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NORM INEQUALITIES FOR SOME ONE-SIDED OPERATORS

DAH-CHIN LUOR

(Communicated by L. E. Persson)

Abstract. We show that the one-sided maximal operators associated with Borel measures are of
strong type (p,p), 1 < p < eo, with constant p*, and the related one-sided geometric maximal
operators are of strong type (p,p), 0 < p < e, with constant e!/P . We also investigate norm
inequalities for integral operators with three measures on the cone of nonnegative nonincreasing
functions. Our results show that if we restrict the measures in the inequalities to some particular
classes, then a simple characterization for these inequalities to hold can be obtained.

1. Introduction

Let u be a non-negative Borel measure on R which is finite on bounded sets. Let
¢ be a nonnegative Borel function defined on 7 = {(x,#) : —eo <t < x < o} such that
¢(x,-) is locally p—integrable for each x € R. The one-sided maximal operator M o
is defined for locally i -integrable f by

M@J@wzwp—7aé3amyaﬂ¢wwkuum.

s<x J(sx

In the case ¢ =1, we write M instead of Mg - When u is the usual Lebesgue
measure, it is well-known that M, is of weak type (1, 1) and strong type (p, p), where
1 < p < eo. See for example [13], [15]. Weighted inequalities for M, was established
by Sawyer [30] in the case that u is the Lebesgue measure, and by Martin-Reyes et al.
[23] in the case that u is absolutely continuous with respect to Lebesgue measure with
positive derivative. When p is a positive Borel measure which is finite on bounded sets,
Bernal [5] showed that Mlj is of weak type (1,1) with constant 1, and Andersen [1]
characterized weights for which M, is of weak type (p,p), 1 < p < oo, and of strong
type (p,p), 1 < p <. In this paper we use the method in the proof of [1, Theorem 1]
to obtain

1My o fllpss < 71 (L1)
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536 DAH-CHIN LUOR

for 1 < p < oo under a nondecreasing condition on ¢ . Here ||f||,u = (fg |f|Pdu)"/?.
We also consider the one-sided geometric maximal operator and its related limiting
operator

Gy uf(x) == Supexp (W/ ¢ (x,1)log|f(r)|dp( ))

1/e
Gyl (x): _é{%fgj (W/ O ()| (1) dp( )) .

Weighted inequalities for geometric maximal operator have been investigated in these
papers [10], [11], [32], [36]. In [29] weighted inequalities for G with ¢ =1 was
established when u is the Lebesgue measure. Here we apply (1. l) to obtain

ITllpae <PUflpus T =Gy Gyl (1.2)

for 0 < p < co.
We also consider the integral operator Ty , which is defined as

1

T‘Pvﬂf(x) = q)(x7x) (0.4

¢ (x,0)f(1)du(t), x>0,
where ®(x,x) = [io 4 ¢(x,1)du(t), and the inequality of the form

1, ufNlgm < CllAp.v (1.3)

forall f>0o0r0< f|,where 0 < p,g<-oo, n and v are Borel measures on (0,eo).
Here we restrict the domain of the kernel ¢ to the set 2 = {(x,7): 0 <1 <x <
o}. We use 0 < f | as a symbol for a nonnegative and nonincreasing function f
on (0,e0), and || fl[p.v = (fig.e0) |f|Pdv)'/P . If du = dx, then we write T, instead of
Ty u, and if dv = vdx, where v is a weight, then we write |||, instead of || f||.v.
Inequalities of the form (1.3) have been widely studied in many literatures. Consider
the case dy = dx, dn = udx, and dv = vdx of (1.3), where u and v are weights.
In [31] Sawyer showed that the Hardy-Littlewood maximal operator M is bounded
from classical Lorentz spaces A,(v) to Ay(u), 1 < p,q < oo, if and only if (1.3) with
¢ =1 holds for all 0 < f |, and a characterization was also given. In [34] Stepanov
gave an alternative proof of Sawyer’s result and established similar results for the cases
0<g<l<p<eo,0<p<Lg<eo,and 0 < p < 1. Seealso [4], [16], [18], [27], and
references given there. Inequality (1.3) for general Borel measures were discussed in
[17], [28], and [33]. Several known results showed that, in many cases, the following
condition

