly, for defined functions f, and
ge, inequality (45), with smaller constant factor kg, reads

/ub /ubl?o(xy)’)fe (x)ge () dxdy < ko {/ad ulg(x)u’(x)dx} : {/dh vHE(y)v’(y)dy] :

that is,
b b _
e [ [ Rl fe(x)ge(v) dxdy < o (49)

As the left-hand side of inequality (49) represent the left-hand side of relation (47), we
have
C()(pAz) + 5(1) < ko.

Thus, by letting € \, 0 we get co(pAz) < ko which contradicts with the assumption
ko < co(pA3). Hence cy(pA;) is the best possible constant factor in (45).

For the reverse inequality in (45) we suppose that there exist constant factor k{, >
co(pAz) such that reverse inequality in (45) holds if we replace co(pAz) with k.
Clearly, for above choice of functions f: and g, with the use of Lemma 2, we ob-
tain

colpAz) +3(1) = K,

which implies co(pA;) > k6 when € \, 0. Obviously, we came to a contradiction since
by assumption k{, > co(pAz).

Of course, since (45) and (46) is a pair of equivalent inequalities, it follows that
co(pAy) is also the best possible constant factor in (46). [

We conclude the previous discussion with the operator analogue of Theorem 5.

COROLLARY 6. Let p and q be conjugate exponents, let Ay and A, be real
parameters such that pAy = gA1, and let co(pAy) < oo. Then the norm of the operator

Ty LE(a,b) > LE (a,b), defined by (Tof)(y) = J2 Ko(x,y)f(x) dx, y € (a,b), is
17| = co(pAz).

5. The Hardy-type operators

In Section 3 we have defined two kinds of the Hilbert-type operators. We can
also generate some interesting Hardy-type operators from the Hilbert-type operators.
More precisely, let kg : Ri — R be non-negative measurable homogeneous function of
degree 0. Then the function kg : Ri — R, defined by

- 0, x <Yy,
mww:m@wmmmw={%@”x>§ (50)
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is also homogeneous of degree 0. Now, we define two Hardy-type operators as the
Hilbert-type operators % and 9, with respect to the kernel ko Ri — R. More
precisely, we define the operator 7 : Lf,(a,b) — L?PHI, (a,b) as

b

(Ton)0)= [, KNI e ve (@b, 5D

u=D vy

and 7 : Lg<a,b> »—>L%17 {a,b) as

q/
u(—l)(ﬁ)

(Fof)0) = | Ri(x3)f()dx, v€ {ab), (52)

a

where u(~1) is the inverse of the function u. Further, since

o 1
co(a):/o ko(l,t)t‘o‘dt:/o ko(1,2)t%dt,

we define |
2o(0) = / ko(1,1)1~ . (53)
0

Now, we easily obtain corresponding analogues of Theorems 2 and 3 for described
Hardy-type kernels of degree 0.

COROLLARY 7. Let p, q, and A be as in (7) and (8) and let u, v be non-negative
measurable functions on {(a,b), fulfilling conditions (1), (i) and (iii). Suppose Ky :
{a,b) x {a,b) — R is non-negative measurable function defined by (18) and Ay, A, are
real parameters such that Ty(2 — p'A1) < = and ¢o(q'A2) < o. Then the inequalities

—

b b 5 y
L s K )00 sty <5 (2 planey (g40)
a Ju v(y

_ L
(A AZ)P+q/ ( q

by X » b V(Az—Al)q-*-l%
/QWJCP(X)W] [/a Tl(y)(y)gq()’)d)’] (54)

X

and
1
/ q

[ %y)) [, K wswas]

1
P

fP(x) dx] (35)

—

(AI_AZ)P""ﬁ (.X)
()P~ (x)

hold for all non-negative measurable functions f and g on {(a,b) and are equivalent.
Equalities in (54) and (55) hold if and only if f =0 or g =0 a.e. on {a,b).

5 4 b
<c) 2-p'AE] (dAr) l/ .
a
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COROLLARY 8. Let p, q, and A be as in (7) and (8) and let u, v be non-negative
measurable functions on {(a,b), fulfilling conditions (i), (i) and (iii). Suppose Eo :
{a,b) X {a,b) — R is non-negative measurable function defined by (27) and A, A,
are real parameters such that ¢y(p'A1) < oo and ¢y(q'A2) < oo. Then the inequalities

1) L 1 L
[ / ) B e i) sy < (A0 (1)
b (A1+A2)P i » p  (Ar+A2)g—% 3
7 (%) v 7 (v)
X /a (u')P=1(x) f(x)dx‘| [/a qu(}’)d)’] (56)
and
SRA0) () A
/ V(A1+A2)q,_z_;()[L R (ef () dx| dy

==

M(A1+A2)P_§ ()C)

/ub Wfp(x) dx] (57)

hold for all non-negative measurable functions f and g on {(a,b) and are equivalent.
Equalities in (56) and (57) hold if and only if f =0 or g =0 a.e. on {a,b).

e (P'ANE] (dA2)

REMARK 4. According to Corollaries 7 and 8, we can easily obtain analogues of
Corollaries 1, 2, 3 and 4. We just need to replace the constant factor ¢o() with ¢o(ar)
and change the integration sets according to definitions (51) and (52). For example, if

u(x) = e* and v(y) = ¢, then =" (v(y)) =y and u(’l)(ﬁ) =—y.

