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GLOBAL ESTIMATES FOR THE MAXIMAL

OPERATOR AND HOMOTOPY OPERATOR

YUMING XING AND SHUSEN DING

(Communicated by I. Perić)

Abstract. In this paper, we develop some estimates for the Hardy-Littlewood maximal operator
and the sharp maximal operator. We also establish Ls -norm inequalities related to the composite
operators.

1. Introduction

For a locally Ls -integrable form u(y) , the Hardy-Littlewood maximal operator IMs

is defined by

IMs(u) = IMsu(x) = sup
r>0

(
1

|B(x,r)|
∫

B(x,r)
|u(y)|sdy

)1/s

, (1.1)

where B(x,r) is the ball of radius r , centered at x , 1 � s <∞ . We write IM(u) = IM1(u)
if s = 1. Similarly, for a locally Ls -integrable form u(y) , we define the sharp maximal
operator IM

�
s by

IM
�
s(u) = IM

�
su(x) = sup

r>0

(
1

|B(x,r)|
∫

B(x,r)
|u(y)−uB(x,r)|sdy

)1/s

. (1.2)

The maximal operators and homotopy operator are effective tools in analysis which
have found many applications in different areas of mathematics, including topology,
differential geometry and potential theory, etc. Some estimates for these operators have
been established in recent years, see [1, 7, 8, 10].

We always assume that Ω is a domain in IRn , n � 2, and ∧l = ∧l(IRn) is the set
of all l -forms ω(x) = ∑I ωI(x)dxI = ∑ωi1i2···il (x)dxi1 ∧ dxi2 ∧ ·· · ∧ dxil in IRn , where
ωi1i2···il (x) are functions in IRn . Let D′(Ω,∧l) be the space of all differential l -forms
on Ω and Lp(Ω,∧l) be the space of all l -forms on Ω satisfying

∫
Ω |ωI |p < ∞ for all

ordered l -tuples I . Let B be a ball and σB be the ball with the same center as B and
with diam(σB) = σ diam(B) , σ > 0. We call w a weight if w ∈ L1

loc(IR
n) and w > 0
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a.e.. We write ‖u‖s,Ω = (
∫
Ω |u|s)1/s and ||u||s,Ω,w = (

∫
Ω |u|sw(x)dx)1/s , where w(x) is

a weight.

In this paper, we will develop some norm inequalities for the composition of max-
imal operator and homotopy operator applied to the solutions of the nonhomogeneous
A-harmonic equation for differential forms

d�A(x,dω) = B(x,dω), (1.3)

where A : Ω×∧l(IRn) →∧l(IRn) and B : Ω×∧l(IRn) →∧l−1(IRn) satisfy the condi-
tions:

|A(x,ξ )| � a|ξ |p−1, A(x,ξ ) ·ξ � |ξ |p, |B(x,ξ )| � b|ξ |p−1 (1.4)

for almost every x ∈Ω and all ξ ∈ ∧l(IRn) . Here a,b > 0 are constants and 1 < p <∞
is a fixed exponent associated with (1.3) . If B = 0 in (1.3) , then equation (1.3)
is called the A-harmonic equation. Some results about different versions of the A-
harmonic equation have been obtained in recent years, see [1, 5, 9, 10].

From [4], we have the following result: Let D ⊂ IRn be a bounded, convex do-
main. To each y ∈ D there is a linear operator Ky : C∞(D,∧l) → C∞(D,∧l−1) de-
fined by (Kyω)(x;ξ1, · · · ,ξl−1) =

∫ 1
0 tl−1ω(tx+ y− ty;x− y,ξ1, · · · ,ξl−1)dt and the de-

composition ω = d(Kyω)+Ky(dω) holds at any point y ∈ D . A homotopy operator
T : C∞(D,∧l) →C∞(D,∧l−1) is defined by averaging Ky over all points y in D

Tω =
∫

D
ϕ(y)Kyωdy , (1.5)

where ϕ ∈ C∞
0 (D) is normalized by

∫
Dϕ(y)dy = 1. We define the l -form ωD ∈

D′(D,∧l) by

ωD = |D|−1
∫

D
ω(y)dy, l = 0, and ωD = d(Tω), l = 1,2, · · · ,n (1.6)

for all ω ∈ Lp(D,∧l) , 1 � p < ∞ , then ωD = ω−T (dω) and

‖Tu‖s,D � C|D|diam(D)‖u‖s,D. (1.7)

2. Local results and proofs

The following Lemma 2.1 appearing in [3] will be used in the proof of Theorem
2.3.

