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Abstract. In the paper, we get the precise results of maximal inequalities and Hajek-Rényi-type
inequalities for the partial sums of L,-mixingale array (g > 1), which generalize and improve
the results of Theorem 1 and Theorem 2 in Meng and Lin [8]. We also get the strong law of
large numbers, strong growth rate and the integrability of supremum for L, -mixingale sequence
(g > 1), which generalize and improve the results of Corollary 1 in the above cited reference and
Corollary 2 in Hansen [4]. At last, a weak law of large numbers for L, -mixingale array (g > 2)
is given.

1. Introduction

Let (Q,.%,P) be a fixed probability space. The following random variables that
we deal with are all defined on (Q,.7,P). Let {Xy : 1<t <k, osn>1} bea
triangular array of random variables and {%# :t = ---,—1,0,1,---;n = 1,2,---} be
an array of o-subfields of .7 such that {.%#'} for each n > 1 is nondecreasing in ¢.
Whenever an expression like E(Xy|.77) is used, it is assumed that || X, [|; is finite,

where || X ||4, ¢ > 1, is defined as (E|X|‘1)1/q.

DEFINITION 1.1. The triangular array {X,,.%#;'} is a triangular L,-mixingale
array, g > 1, if there exist nonnegative constants {cy : 1 <t < k, ] oo;n > 1} and
{y(m):m >0} such that y(m) | 0 as m — oo and forall t = 1,2,--- k,, n > 1 and
m > 0, we have

@ || EGul 7 ) g < curw(m).

() || Xos — E(Xu| 7 ) g< e (m+1).

Similarly we shall give the definition of L,-mixingale sequence. Let {X,, :n > 1}
be a sequence of random variables defined on the probability space (Q,.%,P) and
{#,:n=---,—1,0,1,---} be a sequence of o-subfields of .# such that {%,} is
nondecreasing in 7n.
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DEFINITION 1.2. The sequence {X,,.%,} is an L,-mixingale sequence, g > 1, if
there exist nonnegative constants {c, :n > 1} and {w(m) : m > 0} such that y(m) | 0
as m — oo and forall n > 1 and m > 0, we have

@) || EXn| Fn-m) llg< cawr(m),

) | Xo — E(Xu| Fuim) lg< cow(m+1).

The concept of mixingale was first introduced by McLeish [7]. He proved a max-
imal inequality and then proved strong laws of large numbers for L, -mixingales under
the conditions of be square integrable and the mixingale numbers of size —1/2. An-
drews [1] extended the mixingale concept and established weak laws of large numbers
for L; -mixingales. In Andrews’ theorems the L; -mixingale numbers need not decay to
zero at any particular rate. But they need the mixingales are uniformly integrable. An-
drews pointed out that his conclusions for L -mixingale sequence can be extended to
L,-mixingale (1 < g <2) sequence {X,} under the condition that {|X,|?} is uniformly
integrable.

Recently, Meng and Lin [8] obtained two inequalities of the maximum for the
partial sums of L,-mixingale array (1 < g < 2), a strong law of large numbers for L, -
mixingale sequence and a weak law of large numbers for L,-mixingale array without
the condition of uniform integrability which is needed in Andrews [1].

The main purpose of this paper is to study the maximal inequalities and the Hijek-
Rényi-type inequalities for L, -mixingale array (¢ > 1). In Section 2, we get the precise
results of maximal inequalities and H4jek-Rényi-type inequalities for the partial sums
of L,-mixingale array (g > 1), which generalize and improve the results of Theorem
1 and Theorem 2 in Meng and Lin [8]. We also get the strong law of large numbers,
strong growth rate and the integrability of supremum for L,-mixingale sequence (g >
1) which generalize and improve the results of Corollary 1 in Meng and Lin [8] and
Corollary 2 in Hansen [4]. In Section 3, a weak law of large numbers for L,-mixingale
array (g > 2) is given.

We use the same notations as that in Meng and Lin [8]. Let {X,,.%"} be a trian-
gular L,-mixingale array (¢ > 1). Denote

Wt;l}ﬂ =E (Xnt|<%n+i) —E (Xnt‘t%ii—l) ;
J J
Tjin = 3 Win= D, [E (XulF;) —E (Xul F'i1)] -
=1 =

The main results of this paper depend on the following lemmas.

