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SCHUR CONVEXITY OF DUAL FORM OF
THE COMPLETE SYMMETRIC FUNCTION

KONGSHENG ZHANG AND HUANNAN SHI

(Communicated by Yeol Je Cho)

Abstract. In this paper, the Schur-convexity, the Schur-geometric-convexity and the Schur-harmonic-
convexity of dual form of the complete symmetric function are investigated. As consequences,
some new inequalities are established via majorilization theory.

1. Introduction
Throughout this paper, R", = {x|x = (x;,x2,...,%4), x; >0, i=1,2...,n} and
x:(xl,x27...,xn)ERi, y:(yl7y27'”7yn)€R1~

For simplicity, R stands for Rﬁr.

Whiteley [18] introduced the Whiteley’s symmetric function 7, (x) through the
following equation

I, (1 +xit)s s> 0,

< [rs] r
E T, (x)t" = .
i @) P (l=xit)' s<0

The complete symmetric function which is Whiteley’s symmetric function as s =
—1 reads as follows

@ =T""w= 3 . (L.1)
ijtipg+...Fip=r
where co(x) =1, r€ {1,2,...,n}, iy,is,...,i, are non-negative integers.

K. Z. Guan [9] discussed the Schur convexity of ¢.(x) and proved that c¢,(x) is
Schur convex in R’ . Subsequently, Y. M. Chu et al. [3] proved that ¢,(x) is Schur
multiplicatively convex and harmonic convex in R’} .

It is not difficult to show that the equivalent definition of the complete symmetric

function is .
cr(x) = D Hx,-j. (1.2)

1< <ip <. << j=1
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In fact, for any x = (x1,x2,...,x,) € R, let
A={x]xpiii+...4ipn=r},

BZ{.XJ‘I'”)CJ' lghgghgn}

r

It suffices to show that A = B in order to prove that (1.1) is equivalent to (1.2). For
any x| --.xin € A, without loss of generality, we may assume i ---i, are not equal
to zero. And then we can choose appropriate ji,...,j, such that j; =... = j; =
L, ji+1= - = Jiy+i» = 2, s Jiy+otip_y+1 = --- = Ji;+..+i, = 1, this indicates that
x’ll .- -xi;’ =xj, ---xj, whichimplies A C B. On the other hand, B C A is obviously true.
Together with A C B we have that A = B.

The main purpose of this paper is to discuss the Schur-convexity, Schur-geometric-
convexity and Schur-harmonic-convexity of the dual form of the complete symmetric
function, that is, we shall study the function given by

n r

fle,r) = H ijxj= H Xijs (1.3)
i1 tig e tin=r j=1 1<) in <....<ip<n j=1
where i1,is,...,i, are nonnegative integers. As applications, some new inequalities are
established.

2. Definitions and Lemmas

Schur-convexity of symmetric functions introduced by Schur [17] plays an impor-
tant role in establishing new inequalities, see, for example, [5-7, 9-15, 17, 19-23, 25].
The Schur-geometric-convexity and Schur-harmonic-convexity involving some special
functions have been investigated, see, for example, [1-5, 8, 16, 20, 24, 26, 27]. We
recall some well known definitions and lemmas in order to carry out our work.

Let xjj) = X[ 2 -+ 2 X[)» Y1) 2 Y]2] 2+ 2 Y|y be their ordered components.

DEFINITION 1. ([15]) The n-tuple x is said to be majorized by y (in symbols
x <y),if
x[,-]<2ym7 m:l727...,n—1
1 i=1

=

1

and

DEFINITION 2. ([26]) The n-tuple x is said to be logarithmically majorized by
y (in symbols log x < log y) if

m

m
T <1y m=12,....n—1
i—1 i=1
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and . .
[Txi= _lj[lyw-

i=1

DEFINITION 3. ([26]) A function f: R’ — Ry is called Schur-geometrically-

convex if
logx <logy = f(x) < f(y).

LEMMA 1. ([26]) Suppose that f : R\ — R is symmetric and differentiable, if

af af
_ J o > 2.1
(1 =2) (xl dxi 8x2> 0 @1
forall x| # x,, then f is Schur-geometrically-convex.

REMARK 1. In order to show that f is Schur-geometrically-convex, it suffices to
show that inequality (2.1) holds for x; > x,, because when x; < x»,

o (02T (02 9T
1 —X2) xlaxl xzaxz = (xp —x1) x282 o, =>0.

DEFINITION 4. ([1]) A function f : R’ — Ry is called Schur-harmonically-

convex if
1 1
comr(Der(2).
X y
where
I ( 1 1 1 ) I ( 1 1 1 )
x x17x27"‘7x” b y y17y27"'7yn .
LEMMA 2. ([1]) Suppose that f : R\ — R is symmetric and differentiable, if

2 a}{ x3 af) >0 (2.2)

forall x| # x;, then f is Schur-harmonically-convex.
)ERY and Y xi=s.If ¢ > s, then

LEMMA 3. ([12]) Let x = (x1,x2,...,X,
i=1
c—x C—X C—X C—Xp
- = : s ey < (X1,X2, 00y Xp) = X.
K1 ("—‘—1 21 ns_c_1> (x1,x2 Xn) =X

N

LEMMA 4. ([9]) Let x = (x1,x2,...,X,) € R". and Zx,—s If ¢ >0, then

c+x <C+X1 c+x c—i—x,,) oy )
= s geoey X1,X2y...,Xp) = X.
e T\
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3. Main results

In this section, we mainly investigate the Schur-geometric-convexity, the Schur-
convexity and the Schur-harmonic-convexity with respect to f(x,r).