1A llgn <AlFllpp  forall0<f| (1.4)

is necessary for (1.3) to hold for all 0 < f |. In particular, Persson et al. [28] con-
sidered (1.3) for 1 < p < e, 0 < g < e, and v = . The authors [28, theorem 2.3]
showed that if ¢(x,-) is nonincreasing on (0,x] for each x > 0, then (1.3) holds for all
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f =0 if and only if this inequality holds for all 0 < f |. Moreover, by [28, Theorem
2.14] we see that if ¢ belongs to the Oinarov’s class and 0 < Ty, f | forall 0 < f |,
and if Ag < e, where A is given in [28, Proposition 2.10], then in the case 1 < p < oo,
0 < g <oo,and v =, inequality (1.3) holds for all f > 0 if and only if (1.4) holds.
A similar result for ¢ = 1 can be found in [33, Theorem 4.1]. In general it is not easy
to establish inequalities of the form (1.3) for 0 < f | with three measures. See [17] for
the case ¢ = 1. Our results show that if ¢ can be written in the form yh, where h(x,-)
is nondecreasing and left continuous on (0,x] for each x > 0 and 0 < Ty, f | for all
0< fl.andif [|Tyufllpv < Cillfllpy forall 0< f | or [Ty fllgn < Cillfllgn for
all 0 < f |, then (1.3) holds for all 0 < f | if and only if (1.4) holds. Many well
known results in [2], [3], [7], [19], and [26] can be applied with our theorems to estab-
lish (1.3) for 0 < f | . Therefore if we restrict the measures in (1.3) to some particular
classes, then the problem of proving (1.3) for 0 < f | is more simple.

It is of independent interest to investigate inequalities of the form

1T1fllgu < CIT2f[py forall 0< f ] (1.5)
and the condition .
B_ 171 20,01l .0 (1.6)
r>0 Hsz(OJ] ‘P:V

Here T; and 75 are two operators and u, v are weights. The constant B givenin (1.6)
plays an important role in many results. In the cases p=¢q, u=v, Ty =Ty, and T, =1,
where I is the identity operator, inequality (1.5) is reduced to

1Tofllpy <Clfllpy  forallO<f L. (1.7)

In [3] Arifio and Muckenhoupt showed that the Hardy-Littlewood maximal operator M
is bounded on classical Lorentz space A,(v), 1 < p < o, if and only if (1.7) holds
for 1 < p < and Ty = H, where H is the Hardy averaging operator defined by
Hf(x)=x""[§ f(t)dt, x>0, and the necessary and sufficient condition is that v € B,,,
that is, there exists a constant B such that

/ t*Pv(t)dthr*I’/ v(t)dt, r>0. (1.8)
r 0

It is easy to see that v € B, is equivalent to (1.6) with p=¢, u=v, Ty = H, and
T, = I. Similar results for more general integral operators T, can be found in [2], [7],
[19], and [26]. We see that, in these results, inequality (1.7) holds if and only if it holds
on characteristic functions of the form y,, r > 0. Moreover, the following results
can be found in [7], [8], [14], [18], [19], [21], [22], [24], [25]1, [28], [33], [341, [35], and
references given there.

THEOREM P. Inequalities (1.5) and (1.6) are equivalent in the following cases.
1) 0<p<I<g<e, T1 =Ty, and T, =Ty.

(i) 0<p<g<oo, 1<g<oco, Ty =1, and Ty =Ty.
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(i) 0<p<l, p<g<e, 1 =Ty, and T, =1.
(iv) O<p<g<o, Ty =1, and T, =1.

(V) O<p<g<e, 1 =H,and T, =H.
Moreover, in these cases we have

T3l g.u 171 %0,r)
sup = .
o<fL 1Bfllpy 0 120,919

q,u

The result of Theorem P(iii) is not true in the case 1 < p < g < e and Theorem
P(iv) does not hold if ¢ < p. Examples can be found in [6, Remark 1.2.13]. In this paper
we extend Theorem P(v) from H to more general integral operators. As an application,
we also establish (1.5) for T} =Ty and T = Ty,

Throughout this paper we suppose that all functions are Borel measurable. A
weight on (0,e0) is a nonnegative locally integrable function defined on (0,e). For
1 < z< o0, we define z* by 1/z+1/7° = 1. We also take exp(—e) =0, log0 = —co,
00 =0 =1,and eo/o0 =0/0=0-00=0.