LEMMA 1.1. For g > 1, we have

[Wesinllg < 2enwr(li])- (1.1)

Proof. For i <0, by Minkowski’s inequality and Definition 1.1, we can get

|| Wt;im

SN EXul Z40) g + 11 EXe| F4i1) llg
< Cnt‘I/(_i) +CntW(_i+ 1)
< chtuf(_i) = 2cnIW(|i|)a

lq
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while for i > 0,

[Weinllg = | (X — E(Xu| F73)) — (X — E (X | 7, t+l Nllg
< X = E Xt F ) g + 1 X — E Xt i 1)l g
< cu i+ 1)+ eu (i)
< 2emy (i) = 2w (i)

Thus for all i, it follows that

Weinllg < 2cuw(li]). O

LEMMA 1.2. (c.f. [3, Doob’s inequality]). If {S;,%,1 < i< n} is a martingale,
then for p > 1
14

max FH in.

1<i<n

LEMMA 1.3. (c.f. [3, Burkholder’s inequality]). Let {X;, %;,1 <i< n} be a
martingale difference sequence and p > 1. Denote S, = Y} | X;. Then there exist
constants Cy and Cy depending only on p such that

r/2
<E|S:)P < GE

r/2

n
PR

i=1

n
PR

i=1

C\E

where €' = (18p'/2q)", C2 = (18pq'?)" and p~' +47' = 1.

LEMMA 1.4. (cf. [6, Lemma 1.5]). Let {X,,n > 1} be a sequence of random
variables. Denote S, = Y| X; for each n > 1. Let by,b,,---be a nondecreasing
unbounded sequence of positive numbers and Q1,0 - be nonnegative numbers. Let
r and C be fixed positive numbers. Assume that for each n > 1

r n
E(max S1|) <CY o, (1.2)
1<I<n =1
< O
> o < (1.3)
=171
then
. Sp
lim — =0 a.s., (1.4)
n—oo b,
and with the growth rate
S
i :0(5—2) a.s., (1.5)

where . 5
_ 8/r — 3 % i P
ﬁn_llgfgnbkvk ’VO<5<1’V"_,Z;117;’ nlgx}obn_o. (1.6)
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And

E(max —

1<i<n

S\ n
) z—ﬁ oo, (1.7)
= l

S
E | sup 402— < oo, (1.8)
=1 b1
If further we assume that o, > 0 for infinitely many n, then
E | sup Si
I>1 ﬁl

We point out that (1.4), (1.7) and (1.8) are due to Fazekas and Klesov [2].

) 4CZ—<oo (1.9)

LEMMA 1.5. (cf. [2, Corollary 2.1] and [5, Corollary 2.1.1]). Let by,by,---be a
nondecreasing unbounded sequence of positive numbers and 0,00, - - be nonnegative
numbers. Denote Ay = o+ 0 +---+ & for k > 1. Let r be a fixed positive number

satisz Vlng (12) If
1 1
2,1&1 Er Er < (1'10)

=1 I+1

A
b—f is bounded, (1.11)

n

then (1.4)—(1.9) hold.

2. Maximal inequalities and Hajek-Rényi-type inequalities for L,-mixingale
array (g > 1)

THEOREM 2.1. Let {X,;, %'} be a triangular L,-mixingale array (q > 1) such
that Y, y(m) < oo. Then forall n > 1,

2 X

t=

q kn
) <kIY, 1<q<2, @.1)

=1
E | max
1< j<ky

q % q/2
) < K1 (2@) . q>2, (2.2)
=1

2 1/2 .
where K = 3% (%) > w(|i]).

E | max
1< j<ky
and

2 Xot

t=1

qg—1
Proof. Using the standard method, it is easily shown that for fixed n > 1

=3

Xu= Y, [EXu|l ) —E (Xl Fil))] as, Viz1, (2.3)

j=—oc0
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and Y [E (Xm\ ,+,) (XMIZ"_H-_I)] converges almost surely (or see Meng and

j=—o0
Lin [8]).