THEOREM 1. The complete symmetric function given by

fer) =TI i [jxj

ijtip+...Fip=r j=1

is Schur-geometrically-convex in R’_.

Proof. The cases r =1 and r =2 can be easily proved.
Next, we consider the case » > 3 and x| > x;.

n n n n
foory="I1 Xix- II Xix- IT 2w IT i
i) +igbotin=r j=1 i) +igbtin=r j=1 i) +igtotin=r j=1 i) +igtobin=r j=1
i1 70, ir=0 1120, 10 1170, 10 1120, i =0

It is not difficult to show that

af(x,r) 011 i1x]
M 9x1 =fer) . 2 T 2 L.
et El fxj E %
k)C1 kxl
= f(x,r) ( > —+ Y ) ,

n n
k+k3t;0+k,1:r kxl + 2 k,’Xj ktmAtiz+..+in=r kxl +mX2_|_ 2 ijx,'
Jj=3 =3

k#0, m#0

and

R LU T

3}(2 P . n . . . n
iy +ip+...+in=r l.x iy +ip+...+ip=r Z)C
i1=0, ir#0 jgl I i1 70, ip#0 jzl I

s 3 ¥ o)

n n
k+k34,r€;8rk,,:r kx2 + 2 ijj ktmtiz+...+in=r kx2 + mxy + z ijxj
h =3

= k40, m#0
Thus,
af(e,r)  df(xr)
X1 o X2 9% = f(x,r) (A1 +Ay),
where

kxy kxy
A= ( n B n ) ’
ktkatodtkn=r N x4 3 kixj ko4 Y kij
40 =3 =3
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and
kx 1 kx2

k£0,m#A0

( . )
ktmtizdoin=r Nexy +mxo + Y 1x; kxp+mxp+ Y ijx;
j=3 j=3
Notice that h(t) = 5 = 1— % (c > 0) is increasing in (0, +o0), this yields A; > 0.
Meanwhile, let a = 3, ix;, then

Jj=3

kx1 k)CQ - kx1 _ kXQ
Ckxi+mxta  ko+mx +a

kxy+mxo+ Y iix;  kxp+mxi+ Y ix;
Jj=3 j=3

 mk(x} —x3) + ak(x) — x7)
 (kxy 4 mxay +a) (kxy 4+ mx; +a)
> 0.

Thus, Ay > 0.
Consequently,

. af(x,r) _xzaf(x,r)

>0
8)61 8)62

which completes the proof. [

THEOREM 2. The complete symmetric function f(x,r) is increasing with respect
to each x;(i=1,2,...,n) and Schur-concave for each r € {1,2,...,n} in R',..

Proof. Tt is not difficult to show that Inf(x,r) is increasing with respect to each x;
(i=1,2,...,n) and concave in R’_, and notice that Inf(x,r) is symmetric, this leads
to Inf(x,r) is Schur-concave by the proposition C.2 in [15, p. 67]. And then f(x,r)
is also increasing with respect to each x; (i =1,2,...,n) and Schur-concave for each
re{l,2,.,n}inRL. O

THEOREM 3. The complete symmetric function given by

fen= I Sw

1< <ip <. << j=1

is Schur-harmonically-convex in R’ .

Proof. In view of

L) afen)

>0
x| ox,
and ag(;l’r) >0, 3{9(;2”) >0, and x; > x;, one has x} afa(;l”) —x3 3{9(;2”) > 0, which

completes the proof. [
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4. Some applications

In this section, some new inequalities involving the dual form of the complete sym-
metric function shall be established by utilizing the previous results and majorilization
theory.

COROLLARY 1. Let x = (x1,X2,--,X,) €R', Zx,_s

(If > s, then f(4.r) > 1 (7).
(@)1 e>0,then (41> f (£2.r).

Proof. By employing the Schur-harmonic-convexity of f(x,r), parts (1) and (2)
follow from Lemmas 3 and 4, respectively. [

COROLLARY 2. If x = (x1,X2,---,%,) € R", then

H zr‘x,‘j = H (r\"/xlx2"'xn)- (4'1)

Iij<ip<..<ipsn j=1 ISij<ip<..<irsn

Proof. Corollary 2 follows from the Schur-geometric-convexity of f(x,r) and the
fact log x > log {/x, where /x = (VX102 -~ Xp, \/X1X2 -~ Xy ., {/X1X2 - Xp). O

COROLLARY 3. Let A = (a;j)nxn(n = 3) be a positive definite Hermitian matrix,
and I denote n x n unit matrix. Then,

IT (r/det(A)/1r(A)) (4.2)

1<i1 < <...<ir<n j= 1! 1<i1<i2<~~<ir<"
and
r Ai_
Y fo > 1 (ri/det(A) /det(1+A)), (4.3)
4 i: . . .

where A; (1 <i< n) is eigenvalue of matrix A, tr(A) = 2 Ai and det(A) =TT7- | Ai.

Proof. As mentioned in [10], we know that
log \/det(A),..., {/det(4) < log M fees il
tr(A) tr(A) tr(A) tr(A)

log({/det(A)/det(I+A),...,/det(A) /detI+A))<10g< M P )

and

1+4,7777 141,
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By using Theorem 1, we assert that both (4.2) and (4.3) hold. [J
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