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ON log MAJORIZATIONS FOR POSITIVE SEMIDEFINITE MATRICES

C.-S. LIN AND Y. J. CHO

(Communicated by Josip Pecaric)

Abstract. In this paper, we show that every log majorization for positive semidefinite matrices
can be expressed in countable sets of log majorizations and all of them are equivalent to one
another.

1. Introduction and preliminaries

This paper is a continuation of the author’s previous one in Lin [10], where it
was shown that the well-known Furuta inequality can be expressed in countable sets of
operator inequalities in two forms, one is (YX Y)ﬁ and the other the f-power-mean.
So are the ground Furuta inequality and its generalization and the chaotic order for two
operators. Generally speaking, it was shown in Lin [10] that each Furuta-type operator
inequality has many expressions (countable sets, indeed) and they are all equivalent to
one another. For more information on operator inequalities, refer to the papers [2], [3],
[51, [6], [9] and [11]-[13].

In this paper, we show that the log majorizations for positive semidefinite matrices
have the same properties, i.e., every log majorization can be expressed by countable
sets of log majorizations, and they are all equivalent to one another.

Recall that the 3 -power-mean introduced by Kubo-Ando [9] was given by

AtgB=A"2(A712BAT1/2)P 512 (1.1)

for two operators A, B > 0 and any real number f3.

The JB-power-mean is a useful tool in expressing alternatively the Furuta-type
operator inequalities and the chaotic order of two operators as we have seen in the
literature in the past twenty plus some years. In case o € [0, 1], we write

AﬁOCB :A1/2(A71/2BA71/2)O(A1/2
and call it the o -power-mean.
The following lemma is the operator expansion of operator form (YXY *)ﬁ .
Mathematics subject classification (2010): 47A63.
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LEMMA 1. ([4], Lemma 1) Let X be positive and invertible and Y be an invertible
operator. For any real number B, we have

(YXY*)B =yx/2(x'2y*yx/2B-1x1/2y*, (1.2)

Due to (1.1) and (1.2) above, we produced the following two results in Lin [10].
In what follows, let i =0,2,4,6,---, i.e., i is an even number and j =1,3,5,---, i.e.,
J is an odd number.

Lemmas 2 and 3 below are the [§-power-mean expressed in terms of countable
sets of the operators form (YXY)P.

LEMMA 2. ([10], Lemma 1) For any real nm_nber B and operators A,B > 0,

(1) AhﬁB _ (ABfl)1/2A1/2(A71/2BA71/2)ﬁ+1A1/2(B71A)1/2.

(2) AtgB=(AB~)'T BI/2(B!2A-1B1/2)B+iBI2(B-14) " .

LEMMA 3. ([10], Lemma 2) For any real number B and two operators A,B >0,

(1) A hﬁ B= (BAfl)i/2A1/2(Af1/2BA71/2)ﬁ7iA1/2(Ale)i/2'

(2) AtgB=(BA~)'z BU/2(B!/2A-1B/2)B-iB!2(A-1B) "7 .

In what follows, the capital letters mean the positive semidefinite matrices unless
otherwise stated. For any operators A,B > 0, let {A4;(A)}", and {A;(B)}}_, be the
families of eigenvalues of A and B, respectively, satisfying the following:

A(A) 2 A(A) = -+ = Aa(A), Ai(B) = Ma(B) - An(B),

i.e., they are arranged in decreasing order.

Following Ando and Hiai [1], we recall the standard notation that A -4 B is
the log majorization for two operators A,B > 0 if Hif:ll,-(A) > l'[f?z Ai(B) for each
k=1,2,---,n—1and IT}_, A;(A) =TT 4i(B), i.e., det A=det B.

The following fundamental result for the log majorization is due to Ando and Hiai

[1]:
THEOREM 1. ([1]) For any operators A,B >0 and 0 < o« < 1, we have
(AaB)" = (10g) A" a B
foreach r > 1.