2. Inequalities for maximal operators

We first consider M, . The following Lemma 2.1 can be obtained by the method
given in the proof of [1, Theorem 1].

LEMMA 2.1. Let A > 0. If f is locally u-integrable on R, then

1
dp < = |fldu. (2.1)
/{xM,,f<x>>u A Sl £0>1)
Proof of Lemma 2.1. We first show thatif xo € {x[M, f(x) > A}, then there exists
x1 > xo such that [xo,x1) C {x|M f(x) > 2}. For x € R, let B(x) be the set

B(x) = {s<x|/ du >0and/ \fldu >/1/ du}.
(s,x] (s,x] (s,x]

Consider the case 4 > 0. Since M,, f(xo) > A, there exists ¢ € B(xo). Choose € >0
such that [ .i1fldt > A ([, 41 +€). Since p is finite on bounded sets, we have
Sy dtt = Jiexo a1t as z— xg . Hence there exists x; > xo such that Jiewg) dM <

Jiew) @M < Jixo 41 + €. Then for any x € (xo,x1),

/|f|du>/ |f|du>x</ du+s)>l du=A [ du.
(e (el (el (1)

, €,X0 (c.x]

This implies M, f(x) > A . The case A =0 is trivial. Thus we have [xo,x1) C {x[M f(x)
> A}. The set {x|M f(x) > A} then can be written as a countable union of disjoint
intervals {I;}, where each I; is of the form [a,b) for —ec < a < b < oo or (a,b) for
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b < e, and moreover, for each I; there is no larger interval J of the form
[a,b) or (a,b) such that I; C J C {x[M, f(x) > A}. We claim that if 7 € {I;}, then

/I\f\du > l/ldw (2.2)

First suppose that I = [a,b) for —eo < a < b < oo. There exists an increasing
sequence {a;} such that aj —a~ as j— oo and a; ¢ {x|M, f(x) > A} for each j.
Since M, f(aj) <A, [iealfldt <A [ o, du forall ¢ <aj<a.Letaj—a,we
have

/( \fldu <x/( du  forall ¢ <a.
c,a) c,a)

On the other hand, for x € [a,b), M, f(x) > A, then B(x) # 0. Let ¢* = infB(x). We
claim that ¢* < a. This is trivial for the case x =a. For a < x < b, if ¢* > a then
c* €la,b), My f(c*) > A and so there exists ¢ € B(c*). This implies

Hau= [ Afldu+ [ Aflap>2 [ dpear | aw=a [ aw,
/(61 ] (c1,¢%] (c* ] (c1,¢7] (c* ] (e1,4]

a contradiction. Therefore we may choose ¢ < @ such that ¢ € B(x). Hence

fdu:/ fdu—/ fldu > x/ du—/l/ du=2 [ au.
/[‘u,x]| | (c,x]‘ ‘ (c,u)‘ ‘ (c.x] (c.a) lax]

Let x — b~ , we have [, |fldu =4 [, ;) du
Now we consider the case I = (a,b) for —eo < a < b < oo. First assume that
a > —oo. Since M;f(a) < A, we have

/(]|f|dl-1<7t/ du forallc <a.

For x € (a,b), My, f(x) > 4 and B(x) # 0. Itis easy to see that ¢* = infB(x) < a. If
¢*=a, then [, ylfldu =2 [, qdp. If ¢* <a, then we may choose ¢ € (c*,a) so

(ax]

that [ q[fldu > 2 [ du. Hence

/(”] Fldp = /(Cx] Fld —/m Fldp > A/M du.

