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Abstract. For a probability measure μ and for square integrable fields (At) and (Bt) ( t ∈ Ω )
of commuting normal operators we prove Landau type inequality∣∣∣∣
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for all X ∈ B(H ) and for all unitarily invariant norms ||| · ||| .
For Schatten p -norms similar inequalities are given for arbitrary double square integrable

fields. Also, for all bounded self-adjoint fields satisfying C � At � D and E � Bt � F for all
t ∈ Ω and some bounded self-adjoint operators C,D,E and F , and for all X ∈ C|||·|||(H ) we
prove Grüss type inequality∣∣∣∣
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At dμ(t)X
∫
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∣∣∣∣� ‖D−C‖ ·‖F −E‖

4
· |||X |||.

More general results for arbitrary bounded fields are also given.

1. Introduction

The Grüss inequality [10], as a complement of Chebyshev’s inequality, states that
if f and g are integrable real functions on [a,b] such that C � f (x) � D and E �
g(x) � F hold for some real constants C,D,E,F and for all x ∈ [a,b] , then∣∣∣∣ 1

b−a

∫ b

a
f (x)g(x)dx− 1

(b−a)2

∫ b

a
f (x)dx

∫ b

a
g(x)dx

∣∣∣∣� 1
4
(D−C)(F −E) ; (1.1)

see [19] for several proofs of this inequality in the discrete form. It has been the subject
of intensive investigation, in which conditions on functions are varied to obtain different
estimates; see [8, 20] and references therein. This inequality has been investigated, ap-
plied and generalized by many authors in different areas of mathematics, among others
in inner product spaces [7], quadrature formulae [5, 25], finite Fourier transforms [4],
linear functionals [1, 12], matrix traces [24], inner product modules over H∗ -algebras
and C∗ -algebras [2, 11], positive maps [21] and completely bounded maps [23].
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1.1. Symmetric gauge functions, unitarily invariant norms and their norm ideals

Let B(H ) and C∞(H ) denote respectively spaces of all bounded and all com-
pact linear operators acting on a separable, complex Hilbert space H . Each “symmet-
ric gauge” (s.g.) function Φ on sequences gives rise to a unitarily invariant (u.i) norm
on operators defined by ‖X‖Φ = Φ({sn(X)}∞

n=1) , with s1(X) � s2(X) � . . . being the

singular values of X , i.e., the eigenvalues of |X | = (X∗X)
1
2 . We will denote by the

symbol |||·||| any such norm, which is therefore defined on a naturally associated norm
ideal C|||·|||(H ) of C∞(H ) and satisfies the invariance property |||UXV ||| = |||X ||| for
all X ∈ C|||·|||(H ) and for all unitary operators U,V ∈ B(H ) .

Specially well known among u.i. norms are the Schatten p -norms defined for
1 � p < ∞ as ‖X‖p = p

√
∑∞

n=1 sp
n(X) , while ‖X‖∞ = ‖X‖ = s1(X) coincides with the

operator norm ‖X‖ . Minimal and maximal u.i. norm are among Schatten norms, i.e.,
‖X‖∞ � |||X |||� ‖X‖1 for all X ∈C1(H ) (see inequality (IV.38) in [3]). For f ,g∈H ,
we will denote by g∗⊗ f one dimensional operator (g∗⊗ f )h = 〈h,g〉 f for all h ∈H ,
known that the linear span of {g∗⊗ f | f ,g∈H is dense in each of Cp(H ) for 1 � p �
∞ . Schatten p -norms are also classical examples of p -reconvexized norms. Namely,
any u.i. norm ‖·‖Φ could be p -reconvexized for any p � 1 by setting ‖A‖Φ(p) =

‖|A|p‖
1
p
Φ for all A ∈ B(H ) such that |A|p ∈ CΦ(H ) . For the proof of the triangle

inequality and other properties of these norms see preliminary section in [15]; for the
characterization of the dual norm for p -reconvexized one see Th. 2.1 in [15].

1.2. Gel’fand integral of operator valued functions

In this section we will recall the basic properties and terminology related to the
notion of Gel’fand integral, when it applies to operator valued (o.v.) functions. Since
this theory is well known, we give those properties without the proof. Following [6],
p.53., if (Ω,M,μ) is a measure space, the mapping A : Ω → B(H ) will be called
[μ ] weakly∗ -measurable if a scalar valued function t → tr(AtY ) is measurable for any
Y ∈ C1(H ) . In addition, if all these functions are in L1(Ω,μ) , then according to the
fact that B(H ) is the dual space of C1(H ) , for any E ∈ M there will be the unique
operator IE ∈B(H ) , called the Gel’fand (Gel�fand) or weak ∗ -integral of A over
E , such that

tr(IEY ) =
∫

E
tr(AtY )dμ(t) for all Y ∈ C1(H ) . (1.2)

We will denote it by
∫
E At dμ(t) ,

∫
E A dμ or exceptionally by G

∫
E A dμ , if the context

requires to distinguish this one from other types of integration.
A practical tool for this type of integrability to deal with is the following

LEMMA 1.1. A : Ω → B(H ) is [μ ] weakly∗ -measurable (resp. [μ ] weakly
∗ -integrable) iff the scalar valued functions t → 〈At f , f 〉 are [μ ] measurable (resp.
integrable) for every f ∈ H .

In view of Lemma 1.1, the basic definition (1.2) of Gel’fand integral for o.v. func-
tions can be reformulated as follows:
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LEMMA 1.2. If 〈A f , f 〉 ∈ L1(E,μ) for all f ∈ H , for some E ∈ M and a
B(H )-valued function A on E , then the mapping f → ∫

E 〈At f , f 〉 dμ(t) repre-
sents a quadratic form of (the unique) bounded operator (denoted by)

∫
E A dμ or∫

E At dμ(t) , (we refer to it as to “intuitive” integral of A over E ), satisfying〈(∫
E

At dμ(t)
)

f ,g

〉
=
∫

E
〈At f ,g〉 dμ(t) for all f ,g ∈ H ,

as well as

tr

(∫
E
At dμ(t)Y

)
=
∫

E
tr(AtY )dμ(t) for all Y ∈ C1(H ) .

In other words, integrability of quadratic forms of an o.v. function assures its
Gel’fand’s integrability and so the notions of “intuitive” and Gel’fand’s integral for o.v.
functions coincide.

