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ON log MAJORIZATIONS FOR POSITIVE SEMIDEFINITE MATRICES

C.-S. LIN AND Y. J. CHO

(Communicated by Josip Pečarić)

Abstract. In this paper, we show that every log majorization for positive semidefinite matrices
can be expressed in countable sets of log majorizations and all of them are equivalent to one
another.

1. Introduction and preliminaries

This paper is a continuation of the author’s previous one in Lin [10], where it
was shown that the well-known Furuta inequality can be expressed in countable sets of
operator inequalities in two forms, one is (YXY )β and the other the β -power-mean.
So are the ground Furuta inequality and its generalization and the chaotic order for two
operators. Generally speaking, it was shown in Lin [10] that each Furuta-type operator
inequality has many expressions (countable sets, indeed) and they are all equivalent to
one another. For more information on operator inequalities, refer to the papers [2], [3],
[5], [6], [9] and [11]–[13].

In this paper, we show that the log majorizations for positive semidefinite matrices
have the same properties, i.e., every log majorization can be expressed by countable
sets of log majorizations, and they are all equivalent to one another.

Recall that the β -power-mean introduced by Kubo-Ando [9] was given by

A�β B = A1/2(A−1/2BA−1/2)β A1/2 (1.1)

for two operators A,B > 0 and any real number β .
The β -power-mean is a useful tool in expressing alternatively the Furuta-type

operator inequalities and the chaotic order of two operators as we have seen in the
literature in the past twenty plus some years. In case α ∈ [0,1], we write

A�α B = A1/2(A−1/2BA−1/2)αA1/2

and call it the α -power-mean.
The following lemma is the operator expansion of operator form (YXY ∗)β .
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LEMMA 1. ([4], Lemma 1) Let X be positive and invertible and Y be an invertible
operator. For any real number β , we have

(YXY ∗)β =YX1/2(X1/2Y ∗YX1/2)β−1X1/2Y ∗. (1.2)

Due to (1.1) and (1.2) above, we produced the following two results in Lin [10].
In what follows, let i = 0,2,4,6, · · · , i.e., i is an even number and j = 1,3,5, · · · , i.e.,
j is an odd number.

Lemmas 2 and 3 below are the β -power-mean expressed in terms of countable
sets of the operators form (YXY )β .

LEMMA 2. ([10], Lemma 1) For any real number β and operators A,B > 0,
(1) A�β B = (AB−1)i/2A1/2(A−1/2BA−1/2)β+iA1/2(B−1A)i/2 .

(2) A�β B = (AB−1)
j+1
2 B1/2(B1/2A−1B1/2)β+ jB1/2(B−1A)

j+1
2 .

LEMMA 3. ([10], Lemma 2) For any real number β and two operators A,B > 0 ,
(1) A�β B = (BA−1)i/2A1/2(A−1/2BA−1/2)β−iA1/2(A−1B)i/2.

(2) A�β B = (BA−1)
j−1
2 B1/2(B1/2A−1B1/2)β− jB1/2(A−1B)

j−1
2 .

In what follows, the capital letters mean the positive semidefinite matrices unless
otherwise stated. For any operators A,B � 0, let {λi(A)}n

i=1 and {λi(B)}n
i=1 be the

families of eigenvalues of A and B, respectively, satisfying the following:

λ1(A) � λ2(A) � · · · � λn(A), λ1(B) � λ2(B) · · ·λn(B),

i.e., they are arranged in decreasing order.
Following Ando and Hiai [1], we recall the standard notation that A �(log) B is

the log majorization for two operators A,B � 0 if Πk
i=1λi(A) � Πk

i=1λi(B) for each
k = 1,2, · · · ,n−1 and Πn

i=1λi(A) = Πn
i=1λi(B), i.e., det A= det B .

The following fundamental result for the log majorization is due to Ando and Hiai
[1]:

THEOREM 1. ([1]) For any operators A,B � 0 and 0 � α � 1, we have

(A�α B)r �(log) Ar �α Br

for each r � 1.

