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n-EXPONENTIAL CONVEXITY OF DIVIDED
DIFFERENCES AND RELATED STOLARSKY TYPE MEANS

GULAM ROQIA, JOSIP PECARIC AND ANA VUKELIC

(Communicated by Yeol Je Cho)

Abstract. In this paper we consider functionals with divided differences. Two of them use ma-
jorization type results, where one is related with Schur convexity. The others are related to Jensen
inequality and Hermite-Hadamard inequalities. We use them in studying Stolarsky type means.
A method of producing n-exponentially convex functions is applied using divided differences.

1. Introduction

Let f be a real-valued function defined on the segment [a,b]. The divided dif-
ference of order n of the function f at distinct points xo,...,x, € [a,b], is defined
recursively (see [3], [12]) by

flxi]=f(x:), (i=0,...,n)

and

Sl 7...,xn]:f[xl""vxn}_f[xo,...,xnfl}.

Xn — X0

The value flxo,...,x,] is independent of the order of the points xo, ..., X,.
The definition may be gxtended to include the case that some (or all) of the points
coincide. Assuming that fU~1(x) exists, we define

_
f[x,...,x}—W. (1)
Jj—times

For divided difference the following holds:

flx0s- . xn] = i f () , Where @(x) = f[(x—xj)7

= ' (xi) =0

so we have that (=)
n f X;
flxoyox] =) =—————.
! Z() H?:O,jyéi(xi — X))
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If the the function f has continuous n-th derivative on [a,b], the divided differ-
ence flxo,...,x,] can be represented in integral form by

f[xo, ‘e ,xn] = / f(n) (i upc,-) du() .. .du,,_l
n i=0

1

where
An—{(uo, Jn—1) Ozuz\ }

and u, = 1— Y u;.
In [13] authors gave one result for the difference of two divided differences:

THEOREM 1. Let f,g be two n-times continuously differentiable functions on
interval I C R and (n+ 1)-times differentiable on the interior I° of I with the prop-

n+1
erties that, g("H) >0 on I°, and the function Q(,,—L; is bounded on I°. Then for
xp,yi €1 (i=0,...,n) and ¥ (xi —yi) # 0, the following estimation holds true:

(n+1) _ (n+1)
G < flxo, .- xa] = fvos- -, vl <su S
xele gt (x) = glxo, .., x] — &[0, Vn] T xer gD (x)

2)

A function f : [a,b] — R is said to be n-convex if n-th order divided difference
of f satisfies
flxo0y--xy] =0 forall a<xp<...<x,<b.

Let x = (xg,...,Xx,) and y = (yo,...,ys) denote two real (n+ 1)-tuples. We say
that X majorizes y and put x >y if

E)C[l] Zy[,] for k:O,l,...,n—l

and
n n
> oxi= v,
i=0 i=0

where
Xjo] ZX[1) = =Xy and Yy =y = 2V

are the nonincreasing ordered components of x and y.

Let 2 be an open, convex and permutation symmetric (invariant under each per-
mutation of the coordinates) subset of R"*! . A function F : 2 — R is said to be Schur
convex if x >y implies F(x) > F(y). A Schur convex function is always permutation
symmetric. Every permutation symmetric and convex function on & is Schur con-
vex. The following theorem gives the sufficient condition which ensures the divided
difference is Schur convex (see [14]):
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THEOREM 2. Let f be an (n+2)-convex function on (a,b) and x,y € (a,b)"*!.
If x>y, then
f[wau»xn]>f[y07~~~7yn}» (3)

that is, the function F(X) = f[xo,...,Xn| is Schur convex.

In [5] is proved the following Jensen inequality for divided differences:

THEOREM 3. Let f be an (n+ 2)-convex function on (a,b) and x € (a,b)"*!.
Then

G(x) = flxo, ... %)
is a convex function of the vector x = (xo, ..., x,). Consequently,
f Za,-xf),...,Za,-x’n SZaif[xE),...,x’n] 4
i=0 i=0 i=0
holds for all a; > 0 such that Y qa; =1.
Farwig and Zwick (see [5]) also proved:

THEOREM 4. Let a < xo < -+ < x, < b and a; be arbitrary but fixed such that
Sitoai=1. Then

aif/[x07'”7xi717xi+17~”7xn] (5)

S| =

It

fRose s3] <

holds for every f that is (n+2)-convexin |a,b] iff Y1 ,aix; = # Y oXi. Further-
more, equality in (5) holds iff f is polynomial with degree at most n+ 1.