Following Ex.2 in [13], for a [μ ] weakly∗ -measurable function A : Ω → B(H )
we have that A ∗A is Gel’fand integrable iff

∫
Ω ‖At f‖2 dμ(t) < ∞ for all f ∈ H .

Moreover, for a [μ ] weakly∗ -measurable function A : Ω →B(H ) let us consider the
operator of “vector valued functionalization” (of vectors), i.e., a linear transformation
�A : D �A → L2(Ω,μ ,H ) , with the domain D �A =

{
f ∈ H | ∫Ω ‖At f‖2 dμ(t) < ∞

}
,

defined by

( �A f )(t) = At f for [μ ] a.e. t ∈ Ω and all f ∈ D �A .

Now, another way for understanding Gel’fand’s integrability of A ∗A is provided by
the following.

LEMMA 1.3. �A is a closed operator; it is bounded if and only if A ∗A is
Gel’fand integrable, and whenever this is the case, then

∣∣ �A
∣∣=√∫Ω A ∗

t At dμ(t) and

∣∣∣∣ �A
∣∣∣∣

B(H ,L2(Ω,μ,H )) =
∥∥∥∥
∫

Ω
A ∗

t At dμ(t)
∥∥∥∥

1
2

.

If additionally
√∫

Ω A ∗
t At dμ(t) ∈ CΦ(H ) , then

∣∣∣∣ �A
∣∣∣∣

CΦ(H ,L2(Ω,μ,H )) =
∥∥∥∥
√∫

Ω
A ∗

t At dμ(t)
∥∥∥∥

CΦ(H )
. (1.3)

Denoting ‖·‖CΦ(H ) by |||·||| , in view of both Definition 1 and equality (3) in [13]
we now get

∣∣∣∣∣∣A ∣∣∣∣∣∣2 :=
∥∥∥∥
∫

Ω
A ∗

t At dμ(t)
∥∥∥∥

1
2

CΦ(H )
=
∥∥∥∥
√∫

Ω
A ∗

t At dμ(t)
∥∥∥∥

C
Φ(2) (H )

(1.4)

=
∣∣∣∣ �A
∣∣∣∣

C
Φ(2) (H ,L2(Ω,μ,H )).
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Thus we have recognized the space L2
G(Ω, dμ ,CΦ(H )) of square integrable o.v. func-

tions A such that
∫

Ω A ∗
t At dμ(t) ∈ CΦ(H ) as the isometrically isomorphic to the

norm ideal of operators CΦ(2)(H ,L2(Ω,μ ,H )) ⊆ BΦ(2)(H ,L2(Ω,μ ,H )) , associ-
ated to a (2-reconvexized) s.g function Φ(2) . Therefore the normability and the com-
pleteness of the space L2

G(Ω, dμ ,CΦ(H )) , as stated in Theorem 2.1 in [13], follow
immediately. This effectively gives us a representation of L2

G(Ω, dμ ,CΦ(H )) , as a
Hilbert module over a Banach ∗ -algebra CΦ(H ) with its CΦ(H )-valued inner prod-
uct

〈〈A ,B〉〉 =
∫

Ω
A ∗

t Bt dμ(t) for all A ,B ∈ L2
G(Ω, dμ ,CΦ(H )) ,

as a norm ideal CΦ(2) (H ,L2(Ω,μ ,H )) of operators from H into L2(Ω,μ ,H ) equ-
iped with its CΦ(H )-valued inner product〈〈

�A , �B
〉〉

= �A ∗ �B =
∫

Ω
A ∗

t Bt dμ(t) for all �A , �B ∈ CΦ(2)(H ,L2(Ω,μ ,H )).

1.3. Elementary operators and inner product type integral transformers in norm
ideals

For weakly∗ -measurable o.v. functions A ,B : Ω → B(H ) and for all X ∈
B(H ) the function t → AtXBt is also weakly∗ -measurable. If these functions are
Gel’fand integrable for all X ∈ B(H ) , then the inner product type linear transforma-
tion X → ∫

Ω AtXBt dμ(t) will be called an inner product type (i.p.t.) transformer on
B(H ) and denoted by

∫
Ω At ⊗Bt dμ(t) or IA ,B . A special case when μ is the

counting measure on N is mostly known and widely investigated, and such transform-
ers are known as elementary mappings or elementary operators.

As shown in Lemma 3.1 (a) in [13], a sufficient condition is provided when A ∗
and B are both in L2

G(Ω, dμ ,B(H )). If each of families (At)t∈Ω and (Bt)t∈Ω con-
sists of commuting normal operators, then by Theorem 3.2 in [13] the i.p.t. integral
transformer

∫
Ω At ⊗Bt dμ(t) leaves every u.i. norm ideal C|||·|||(H ) invariant and the

following Cauchy-Schwarz inequality holds:∣∣∣∣
∣∣∣∣
∣∣∣∣
∫

Ω
AtXBt dμ(t)

∣∣∣∣
∣∣∣∣
∣∣∣∣�
∣∣∣∣
∣∣∣∣
∣∣∣∣
√∫

Ω
A ∗

t At dμ(t)X
√∫

Ω
B∗

t Bt dμ(t)
∣∣∣∣
∣∣∣∣
∣∣∣∣ (1.5)

for all X ∈ C|||·|||(H ) .
Normality and commutativity condition can be dropped for Schatten p -norms as

shown in Theorem 3.3 in [13]. In Theorem 3.1 in [14] a formula for the exact norm
of the i.p.t. integral transformer

∫
Ω At ⊗Bt dμ(t) acting on C2(H ) is found. In

Theorem 2.1 in [14] the exact norm of the i.p.t. integral transformer
∫

Ω A ∗
t ⊗At dμ(t)

is given for two specific cases:∥∥∥∥
∫

Ω
A ∗

t ⊗At dμ(t)
∥∥∥∥

B(H )→CΦ(H )
=
∥∥∥∥
∫

Ω
A ∗

t At dμ(t)
∥∥∥∥

CΦ(H )
, (1.6)

∥∥∥∥
∫

Ω
A ∗

t ⊗At dμ(t)
∥∥∥∥

CΦ(H )→C1(H )
=
∥∥∥∥
∫

Ω
AtA

∗
t dμ(t)

∥∥∥∥
CΦ∗ (H )

,
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where Φ∗ stands for a s.g. function related to the dual space (CΦ(H ))∗ .