REMARK 5. The discussion about the best possible constant factors, carried out in
Section 4, also holds for the Hardy-type operators (51) and (52). More precisely, if p, g
are conjugate parameters and Aj,A, parameters satisfying condition (38), then ¢y(pA;)
is the best possible constant factor in inequalities (54) and (55). Further, the same
constant is also the best possible in (56) and (57), when parameters A; and A, fulfill
condition (44) in conjugate case. Of course, under the same assumptions, we obtain

norms of operators 7 and .7 in the conjugate case: 1Tl = ||%|| =Co(pAz).

6. Applications

This section is dedicated to some special choices of parameters Ay, A, and ho-
mogeneous kernels of degree 0 in obtained results. At first, we simplify inequalities in
Theorem 2, Theorem 3, Corollary 7 and Corollary 8 by suitable choices of parameters
A and A;. Namely, if A| = # and A, = %, then the inequalities (19) and (20) become
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respectively

/ab /ab G (u(x), v(9) f (x)g(v) dxdy

and

<cf(n) [ / () <x>ff’<x>dx] g (59)

REMARK 6. For the same choice of parameters A; and A, thatis A} = é and

Ay = %, Theorem 3 yields the same inequalities as (58) and (59), with the kernel
ko(1,u(x)v(y)) instead of ko(u(x),v(y)). In other words, inequalities (58) and (59)
also hold if we replace the kernel ko(u(x),v(y)) with ko(L,u(x)v(y)).

We obtain similar results for the Hardy-type kernels defined by (50). Namely, if
A= 1% and A, = i, Corollary 7 yields inequalities

((x),v(v))f (x)8(y) dxdy

a\c_
=
I
=
=
=
=
Es

and

<g) [ [ (" (x)f”(X)dx] g (61)

REMARK 7. According to Corollary 8, inequalities (60) and (61) also hold if we
replace the kernel ko (u(x),v(y)) with ko(1,u(x)v(y)) and integration set (=1 (v(y)),b)

with (a,u"") (ﬁ))

REMARK 8.. In the conjugate case, parameters that generate inequalities (58),
(59), (60), and (61) are A} = é and A, = % . Such parameters satisfy condition (38), so

we get the best possible constant facctors ¢y(1) and ¢o(1) in this setting.
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Finally, to conclude the paper, we shall consider some interesting examples of ho-
mogeneous kernels of degree 0 in inequalities (58), (59), (60), and (61). We obtain the
constant factors expressed in terms of some special functions, such as Beta and Gamma
function. Of course, the constant factors will be the best possible in the conjugate case.

EXAMPLE 1. Let o >0, f > —1 and
~ ( min{x,y} O" y ’ﬁ
ko(x,y) = (FX {x’y}) In (x) . (62)

Then,

[ () -t = [ e [ e P
o \max{l,7} 0 1 '

It is easy to verify that
1 o - r |
/ t“‘l(—lnt)ﬁdt:/ t_a_l(lnt)ﬁdt:/ e—avvﬁdv:M,
0 1 0 aB+1

where I" denotes the well-known Gamma function. Hence, in this case we obtain con-
stant factors
c(l)_zr(ﬁﬂ) rp+1)
0 B oB+1 aftt

This kernel was also considered in paper [6]. Further, if oo =1 and =0, we have
co(1) =2, that is, we get inequality (6) from the Introduction.

and co(1) =

EXAMPLE 2. For homogeneous function defined by

ko(x,y) = Marctan <)—}> , (63)
max{x,y} x
we have
> min{1,7}

arctanz -t \dt = / arctantdt + / 2 arctantdr.
max{1l,7} 0

Clearly, by means of partial integration, we easily obtain required constant factors

T _ 7 In2
C()(l)—z and CO(])—Z—T
EXAMPLE 3. Let 0 < ¢ < 1 and
. o
minyx,
ko(x,y) = ({—y}> - (64)
x|

Then

o /min{l,}\% 1
/ (M) fldt:/ - O‘dt+/ L — 1),
0 [1—1] 0
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Further, it is easy to see that

1 o
/ 1N (1 —1) "% = / Yt —1)"%t =B(l—a,a),
0 1
where B is the usual Beta function. Hence, in this setting we obtain constants

co(1)=2B(1—a,a) and  ¢y(1)=B(1—a,a).
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