We note that given the above two conditions on the a;, the value on the right-hand
side of (5) is independent of the choice of «;, thus they may be taken to be

1 LI
ey Z{)f [X0y -+« s Xim 15 Xif 1y e+« 5 Xnr]-

The following corollary then follows by a straightforward induction (see [12]):

COROLLARY 1. If f is (n+2)-convexin (a,b), then for all xo,...,x, € (a,b)

X < "TX0, + oo s X1, Xt 1 - -+ 3 X
flxos- -, x] n(n+1),§()f (X0 s Xim 13 Xi 1, - - -, Xn)
1 1

< g n\ (n+1 2 _[f(k) [xj()"'"xjn—k}
(k)( k ) 0<jo< - <Jppsn ™°
n f(n) (xi)
<'“<§0<n+1>z- ©
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Schur polynomial in n+1 variables x,...,x, of degree d =dy+...+d, (d;’s
form nonincreasing sequence non-negative integers, i.e. dg > ... > d,) is defined as

det {xf"’j ﬂ} n '
S(dossd) (X05 -+ -1 Xn) = =0
det [xl’ } N

i,j=0

The numerator consists of alternating polynomials (they change the sign under any
transposition of the variables) and so they are all divisible by the denominator which is
Vandermonde determinant. Schur polynomial is also symmetric because the numerator
and denominator are both alternating. For example, Schur polynomials in two variables
xo and x; of degree d =3 are

S(2,1)(¥0,x1) = xgx1 + Xox7

and
S(3.0)(x0,1) = X3 + 231 +2x0x3 + 17

Using Schur polynomial and Vandermonde determinant (extended with logarith-
mic function)
1 xo sz . xo"*l xoP In? xq
1 xy X12 xl'"l x171In? x;
n—1

V(X;p7q) = det 1 X2 )C22 R ) XQP lanQ

1 xp x02 .o x Y x,P InYx,

we obtain:

PROPOSITION 1. For monomial function %(x) = X" where k > 1 is an integer,

holds
V(x;n+k,0)

hlxg,...,x4] =S (X055 %) =
(k707 cee 70) V(X,}’LO)

n—times

For potential function f(x) =x? = x"*7~" where p is a real number, holds

V(x;p,0)

flxo,- . yxn] = Vxm0)”

Further, for a partition 7 the Schur polynomial can be expressed by a sum

Sa(x0,. . ,x0) = D xT =Y X0 ...
T T

The summation is over all semistandard Young tableaux 7 of shape m where the ex-
ponents #g,...t, give the weight of T in which each ¢; counts the occurrences of the
number j in T (see [1] and [7]). So, we have the next proposition:
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PROPOSITION 2. For monomial function A(x) = X" where k > 1 is an integer,
holds

Ik—1

h[x ,...,xn] :S(k,o,...,()) X0y ooy X Z Z lelxlz .. i»
——

i1=0i,=0 ip=
n—times

In the next section we obtain an inequality with divided differences using the
Jensen integral inequality. Also, we give mean value theorems using that inequality.
In [8], [9] and [10] authors gave mean value theorems using the inequalities (2), (3),
(4), (5) and (6). The goal of this paper is to use obtained Cauchy type mean value the-
orems in studying Stolarsky type means defined by divided differences. We introduce
the notion of n-exponentially convex functions and deduce a method of producing n-
exponentially convex functions use some known families of functions of the same type.

2. Integral Jensen-type inequality for divided differences

THEOREM 5. Let p,g;i: Q — [a,b], (i=0,...,n) be functions from Ly (1) and
let f be an n-times continuously differentiable on |a,b] and (n+ 2)-convex function
on (a,b). Then

| [ peeauo... [ pWenwdn)] < [ o) leato). . cenlan (o)

(7
holds for all p(x) > 0 such that [g, p(x)du(x) =

Proof. Using the integral Jensen inequality for the convex function f' (") we have
the following conclusion

Up x)go(x)dp (x /p X)gn(x d.u)]

[ 1 (Zu,/p ) gi(x)dp )) du...du, |

n (n) ( /Q p(x)éuigi(x)dy(x)> dug...dity_1
</ n ( [ o (zo uigi<x>> du(x)> du ... dity
:/p(x) (/ (2 wigi(x )duo...du,,_1> du (x)

= | ) lgo). . gu(ldp ). O
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THEOREM 6. Let f € C""2([a,b]) and p,gi: Q — [a,b], (i=0,...,n) be func-
tions from Li(1). If p(x) = 0 such that [o p(x) =1, then there exists & € |a,b] such
that

[ttt .- g0l —f[ [ pgoant..... [ p(x)gnoc)du(x)}

(n+2) no i
= oz 2 5, (s s aduto— [ plosiiuts) | oy (oo

Proof. Let us denote o = min f"*2) and B = max f("*2). We first consider the

following function ¢ (x) = ([ii—;)z, f(x). Then ¢1"+2 (x)=B—f"*2(x) >0, xe

[a,b],s0 ¢ is an (n+2)-convex function. Applying Theorem 5 on an (n+ 2)-convex

function ¢y with ¢(x) =

wray we have

B [ p@9leo(v).-.. 80 (0)dx) = | plflgo(a).-...8n(0)dn ()

>ﬁ¢[/l? x)go(x)dp (x /p x)gn(x du}

ie.
[ P800 a0l )~ | [ P00 [ P00
< B (| p10lan(n) a0l )0 | [ P00, ... [ penau (o) ).