Also, as already noted in [14] at the end of page 2964, the norm appearing in
(1.4) equals to a square root of the norm of the i.p.t. integral transformer X →∫

Ω A ∗
t XAt dμ(t) when acting from B(H ) to CΦ(H ) . As this quantity actually

presents a norm on the Banach space L2
G(Ω, dμ ,B(H ),CΦ(H )) as elaborated in The-

orem 2.2 in [14], therefore we conclude that spaces L2
G(Ω, dμ ,B(H ),CΦ(H )) are

both isometrically isomorphic to the norm ideal CΦ(2) (H ,L2(Ω,μ ,H )). As the ob-
jects of consideration in all those spaces are families of operators, from now on we will
refer to such objects as to field of operators (for example (At)t∈Ω ) in L2(Ω,μ ,CΦ(H )) .
When we additionally require that the adjoint fields of operators (A ∗

t )t∈Ω also belongs
to L2(Ω,μ ,CΦ(H )) , then we will say that (At)t∈Ω in doubly μ square integrable in
CΦ(H ) on Ω.

The norm appearing in (1.6) and its associated space L2
G(Ω, dμ ,B(H ),CΦ(H ))

present only a spacial case of norming a field A = (At)t∈Ω . A much wider class of
norms ‖·‖Φ,Ψ and their associated spaces L2

G(Ω, dμ ,CΦ(H ),CΨ(H )) are given in
[14] by

‖A ‖Φ,Ψ =
∥∥∥∥
∫

Ω
A ∗

t ⊗At dμ(t)
∥∥∥∥

1
2

B(CΦ(H ),CΨ(H ))
(1.7)

for an arbitrary pair of s.g. functions Φ and Ψ . For the proof of completeness of the
space L2

G(Ω, dμ ,CΦ(H ),CΨ(H )) see Theorem 2.2 in [14].

The potential for finding Grüss type inequalities for i.p.t. integral transformers
relies on the fact that

∫
Ω At ⊗Bt dμ(t)− ∫Ω At dμ(t)⊗ ∫Ω Bt dμ(t) is also an i.p.t.

integral transformer. As the representation for an i.p.t. integral transformer is not
unique (as a rule), the successfulness of the application of some known inequalities to∫

Ω At ⊗Bt dμ(t)− ∫Ω At dμ(t)⊗ ∫Ω Bt dμ(t) mainly depends on the right choice for
its representation.

Before exposing the main results, we will draw our attention to the following
lemma, which we will use in the sequel.

LEMMA 1.4. If μ is a probability measure on Ω , then for every field (At)t∈Ω in
L2(Ω,μ ,B(H )) , for all B ∈ B(H ) , for all unitarily invariant norms ||| · ||| and for
all θ > 0 ,

∫
Ω
|At −B|2 dμ(t) =

∫
Ω

∣∣∣∣At −
∫

Ω
At dμ(t)

∣∣∣∣
2

dμ(t)+
∣∣∣∣
∫

Ω
At dμ(t)−B

∣∣∣∣
2

(1.8)

�
∫

Ω

∣∣∣∣At −
∫

Ω
At dμ(t)

∣∣∣∣
2

dμ(t)

=
∫

Ω
|At |2 dμ(t)−

∣∣∣∣
∫

Ω
At dμ(t)

∣∣∣∣
2

; (1.9)
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min
B∈B(H )

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣
∫

Ω
|At −B|2 dμ(t)

∣∣∣∣
θ
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ =

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣
∫

Ω

∣∣∣∣At −
∫

Ω
At dμ(t)

∣∣∣∣
2

dμ(t)

∣∣∣∣∣
θ
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

=

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣
∫

Ω
|At |2 dμ(t)−

∣∣∣∣
∫

Ω
At dμ(t)

∣∣∣∣
2
∣∣∣∣∣
θ
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ . (1.10)

Thus, the considered minimum is always obtained for B =
∫

Ω At dμ(t) .

Proof. The expression in (1.8) equals

∫
Ω
|At −B|2 dμ(t) =

∫
Ω

∣∣∣∣At −
∫

Ω
At dμ(t)+

∫
Ω

At dμ(t)−B

∣∣∣∣
2

dμ(t)

=
∫

Ω

∣∣∣∣At −
∫

Ω
At dμ(t)

∣∣∣∣
2

dμ(t)+
∫

Ω

∣∣∣∣
∫

Ω
At dμ(t)−B

∣∣∣∣
2

dμ(t)

+2ℜ
∫

Ω

(
At −

∫
Ω

At dμ(t)
)∗(∫

Ω
At dμ(t)−B

)
dμ(t)

=
∫

Ω

∣∣∣∣At −
∫

Ω
At dμ(t)

∣∣∣∣
2

dμ(t)+
∣∣∣∣
∫

Ω
At dμ(t)−B

∣∣∣∣
2

,

as ∫
Ω

(
At −

∫
Ω

At dμ(t)
)∗(∫

Ω
At dμ(t)−B

)
dμ(t)

=
(∫

Ω
A ∗

t dμ(t)−
∫

Ω
A ∗

t dμ(t)
)(∫

Ω
At dμ(t)−B

)
= 0.

Inequality (1.9) follows from (1.8), while identity (1.9) is just a a special case of
Lemma 2.1 in [13] applied for k = 1 and δ1 = Ω .

As 0 � A � B for A,B ∈ C∞(H ) implies sθ
n (A) � sθ

n (B) for all n∈ N , as well as∣∣∣∣∣∣Aθ ∣∣∣∣∣∣� ∣∣∣∣∣∣Bθ ∣∣∣∣∣∣ , then (1.10) follows.

2. Main results

Let us recall that for a pair of random real variables (Y,Z) its coefficient of corre-
lation

ρY,Z =
|E(YZ)−E(Y )E(Z)|

σ(Y )σ(Z)
=

|E(YZ)−E(Y )E(Z)|√
E(Y 2)−E2(Y )

√
E(Z2)−E2(Z)

always satisfies |ρY,Z | � 1.