Some generalizations of Theorem 1 can be found by Furuta in [7]. In fact, they are
just special cases of the next most extension of Theorem 1.

THEOREM 2. ([7], Theorem 2.1) For any operators A > 0, B � 0 , p1 , p2 , · · · ,
p2(n−1) , p2n � 1 (n � 2) , t ∈ [0,1] and r � t, the relation

(A�1/p1
B)h �(log) A1−t+r �β {A1−t �p2n {A�p2n−1 {A1−t �p2n−2 {A�p2n−3

{A1−t �p2n−4 {A�p2n−5 {A1−t · · · {A�p3 (A1−t �p2B)}}· · ·}}
(1.3)

holds, where h = p1p2···p2n(1−t+r)
(···((((p1−t)p2+t)p3−t)p4+t)p5−···−t)p2n+r and β = h

P1 p2···p2n
.
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More precisely, in Theorem 2, there exist n− 1 terms of A and n terms of A1−t

alternatively arranged on the left side of the term B. Also, there exists one term of the
brackte () and are 2n− 2 terms of the brackets {} involved. In the denominator of
h, −t appears n times and t appears n− 1 times, and there are 2n− 1 times of the
brackets () involved.

2. Main results

Again, as stated before, let i = 0,2,4,6, · · · , i.e., i is an even number, and j =
1,3,5, · · · , i.e., j is an odd number.

THEOREM 3. For any operators A > 0, B � 0, p1, p2, · · · , p2(n−1), p2n � 1 for
any natural number n,t ∈ [0,1] and r � t, the following statements hold with

h =
p1p2 · · · p2n(1− t + r)

(· · · ((((p1 − t)p2 + t)p3− t)p4 + t)p5−·· ·− t)p2n + r
, β =

h
p1p2 · · · p2n

.

Moreover, they are equivalent to one another, where Z is the second term of the
right side of the log majorization (1.3) in Theorem 2, i.e.,

Z = {A1−t �p2n {A�p2n−1 {A1−t �p2n−2 {A�p2n−3 {A1−t �p2n−4

{A�p2n−5 {A1−t · · · {A�p3 (A1−t �p2B)}}· · ·}}.

(1) By Theorem 2,

(A�1/p1
B)h �(log) A1−t+r �β {A1−t �p2n {A�p2n−1 {A1−t �p2n−2 {A�p2n−3 {A1−t �p2n−4

{A�p2n−5 {A1−t · · · {A�p3 (A1−t �p2 B)}}· · ·}},

i.e., shortly,
(A�1/p1

B)h �(log) A1−t+r �β Z.

(2) (A�1/p1
B)h �(log) (A1−t+rZ−1)i/2(A1−t+r �β+i Z)(Z−1A1−t+r)i/2.

(3) (A�1/p1
B)h �(log) (A1−t+rZ−1)

j+1
2 Z(Z−1 �β+ j A

−(1−t+r))Z(Z−1A1−t+r)
j+1
2 .

(4) (A�1/p1
B)h �(log) (ZA−(1−t+r))i/2(A1−t+r �β−i Z)(A−(1−t+r)Z)i/2.

(5) (A�1/p1
B)h �(log) (ZA−(1−t+r))

j−1
2 Z(Z−1 �β− j A

−(1−t+r))Z(A−(1−t+r)Z)
j−1
2 .

Proof. Notice that, in each of the above five expressions, the left side of the log
majorization is the same and we proof only for the right side.