In both cases, let x — b~ , we have f yIfldu = A fuh du . In the case a = —oo, for

x € (—eo,b), M, f(x) > A and B(x) ;é (B It is easy to Venfy that infB(x) = —eo and

hence f(ﬂM] |fldu > 2 f(7w7x] du. Let x — b~ , we have f(ﬂ,’b) |fldu > 2 f(7w7h) du.
We have proved that (2.2) holds for each interval I € {I;}. Therefore

fld /fd A /d x/
/{lef fldp = 2 fldp > 2 R
and we have (2.1). O

The proof of Theorem 2.2 is standard and is similar to that given in [15, Theorem
21.76].
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THEOREM 2.2. Let 1 < p < oo. Then

1My fllpe < PNl pose- (2.3)

Proof of Theorem 2.2. We may assume that f is nonnegative and [ fPdu < co.
We first show that [p (M, f)Pdp < eo. Write f = f,+ f* for a > 0, where

and  f“(x) = f(x) = fa(x).

1w, s s <a
falx) {a7 if f(x) > a,

For any A > 0, choose a = 4/2, then

My £(3) < Mg (F2)0) My () (3) < My (7)) + 5
Thus by (2.1) we have

/ du < / du
{(x|My; f(x)>2} {(x|My (FA12)(0)>2./2}

2 2

p)
<= AR)du < = flx)—Zdu.
A My (FA12) (x)> A2} Wdu <3 {xlf(x)>A/2} ) =7 dn

This implies

/ My, f(x)Pdu = p/mﬁu’*l (/ du) dA
R 0 {x[My f(x)>A}

<p [ ([ 709~ 5 du ) a2
0 {2l f(x)>2/2} 2
2/(x)
<2 [ ( / m-%m) f@)d =2 [ flpap <o
R 0 R

Therefore by Lemma 2.1,

My FIIB < p/omitp‘2 ( f(x)du) a7

/{XIMpf(X)>7L}
= I gy, du=p* | My f(x)P'f(x)d
=[] swdi=p* [ My (07 f(du

<P 1M £ 151
and this leads us to (2.3). O

Let ¢ and y be nonnegative Borel functions defined on & such that ¢ (x,-) and
W (x,-) are locally p—integrable for each x € R. The following lemma gives a point-
wise estimate of My, f(x) in terms of My, f(x).
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LEMMA 2.3. If ¢ = wh, and h(x,-) is nondecreasing and left continuous on
(—e0,x] for each x € R, then

My f(x) < My, f(x). (2.4)

Proof of Lemma 2.3. Let Ay, be the Lebesgue-Stieltjes measure on (—oo,x]
generated by h(x,-) defined by Ay ([a,b)) = h(x,b) —h(x,a) for a <b < x. Let
a <x.Then h(x,t) = h(x,a) + [|,,)dAy(, forall a <t <x. By Fubini’s Theorem we
see that

[, oLl 0lau)
“ixa) [ wisolroano+ [ ([ veolroino ) as.,

g{h(x,a)/(w] v(x,0)du(t) + - (/ w(x,t)du(t )) dNp(x } My f(x)
-( [ $Ceaue) ) o).

Therefore we have

W/ O(x,0)|f(0)]du(t) < My, f(x)

and this implies (2.4). O

The following Corollary 2.4 can be obtained by Lemma 2.3 with the case y =1
and Theorem 2.2.

COROLLARY 2.4. Let 1 < p < oo. Suppose that ¢(x,-) is nondecreasing and left
continuous on (—eo,x| for each x € R. Then

1M Pl < 2* 1 D (2.5)
By a limiting process, we have Corollary 2.5.

COROLLARY 2.5. Let 0 < p < o and let ¢ be given as in Corollary 2.4. Then

T Fllpu < Plfllpus T =Gy, Gyl (2.6)

Proof of Corollary 2.5. Since for any € > 0,

Gy uf () = {Gy ,(1FI))}E < My, (1F1°) ()},

we have
1 *
1Gy o < Mg, (AN 0 < A2 /8 FEN N
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forany 0 < € < p. By letting €\, 0 we obtain

— 1
G fllps < €PN £l

On the other hand,
Gy f(x) = gig(l){M;,u(lflg)(X)}”ﬁ

and therefore

x .. _ 1 .. ¥
G < limin€ 101, (1)1 < liminf{(p/) Y1 =P f - O

3. Inequalities for integral operators

In this section we consider norm inequalities for integral operators Ty ,, and Ty, .