For square integrable functions f and g on [0,1] and D( f ,g) =
∫ 1
0 f (t)g(t)dt −∫ 1

0 f (t)dt
∫ 1
0 g(t)dt Landau proved (see [17, 18])

|D( f ,g)| �
√

D( f , f )D(g,g),

and the following theorem is a generalization of these facts to i.p.t. integral transform-
ers.
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THEOREM 2.1. (Landau type inequality for i.p.t. integral transformers in u.i.
norm ideals) Let μ be a probability measure on Ω , let both fields (At)t∈Ω and (Bt )t∈Ω
in L2(Ω,μ ,B(H )) consist of commuting normal operators and let

√∫
Ω
|At |2 dμ(t)−

∣∣∣∣
∫

Ω
At dμ(t)

∣∣∣∣
2

X

√∫
Ω
|Bt |2 dμ(t)−

∣∣∣∣
∫

Ω
Bt dμ(t)

∣∣∣∣
2

∈ C|||·|||(H )

for some X ∈ B(H ) . Then

∫
Ω

AtXBt dμ(t)−
∫

Ω
At dμ(t)X

∫
Ω

Bt dμ(t) ∈ C|||·|||(H )

and

∣∣∣∣
∣∣∣∣
∣∣∣∣
∫

Ω
AtXBt dμ(t)−

∫
Ω

At dμ(t)X
∫

Ω
Bt dμ(t)

∣∣∣∣
∣∣∣∣
∣∣∣∣

�

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
√∫

Ω
|At |2 dμ(t)−

∣∣∣∣
∫

Ω
At dμ(t)

∣∣∣∣
2

X

√∫
Ω
|Bt |2 dμ(t)−

∣∣∣∣
∫

Ω
Bt dμ(t)

∣∣∣∣
2
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ . (2.1)

Proof. First we note that we have the following Korkine type identity for i.p.t.
integral transformers:

∫
Ω

AtXBt dμ(t)−
∫

Ω
At dμ(t)X

∫
Ω

Bt dμ(t)

=
∫

Ω
dμ(s)

∫
Ω

AtXBt dμ(t)−
∫

Ω

∫
Ω

AtXBs dμ(s)dμ(t)

=
1
2

∫
Ω2

(As −At)X(Bs −Bt)d(μ × μ)(s,t). (2.2)

In this representation we have (As −At)(s,t)∈Ω2 and (Bs −Bt)(s,t)∈Ω2 to be in

L2(Ω2,μ × μ ,B(H )) because by an application of the identity (2.2),

1
2

∫
Ω2

|As−At|2 d(μ × μ)(s,t) =
∫

Ω
|At |2 dμ(t)−

∣∣∣∣
∫

Ω
At dμ(t)

∣∣∣∣
2

=
∫

Ω

∣∣∣∣At −
∫

Ω
At dμ(t)

∣∣∣∣
2

dμ(t) ∈ B(H ). (2.3)

Both families (As−At)(s,t)∈Ω2 and (Bs −Bt)(s,t)∈Ω2 consist of commuting nor-
mal operators and by Theorem 3.2 in [13]

1
2

∫
Ω2

(As−At)X(Bs −Bt)d(μ × μ)(s,t) ∈ C|||·||||(H )
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and∣∣∣∣
∣∣∣∣
∣∣∣∣
∫

Ω
AtXBt dμ(t)−

∫
Ω

At dμ(t)X
∫

Ω
Bt dμ(t)

∣∣∣∣
∣∣∣∣
∣∣∣∣

=
∣∣∣∣
∣∣∣∣
∣∣∣∣12
∫

Ω2
(As−At)X(Bs −Bt)d(μ × μ)(s,t)

∣∣∣∣
∣∣∣∣
∣∣∣∣

�
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
√

1
2

∫
Ω2

|As −At|2d(μ × μ)(s,t)X

√
1
2

∫
Ω2

|Bs −Bt |2d(μ × μ)(s,t)

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

=

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
√∫

Ω
|At |2 dμ(t)−

∣∣∣∣
∫

Ω
At dμ(t)

∣∣∣∣
2

X

√∫
Ω
|Bt |2 dμ(t)−

∣∣∣∣
∫

Ω
Bt dμ(t)

∣∣∣∣
2
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ ,

due to identities (2.2) and (2.3). And so the conclusion (2.1) follows.

LEMMA 2.2. Let μ (resp. ν ) be a probability measure on Ω (resp. �), let both
families {As,Ct}(s,t)∈Ω×� and {Bs,Dt}(s,t)∈Ω×� consist of commuting normal oper-
ators and let√∫

Ω
|As|2dμ(s)

∫
�

|Ct |2dν(t)−
∣∣∣∣
∫

Ω
Asdμ(s)

∫
�

Ct dν(t)
∣∣∣∣
2

·X ·
√∫

Ω
|Bs|2dμ(s)

∫
�

|Dt |2dν(t)−
∣∣∣∣
∫

Ω
Bsdμ(s)

∫
�

Dt dν(t)
∣∣∣∣
2

be in C|||·|||(H ) for some X ∈ B(H ) . Then

∫
Ω

∫
�

AsCtXBsDt dμ(s)dν(t)

−
∫

Ω
As dμ(s)

∫
�

Ct dν(t)X
∫

Ω
Bs dμ(s)

∫
�

Dt dν(t) ∈ C|||·|||(H )

and∣∣∣∣
∣∣∣∣
∣∣∣∣
∫

Ω

∫
�

AsCtXBsDt dμ(s)dν(t)−
∫

Ω
As dμ(s)

∫
�

Ct dν(t)X
∫

Ω
Bs dμ(s)

∫
�

Dt dν(t)
∣∣∣∣
∣∣∣∣
∣∣∣∣

�

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
√∫

Ω
|As|2dμ(s)

∫
�

|Ct |2dν(t)−
∣∣∣∣
∫

Ω
Asdμ(s)

∫
�

Ct dν(t)
∣∣∣∣
2

X

·
√∫

Ω
|Bs|2dμ(s)

∫
�

|Dt |2dν(t)−
∣∣∣∣
∫

Ω
Bsdμ(s)

∫
�

Dt dν(t)
∣∣∣∣
2
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ .
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Proof. Apply Theorem 2.1 to the probability measure μ ×ν on Ω×� and fami-
lies (AsCt)(s,t)∈Ω×� and (BsDt)(s,t)∈Ω×� of normal commuting operators in L2

G(Ω×
�,dμ ×ν,B(H )), taking in account that∫

Ω×�

AsCt d(μ ×ν)(s,t) =
∫

Ω
As dμ(s)

∫
�

Ct dν(t),∫
Ω×�

BsDt d(μ ×ν)(s,t) =
∫

Ω
Bs dμ(s)

∫
�

Dt dν(t),

and similarly∫
Ω×�

|AsCt |2 d(μ ×ν)(s,t) =
∫

Ω
|As|2 dμ(s)

∫
�

|Ct |2 dν(t),∫
Ω×�

|BsDt |2 d(μ ×ν)(s,t) =
∫

Ω
|Bs|2 dμ(s)

∫
�

|Dt |2 dν(t).