(1) =⇒ (2) By (1) in Lemma 2 and (1.1), we have

A1−t+r �β Z = (A1−t+rZ−1)i/2A
1−t+r

2 (A− 1−t+r
2 ZA− 1−t+r

2 )β+iA
1−t+r

2 (Z−1A1−t+r)i/2

= (A1−t+rZ−1)i/2(A1−t+r �β+i Z)(Z−1A1−t+r)i/2.
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(1) =⇒ (3) Due to (2) in Lemma 2 and (1.1), we have

A1−t+r �β Z = (A1−t+rZ−1)
j+1
2 Z1/2(Z1/2A−(1−t+r)Z1/2)β+ jZ1/2(Z−1A1−t+r)

j+1
2

= (A1−t+rZ−1)
j+1
2 Z(Z−1 �β+ j A

−(1−t+r))Z(Z−1A1−t+r)
j+1
2 .

(1) =⇒ (4) By (1) in Lemma 3 and (1.1), we have

A1−t+r �β Z = (ZA−(1−t+r))i/2A
1−t+r

2 (A− 1−t+r
2 ZA− 1−t+r

2 )β−iA
1−t+r

2 (A−(1−t+r)Z)i/2

= (ZA−(1−t+r))i/2(A1−t+r �β−1 Z)(A−(1−t+r)Z)i/2.

(1) =⇒ (5) It follows from (2) in Lemma 3 and (1.1) that

A1−t+r �β Z = (ZA−(1−t+r))
j−1
2 Z1/2(Z1/2A−(1−t+r)Z1/2)β− jZ1/2(A−(1−t+r)Z)

j−1
2

= (ZA−(1−t+r))
j−1
2 Z(Z−1 �β− j A

−(1−t+r)Z(A−(1−t+r)Z)
j−1
2 .

(2) or (4) =⇒ (1) Let i = 0 in (2) or (4).
(3) =⇒ (1) Let j = 1 in (3). Then the right side of (3) is

A1−t+r(Z−1 �β+1 A−(1−t+r))A1−t+r,

which is the same as A1−t+r �β Z if we let j = 1 in the proof of (1) =⇒ (3).
(5) =⇒ (1) Let j = 1 in (5). Then the right side of (5) is

Z(Z−1 �β−1 A−(1−t+r))Z,

which is the same as A1−t+r �β Z if we let j = 1 in the proof of (1) =⇒ (5). This
completes the proof.

By using the similar arguments, we could consider the left side (and keep the right
side) of the log majorization in Theorem 2. In fact, the next result is equivalent to
Theorem 3. �

THEOREM 4. Let the assumptions be exactly the same as stated in Theorem 3
Then the following statements hold and they are equivalent to one another.

(1) By Theorem 2,

(A�1/p1
B)h �(log) A1−t+r �β {A1−t �p2n {A�p2n−1 {A1−t �p2n−2 {A�p2n−3

{A1−t �p2n−4 {A�p2n−5{A1−t · · ·{A�p3 (A1−t �p2 B)}}· · ·}},
i.e., in short,

(A�1/p1
B)h �(log) A1−t+r �β Z.

(2) [(AB−1)i/2(A� 1
p1

+i B)(B−1A)i/2]h �(log) A1−t+r �β Z.

(3) [(AB−1)
j+1
2 B(B−1 � 1

p1
+ j A

−1)B(B−1A)
j+1
2 ]h �(log) A1−t+r �β Z.

(4) [(BA−1)i/2(A� 1
p1

−i B)(A−1B)i/2]h �(log) A1−t+r �β Z.

(5) [(BA−1)
j−1
2 B(B−1 � 1

p1
− j A

−1)B(A−1B)
j−1
2 ]h �(log) A1−t+r �β Z.
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Proof. Now, we prove the left side of the log majorization only as the right sides
are all the same.

(1) =⇒ (2) From (1) in Lemma 2 and (1.1), it follows that

A�1/p1
= (AB−1)i/2A1/2(A−1/2BA−1/2)

1
p1

+i
A1/2(B−1A)i/2

= (AB−1)i/2(A� 1
p1

+i B)(B−1A)i/2.