Some generalizations of Theorem 1 can be found by Furuta in [7]. In fact, they are
just special cases of the next most extension of Theorem 1.

THEOREM 2. ([7], Theorem 2.1) For any operators A >0, B> 0, py, p2, -
Pan—1), P2n =1 (n>2), t €[0,1] and r > t, the relation

(A ﬁl/m B)h = (log) Al i {Al_t 0pan 1A py {Al_t 0pan2 {Alpa, 5
{A17[ hp2)174 {A hPZn—S {A17[ e {A hpz, (Ali[ hsz)}} o }}

_ P1p2--pon(1=14r) _ h
holds, where h = =75 453 Hpatips——pmir 4 B = By

>
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More precisely, in Theorem 2, there exist n — 1 terms of A and n terms of Al
alternatively arranged on the left side of the term B. Also, there exists one term of the
brackte () and are 2n —2 terms of the brackets {} involved. In the denominator of
h, —t appears n times and ¢ appears n — 1 times, and there are 2n — 1 times of the
brackets () involved.

2. Main results

Again, as stated before, let i = 0,2,4,6,---, i.e., i is an even number, and j =
1,3,5,---, i.e., j is an odd number.

THEOREM 3. For any operators A >0, B >0, p1,p2,--+,P2(n—1),P2n = 1 for
any natural number n,t € [0,1] and r > t, the following statements hold with

he pip2---poa(l —t+7) B h
= , Bp=———.
(- ((((p1=t)p2+1)p3—t)pa+1t)ps— - —t)po+r P1D2" " D2n

Moreover, they are equivalent to one another, where Z is the second term of the
right side of the log majorization (1.3) in Theorem 2, i.e.,

Z= {AF[ hﬁzn {A hPZn—l {AF[ hp2n72 {A hpzna {AF[ t1172n74
{A hp2n75 {Alil e {A hm (Ali[ hsz)}} o }}

(1) By Theorem 2,

(A ﬁl/m B)h ~ (log) Al ﬁﬁ {AF[ hpzn {A hpZn—l {AF[ hp2)172 {A hp2)173 {AF[ hp2)1—4
{A hp2)175 {Alit T {A hm (Ali[ hpz B)}} o }}7

i.e., shortly,
(At1p B) =(og) A 85 Z.
(2) (Aﬁl/plB)h >_( )(Al 14rz7— l)z 2(A1 t+rhﬁ )( —1A1—1+r)i/2
(3) (Aﬁl/plB)h = (log) (Al t+ry— 1)% ( 1hﬁ A 1—t+r))Z(Z 141~ H"’)JT,
(4) (Aﬁl/plB)h >(10g) (Z (1=t+r )1/2( Al- t+rhﬁ )( (1— t+r )1/2
1
(5) (At1/p, B) = (1og) (ZA () T Z(Z Vg A (0 Z(A- (11 Z)

Proof. Notice that, in each of the above five expressions, the left side of the log
majorization is the same and we proof only for the right side.
(1) = (2) By (1)in Lemma 2 and (1.1), we have

1—t+4r _l=t4r
2

A17t+rﬁﬁzz (Alfl“rerl)‘ L (A~ T ZA )ﬁJriAl’;r
_ (A17t+rzfl)i/2(A17t+r hﬁ_‘riz)(zflAlerr)iﬁ.

L (Z71A17t+r)i/2
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(1) = (3) Dueto (2) in Lemma 2 and (1.1), we have
Al—t+r ﬁﬁz — (Al_t+rZ_l)#Zl/z(Zl/zA_(1_t+r)Zl/2)l3+jZI/2(Z_lAl_t+r)%
(Al 1+r 7= ) (Z hﬁJr —(1— t+r))Z(ZflAlft+r)#.
(1) = (4) By (1) in Lemma 3 and (1.1), we have