By the use of the mathematical induction, the previous lemma enables us to get
straightforwardly the following

COROLLARY 2.3. If μ , (At)t∈Ω and (Bt)t∈Ω are as in Theorem 2.1, then for all
n ∈ N and for any (∗1, · · · ,∗2n) ∈ {∗,1}2n ,∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∫

Ωn

n

∏
k=1

A ∗k
tk X

n

∏
k=1

B
∗n+k
tn+k

n

∏
k=1

dμ(tk)

−
(∫

Ω
A ∗

t dμ(t)
)i(∫

Ω
At dμ(t)

)n−i

X

(∫
Ω

B∗
t dμ(t)

) j(∫
Ω

Bt dμ(t)
)n− j

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

�

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
(∫

Ω
|At |2 dμ(t)−

∣∣∣∣
∫

Ω
At dμ(t)

∣∣∣∣
2
) n

2

X

(∫
Ω
|Bt |2 dμ(t)−

∣∣∣∣
∫

Ω
Bt dμ(t)

∣∣∣∣
2
) n

2

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ ,

where i (resp. j ) stands for the cardinality of {k ∈ N |1 � k � n &∗k = ∗} and
(resp. {k ∈ N |1 � k � n &∗n+k = ∗} ).

For the Schatten p -norms ‖ · ‖p normality and commutativity conditions can be
dropped, at the inevitable expense of the simplicity for its formulation. So we have the
following

THEOREM 2.4. (Landau type inequality for i.p.t. integral transformers in Schat-
ten ideals) Let μ be a probability measure on Ω , let (At)t∈Ω and (Bt)t∈Ω be μ -
weak∗ measurable families of bounded Hilbert space operators such that∫

Ω

(‖At f‖2 +‖A ∗
t f‖2 +‖Bt f‖2 +‖B∗

t f‖2)dμ(t) < ∞ for all f ∈ H

and let p,q,r � 1 such that
1
p

=
1
2q

+
1
2r

. Then for all X ∈ Cp(H ) ,
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∥∥∥∥
∫

Ω
AtXBt dμ(t)−

∫
Ω

At dμ(t)X
∫

Ω
Bt dμ(t)

∥∥∥∥
p

(2.4)

�

∥∥∥∥∥∥∥∥

⎛
⎜⎝∫

Ω

∣∣∣∣∣∣
(∫

Ω

∣∣∣∣A ∗
t −

∫
Ω

A ∗
t dμ(t)

∣∣∣∣
2

dμ(t)

) q−1
2 (

At −
∫

Ω
At dμ(t)

)∣∣∣∣∣∣
2

dμ(t)

⎞
⎟⎠

1
2q

X

⎛
⎜⎝∫

Ω

∣∣∣∣∣∣
(∫

Ω

∣∣∣∣Bt −
∫

Ω
Bt dμ(t)

∣∣∣∣
2

dμ(t)

) r−1
2 (

B∗
t −

∫
Ω

B∗
t dμ(t)

)∣∣∣∣∣∣
2

dμ(t)

⎞
⎟⎠

1
2r

∥∥∥∥∥∥∥∥
p

.

Proof. According to identity (2.3), application of Theorem 3.3 in [13] to families
(As−At)(s,t)∈Ω2 and (Bs −Bt)(s,t)∈Ω2 gives∥∥∥∥

∫
Ω

AtXBtdμ(t)−
∫

Ω
At dμ(t)X

∫
Ω

Bt dμ(t)
∥∥∥∥

p

=
∥∥∥∥1

2

∫
Ω2

(As−At)X(Bs −Bt)d(μ × μ)(s,t)
∥∥∥∥

p

�

∥∥∥∥∥∥
(

1
2

∫
Ω2

(A ∗
s −A ∗

t )
(

1
2

∫
Ω2

|A ∗
s −A ∗

t |2(μ × μ)(s, t)
)q−1

(As−At)d(μ × μ)(s,t)

) 1
2q

X

(
1
2

∫
Ω2

(Bs −Bt)
(1

2

∫
Ω2

|Bs −Bt |2(μ × μ)(s,t)
)r−1

(B∗
s −B∗

t )d(μ × μ)(s,t)
) 1

2r

∥∥∥∥∥
p

.

(2.5)

By application of identity (2.3) once again, the last expression in (2.5) becomes

∥∥∥∥
(

1
2

∫
Ω2

(As−At)∗
(∫

Ω

∣∣∣∣A ∗
t −

∫
Ω

A ∗
t dμ(t)

∣∣∣∣
2

dμ(t)

)q−1

(As−At)d(μ×μ)(s, t)
) 1

2q

X

(
1
2

∫
Ω2

(Bs−Bt)
(∫

Ω

∣∣∣∣Bs −
∫

Ω
Bt dμ(t)

∣∣∣∣
2

dμ(s)
)r−1

(Bs−Bt)∗d(μ×μ)(s, t)
) 1

2r
∥∥∥∥

p
.

Denoting
(∫

Ω |A ∗
s − ∫Ω A ∗dμ |2 dμ(s)

) p−1
2

(resp.
(∫

Ω |Bs −
∫

Ω Bdμ |2 dμ(s)
) r−1

2
)

by Y (resp. Z ), then the expression in (2.5) becomes

∥∥∥∥
(

1
2

∫
Ω2

|YAs−YAt |2 d(μ × μ)(s,t)
) 1

2q
(

1
2

∫
Ω2

|ZB∗
s−ZB∗

t |2 d(μ × μ)(s, t)
) 1

2r
∥∥∥∥

p
.