(1) =⇒ (3) From (2) in Lemma 2 and (1.1), it follows that

A�1/p1
B = (AB−1)

j+1
2 B1/2(B1/2A−1B1/2)

1
p1

+ j
B1/2(B−1A)

j+1
2

= (AB−1)
j+1
2 B(B−1 � 1

p1
+ j A

−1)B(B−1A)
j+1
2 .

(1) =⇒ (4) From (1) in Lemma 3 and (1.1), it follows that

A�1/p1
B = (BA−1)i/2A1/2(A−1/2BA−1/2)

1
p1

−i
A1/2(A−1B)i/2

= (BA−1)i/2(A� 1
p1

−i B)(A−1B)i/2.

(1) =⇒ (5) From (2) in Lemma 3 and (1.1), it follows that

A�1/p1
B = (BA−1)

j−1
2 B1/2(B1/2A−1B1/2)

1
p1

− j
B1/2(A−1B)

j−1
2

= (BA−1)
j−1
2 B(B−1 � 1

p1
− j A

−1)B(A−1B)
j−1
2 .

(2) or (4) =⇒ (1) Let i = 0 in (2) or (4). Then we get the result.
(3) =⇒ (1) Let j = 1 in (3). Then the left side of (3) is [A(B−1 � 1

p1
+1 A−1)A]h ,

which is the same as (A�1/p1
B)h if we let j = 1 in the proof of (1) =⇒ (3).

(5) =⇒ (1) Let j = 1 in (5). Then the left side of (5) is [B(B−1 � 1
p1

−1 A−1)B]h,

which is the same as (A�1/p1
B)h if we let j = 1 in the proof of (1) =⇒ (5). This

completes the proof. �

3. Some consequences of the main results

Each result in this section are special cases of Theorems 3 and 4 in the section 2.
Now, we combine both results into just one as Theorems 3 and 4 are equivalent to each
other.

COROLLARY 1. Let A > 0, B � 0, p1, p2, p3, p4 � 1, t ∈ [0,1] and r � t.
Then the following statements hold and they are equivalent to one another, where

Z = {A1−t �p4 {A�p3 (A1−t �p2 B)}},

h =
p1p2p3p4(1− t + r)

(((p1 − t)p2 + t)p3− t)p4 + r
, β =

h
p1p2p3p4

.
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(1) By Furuta [8], we have

(A�1/p1
B)h �(log) A1−t+r �β {A1−t �p4 {A�p3 (A1−t �p2 B)}},

i.e., in short,
(A�1/p1

B)h �(log) A1−t+r �β Z.

(2) (A�1/p1
B)h �(log) (A1−t+rZ−1)i/2(A1−t+r �β+i Z)(Z−1A1−t+r)i/2.

(3) (A�1/p1
B)h �(log) (A1−t+rZ−1)

j+1
2 Z(Z−1 �β+ j A

−(1−t+r))Z(Z−1A1−t+r)
j+1
2 .

(4) (A�1/p1
B)h �(log) (ZA−(1−t+r))i/2(A1−t+r �β−i Z)(A−(1−t+r)Z)i/2.

(5) (A�1/p1
B)h �(log) (ZA−(1−t+r))

j−1
2 Z(Z−1 �β− j A

−(1−t+r))Z(A−(1−t+r)Z)
j−1
2 .

(6) [(AB−1)i/2(A� 1
p1

+i B)(B−1A)i/2]h �(log) A1−t+r �β Z.

(7) [(AB−1)
j+1
2 B(B−1 � 1

p1
+ j A

−1)B(B−1A)
j+1
2 ]h �(log) A1−t+r �β Z.

(8) [(BA−1)i/2(A� 1
p1

−i B)(A−1B)i/2]h �(log) A1−t+r �β Z.

(9) [(BA−1)
j−1
2 B(B−1 � 1

p1
− j A

−1)B(A−1B)
j−1
2 ]h �(log) A1−t+r �β Z.