Note that for fixed n and i, {W;,i,, %/} ;,t > 1} is a martingale difference se-
quence. Indeed, by the property of conditional expectation, it follows that

EWein| #io1) = E [E(X, m\%’il)\ o] — E[ (X Py DI P i
:E( nt‘ t+1 1) (Xnt‘ t+1 1)

=0 a.s.
Now for 1 < g < 2,
J
max | Y X, ||| = || max 2 2 Wi n
1<j<ks |5 1<j<ka |5 2
q

ZWM

1=

)

2 max
1< j<ky

oo

q

<25

Wzn Wln
< 2 || max tZ g 2 g
q
1/2 ky a/2] 14
<4 3 (Y ) £(Sue)
i =1
’ 12 o [k 1/q
<18_4<L> D N
g—1\q—1 i=—co \t=1

1/q
7 q) . 2.4)

The equality in the first line follows from (2.3). The five inequalities due to the triangle
inequality, Minkowski’s inequality, Doob’s inequality, Burkholder’s inequality and C,

1/2
inequality, respectively. The final equality sets K = 18%11 (ﬁ) < oo,

had kn
= K 2 (
t=1

j=—o0

Together with Lemma 1.1 and (2.4), it follows that

o kn 1/q
Z (ZEWt;i.,nq>
=1

j=—o0

k,

1/q
( 2Cntw ‘ | )
t=1

\‘\ Mg
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—28 Y wili) (Z )Uq

j=—o0 1

kn 1/’1
= K 2 CZI )
=1
Which implies (2.1).

For g > 2, similar to the proof of (2.4), we have

I g/27 14
18q2 q 1/2 kn
< q—l <q—l) 2 E ZVVt;zim

i=—oc0 t=1

q

182/ ¢ \'"* & |[& o/2] 1/
()" 5 | (S,

i=—oc0 t=1

N

1/2
18612 q 1/2
:ﬁ<ﬁ) 2 ZHthH :

The second inequality above follows from Minkowski’s inequality. Together with
Lemma 1.1 and the above inequality, it is easily seen that

2 12 o [k 1/2
< (%1) ) <z[zcn,w<i>12>
q

q q i=—o0 \7t=1

which implies (2.2). The proof is complete. [

COROLLARY 2.1. Let {X,,.%,} be an L,-mixingale sequence (1 < q < 2) with
respect to nonnegative constants {cp,,n > 1} and assume that Y, _; W(m) < eo. Denote
Sp =3I X; foreach n > 1. Let {b,,n > 1} be a nondecreasing unbounded sequence
of positive numbers. Assume that

(2.5)

=Q|E-‘~‘

i

then (1.4)—(1.9) hold, where r = q, C = K9, oy = CZ for k > 1 and K is defined in
Theorem 2.1.

Proof. 1t is easily seen that Theorem 2.1 is also true for L,-mixingale sequence
(1 < g <2). Therefore,

E (113]?? Sk|) Z d=c Z oy, (2.6)
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and
q

— Ol S Cn
On _ 5 o 2.7)
2~ X

One can get (1.4)—(1.9) immediately by (2.6), (2.7) and Lemma 1.4. The desired result
is obtained. [

COROLLARY 2.2. (Marcinkiewicz strong law of large numbers). Let {X,,.-%,}
be an L, -mixingale sequence (q > 2) with respect to nonnegative constants {c,,n > 1}

and assume that ¥, y(m) <oo. 1 < p <2. Denote S, =Y | X; and Q, = [max cf
n

foreach n> 1. Qyp =0. Assume that

D Q’f — < oo, (2.8)
it p TG
then
. J R
r}g{lomlzzlxl—o a.s., (29)
and with the growth rate
1 g B
mlzzlxl—0<nl/p> a.s., (210)
where
_ 1/p, 8/ v % B
B, = llgl?énk vt Vo<8<1, v, = %kq/p7nggnl/p 0,
3642 1/2
o4 = KK Qp— (k= 1) Q). k> 1, qu—_"l(%) Y wli)- @11

And (1.7)~(1.9) hold with C = 1.