(2.6)
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By a new application of identity (2.3) to families (YAt)t∈Ω and (ZB∗
t )t∈Ω (2.6)

becomes∥∥∥∥∥∥
(∫

Ω

∣∣∣∣YAt −
∫

Ω
YAt dμ(t)

∣∣∣∣
2

dμ(t)

) 1
2q

X

(∫
Ω

∣∣∣∣ZB∗
t −

∫
Ω

ZB∗
t dμ(t)

∣∣∣∣
2

dμ(t)

) 1
2r

∥∥∥∥∥∥
p

,

which obviously equals to the righthand side expression in (2.4).
A special case of an abstract Hölder inequality presented in Theorem 3.1.(e) in

[13] gives us

THEOREM 2.5. (Cauchy-Schwarz inequality for o.v. functions in u.i. norm ideals)
Let μ be a measure on Ω , let (At)t∈Ω and (Bt)t∈Ω be μ -weak∗ measurable families

of bounded Hilbert space operators such that
∣∣∫

Ω |At |2 dμ(t)
∣∣θ and

∣∣∫
Ω |Bt |2 dμ(t)

∣∣θ
are in in C|||·|||(H ) for some θ > 0 and for some u.i. norm ||| · |||. Then,

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣
∫

Ω
A ∗

t Bt dμ(t)
∣∣∣∣
θ
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣�
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣
∫

Ω
A ∗

t At dμ(t)
∣∣∣∣
θ
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

1
2
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣
∫

Ω
B∗

t Bt dμ(t)
∣∣∣∣
θ
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

1
2

.

Proof. Take Φ to be a s.g. function that generates u.i. norm ||| · ||| , Φ1 = Φ ,
Φ2 = Φ3 = Φ(2) (2-reconvexization of Φ), α = 2θ and X = I , and then apply 3.1.(e)
from [13].

Now we can easily derive the following generalization of Landau inequality for
Gel’fand integrals of o.v. functions:

THEOREM 2.6. (Landau type inequality for o.v. functions in u.i. norm ideals) If μ
is a probability measure on Ω , θ > 0 and (At)t∈Ω and (Bt )t∈Ω are as in Theorem
2.5, then,∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣
∫

Ω
A ∗

t Bt dμ(t)−
∫

Ω
A ∗

t dμ(t)
∫

Ω
Bt dμ(t)

∣∣∣∣
θ
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
2

�

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣
∫

Ω
|At |2 dμ(t)−

∣∣∣∣
∫

Ω
At dμ(t)

∣∣∣∣
2
∣∣∣∣∣
θ
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣
∫

Ω
|Bt |2 dμ(t)−

∣∣∣∣
∫

Ω
Bt dμ(t)

∣∣∣∣
2
∣∣∣∣∣
θ
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ .
(2.7)

Proof. Apply Theorem2.5 to o.v. families (As−At)(s,t)∈Ω2 and (Bs−Bt)(s,t)∈Ω2

and use identity (2.2) once again.
For the more general inequality in an arbitrary Hilbert C∗ -module see Theorem

3.4 in [11]. The case when θ = 1 and ||| · ||| = ‖·‖ in Theorem 2.6 offers the proof for
Hilbert C∗ -module L2

G(Ω, dμ ,B(H )) in case of the lifted projection h(t) = I for all
t ∈ Ω .

The case when θ = 1 and ||| · |||= ‖·‖1 in Theorem 2.6 offers a proof for a stronger
version of Theorem 3.3 for Hilbert H∗ -module L2

G(Ω, dμ ,C1(H )) for the same lifted
projection h(t) = I for all t ∈ Ω .
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COROLLARY 2.7. Under conditions of Theorem 2.6 we have∣∣∣∣tr
(∫

Ω
A ∗

t Bt dμ(t)−
∫

Ω
A ∗

t dμ(t)
∫

Ω
Bt dμ(t)

)∣∣∣∣
2

�
∥∥∥∥
∫

Ω
A ∗

t Bt dμ(t)−
∫

Ω
A ∗

t dμ(t)
∫

Ω
Bt dμ(t)

∥∥∥∥
2

1
(2.8)

�
(∫

Ω
‖At‖2

2 dμ(t)−
∥∥∥∥
∫

Ω
At dμ(t)

∥∥∥∥
2

2

)(∫
Ω
‖Bt‖2

2 dμ(t)−
∥∥∥∥
∫

Ω
Bt dμ(t)

∥∥∥∥
2

2

)

=

(∥∥∥∥
√∫

Ω
|At |2 dμ(t)

∥∥∥∥
2

2
−
∥∥∥∥
∫

Ω
At dμ(t)

∥∥∥∥
2

2

)

·
(∥∥∥∥
√∫

Ω
|Bt |2 dμ(t)

∥∥∥∥
2

2
−
∥∥∥∥
∫

Ω
Bt dμ(t)

∥∥∥∥
2

2

)
.

Proof. An application of (2.7) for θ = 1 and ||| · ||| = ‖·‖1 justifies (2.9), while
(2.8) and all the remaining identities in (2.10) are obtainable by a straightforward cal-
culations, based on some elementary properties of the trace tr and Gel’fand integrals:

∥∥∥∥
∫

Ω
A ∗

t Bt dμ(t)−
∫

Ω
A ∗

t dμ(t)
∫

Ω
Bt dμ(t)

∥∥∥∥
2

1

�
∥∥∥∥∥
∫

Ω
|At |2 dμ(t)−

∣∣∣∣
∫

Ω
At dμ(t)

∣∣∣∣
2
∥∥∥∥∥

1

∥∥∥∥∥
∫

Ω
|Bt |2 dμ(t)−

∣∣∣∣
∫

Ω
Bt dμ(t)

∣∣∣∣
2
∥∥∥∥∥

1

(2.9)

=

(
tr

(∫
Ω
|At |2 dμ(t)

)
− tr

(∣∣∣∣
∫

Ω
At dμ(t)

∣∣∣∣
2
))

·
(

tr

(∫
Ω
|Bt |2 dμ(t)

)
− tr

(∣∣∣∣
∫

Ω
Bt dμ(t)

∣∣∣∣
2
))