We restrict the domain of kernels ¢ and y to the set 2. Since Ty ; f(x) < My, f(x)

for f >0 and Corollary 2.4 still holds if we set || f|p.u = (/o) |f1Pdu)'/P, we see

that if ¢(x,-) is nondecreasing and left continuous on (0,x] for each x > 0, then for
I <p<oo,

1To.uf lpsa < P*IF Nl (3.1)

In [28], Persson et al. considered the following inequality with two measures

1To.ufllgn < CIFp.p- (3.2)

They showed that if ¢ (x,-) is nonincreasing on (0,x], thenfor 1 < p <eoand 0 < ¢ <
oo, inequality (3.2) holds forall f > 0 if and only if it holds for all 0 < f | . Moreover,
by [28, Theorem 2.14] we see that if ¢ satisfies some suitable conditions, then (3.2)
holds for all f > 0 if and only if

1/

The idea of the proof of [28, Theorem 2.14] can be applied to prove inequalities of
the form (1.3) with three measures. By the proof of Lemma 2.3 we have a pointwise
estimate of Ty, f(x) for 0 < f | in terms of Ty, f(x).

gn <A fllpy forallO< f . (3.3)

LEMMA 3.1. Let ¢ = wh, and h(x,-) is nondecreasing and left continuous on
(0,x] for each x > 0. Then

Touf(x) <Tyuf(x) forall O f|.

The following Theorem 3.2 shows that if we can establish one of the following
inequalities
1Ty ufllpv <Cillfllpy  forall 0<f 1 (3.4)
<

1Ty f Cillfllgn forall O< f ], (35)
then we have a simple condition for (1.3) to hold forall 0 < f |.

q.n
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THEOREM 3.2. Let 0 < p,q < oo and let ¢ and y be given as in Lemma 3.1.
Suppose that O < Ty f | forall 0 < f |. If (3.4) or (3.5) holds, then

1Toufllgn <Clfllpy  foralO< [ (3.6)

if and only if
1fllgn SAIfllpy  forall0<f 1. (3.7)
Moreover, we have A < C < AC|.

Proof of Theorem 3.2. Since Ty, f(x) = f(x) forall 0 < f |, by Lemma 3.1 we
see that

1A llan < Toufllgn < Typf
If (3.6) holds then

q,M» ngl

1Fllgn <Clfllpy  forallO<f L.
Conversely, suppose that (3.7) holds. If (3.4) is satisfied, then

||T¢.,/Jf q:n <A||Tw,uf||p7v gACIHpr,w
If (3.5) is satisfied, then
HT(le g0 < Cillfllgn SACHf[lpy. O

In [28] Persson et al. showed that 0 < Ty, f | for all O < f | if and only if
W(x,r)/¥(x,x) is nonincreasing in x when x = r, where W(x,r) = [y y(x,1)du(t)
for 0 < r < x. By [33]itis known that for 0 < p < g < oo,

1/

qn HX(O,r]”q,n

sup = , 3.8
SR Wl 358 ol 8)
andfor0<g<p<eand l/r=1/qg—1/p,
r/q 1r
sup Wlan [ (] L] av (3.9)
o<fl I fllpv (02) \ Jlxe=) S0, 04V

In general, it is not easy to prove (3.6). Theorem 3.2 shows that if u, v satisfy
(3.4) or u, n satisfy (3.5), then we have simple characterizations (3.8) — (3.9) for
(3.6) to hold. By [33, Theorem 1.1], we see that in the case Yy =1 and 1 < p < oo,
| Ty,ufl p.u < P¥[|f]|p,u holds for all f > 0. This implies the following corollary.

COROLLARY 3.3. Suppose that ¢(x,-) is nondecreasing and left continuous on
(0,x] for each x > 0. Then for 1 < p < e, 0 < g <o, and v = U, inequalities
(3.6) and (3.7) are equivalent with A < C < p*A. Similarly, (3.6) and (3.7) are also
equivalent with A < C < g*A inthe case 0 < p <o, 1 <g<oeo,and N =U.