Proof. Let n = 2 in Theorems 3 and 4. Then we have the results. �

COROLLARY 2. Let A > 0, B � 0, 0 � α � 1, t ∈ [0,1], s � 1 and r � t.
Then the following statements hold and they are equivalent to one another, where
h = (1−t+r)s

(1−αt)s+αr and β = h
s α.

(1) (A�α B)h �(log) A1−t+r �β (A1−t �s B) (by Furuta [8]) .
(2) (A�α B)h �(log) [A1−t+r(A1−t �s B)−1]i/2[A1−t+r �β+i (A1−t �s B)]

× [(A1−t �s B)−1A1−t+r]i/2.

(3) (A�α B)h �(log) [A1−t+r(A1−t �s B)−1]
j+1
2 (A1−t �s B)[(A1−t �s B)−1 �β+ j

×A−(1−t+r)](A1−t �s B)[(A1−t �s B)−1A1−t+r]
J+1
2 .

(4) (A�α B)h �(log) [(A1−t �s B)A−(1−t+r)]i/2[A1−t+r �β−i (A1−t �s B)]
× [A−(1−t+r)(A1−t �s B)]i/2.

(5) (A�α B)h �(log) [(A1−t �s B)A−(1−t+r)]
j−1
2 (A1−t �s B)[(A1−t �s B)−1 �β− j

×A−(1−t+r)](A1−t �s B)[A−(1−t+r)(A1−t �s B)]
j−1
2 .

(6) [(AB−1)i/2(A�α+i B)(B−1A)i/2]h �(log) A1−t+r �β (A1−t �s B).

(7) [(AB−1)
j+1
2 B(B−1 �α+ j A−1)B(B−1A)

j+1
2 ]h �(log) A1−t+r �β (A1−t �s B).

(8) [(BA−1)i/2(A�α−i B)(A−1B)i/2]h �(log) A1−t+r �β (A1−t �s B).

(9) [(BA−1)
j−1
2 B(B−1 �α− j A−1)B(A−1B)

j−1
2 ]h �(log) A1−t+r �β (A1−t �s B).

Proof. Let 1
p1

= α ∈ [0,1], p2 = p3 = 1 and p4 = s in Corollary 1. Then we have
the following:

Z = {A1−t �p4 {A�p3 (A1−t �p2 B)}} = A1−t �s B. �
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COROLLARY 3. Let A,B � 0, 0 � α � 1, s � 1 and r � 1 with

h = [αs−1 +(1−α)r−1]−1.

Then the following statements hold and they are equivalent to one another.
(1) (A�α B)h �(log) Ar � h

s α Bs (by Furuta [4]) .

(2) (A�α B)h �(log) (ArB−s)i/2(Ar � h
s α+i B

s)(B−sAr)i/2.

(3) (A�α B)h �(log) (ArB−s)
j+1
2 Bs(B−s � h

s α+ j A
−r)Bs(B−sAr)

j+1
2 .

(4) (A�α B)h �(log) (BsA−r)i/2(Ar � h
s α−i B

s)(A−rBs)i/2.

(5) (A�α B)h �(log) (BsA−r)
j−1
2 Bs(B−s � h

s α− j A
−r)Bs(A−rBs)

j−1
2 .

(6) [(AB−1)i/2(A�α+i B)(B−1A)i/2]h �(log) Ar � h
s α Bs.

(7) [(AB−1)
j+1
2 B(B−1 �α+ j A−1)B(B−1A)

j+1
2 ]h �(log) Ar � h

s α Bs.

(8) [(BA−1)i/2(A�α−i B)(A−1B)i/2]h �(log) Ar � h
s α Bs.

(9) [(BA−1)
j−1
2 B(B−1 �α− j A−1)B(A−1B)

j−1
2 ]h �(log) Ar � h

s α Bs.

Proof. Let t = 1 in Corollary 2. Then we have A1−t �s B = Bs. �

COROLLARY 4. Let A,B � 0, 0 � α � 1, and r � 1. Then the following state-
ments hold and they are equivalent to one another.