=

(∫
Ω
‖At‖2

2 dμ(t)−
∥∥∥∥
∫

Ω
At dμ(t)

∥∥∥∥
2

2

)(∫
Ω
‖Bt‖2

2 dμ(t)−
∥∥∥∥
∫

Ω
Bt dμ(t)

∥∥∥∥
2

2

)

=

(∥∥∥∥
√∫

Ω
|At |2 dμ(t)

∥∥∥∥
2

2
−
∥∥∥∥
∫

Ω
At dμ(t)

∥∥∥∥
2

2

)

·
(∥∥∥∥
√∫

Ω
|Bt |2 dμ(t)

∥∥∥∥
2

2
−
∥∥∥∥
∫

Ω
Bt dμ(t)

∥∥∥∥
2

2

)
. (2.10)

For bounded field of operators A = (At)t∈Ω one can easily check that the radius
of the smallest disk that essentially contains its range is

r∞(A ) = inf
A∈B(H )

supess
t∈Ω

‖At −A‖ = inf
A∈B(H )

‖A −A‖∞ = min
A∈B(H )

‖A −A‖∞
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(from the triangle inequality we have
∣∣‖At − A′‖ − ‖At − A‖∣∣ � ‖A′ − A‖ , so the

mapping A → supesst∈Ω ‖At −A‖ is nonnegative and continuous on B(H ) ; since
(At)t∈Ω is a bounded field of operators, we also have ‖At −A‖→ ∞ when ‖A‖→ ∞ ,
so this mapping attains its minimum), and it actually attains at some A0 ∈ B(H ) ,
which represents a center of the considered disk. Any such field of operators is of finite
diameter

diam∞(A ) = supess
s,t∈Ω

‖As−At‖ ,

with the simple inequalities r∞(A ) � diam∞(A ) � 2r∞(A ) relating those quantities.
For such fields of operators we can now state the following stronger version of the Grüss
inequality.

THEOREM 2.8. (Grüss type inequality for i.p.t. integral transformers in u.i.
norm ideals) Let μ be a σ -finite measure on Ω and let A =(At)t∈Ω and B =(Bt )t∈Ω
be [μ ] a.e. bounded fields of operators. Then for all X ∈ C|||·|||(H ) ,

sup
μ(δ )>0

∣∣∣∣
∣∣∣∣
∣∣∣∣ 1
μ(δ )

∫
δ
AtXBt dμ(t)− 1

μ(δ )

∫
δ
At dμ(t)X

1
μ(δ )

∫
δ
Bt dμ(t)

∣∣∣∣
∣∣∣∣
∣∣∣∣

� min

{
r∞(A )r∞(B),

diam∞(A )diam∞(B)
2

}
· |||X ||| (2.11)

(i.e. sup is taken over all measurable sets δ ⊆ Ω such that 0 < μ(δ ) < ∞).

Proof. Let r∞(A ) = ‖A −A0‖∞ = min
A∈B(H )

‖A −A‖∞ , let r∞(B) = ‖B−B0‖∞

= min
B∈B(H )

‖B−B‖∞ and let us note that

1
μ(δ )

∫
δ
|At −A0|2 dμ(t) � 1

μ(δ )

∫
δ
supess

t∈Ω
‖At −A0‖2 · I dμ(t)

= ‖A −A0‖2
∞ · I = r2

∞(A ) · I.

Therefore
∥∥∥ 1

μ(δ )
∫

δ |At −A0|2 dμ(t)
∥∥∥ 1

2 � r∞(A ) and
∥∥∥ 1

μ(δ )
∫

δ |Bt −B0|2 dμ(t)
∥∥∥ 1

2 �
r∞(B) goes similarly. By identity (2.2) applied to the probability measure 1

μ(δ ) μ on δ
and Lemma 1.4 we then have

1
2μ(δ )2

∫
δ 2
|As−At|2 d(μ × μ)(s,t)

=
1

μ(δ )

∫
δ

∣∣∣∣At − 1
μ(δ )

∫
δ
At dμ(t)

∣∣∣∣
2

dμ(t)

=
1

μ(δ )

∫
δ
|At −A0|2−

∣∣∣∣ 1
μ(δ )

∫
δ
At dμ(t)−A0

∣∣∣∣
2

dμ(t)

� ‖A −A0‖2
∞ · I−

∣∣∣∣ 1
μ(δ )

∫
δ
At dμ(t)−A0

∣∣∣∣
2
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and therefore ∥∥∥∥ 1
2μ(δ )2

∫
δ 2
|As−At |2 d(μ × μ)(s,t)

∥∥∥∥ (2.12)

�
∥∥∥∥∥‖A −A0‖2

∞ · I−
∣∣∣∣ 1
2μ(δ )

∫
δ
At dμ(t)−A0

∣∣∣∣
2
∥∥∥∥∥ .

Similarly, ∥∥∥∥ 1
μ(δ )2

∫
δ 2
|Bs −Bt |2 d(μ × μ)(s, t)

∥∥∥∥ (2.13)

�
∥∥∥∥∥‖B−B0‖2

∞ · I−
∣∣∣∣ 1
μ(δ )

∫
δ
Bt dμ(t)−B0

∣∣∣∣
2
∥∥∥∥∥ .

Those inequalities show that subfields (At −As)(s,t)∈δ×δ and (Bt −Bs)(s,t)∈δ×δ
are in L2(δ × δ , 1

μ(δ ) μ × 1
μ(δ ) μ ,B(H )) , and therefore according to identity (2.2) and

Lemma 3.1(c) from [13],

∣∣∣∣
∣∣∣∣
∣∣∣∣ 1
μ(δ )

∫
δ
AtXBt dμ(t)− 1

μ(δ )

∫
δ
At dμ(t)X

1
μ(δ )

∫
δ
Bt dμ(t)

∣∣∣∣
∣∣∣∣
∣∣∣∣

=
∣∣∣∣
∣∣∣∣
∣∣∣∣ 1
2μ(δ )2

∫
δ 2

(As−At)X(Bs −Bt)d(μ × μ)(s,t)
∣∣∣∣
∣∣∣∣
∣∣∣∣

�
∥∥∥∥ 1

2μ(δ )2

∫
δ 2
|As−At|2 d(μ × μ)(s,t)