Proof. Denote b, = n!/P and Ay =3}, 04, n> 1. Itis easily seen that Theorem
2.1is also true for L,-mixingale sequence (g > 2). Therefore,

n 51/2 n
E (max Sk|) (2 ) < Kini'2Q, = 2 oy = Ay. (2.12)

1<k<n =1

By (2.8), it follows that

d 1 1
q/2 - -
S (o) - Ere( - i)

SIKIy O
p 1= 1l1+q(p7%)

That is to say (1.10) holds. By Remark 2.1 in Fazekas and Klesov [2], (1.10) implies
(1.11). Therefore, the desired results follow from Lemma 1.5 immediately. [

< oo, (2.13)
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THEOREM 2.2. Let {X,;,.-#'} be a triangular L,-mixingale array (q > 1) such
that Yov_ W(m) < eo. Suppose that {b;,t > 1} is a nondecreasing sequence of positive
numbers. Then for all n > 1 and for any € >0,

¢ 29K9 &, ¢l
p =17 s o] € Mo 1<g<?2 2.14
(1?,-1’2" b w0 ;btq, q<2, (2.14)
and
. /2
X, 20k (b 2, \*
P max |Z=Xm >e| < ZC—"; . g>2, (2.15)
1< j<ky b el \ 3 b

where K is defined in Theorem 2.1.

Proof. The proof is similar to that of Theorem 2 in Meng and Lin [8]. Meng and

Lin have shown that
ma > £ (2.16)
X > — 5. .
1< j<hy 2

Since b, > 0 forall 1 > 1, {X,/b;,.#/'} is also a triangular L,-mixingale array with
nonnegative constant sequences {cn/b;} and {y(m):m >0} by the definition of L,-
mixingale array. By (2.16) and Markov’s inequality, we have

j
>¢e| <P| max
- ) = <1<J<kn )

| X

J
=€, C max -
- } - {1<j<kn Z b[

t=1

¥ X
bj

X X

b] t=1

P | max
1< j<hkn

_ 2f1E S X
— max —_—
Y b

1<j<kn

q
) . (2.17)

Therefore, (2.14) and (2.15) follow from (2.1) and (2.2), respectively. U

t=1

THEOREM 2.3. Let {X,;,.-#'} be a triangular L,-mixingale array (q > 1) such
that Y5 w(m) < es. Suppose that {b,,n > 1} is a nondecreasing sequence of positive
numbers. Then for any € > 0 and for any positive integers m < k,

S X, 24K [ 4 I
Pl max |Z="2 > ) < 404 ) 1<g<2, (2.18)
(mgjgk,, b eq tzzj b, t=§jr1 b!
and
¥ Xu
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where K is defined in Theorem 2.1.
Proof. Observe that

1 ¢ 1 &
max |— » X | <|— ) X|+ max Xt
m< j<kn ij‘l s bmr:21 " 1< <k | b ”%1 "
thus
max IEJ: =& ZX £
m< j<ky b -1 mt " /2
+P[ max Z X | > /— =J+1I (2.20)
m1<j<ky | bj 4= 2

(1) If 1 < g < 2, then by Markov’s inequality and (2.1), we have

m 4

N X

t=1

21K 3 ¢l
< i D b—q’. (2.21)

t=1

24
< =
I < £qbqu

For I1, we will apply Theorem 2.1 to {Xp1i, 1 <i< ky —m} and {bpti, 1 <i < ky—
m}. Noting that

1 Jd
— Xt | = X m 2.22
T B, 2 ] = ,21 & @2
Thus, by (2.22) and (2.14), we can get
n=pr( ma Z X, £
= 1<J<k§—m m+J P n,m-+t = 3
29K R el ey 49K X ol (2.23)

< = Cut
e B b, e

Therefore, the desired result (2.18) follows from (2.20)—(2.23) immediately.
(i1) For g > 2, the proof of (2.19) is similar to that of (2.18), so we omit it. We
complete the proof of the theorem. [

REMARK 2.1. (2.1) and (2.14) have been studied by Meng and Lin [8]. But we
get the precise results of maximal inequalities and Hajek-Rényi-type inequalities for
the partial sums of L,-mixingale array (g > 1). Therefore, the results of maximal
inequalities and Hdjek-Rényi-type inequalities for the partial sums of L,-mixingale
array generalize and improve the results of Theorem 1 and Theorem 2 in Meng and Lin

[8].

