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Abstract. Using the fixed point method and the direct method, we prove the Hyers-Ulam stability
of an additive functional inequality in matrix normed spaces.

1. Introduction and preliminaries

The abstract characterization given for linear spaces of bounded Hilbert space op-
erators in terms of matricially normed spaces [42] implies that quotients, mapping
spaces and various tensor products of operator spaces may again be regarded as op-
erator spaces. Owing in part to this result, the theory of operator spaces is having an
increasingly significant effect on operator algebra theory (see [10]).

The proof given in [42] appealed to the theory of ordered operator spaces [6].
Effros and Ruan [11] showed that one can give a purely metric proof of this important
theorem by using a technique of Pisier [32] and Haagerup [18] (as modified in [9]).

The stability problem of functional equations originated from a question of Ulam
[44] concerning the stability of group homomorphisms.

The functional equation

fx+y)=fx)+f(y)

is called the Cauchy additive functional equation. In particular, every solution of the
Cauchy additive functional equation is said to be an additive mapping. Hyers [19] gave
a first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’
Theorem was generalized by Aoki [2] for additive mappings and by Rassias [35] for
linear mappings by considering an unbounded Cauchy difference. A generalization of
the Rassias theorem was obtained by Gavruta [15] by replacing the unbounded Cauchy
difference by a general control function in the spirit of Rassias’ approach.

In 1990, Rassias [36] during the 277" International Symposium on Functional
Equations asked the question whether such a theorem can also be proved for p > 1.
In 1991, Gajda [14] following the same approach as in Rassias [35], gave an affir-
mative solution to this question for p > 1. It was shown by Gajda [14], as well
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Keywords and phrases: Jordan-von Neumann functional equation, operator space, fixed point, Hyers-
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as by Rassias and Semrl [40] that one cannot prove a Th. M. Rassias’ type theorem
when p =1 (cf. the books of Czerwik [7], Hyers, Isac and Rassias [20]). The stabil-
ity problems of several functional equations have been extensively investigated by a
number of authors and there are many interesting results concerning this problem (see
[1, 12,21, 23,24, 28, 34], [37]-[39]).

In [16], Gildnyi showed that if f satisfies the functional inequality

12/ (x) + 2/ () = fy DI < [If (o) (1)

then f satisfies the Jordan-von Neumann functional equation

2f(x)+2f(v) = flw) + flyh).

See also [41]. Gildnyi [17] and Fechner [13] proved the Hyers-Ulam stability of the
functional inequality (1).

Park, Cho and Han [31] proved the Hyers-Ulam stability of the following func-
tional inequalities

)

£ () + £ )+ f2)]| < Hzf <x+y+z>

2

1)+ fO) + @I < I fx+y+2)], (2)

1)+ F0) +2£ ()| < Hzf (%—i—z)”

We will use the following notations:

M, (X) is the set of all n x n-matrices in X ;

ej € My ,(C) is that j-th componentis 1 and the other components are zero;

E;j € M,(C) is that (i, j)-component is 1 and the other components are zero;
E;j®x € M,(X) is that (i, j)-component is x and the other components are zero;

For x € M, (X),y € Mi(X),
0
rey= (gy)

Note that (X,{||-||»}) is a matrix normed space if and only if (M,(X),| - )
is a normed space for each positive integer n and ||AxB|; < ||A||||B]|||x||» holds for
A e M ,(C), x= (x;j) € My(X) and B € M, (C), and that (X, {||-|/,}) is a matrix
Banach space if and only if X is a Banach space and (X, {||-||,}) is a matrix normed
space.

A matrix normed space (X, {||-||.}) is called an L™ -matrix normed space if ||x &
Ylnrx = max{||x||n, |[¥||x} holds for all x € M,(X) and all y € Mi(X).

Let E,F be vector spaces. For a given mapping & : E — F and a given positive
integer n, define hy, : M,,(E) — M, (F) by

hn([ij]) = [h(xij)]
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forall [x;;] € M,(E).