1 I+r t+r 1—t+4r

Al*l“v’rﬁﬁzz (ZAf(lflJrr))' Jr"(14 ZA7 )ﬁ iA
_ (ZA—(I—t+r))i/2(Al—t+r ﬁﬁ,IZ)(A_(l_t-H)Z)l/z.
(1) = (5) It follows from (2) in Lemma 3 and (1.1) that

(Af(lft+r)z)i/2

Al—t+rﬁﬁZ:(ZA (1- t+r)) Zl/2(zl/2A (1- t+r)Zl/2);3—jzl/2(A—(l—t+r)Z)%
j—1

:(ZA (1— t+r)) (Z ﬁﬁ A (1— t+r)Z(A7(lft+r)Z)T.

(2)or (4) = (1) Leti=0in (2) or (4).
(3) = (1) Let j =1 in (3). Then the right side of (3) is

Al—t+r(Z—1 hﬁ+1A_(1_t+r))Al_t+r

which is the same as A!~*7 tt,;; Z if we let j =1 in the proof of (1) = (3).
(5) = (1) Let j =1 in (5). Then the right side of (5) is

Z(z—l hﬁ—lA_(l_t+r))Za

which is the same as A~/ tgZ if we let j =1 in the proof of (1) = (5). This
completes the proof.

By using the similar arguments, we could consider the left side (and keep the right
side) of the log majorization in Theorem 2. In fact, the next result is equivalent to

Theorem 3. [

THEOREM 4. Let the assumptions be exactly the same as stated in Theorem 3

Then the following statements hold and they are equivalent to one another.
(1) By Theorem 2,

(A ﬁl/ﬁl B)h >_(10g) AlftJrr ﬁﬁ {Alft ﬁpzn {A ﬁpzn,l {Alft ﬁph,z {A ﬁp2n73
{Alit ﬁpz,,,4 {A ﬁpznfs{Alil e {A ﬁm (Ali[ ﬁpz B)}} o }}a

i.e., in short,
(Af1/p B)" =(1og) A" Z.

(2) [(AB™")/2(Ab s, BYBTAY =g A+ Z.
(3) [(AB*)%(BLIuI AT)B(B'A >’T1 o AT Z.
(4) [(BA~)2(An B)(A1B)/ ) Wﬁﬁz.
(5) [(BA™) 2 BBy, A~)B(A” >’T]h (og) AT Z.
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Proof. Now, we prove the left side of the log majorization only as the right sides
are all the same.
(1) = (2) From (1) in Lemma 2 and (1.1), it follows that

Alyp, = (AB~V)2AV 2 (A1 2BA—112) o H AL (g1 4 )i/
— (AR 1i/2 L1 i
(AB) (A5 B)(BA)T.

(1) = (3) From (2) in Lemma 2 and (1.1), it follows that
Aty B= (ABfl)%Bl/2(Bl/2Alel/2)ﬁ+jBl/2( *IA)%
— (AB YT BB 2 A BB s
(1) = (4) From (1) in Lemma 3 and (1.1), it follows that

Ay B= (BA™'YPAI2(A12BA 125 A2 (A7 )2
:(BA*I)I'/2(AhL_iB)(Ale)z/g
P1

(1) = (5) From (2) in Lemma 3 and (1.1), it follows that

—BA YT BB, LA “HB(A~ 1B)’T.
(2)or (4) = (1) Let i=0 in (2) or (4). Then we get the result.
(3) = (1) Let j =1 in (3). Then the left side of (3) is [A(B*IHLHA*I)A}’H
r1
which is the same as (Af;/,, B)" if we let j = 1 in the proof of (1) = (3).
(5) => (1) Let j=1 in (5). Then the left side of (5)is [B(B~'§. ,A"")B]",
P

which is the same as (Af/), B)" if we let j =1 in the proof of (1) = (5). This
completes the proof. [

3. Some consequences of the main results

Each result in this section are special cases of Theorems 3 and 4 in the section 2.
Now, we combine both results into just one as Theorems 3 and 4 are equivalent to each
other.