(1) (A�α B)r �(log) Ar �α Br (by Ando and Hiai [1]) .
(2) (A�α B)r �(log) (ArB−r)i/2(Ar �α+i Br)(B−rAr)i/2.

(3) (A�α B)r �(log) (ArB−r)
j+1
2 Br(B−r �α+ j A−r)Br(B−rAr)

j+1
2 .

(4) (A�α B)r �(log) (BrA−r)i/2(Ar �α−i Br)(A−rBr)i/2.

(5) (A�α B)r �(log) (BrA−r)
j−1
2 Br(B−r �α− j A−r)Br(A−rBr)

j−1
2 .

(6) [(AB−1)i/2(A�α+i B)(B−1A)i/2]r �(log) Ar �α Br.

(7) [(AB−1)
j+1
2 B(B−1 �α+ j A−1)B(B−1A)

j+1
2 ]r �(log) Ar �α Br.

(8) [(BA−1)i/2(A�α−i B)(A−1B)i/2]r �(log) Ar �α Br.

(9) [(BA−1)
j−1
2 B(B−1 �α− j A−1)B(A−1B)

j−1
2 ]r �(log) Ar �α Br.

Proof. Let s = r in Corollary 3, so that h = r. �

4. Remarks

In conclusion, we would like to mention that there are interesting relations among
the Furuta-type operator inequalities and the log majorizations. Indeed, Furuta proved
the following five equivalent relations.

(I) Theorem 2 is equivalent to Theorem 5 as follows:
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THEOREM 5. Let A � B � 0, A > 0, t ∈ [0,1] and p1, p2, · · · , p2n � 1 for a nat-
ural number n. Then the following inequality holds for r � t :

A1−t+r � {Ar/2[A−t/2[At/2 · · ·At/2[A−t/2[At/2(A−t/2Bp1A−t/2)p2At/2]p3

×A−t/2]p4At/2]p5 · · ·A−t/2]p2n−2At/2]p2n−1 ]A−t/2]p2nAr/2}q,

where q = 1−t+r
(···((((p1−t)p2+t)p3−t)p4+t)p5−···−t)p2n+r .

More precisely, in Theorem 5, there are n terms of A−t/2 and n−1 terms of At/2

alternatively arranged on the left side of the term Bp1 and the same arrangement on the
right side of the term Bp1 . For the denominator of q, there are n terms of −t and n−1
terms of t alternatively arranged.

(II) (1) in Corollary 1 is equivalent to Theorem 6 as follows:

THEOREM 6. Let A � B � 0, A > 0, t ∈ [0,1], r � t and p1, p2, p3, p4 � 1. Then
we have the following:

A1−t+r

� {Ar/2[A−t/2[At/2(A−t/2Bp1A−t/2)p2At/2]p3A−t/2]p4Ar/2}
1−t+r

(((p1−t)p2+t)p3−t)p4+r .

(III) (1) in Corollary 2 is equivalent to Theorem 7 as follows:

THEOREM 7. Let A � B � 0, A > 0, r � t ∈ [0,1], p � 1 and s � 1. Then we
have the following:

A1−t+r � {Ar/2(A−t/2BpA−t/2)sAr/2]p3A−t/2]p4Ar/2} 1−t+r
(p−t)s+r .

(IV) (1) in Corollary 3 is equivalent to Theorem 8 as follows:

THEOREM 8. Let A � B � 0, A > 0, r � 1, s � 1 and p � 1. Then we have the
following:

Ar � {Ar/2(A−t/2BpA−t/2)sAr/2} 1−t+r
(p−t)s+r .

(V) (1) in Corollary 4 is equivalent to Theorem 9 as follows:

THEOREM 9. Let A � B � 0 , A > 0, r � 1 and p � 1. Then we have the follow-
ing:

Ar � {Ar/2(A−1/2BpA−1/2)rAr/2}1/p.
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