Let X be aset. A function d : X x X — [0,0] is called a generalized metric on X
if d satisfies

(1) d(x,y) =0 if and only if x = y;

(2) d(x,y) =d(y,x) forall x,y € X;

(3) d(x,z) <d(x,y) +d(y,z) forall x,y,z€ X.

We recall a fundamental result in fixed point theory.

THEOREM 1. [3, 8] Let (X,d) be a complete generalized metric space and let
J : X — X be a strictly contractive mapping with Lipschitz constant o < 1. Then for
each given element x € X, either

d(J"x,J" x) = oo

for all nonnegative integers n or there exists a positive integer ngy such that
(1) d(J"x,J""1x) < oo, Vn = ng;
(2) the sequence {J"x} converges to a fixed point y* of J;
(3) y* is the unique fixed point of J in the set Y = {y € X | d(J"0x,y) < oo};
(4) d(y,y") < t2gd(v.Jy) forall y €Y.

In 1996, Isac and Rassias [22] were the first to provide applications of stability the-
ory of functional equations for the proof of new fixed point theorems with applications.
By using fixed point methods, the stability problems of several functional equations
have been extensively investigated by a number of authors (see [4, 5, 25, 27, 29, 30,
33D.

Throughout this paper, let (X, {||-||»}) be a matrix normed space, (Y,{||l,}) a
matrix Banach space and let n be a fixed positive integer.

In Section 2, we prove the Hyers-Ulam stability of the additive functional inequal-
ity (2) in matrix normed spaces by using the direct method.

In Section 3, we prove the Hyers-Ulam stability of the additive functional inequal-
ity (2) in matrix normed spaces by using the fixed method.

2. Hyers-Ulam stability of the additive functional inequality (2) in matrix
normed spaces: direct method

In this section, we prove the Hyers-Ulam stability of the additive functional in-
equality (2) in matrix normed spaces by using the direct method.

LEMMA 1. Let (X,{||-||ln}) be a matrix normed space.

(D) ||Ey @] = ||x]| for x€ X.

@) ) < gl < 32, I for ] € M (X).

(3) limy e X, = x if and only if Timy, e Xpij = Xij fOr Xn = [Xpnij|,x = [x;j] € Mi(X).

Proof. (1) Since Ey ®x = efxe; and ||ef|| = [|¢;|| = 1, ||Ex @x]|, < [|x]|. Since
ex(Eq @x)ej =x, [|x]| < [|Ey @x|[n- So || Ey @x|[n = [lx]-
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(2) Since exxe; =xy and [[ex|| = [lef|| =1, [[xull <[ [xij]lln-
Since [x;;] = 37 Eij ®xij,

n n
< Y NEj@xijla =, Ixijl-

n =l irj=1

n
Z Eij ®xij
i,j=1

[ [xijllla =

(3) By (2), we have

n
%nkt — 2|l < M i = Xl = 11 i) — i e < [ — i1
i,j=1

So we get the result. [

We need the following result.
LEMMA 2. ([31, Proposition 2.2]) Let f: X — Y be a mapping such that

1F(@)+f(B) + f()l < |If (a+b+c)

forall a,b,c € X. Then [ :X — Y is additive.

THEOREM 2. Let f: X — Y be a mapping and let ¢ : X> — [0,0) be a function
such that

®(a,b,c) = 0(2'a,2'p,2'c) < +oo, (3)

N
2 —

1
25

an xu +fn([ylj})+fn(zlj ||

n
| o (i) + il + [z ||, + Y, 0 (xijyyijzif)
ij=1
4)
forall a,b,c € X and all x = [x;j|, y = [yij], z=[zij] € My(X). Then there exists a
unique additive mapping A : X — Y such that

an([Xij]) —An([Xij])Hn < _ild)(xij,xij,—bcij) (5)

for all x = [x;j] € M,(X).