LEMMA 2.1. Let IMs , s � 1 , be the Hardy-Littlewood maximal operator defined
in (1.1) and u∈ Lt(Ω,∧l) , l = 1,2, · · · ,n, s < t <∞ , be a differential form in a domain
Ω . Then, IMs(u) ∈ Lt(Ω) and

‖IMs(u)‖t,Ω � C‖u‖t,Ω (2.1)

for some constant C , independent of u .

The following local Poincaré-type estimate for the homotopy operator T appears
in [2].
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LEMMA 2.2. Assume that u ∈ Ls
loc(Ω,∧l) , l = 1,2, · · · ,n, 1 < s < ∞ , be a solu-

tion of the A-harmonic equation (1.3) in a convex, bounded domain Ω and T be the
homotopy operator defined in (1.5) . Then, there exists a constant C , independent of u ,
such that

‖T (u)− (T(u))B‖s,B � C|B|diam(B)‖u‖s,ρB (2.2)
for all balls B with ρB ⊂Ω , where ρ > 1 is a constant.

Note that (2.1) holds for any differential form in a domain Ω . Thus, if we replace
u in (2.1) by T (u) , we obtain the following estimate for the composition of the Hardy-
Littlewood maximal operator and the Homotopy operator.

THEOREM 2.3. Assume that u ∈ Lt(Ω,∧l) , l = 1,2, · · · ,n, s < t < ∞ , is a differ-
ential form in a convex, bounded domain Ω and T : C∞(Ω,∧l) →C∞(Ω,∧l−1) is the
homotopy operator defined in (1.5) . Let IMs , s � 1 , be the Hardy-Littlewood maximal
operator defined in (1.1) . Then, IMs(T (u)) ∈ Lt(Ω) and

‖IMs(T (u))‖t,Ω � C|Ω|diam(Ω)‖u‖t,Ω (2.3)

for some constant C , independent of u .

Proof. Note that (2.1) holds for any differential form in a domain Ω . Thus, re-
placing u in (2.1) by T (u) , we obtain

‖IMs(T (u))‖t,Ω � C1‖T (u)‖t,Ω.

Using inequality (1.7) , it follows that

‖IMs(T (u))‖t,Ω � C1‖T (u)‖t,Ω

� C2|Ω|diam(Ω)‖u‖t,Ω.

This ends the proof of Theorem 2.3. �

We now develop some estimates related to the sharp maximal operator IM
�
s and the

homotopy operator. We also study the relationship between ‖IM
�
s‖s,Ω and ‖IMs‖s,Ω .

THEOREM 2.4. Assume that u∈ Ls(Ω,∧l) , l = 1,2, · · · ,n, 1 < s <∞ , be a differ-
ential form satisfying (1.3) in a convex, bounded domain Ω , and T be the homotopy
operator defined in (1.5) . IM

�
s be the sharp maximal operator defined in (1.2) . Then,

‖IM
�
s(T (u))‖s,Ω � C‖u‖s,Ω (2.4)

for some constant C , independent of u .