COROLLARY 1. Let A>0, B=0, pi, p2, p3, pa=1, t €[0,1] and r >t
Then the following statements hold and they are equivalent to one another, where

Z= {Al_t ﬁp4 {A ﬁm (Al_t ﬁpz B)}}a

1—1 h
- Ppapspa(l—i+7) B

(((pr=1)p2+1)ps—1)pa+r’ P1P2P3P4
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(1) By Furuta [8], we have

(Aﬁl/m B)h * (log) Al ﬁﬁ {AF[ 0ps {A s (Alft 1p2B)}
i.e., in short,
(Al /p, B)" (1o AT 5 Z.

Al-ttrz—1 1/2(A1—t+rhﬁ ) 7-1p1- t+r)z/2

(2) ( )" =(10g) ( )+1 (z »
(3) (Aﬁl/pl B)h >(log) (Al t+rz— 1) Z( 71 hﬁ+/ —(1- t+r)) ( 1A1—t+r)%—
(4) (Aﬁl/pl B)h >‘(10g) (Z (1=t+r )z/Z(Al t+rhﬁ )(A (1— t+r )1/2 |
(5) (Aﬁl/plB h >(log)( —(l—t+r )J—Z—IZ( 1h[3 . (1 t+r)) ( (1_""’)2)%—1,
(6) [(AB’l)i/z(Ah1+, B)(B IA)’/z]h ~(log) AT Z.

(1) [(AB~) 5 BBy, A~ BB >’T] 1oy AT R Z.

(®) [(BA~)/ (AL B e BW] -fwﬁz.

(9) [(BA™)">'B <B—1u1,. “1)B(A >’T] log) A Ep Z.

Proof. Let n =2 in Theorems 3 and 4. Then we have the results. [J

COROLLARY 2. Let A>0, B>0, 0<a<1,r€[0,1], s>1 and r > 1.
Then the following statements hold and they are equivalent to one another, where

__(=t4r) _
h—(liT)Sifnandﬁ——

(1) (AfaB)" =(og A" tig (A'"5;B) (by Furuta [8]).

(2) (AfaB)" =(1og) [AV (A1 B) 12 (AL g (AT 8 B))]

% [(Alft h_YB)71A17[+r]i/2:

(3) (AfaB)" - (og) (AT (A1 5 B) 71T (A1, B) (A1 5 B) Lt
x A~(I=H0] (A= BY[(A1 " b, B) 1AL~ z+r]”1

(4) (AfaB)" =(0g) (AT g B)A- 1) [AI g (AT )]
><[A (1— t+r)(A1 th )]1/2

(5) (AtaB)" = (1og) [(A'" 5 B)A~ 1] 20 (A1 )[(Al"’h B)'tp_;
<A~ (1— t+r](A1 th )[ (1—t+r) (Al th B)]

(6) [(AB™)/2(A i BY(B ' A) ) - g AV (A1 B).
(7) [(AB™)'7 BB s j A" )B(B™A) T | = A1+ 5 (A1 1,B).
(8) (BA™! /2 (Akani BYA B/ =g A1 fwﬁ (A4, B).
(9) [(BA™) T B(B o jA " )BA™'B) 71" = (10g) A7 5 (A5, B).

Proof. Let % =a €[0,1], po=p3 =1 and ps =s in Corollary 1. Then we have
the following:

Z={A""tp {Atp, (A", B}y =AT" B, O
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COROLLARY 3. Let A, B>0, 0<a<1, s>1andr>1 with
h=los '+ (1—o)r )71

Then the following statements hold and they are equivalent to one another.
(1) (AfaB)" =(og) A" 81, B* (by Furuta [4]).

(2) (AtaB)" (o) (AB)/2(AT5n,, B)(BAT)2.

(3) (A2 B)" =(1og) (BT B (B, ,A)B(B=AT)T.
(4) (AtaB)' (o) (BA™)2(AT50, B)(AB).