By [3, Theorem (1.7)], we see that in the case y =1 and du = dx, inequality
(3.4) holds if 1 < p < e and dv = vdx, where v € B,,, and (3.5) holds if 1 <g < oo
and dn = udx, where u € B,. Hence we have Corollary 3.4.
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COROLLARY 3.4. Suppose that di = dx and ¢(x,-) is nondecreasing and left
continuous on (0,x] for each x > 0. Then (3.6) and (3.7) are equivalent in the fol-
lowing cases.

(i) 1< p<oeo, 0< g <o, dv=vdx, where v € B).
(i) 0<p<oo, 1< g<oo, dnN = udx, where u € B,.

Several equivalent characterizations on B, -weights can be found in [9] and [12].
In particular, any nonincreasing weight belongs to class B, for 1 < p < eo. Several
known results (see [2], [3], [7], [19], and [26]) can also be applied to established (3.6).

Let g be a positive function defined on (0,e0) such that 0 < G(x) = [; g(¢)dr < o
for all x > 0. Define

Hof () = 5o [ 200t

In the following corollary we consider the case that ¢ (x,-)/g is nondecreasing and left
continuous on (0,x] for each x > 0. We choose y(x,7) = g(r) and then 0 < Ty f =
H,f | forall 0< f |. By Theorem 3.2 and [2, Theorem 3] we have Corollary 3.5.

COROLLARY 3.5. Let 0< p,q <oo. Let g be given as above and u, v be weights.
Suppose that ¢(x,-)/g is nondecreasing and left continuous on (0,x] for each x > 0.
If

1Hexonllgw _ 1 Hg 20,1l p.v
>0 X0

)

q.u >0 ||X(O,r] [,

then (3.6) and (3.7) are equivalent for dy = dx, dn = udx, and dv = vdx.

Now consider the case that y is homogeneous of degree —1 and fol y(l,y)dy <
oo. Then 0 < Ty f | forall 0 < f |. By [20, Theorem 1] and Theorem 3.2, we have the
following corollary.

COROLLARY 3.6. Let 0 < p,q < o and u, v be weights. Let ¢ and y be given
as in Lemma 3.1, and let v be homogeneous of degree —1 such that fol y(L,y)dy < es.

(i) If g =1, du =dx, dn = udx, where u satisfies u(ab) < u(a)u(b) for all a,b >
0, and fol w(1,y)y Yu(y=")/4dy < o, then (3.6) and (3.7) are equivalent
and we have A < C < AfO1 w(1,y)y Vau(y=")"ady.

(ii) If p= 1, du =dx, dv =vdx, where v satisfies v(ab) < v(a)v(b) forall a,b> 0,

and fol w(L,y)y YPy(y Y/Pdy < oo, then (3.6) and (3.7) are equivalent and
we have A < C < Afo1 w(L,y)y Vev(yHVray.

The following corollary considers the case that ¢(x,-) is nonincreasing for each
x> 0, and it can be obtained by Theorem 3.2 and [28, Theorem 2.3].

COROLLARY 3.7. Let 1 < p <o and 0 < q<oo. Let ¢ and y be given as in
Lemma 3.1. Suppose that ¢(x,-) is nonincreasing for each x >0 and 0 < Ty, f | for
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all 0< f 1. If (3.4) for v=p or (3.5) is satisfied, then (3.2) holds for all f >0 if
and only if (3.3) holds. Moreover, we have A < C < AC).

In the following we extend Theorem P(v) from H to more general integral operator
Ty . Consider the condition:

B1®(x,1)D(t,r) < P(x,r) < By®@(x,0)P(z,r), 0<r<e<ax. (3.10)

Here B and B, are positive constants and @ (x,r) = [y ¢(x,1)dt, 0 <r <x. If ¢
satisfies the right-hand inequality of (3.10) and 0 < Ty f | forall 0 < f |, then Lai [19,
Theorem 3.1] showed that for 1 < p < oo, inequality (1.5) and (1.6) are equivalent in
the cases p=¢q, u=v, Ty = Ty, and T, = I. Moreover, we have B < C < Bqu(q_l).
The method of the proof used in [19, Theorem 3.1] can be applied to prove Theorem
3.8.