Proof. Using Lemma 2.2 over the ball B(x,r) , we obtain(
1

|B(x,r)|
∫

B(x,r)
|T (u)− (T(u))B(x,r)|sdy

)1/s

� C1|B(x,r)|1−1/s diam(B(x,r))
(∫

ρB(x,r)
|u|sdy

)1/s

� C2|Ω|1−1/s diam(Ω)‖u‖s,Ω

� C3‖u‖s,Ω (2.5)
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since 1−1/s > 0 and Ω is bounded. Thus, it follows that

sup
r>0

(
1

|B(x,r)|
∫

B(x,r)
|T (u)− (T(u))B(x,r)|sdy

)1/s

� C3‖u‖s,Ω. (2.6)

From (2.6) , and using the definition of IM
�
s , we have

‖IM
�
s(T (u))‖s,Ω =

(∫
Ω
|IM�

s(T (u))|sdx

)1/s

=

(∫
Ω

∣∣∣∣∣sup
r>0

(
1

|B(x,r)|
∫

B(x,r)
|T (u)− (T (u))B(x,r)|sdy

)1/s
∣∣∣∣∣
s

dx

)1/s

�
(∫

Ω

∣∣C3‖u‖s,Ω
∣∣s dx

)1/s

� C4‖u‖s,Ω.

We have completed the proof of Theorem 2.4. �

THEOREM 2.5. Assume that u ∈ Ls
loc(Ω,∧l) , l = 1,2, · · · ,n, 1 < s < ∞ , is a

solution of the A-harmonic equation (1.3) in a convex, bounded domain Ω and T
is the homotopy operator defined in (1.5) . Let IMs be the Hardy-Littlewood maximal
operator defined in (1.1) and IM

�
s be the sharp maximal operator defined in (1.2) .

Then,

‖IM
�
s(T (u))‖s,Ω � C3‖IMs(u)‖s,Ω. (2.7)

for some constant C , independent of u .

Proof. From Lemma 2.2, we know that

(∫
B(x,r)

|T (u(y))− (T (u(y)))B(x,r)|sdy

)1/s

� C1|B(x,r)|1+1/n
(∫

B(x,r)
|u|sdy

)1/s

that is,

(
1

|B(x,r)|
∫

B(x,r)
|T (u(y))− (T (u(y)))B(x,r)|sdy

)1/s

� C1|B(x,r)|1+1/n
(

1
|B(x,r)|

∫
B(x,r)

|u|sdy

)1/s

. (2.8)

Now, by definitions of the Hardy-Littlewood maximal operator IMs and the sharp max-
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imal operator IM
�
s , and (2.8) , we obtain

‖IM
�
s(T (u))‖s,Ω =

(∫
Ω
|IM�

s(T (u))|sdx

)1/s

=

(∫
Ω

∣∣∣∣∣sup
r>0

(
1

|B(x,r)|
∫

B(x,r)
|T (u(y))− (T (u(y)))B(x,r)|sdy

)1/s
∣∣∣∣∣
s

dx

)1/s

�
(∫

Ω

∣∣∣∣∣sup
r>0

C1|B(x,r)|1+1/n
(

1
|B(x,r)|

∫
B(x,r)

|u(y)|sdy

)1/s
∣∣∣∣∣
s

dx

)1/s

�
(∫

Ω

∣∣∣∣∣sup
r>0

C1|Ω|1+1/n
(

1
|B(x,r)|

∫
B(x,r)

|u(y)|sdy

)1/s
∣∣∣∣∣
s

dx

)1/s

� C2

(∫
Ω

∣∣∣∣∣sup
r>0

(
1

|B(x,r)|
∫

B(x,r)
|u(y)|sdy

)1/s
∣∣∣∣∣
s

dx

)1/s

� C2

(∫
Ω
|IMs(u)|s dx

)1/s

= C3‖IMs(u)‖s,Ω

which is equivalent to
‖IM

�
s(T (u))‖s,Ω � C‖IMs(u)‖s,Ω.

This ends the proof of Theorem 2.5. �

DEFINITION 2.6. We say that a weight w(x) satisfies the Ar(Ω) condition, r > 1,
write w ∈ Ar(Ω) , if w(x) > 0 a.e., and

sup
B

(
1
|B|
∫

B
wdx

)(
1
|B|
∫

B

(
1
w

)1/(r−1)

dx

)(r−1)

< ∞ (2.9)

for any ball B ⊂Ω .

LEMMA 2.7. [8] If w∈ Ar(Ω) , then there exist constants β > 1 and C, indepen-
dent of w, such that

‖ w ‖β ,B� C|B|(1−β )/β ‖ w ‖1,B (2.10)

for all balls B ⊂Ω .