REMARK 2.2. In Corollary 2.1, we not only get the strong law of large numbers,
but also give the strong growth rate and the integrability of supremum for L,-mixingale
sequence (1 < g < 2). Therefore, our results improve the results of Corollary 1 in Meng
and Lin [8] and Corollary 2 in Hansen [4].
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3. Weak law of large numbers for L,-mixingale array (q > 2)

Andrews [1] established a weak law of large numbers for L| - mixingale array as
follows:

THEOREM A. Suppose the triangular array {Xu, Z]'} is a uniformly integrable
Ly -mixingale. If limsup,,_,., é Zf;l Cpt < oo, then E| é Zf;le\ — 0 asn— o andin
consequence kin Ei‘;l Xt L 0 as n— oo,

Meng and Lin [8] extended the weak law of large numbers for L; -mixingale array

to the case of L,-mixingale array (1 < g < 2) by weakening the condition of uniform
integrability, and obtained the following result:

THEOREM B. Suppose {X,, '} is a triangular L,-mixingale array (1 < q<2)
such that the following conditions are satisfied:

(a) hmsupk E Cpr < 0,

n—oo

(b) hmsup k2 Z cm =0.

n—oo

. P
Then for any r € (Lq), I k—nztlemH, — 0 as n— oo, and in consequence kin Zfile —
0asn— oo

In this section, we will extend the weak law of large numbers for L,-mixingale
array (1 < g < 2) to the case of ¢ > 2 without the condition of uniform 1ntegrab1hty
We get the following result:

THEOREM 3.1. Suppose {X,;,. %'} is a triangular L, mzxmgale array (g=2)
such that the conditions (a) and (b) in Theorem B are satisfied. Then |- i Z,: 1 Xutllg —

. k P
0 as n — oo, and in consequence ki Y X — 0 as n— oo
.

Proof. Firstly, for each i, we will prove

1
—Tiin|| — 0, as n— oo, 3.1
kn q
Indeed
1 1 || &
H_ knsin T Z‘/Vt;i,n
ki kn t=1 q

1/q

q/2
18¢q q 172
< - -
ky (q_ ) 2 b

/2 1/q
18¢q q 2| !
<2 (%) zu Wil
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12
184/ ¢ 1/2 [ k
-2 (5) (S

ks 1/2
[ZCnrw(lil)f)

1/2 kn 1/2
360(—2- ) wo)[ 233 (3.2)
9\ ;=1 2 . .

nt=1

N

The four inequalities above due to Burkholder’s inequality, Minkowski’s inequality,
Lemma 1.1 and y(m) | 0 as m — oo, respectively. Therefore, (3.1) follows from (3.2)
and the condition (b) immediately.

For fixed integer M > 1, it is easy to check that

M—1 kn kn
Y Tiin= 2 E (Xul F 1) = 2 E (Xl F ) - (3.3)
i=1-M t=1 =1
Hence
1 kn 1 M—1 1 kn 1 kn
ZXnt—k_ 2 T tn+ 2( Xnt‘ft-&-M 1))+k ZE(XM“%”—M)
”t 1 nj=1-M ”t 1 ni=1

By Minkowski’s inequality and Definition 1.1, it follows that

1 kn M—1 1
ZXnt < 2 Hk knsin + ZHXVH "f|‘/t+M I)H
"t 1 q i=1-M
1 kn
T IHE(XML%”_M)Hq

t

1

2 k&
+ — chIW(M)
q k” t=1

k,lln

<y |2
1-
Let n — oo, by (3.1), we can see that

2 X

”tl

i=1-M

<2y (M)lim Sup -~ 2 Cnt - (3.4)

n—ee ”tl

lim sup

n—o0

Since y(m) | 0 as m — oo, we can get

1 &
E tgl Xnt

— 0, as n— oo

q

by condition (@) and setting M — oo in (3.4). The desired result is obtained. O
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