Proof. When n =1, (4) is equivalent to

1f(a)+ f(B)+ (o)l < lf(a+b+c)|+ d(a,b,c)

forall a,b,c € X. By the same reasoning as in the proof of [31, Theorem 3.2], one can
show that there is a unique additive mapping A : X — Y such that

1f(a) —Ala)|| < ®(a,a, —2a)
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forall a € X. The mapping A : X — Y is given by

A(a) = lim ,f(2l )

|—e0 2

forall @ € X. By Lemma 1,
[ (Fxif]) — An(is]) |, < 2 1 (xij) = Al < Y D(xij,xij, —2xi7)
i,j=1 i,j=1

forall x = [x;;] € M,,(X). Thus A: X — Y is a unique additive mapping satisfying (5),
as desired. [

COROLLARY 1. Let r,0 be positive real numbers with r < 1. Let f:X — Y be
a mapping such that

[ (Bxii) + Fa (i) + S]], < | (i) + D] + i) ], (6)
+ 0 0lxill + llyill” =+ llziill")
ij=1

forall x=[xij],y = [vij].z= [zij] € Mn(X). Then there exists a unique additive mapping
A:X —Y suchthat

242"

||fn([xij])_An([xij})Hn< z 2 _or

i,j=1

OHx,JHr

for all x = [x;j] € M,(X).

Proof. Letting ¢(a,b,c) = 0(||a||” + ||b||” + ||c||") in Theorem 2, we obtain the
result. [

THEOREM 3. Let f:X — Y be a mapping and let ¢ : X> — [0,) be a function
satisfying (4) and

b
®(a,b,c) := Z ¢<§,,2,,;,><+ )

forall a,b,c € X. Then there exists a unique additive mapping A : X — Y such that

an([xij})_ n([xij]) H Zq)xlj,xu, 2xi)
i,j=1

for all x = [x;j] € M,(X).

Proof. The proof is similar to the proof of Theorem 2. [
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COROLLARY 2. Let 1,0 be positive real numbers with r > 1. Let f:X — Y be
a mapping satisfying (6). Then there exists a unique additive mapping A : X — Y such
that

242

1 (Beij]) = An(bxiiD]], < Y T

i,j=1

OHx,JHr

for all x = [x;j] € M,(X).
Proof. Letting ¢(a,b,c) = 0(||a||” + ||b||” + ||c||") in Theorem 3, we obtain the
result. [

We need the following result.

LEMMA 3. ([43]) If E is an L™ -matrix normed space, then ||[xi;]||n < ||[||xi;]]]|n
for all [x;j] € M,(E).

THEOREM 4. Let Y be an L™ -normed Banach space. Let f: X — Y be a map-
ping and let ¢ : X> — [0,00) be a function satisfying (3) and

| (i) + (i) + fa 2D, < o (i) + D] + [z ], (®)
+{1[0 (xij,Yij52i)]||n

for all x = [xij], y=[yijl, 2= [zij] € Ma(X). Then there exists a unique additive
mapping A : X — Y such that

|1 (i) = Aip)]|], < D@ (xij, i, —2x6i5)] | ©)
for all x = [x;j] € M,,(X). Here ® is given in Theorem 2.

Proof. By the same reasoning as in the proof of Theorem 2, there exists a unique
additive mapping A : X — Y such that

1/(a) = Ala)|| < ®(a,a,—2a)
forall a € X. The mapping A : X — Y is given by

A(a) = lim % f(2la)

[ oo

forall a € X.
Itis easy to show thatif 0 < a;; < b;; forall i, j, then

@il lln < 11[Dij] - (10)
By Lemma 3 and (10),
|0F (i) = A, < NP CGeig) = AGeg) 1] < @ x5, —2x05)]
for all x = [x;;| € M,(X). So we obtain the inequality (9). [
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COROLLARY 3. Let Y be an L™ -normed Banach space. Let 1,0 be positive real
numbers with r < 1. Let f: X — Y be a mapping such that

||fn xzj +fn([yl/})+fn(zlj H an xlj })zj}‘i‘[zij])Hn (11
[0l + i ll™ + [z 1) ]

for all x = [x;j], y = [yijl, 2= [zij] € Ma(X). Then there exists a unique additive
mapping A : X — Y such that

) antEs, < | |30

n

for all x = [x;j] € M,(X).