LEMMA 2.8. [6] Let u be a smooth differential form satisfying equation (1.3) in
Ω , σ > 1 and 0 < s,t < ∞ . Then, there exists a constant C , independent of u , such
that

‖u‖s,B � C|B|(t−s)/st‖u‖t,σB (2.11)

for all balls or cubes B with σB ⊂Ω .
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THEOREM 2.9. Suppose that u ∈ Lt
loc(Ω,∧l) , l = 1,2, · · · ,n, s < t < ∞ , is a

solution of the A-harmonic equation (1.3) in a convex, bounded domain Ω and T
is the homotopy operator defined in (1.5) . Let IM

�
s be the sharp maximal operator

defined in (1.2) . Assume that w ∈ Ar(Ω) for some r > 1 . Then, there exists a constant
C , independent of u , such that

‖IM
�
s(T (u))‖t,B,w � C‖u‖t,σB,w (2.12)

for all balls B with σB ⊂Ω , where σ > 1 is a constant.

Proof. Since w ∈ Ar(Ω) , from Lemma 2.7, it follows that there exist constants
β > 1 and C1 > 0, such that

‖ w ‖β ,B� C1|B|(1−β )/β ‖ w ‖1,B (2.13)

for any ball B ⊂Ω . Let k = tβ/(β−1) , then k > t and β = k/(k− t) . Using Hölder’s
inequality with 1/t = 1/k+(k− t)/kt , we have

‖IM
�
s(T (u))‖t,B,w =

(∫
B

(
|IM�

s(T (u))|w1/t
)t

dx

)1/t

�
(∫

B
|IM�

s(T (u))|kdx

)1/k(∫
B

(
w1/t

)kt/(k−t)
dx

)(k−t)/kt

� C2‖IM
�
s(T (u))‖k,B · ‖w‖1/t

β ,B. (2.14)

Since k > t > s , choose the domain Ω to be a ball B in Theorem 2.4, we obtain

‖IM
�
s(T (u))‖k,B � C3‖u‖k,B. (2.15)

Combining (2.13) , (2.14) and (2.15) yields

‖IM
�
s(T (u))‖t,B,w � C4|B|(1−β )/β t‖w‖1/t

1,B‖u‖k,B. (2.16)

Now, set m = t/r , then m < t . By Lemma 2.8, we obtain

‖u‖k,B � C5|B|(m−k)/mk‖u‖m,σB. (2.17)

Substituting (2.17) in (2.16) , it follows that

‖IM
�
s(T (u))‖t,B,w � C6|B|

1−β
β t + m−k

mk ‖w‖1/t
1,B · ‖u‖m,σB. (2.18)

Using Hölder’s inequality with 1/m = 1/t +(t−m)/tm again, we have

‖u‖m,σB =
(∫

σB

(
|u|w1/tw−1/t

)m
dx

)1/m

�
(∫

σB
|u|twdx

)1/t
(∫

σB

(
1
w

)m/(t−m)

dx

)(t−m)/mt

� ‖u‖t,σB,w · ‖1/w‖1/t
m/(t−m),σB (2.19)



GLOBAL ESTIMATES FOR THE MAXIMAL OPERATOR AND HOMOTOPY OPERATOR 33

for all balls B with σB ⊂Ω . Substituting (2.19) in (2.18) , we obtain

‖IM
�
s(T (u))‖t,B,w � C7|B|

1−β
β t + m−k

mk ‖w‖1/t
1,B‖1/w‖1/t

m/(t−m),σB · ‖u‖t,σB,w. (2.20)

Since w ∈ Ar(Ω) , it follows that

‖w‖1/t
1,B · ‖1/w‖1/t

m/(t−m),σB

=
(∫

B
wdx

)1/t
(∫

σB

(
1
w

)m/(t−m)

dx

)(t−m)/tm

�

⎛
⎝(∫

σB
wdx

)(∫
σB

(
1
w

)1/(t/m−1)

dx

)t/m−1
⎞
⎠

1/t

=

(
|σB| t

m

(
1

|σB|
∫
σB

wdx

)(
1

|σB|
∫
σB

(w)
1

1−r dx

)r−1
) 1

t

� C8|B|1/m. (2.21)

Substituting (2.21) in (2.20) , we obtain

‖IM
�
s(T (u))‖t,B,w � C‖u‖t,σB,w (2.22)

for all balls B with σB ⊂Ω . This ends the proof of Theorem 2.9. �

Using the similar method to the proof of Theorem 2.9, we can establish some other
weighted inequalities, such as two weight cases.