∥∥∥∥
1
2

·
∥∥∥∥ 1

2μ(δ )2

∫
δ 2
|Bs −Bt |2 d(μ × μ)(s,t)

∥∥∥∥
1
2

|||X |||

�
∥∥∥∥∥‖A −A0‖2

∞ · I−
∣∣∣∣ 1
μ(δ )

∫
δ
At dμ(t)−A0

∣∣∣∣
2
∥∥∥∥∥

1
2

(2.14)

·
∥∥∥∥∥‖B−B0‖2

∞ · I−
∣∣∣∣ 1
μ(δ )

∫
δ
Bt dμ(t)−B0

∣∣∣∣
2
∥∥∥∥∥

1
2

|||X |||

� r∞(A )r∞(B)|||X |||,

and the first half of inequality (2.11) is proved. The proof for the remaining part of
(2.11) differs from the previous one only by use of obvious estimates∥∥∥∥ 1

μ(δ )2

∫
δ 2
|As −At|2 d(μ × μ)(s,t)

∥∥∥∥� diam2
∞(A )
2

(resp.
∥∥∥ 1

μ(δ )2
∫

δ 2 |Bs −Bt |2 d(μ × μ)(s,t)
∥∥∥� diam2

∞(B)
2 )
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instead if (2.12) (resp. (2.13)) in (2.14).
Now we turn to the less general case when (At)t∈Ω and (Bt)t∈Ω are bounded

fields of self-adjoint (generally non-commuting) operators, in which case the above
inequality has the following form.

COROLLARY 2.9. Let μ be a probabilitymeasure on Ω , let C,D,E,F be bounded
self-adjoint operators and let (At)t∈Ω and (Bt)t∈Ω be bounded self-adjoint fields sat-
isfying C � At � D and E � Bt � F for all t ∈ Ω . Then for all X ∈ C|||·|||(H ) ,∣∣∣∣
∣∣∣∣
∣∣∣∣
∫

Ω
AtXBt dμ(t)−

∫
Ω

At dμ(t)X
∫

Ω
Bt dμ(t)

∣∣∣∣
∣∣∣∣
∣∣∣∣� ‖D−C‖ · ‖F−E‖

4
· |||X |||. (2.15)

Proof. As C−D
2 � At − C+D

2 � D−C
2 for every t ∈ Ω , then

supess
t∈Ω

∥∥∥∥At − C+D
2

∥∥∥∥ = supess
t∈Ω

sup
‖ f‖=1

∣∣∣∣
〈(

At − C+D
2

)
f , f

〉∣∣∣∣
� sup

‖ f‖=1

∣∣∣∣
〈

D−C
2

f , f

〉∣∣∣∣= ‖D−C‖
2

,

which implies r∞(A ) � ‖D−C‖
2 , and similarly r∞(B) � ‖F−E‖

2 . Thus (2.15) follows
directly from (2.11).

REMARK 2.10. Note that similar to the estimate (2.14) the righthand side of
(2.15) can be improved to

∥∥∥∥∥
∥∥∥∥D−C

2

∥∥∥∥
2

−
∣∣∣∣
∫

Ω
At dμ(t)−C+D

2

∣∣∣∣
2
∥∥∥∥∥

1
2
∥∥∥∥∥
∥∥∥∥F−E

2

∥∥∥∥
2

−
∣∣∣∣
∫

Ω
Bt dμ(t)−E+F

2

∣∣∣∣
2
∥∥∥∥∥

1
2

|||X |||.
(2.16)

An estimate similar to (2.16) was given in a Grüss type inequality for square inte-
grable Hilbert space valued functions in Theorem 3 in [4].

In case of H = C and μ being the normalized Lebesgue measure on [a,b] (i.e.
d μ(t) = dt

b−a ), then (1.1) comes as an obvious corollary of Theorem 2.9. This special
case also confirms the sharpness of the constant 1

4 in the inequality (2.15).
Taking Ω = {1, . . . ,n} and μ to be the normalized counting measure we get an-

other corollary of Theorem 2.9, which gives us the following

COROLLARY 2.11. (Grüss type inequality for elementary operators)
Let A1, . . . ,An , B1, . . . ,Bn , C,D,E and F be bounded linear self-adjoint operators act-
ing on a Hilbert space H such that C � Ai � D and E � Bi � F for all i = 1,2, · · · ,n
then for arbitrary X ∈ C|||·|||(H ) ,∣∣∣∣∣

∣∣∣∣∣
∣∣∣∣∣1n

n

∑
i=1

AiXBi− 1
n2

n

∑
i=1

Ai X
n

∑
i=1

Bi

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣� ‖D−C‖‖F−E‖

4
|||X ||| .
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[2] S. BANIĆ, D. ILIŠEVIĆ AND S. VAROŠANEC, Bessel- and Grüss-type inequalities in inner product
modules, Proc. Edinb. Math. Soc. (2) 50, 1 (2007), 23–36.

[3] R. BHATIA, Matrix Analysis, Graduate texts in Mathematics, 169, Springer-Verlag, New York, Inc.,
1997.

[4] C. BUSE, P. CERONE, S. S. DRAGOMIR AND J. ROUMELIOTIS,A refinement of Grüss type inequality
for the Bochner integral of vector-valued functions in Hilbert spaces and applications, J. Korean Math.
Soc. 43, 5 (2006), 911–929.

[5] X. L. CHENG AND J. SUN, A note on the perturbed trapezoid inequality, J. Inequal. Pure Appl. Math.
3, 2 (2002), Article 29, 7 pp.

[6] J. DIESTEL AND J. J. UHL, Vector Measures, Math. Surveys, 15, Amer. Math. Soc. Providence, RI,
1977.

[7] S. S. DRAGOMIR, A Grüss type discrete inequality in inner product spaces and applications, J. Math.
Anal. Appl. 250, 2 (2000), 494–511.

[8] S. S. DRAGOMIR, Advances in inequalities of the Schwarz, Grüss and Bessel type in inner product
spaces, Nova Science Publishers, Inc., Hauppauge, NY, 2005.

[9] A. M. FINK, A treatise on Grüss’ inequality, Analytic and geometric inequalities and applications,
93–113, Math. Appl., 478, Kluwer Acad. Publ., Dordrecht, 1999.
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LANDAU AND GRÜSS TYPE INEQUALITIES 125
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