THEOREM 3.8. Let 1 < p < g <o and u, v be weights. If (3.10) is satisfied
and 0 < Ty f | forall 0 < f |, then

1Tofllgu <ClTofNlpy  Sorall 0<f1 (3.11)

if and only if

176 20,1l g.u

B =su (3.12)

Moreover, we have B < C < (Bz/Bl)l/q*B_

Proof of Theorem 3.8. 1f (3.11) holds, then by choosing f(x) = (o, (x) for r >
0, we have (3.12) with B < C. Conversely, suppose that (3.12) holds. Then

/Or(D(x7x)‘1u(x)dx+/rw(D(x7 r)Tu(x)dx
<B? {/Orq)(x,x)pv(x)dx—f— /VNCI)()C7 r)pv(x)dx}q/p.

Let r = g(y), where g is a nonincreasing homeomorphism. Then

L= /oc {/g(y) D(x,x)Tu(x)dx + /oc @(x,g(y))qu(x)dx} dy (3.13)
< Bq/ {/ D(x,x)? )dx—|—/(y) d)(x,g(y))pv(x)dx}q/pdy =BIR.

Since a general monotone function can be approximated by homeomorphisms, we may
suppose that 0 < f | is a homeomorphism when proving (3.11). Note also that (3.10)
implies

Bon) [ 9 0y < [ 9001y < B(r) [ 950Ny
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Choose g so that g1 (¢) = Ty f(¢)?~' f(¢). The proof of [19, Theorem 3.1] shows that
1_
L= By YTy fllg .
On the other hand, since p < g, by Minkowski’s inequality we see that

oo o0 pla
R/ </0 {/0 (X(O,g(y))(x)q)(x7x)p+X(g(y),oo)(x)q)(x7g(y))p)q/pv(x)q/pdy} dx

_/ {/ D, x)dy+ / g(y))‘fdy}p/qv(x)dx.

Follow the proof of [19, Theorem 3.1] we have

/
R”/’1</ { /g (1)D(x,1)7 lq)(x,t)dt}pqv(x)dx.

By the choice of g~!(¢) we have

oo x r/a
R [Ha [ Toror oo oaa ] as

<B 17/’1/ { / (/q)xy )q_lq)(x,t)f(t)dt}p/qv(x)dx
=57 7 ([ ot soar) a5 115,

Hence BY /|| Ty f||4.. < BB Y7 |7y f1|%.v. This implies

—1/q* 51/q*
1T fllgu < B, T BY BTy fllpy. O

By Theorem P(i) we see that for 0 < p <1 < g < e, inequality (3.11) and (3.12)
are equivalent and B = C. Hence by Theorem 3.8 and Theorem P(i) we have (3.11) if
and only if (3.12) holds for 0 < p < g < eo.

Consider the case Ty = H,, where ¢(x,7) = g(t). Then (3.10) is satisfied with
By =By=1and 0 <H,f | forall 0< f |. We have Corollary 3.9.

COROLLARY 3.9. Let 0 < p < g <oo. Then

u H’ r u
wup Vel _ - [Ho e

0<f| ||Hngpv r>0 HH

Corollary 3.9 extends Theorem P(v) from H to H,. On the other hand, if ¢ is
homogeneous of degree —1, then 0 < T f | forall 0 < f | and (3.10) is reduced to

qu)(l,sl)q)(l 52) q)(l Slsz) < qu)(l Sl)q)(1,52), 0<s1,5 < 1. (314)

The following corollary can also be obtained by Theorem 3.8 and Theorem P(i).
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COROLLARY 3.10. Let 0 < p < g < oo and let ¢ be homogeneous of degree —1
such that 0 < @(1,1) < eo. If (3.14) is satisfied for some constants By and By, then
(3.11) and (3.12) are equivalent.

Putting Lemma 3.1 and Theorem 3.8 together yield a comparison of || Ty f||4,. and
1Ty flp-

COROLLARY 3.11. Let 1 < p< g <o and u, v be weights. Let ¢ and y be
given as in Lemma 3.1. Suppose that y satisfies (3.10), and 0 < Ty f | forall 0 < f |.

If

Tuionllow
) = sup 1Ty X0 lg,

>0 ||Twl(0,r] [p

)
then we have

T fllgue < (B2/B1) I By|| Ty fllpy  forall 0< f . (3.15)
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