THEOREM 2.10. Suppose that u ∈ Lt(Ω,∧l) , l = 1,2, · · · ,n, s < t < ∞ , is a
solution of the A-harmonic equation (1.3) in a convex, bounded domain Ω and T
is the homotopy operator defined in (1.5) . Let IMs , s � 1 , be the Hardy-Littlewood
maximal operator defined in (1.1) . Assume that w ∈ Ar(Ω) for some r > 1 . Then,
there exists a constant C , independent of u , such that

‖IMs(T (u))‖t,B,w � C|B|diam(B)‖u‖t,σB,w (2.23)

for all balls B with σB ⊂Ω , where σ > 1 is a constant.

3. Global weighted estimates

We need the result about the Whitney cover appearing in [6] to prove the global
results.

LEMMA 3.1. Each domain Ω has a modified Whitney cover of cubes V = {Qi}
such that

∪iQi = Ω, ∑
Q∈V

χ√ 5
4 Q

� NχΩ
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for all x ∈ IRn and some N > 1 , and if Qi ∩Qj 
= φ , then there exists a cube R (this
cube does not need be a member of V ) in Qi∩Qj such that Qi ∪Qj ⊂ NR.

We prove the following global weighted norm estimates related to the sharp max-
imal operator IM

�
s and the homotopy operator.

THEOREM 3.2. Suppose that u ∈ Lt
loc(Ω,∧l) , l = 1,2, · · · ,n, s < t < ∞ , is a

solution of the A-harmonic equation (1.3) in a convex, bounded domain Ω and T is
the homotopy operator defined in (1.5) . Let IM

�
s be the sharp maximal operator defined

in (1.2) . Assume that w ∈ Ar(Ω) for some r > 1 . Then,

‖IM
�
s(T (u))‖t,Ω,w � C‖u‖t,Ω,w (3.1)

holds for some constant C , independent of u .

Proof. Using the inequality |∑yα |t �∑ |yα |t ,0 � t � 1, Theorem 2.9 and Lemma
3.1, we have

‖IM
�
s(T (u))‖s,Ω,w =

(∫
Ω
|IM�

s(T (u))|swdx

)1/s

�
(
∑

B∈V

∫
B
|IM�

s(T (u))|swdx

)1/s

� ∑
B∈V

(∫
B
|IM�

s(T (u))|swdx

)1/s

� ∑
B∈V

(∫
B
|IM�

s(T (u))|sw · χ√ 5
4 B

dx

)1/s

� C1 ∑
B∈V

(∫
σB

|u|sw · χ√ 5
4 B

dx

)1/s

� C1 ·N
(∫

Ω
|u|swdx

)1/s

� C2

(∫
Ω
|u|swdx

)1/s

since Ω is bounded. The proof of Theorem 3.2 has been completed. �
Using the similar method to the proof of Theorem 3.2, we can establish the global

weighted norm estimates related to the maximal operator IMs and the homotopy opera-
tor T .

THEOREM 3.3. Suppose that u ∈ Lt(Ω,∧l) , l = 1,2, · · · ,n, s < t < ∞ , is a solu-
tion of the A-harmonic equation (1.3) in a convex, bounded domain Ω and T is the
homotopy operator defined in (1.5) . Let IMs , s � 1 , be the Hardy-Littlewood maximal
operator defined in (1.1) . Assume that w ∈ Ar(Ω) for some r > 1 . Then,

‖IMs(T (u))‖t,Ω,w � C‖u‖t,Ω,w (3.2)

holds for some constant C , independent of u .
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