Proof. Letting ¢(a,b,c) = 0(||a||” + ||b||" + ||c||") in Theorem 4, we obtain the
result. [

THEOREM 5. Let Y be an L™ -normed Banach space. Let f: X — Y be a map-
ping and let ¢ : X> — [0,00) be a function satisfying (7) and (8). Then there exists a
unique additive mapping A : X — Y such that

11 Cxij) — A, < 1 Cxijxi7, = 2:67)] |

for all x = [x;j] € M,,(X). Here ® is given in Theorem 3.

Proof. The proof is similar to the proof of Theorem 4. [

COROLLARY 4. Let Y be an L -normed Banach space. Let 1,0 be positive real
numbers with r > 1. Let f: X — Y be a mapping satisfying (11). Then there exists a
unique additive mapping A : X — Y such that

1)~ an(Es, < | | 50|

n

for all x = [x;j] € M,(X).

Proof. Letting ¢(a,b,c) = 0(||a||” + ||b||” + ||c||") in Theorem 5, we obtain the
result. [
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3. Hyers-Ulam stability of the additive functional inequality (2) in matrix
normed spaces: fixed point approach

In this section, we prove the Hyers-Ulam stability of the additive functional in-
equality (2) in matrix normed spaces by the fixed point method.

THEOREM 6. Let ¢ : X* — [0,00) be a function such that there exists an o < 1
with

9(a,b.c) < 200 (ggg) (12)

for all a,b,c € X. Let f:X — Y be a mapping satisfying (4). Then there exists a
unique additive mapping A : X — Y such that

z 1

|| £ ([xij]) — An([xij]) ||, < wz:,l mq)(xijaxij»_zxij) (13)
for all x = [x;j] € M,(X).
Proof. When n=1, (4) is equivalent to
£ (@) + f(b) + flO)l <[ flat+b+c)|[+¢(a,b,c) (14)
for all a,b,c € X . It follows from (14) that
12f(a) — f(2a)|| < ¢(a,a,—2a) (15)
forall a € X. So
1 1
@~ 570 < 0a.0.-20) 16)
forallae X.
Consider the set
S={h:X—Y}

and introduce the generalized metric on S':
d(g,h)=inf{u e Ry : ||g(a) — h(a)|| < u¢ (a,a,—2a), YacX},

where, as usual, inf{} = +oo. It is easy to show that (S,d) is complete (see [26]).
Now we consider the linear mapping J : § — § such that

Tgla) = 58(2a)

forallae X.



FUNCTIONAL INEQUALITY IN MATRIX NORMED SPACES 1017
Let g,h € S be given such that d(g,h) = €. Then

lg(a) —h(a)|| < ¢ (a,a,—2a)
for all a € X. Hence

1

g(a) ~ )] = | 322a) - 3h2a)| < 0 (@.0.~20)

forall a € X. So d(g,h) = € implies that d(Jg,Jh) < ae. This means that
d(Jg,Jh) < oud(g,h)

forall g,h € S.
It follows from (16) that d(f,Jf) < 3.
By Theorem 1, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, i.e.,

A(2a) = 24(x) (17)
for all x € X. The mapping A is a unique fixed point of J in the set
M={geS:d(h,g) <}

This implies that A is a unique mapping satisfying (17) such that there exists a u €
(0,00) satisfying

1f(a) = A(a)|| < 1¢(a,a,—2a)

forall a € X;
(2) d(J'f,A) — 0 as [ — oo. This implies the equality

fin 35/ (2a) =4t

forall a € X;
(3) d(f,A) < t1=d(f,Jf), which implies the inequality

d(f,A) <

So
¢(a,a,—2a) (18)

forallae X.
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It follows from (12) and (14) that
1
lim [|f(2'a) + £(2'b) + £(2'c) | (19)
hm< le(2l(a+b+c))H + l(b( a,2'b,2!c ))

forall a,b,c € X.
It follows from (19) that

|A(a) +A(b) +A(c)] < [|A(a+Db+0)|

forall a,b,c € X. By Lemma2, A:X — Y is additive.
By Lemma 1 and (18),

(| (i) — An([xi]) ||, < 2 I1f (xij) — Alxij)| i O (xij, Xij, —2xi))

i,j=1

forall x = [x;;] € M,,(X). Thus A: X —Y is aunique additive mapping satisfying (13),
as desired. [J