(5) (AfaB)" =g (BA™)'T BY(B *uga,jAﬂBS(A*rBS)%
(6) [AB™) > At i BB AVPY =) 47t B

(7) [(AB~) 5 BBt ;A BB > 1 g AT B
(8) [(BA™)2(Aba-iB)(AT'B)]" - (og) A41, B".

(9) [(BA™)'T BB ta—j A" )BAB) T |1 (109 A8, B

Proof. Let t =1 in Corollary 2. Then we have A! "B =B*. [

COROLLARY 4. Let A/ B> 0, 0< a <1, and r > 1. Then the following state-
ments hold and they are equivalent to one another.
(1) (AfaB)" = A’ﬁaB’ (by Ando and Hiai [1]).

(2) (AtaB) > (10g) (ATB™")//2(A" by B) (B A7),

(3) (AﬁaB>f>log (A'B) BT (B " ;A )BT (BTAT) T
(4) (AtaB) = (og) (B'A™)/2(A" g B")(AB)2.

(5) (Aﬁamwmg (B'A™")'T B (Bt ;jA~")B"(A~B") T
(6) [(AB™1)/2(Alig+iB) (B~ A)/2]" > (10g) A" B".

(7) [(AB™) T BB oy jA")B(B™'A) ) = A"taB".

(8) (BA™) 2 A5 iB) A BT =g A7 (B

(9) [(BA™)'Z B(B™" g jA")B(A™'B) "2 )" = (10g) A" ta B

Proof. Let s =r in Corollary 3,sothat h =r. [J

4. Remarks

In conclusion, we would like to mention that there are interesting relations among
the Furuta-type operator inequalities and the log majorizations. Indeed, Furuta proved
the following five equivalent relations.

(D Theorem 2 is equivalent to Theorem 5 as follows:
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THEOREM 5. Let A>2B >0, A>0, t €(0,1] and py,p2,---,pa = | for a nat-
ural number n. Then the following inequality holds for r >t :

Al*l“rr 2 {Ar/2[Aft/2[At/2...At/z[A71/2[A[/z(Aft/zBp1A7[/2)p2At/2]p3
X AP AI2)Ps L AT P2 AT2) Pana | A2 Pn g T2

1—t+r
= (((p1=1)pa+t)p3—t) patt)ps——1)pan+r"

where q = 4

More precisely, in Theorem 5, there are n terms of A~"/2 and n— 1 terms of A'/2

alternatively arranged on the left side of the term BP! and the same arrangement on the
right side of the term B”!. For the denominator of ¢, there are n terms of —f and n— 1
terms of ¢ alternatively arranged.

(II) (1) in Corollary 1 is equivalent to Theorem 6 as follows:

THEOREM 6. Let A>B>0, A>0,1€(0,1], r >t and py,pa,p3,pa = 1. Then
we have the following:

Al—t+r
> {AT2[AT2 (A2 (A2 BPIAT ) P2 AL 2P A2 Pa AT (e ]

(II) (1)in Corollary 2 is equivalent to Theorem 7 as follows:

THEOREM 7. Let A2B >0, A>0, r>t€(0,1], p>1and s > 1. Then we
have the following:

Al—t-‘rr 2 {AI’/2(A—t/ZBpA—t/Z)SAI’/z}p3A—t/2}p4Ar/2}% .
(IV) (1) in Corollary 3 is equivalent to Theorem 8 as follows:

THEOREM 8. Let A2B>0,A>0, r>1, s>1and p > 1. Then we have the
following:

A" > {Ai’/z(A—t/2BpA—t/2)sAr/2}(Pl:t%.

(V) (1) in Corollary 4 is equivalent to Theorem 9 as follows:

THEOREM 9. Let A>2B>0,A>0, r>1 and p > 1. Then we have the follow-
ing:
AT > {Ar/2(A71/2BpA71/2)rAr/2}l/p.
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