COROLLARY 5. Let r,0 be positive real numbers with r < 1. Let f:X —Y be
a mapping satisfying (6). Then there exists a unique additive mapping A : X — Y such
that

242"

||fn([xfj])—An([xiﬂ)Hn<”212 57 O lxisll”

for all x = [x;j] € M,(X).
Proof. The proof follows from Theorem 6 by taking ¢ (a,b,c) = 6(||a||”+ ||b||" +
|c[|") for all a,b,c € X. Then we can choose & =2~ and we get the desired re-

sult. [

THEOREM 7. Let f: X — Y be a mapping satisfying (4) for which there exists a
function ¢ : X* — [0,00) such that there exists an o < 1 with

(a,b,¢) < %p (2a,2b,2¢) (20)

forall a,b,c € X. Then there exists a unique additive mapping A : X — Y such that

e~ An(Csal)l, < X 5~ 05,0 ~2x)

i,j=1

for all x = [x;j] € M,(X).
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Proof. Let (S,d) be the generalized metric space defined in the proof of Theo-
rem 6.
Now we consider the linear mapping J : S — S such that

Jg(a):=2g (g)

forall a € X.
It follows from (15) that

21 (2)] <0 (& 4-0) < Sot0a 20

forall a € X. Thus d(f,Jf) < 5. So

o
< .
d(va) X 2 2u

The rest of the proof is similar to the proof of Theorem 6. [J

COROLLARY 6. Let r,0 be positive real numbers with r > 1. Let f:X — Y be
a mapping satisfying (6). Then there exists a unique additive mapping A : X — Y such
that
n or _|_2 .
£ (b)) = An(beD [, < X 57— 0l

i=12 =2

for all x = [x;j] € M,(X).

Proof. The proof follows from Theorem 7 by taking ¢ (a,b,c) = 6(||a||”+ ||b||" +
l|c||") for all a,b,c € X. Then we can choose o = 2!~ and we get the desired re-
sult. [

From now on, assume that Y is an L™ -normed Banach space.

THEOREM 8. Let f:X — Y be a mapping and let ¢ : X — [0,0) be a function
satisfying (12) and (8). Then there exists a unique additive mapping A : X — Y such
that

1

22 @b

| [f (xij) —Alxip)]||, < H [

¢(xij7xij7_2xij):|

n

for all x = [x;j] € M,(X).

Proof. By the same reasoning as in the proof of Theorem 6, there exists a unique
additive mapping A : X — Y such that

1
If (@) A < 5— ¢(a,a,~2a)
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foralla € X.
By Lemma 3 and (10),

070530 = Ak, < 107 05) ~ Al < | | 50071

n

for all x = [x;;| € M,(X). So we obtain the inequality (21). [

COROLLARY 7. Let 1,0 be positive real numbers with r < 1. Let f: X —Y bea
mapping satisfying (11). Then there exists a unique additive mapping A : X — Y such
that

I~ AnCDl, < || 3550l

n

for all x = [x;j] € M,(X).

Proof. The proof follows from Theorem 8 by taking ¢ (a,b,c) = 0(||a||"+ ||b||" +
llc||”) for all a,b,c € X. Then we can choose o =2"~! and we get the desired re-
sult. [

THEOREM 9. Let f : X — Y be a mapping and let ¢ : X3 — [0,) be a function
satisfying (8) and (20). Then there exists a unique additive mapping A : X — Y such
that

[[f (xij) — Alxiy)]| H [ﬁﬂxif’xm —inj)]

for all x = [x;j] € M,(X).

n

Proof. The proof is similar to the proof of Theorem 8. [

COROLLARY 8. Let 1,0 be positive real numbers with r > 1. Let f: X —Y bea
mapping satisfying (11). Then there exists a unique additive mapping A : X — Y such
that

I -, < | [222

61| ]

n

for all x = [x;j] € M,(X).

Proof. The proof follows from Theorem 9 by taking ¢ (a,b,c) = 6(||a||”+ ||b||" +
llc||”) for all a,b,c € X. Then we can choose o = 2!~ and we get the desired re-
sult. [
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