Similarly, a function ¢,(x) = f(x) — o+ ¢(x) is an (n+ 2)-convex function. Inequality
from the Theorem 5 with (n+ 2)-convex function ¢, becomes

P lg00)- a0 = - [ )9l (v). ... n(]dn ()
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From Proposition 2 with k = 2 and the fact that the function ¢ (x) is (n+ 2)-convex
we have

/p X); - gn(x)]dp(x) [/p x)go(x)dp (x /p x)gn(x)du( )}

;ii(/p x)gi(x)g;(x)dp(x /P x)gi(x)du(x /p x)gj(x)du( ))

i=0j=0

> 0.

We can now conclude that there exists & € [a, b] that we are looking for in (8). O

REMARK 1. Let us note that the left-hand side in equation (8) is greater than or
equal to zero if f (n+2) > 0 which is the statement of Theorem 5.

COROLLARY 2. Let f,f € C"*?([a,b]) and p,gi: Q — [a,b], (i=0,...,n) be
functions from Li(l). If p(x) > 0 such that [op(x) =1, then there exists & € [a,b]
such that

[Jop(¥)go(x)dp(x), .-, Jo p(X)gn(x)dpt (x)]

)
Jap()flgo(x).....en(x)]du(x) = f [fo P(x)g0(x)dr(x), . [q P (x)gn(x)dpt(x)]
f2E)
" g v

provided that both denominators not equal zero.

Proof. We use the following standard technique: Let us define the linear functional

L(h) = Jo P(x)h[go(x), - gn(x)ldpt (x) —h[Jo P(x)go(x)dpt (x), -, Jo P(x)gn(x)dpt (x)] .
Next, we define w(¢) = f(¢)L(f) — f(r)L(f). According to Theorem 6, applied on v,
there exists & € [a,b] so that

(n+2) no i
1) = Yo B3 ([ ptsos oty

/p x)gi(x)du(x /p x)g;j(x du)

From L(y) = 0, it follows f"+2)(E)L(f) — f+2(E)L(f) =0 and (8) is proved. [
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3. n-exponential convexity of divided differences

We begin this section by notions which are going to be explored here and some
characterizations of these properties:

DEFINITION 1. A function y :I — R is n-exponentially convex in the Jensen

sense on [ if
n X'+X'
> éé;w( =) ’) >0
ij=1

hold for all choices &1,...,&, € R and all choices xi,...,x, € I.
A function y : I — R is n-exponentially convex if it is n-exponentially convex in
the Jensen sense and continuous on /.

REMARK 2. It is clear from the definition that 1-exponentially convex functions
in the Jensen sense are in fact nonnegative functions. Also, n-exponentially convex
function in the Jensen sense are k-exponentially convex in the Jensen sense for every
keN, k<n.

By definition of positive semi-definite matrices and some basic linear algebra we
have the following proposition:

PROPOSITION 3. If v is an n-exponentially convex in the Jensen sense, then the

Xi+x;j

k
matrix {l[/( 5 )} _ is positive semi-definite matrix for all k € N, k < n. Particu-
ij=

larly, det {y/(%ﬂk

. 1>0forallkEN,k<n.
l?J:

DEFINITION 2. A function v : [ — R is exponentially convex in the Jensen sense
on [ if it is n-exponentially convex in the Jensen sense for all n € N.

A function ¥ : I — R is exponentially convex if it is exponentially convex in the
Jensen sense and continuous.

REMARK 3. It is known (and easy to show) that y : I — R is a log-convex in the
Jensen sense if and only if

ay) + 20y (1) 4 B0 >0

holds for every o, 3 € R and x,y € I. It follows that a function is log-convex in the
Jensen sense if and only if it is 2-exponentially convex in the Jensen sense.
A positive function is log-convex if and only if it is 2-exponentially convex.

Motivated by inequalities (2)—(6) an (7), under the same assumptions, we define
following functionals:

q)l(x7y7f):f[x()a"'7xﬂ]_f[yOa"'7yn]a (9)
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i=0

»(X,a,f) = Zazf X5+ X [Zazxo, Zaixi;] , (10)
i=0
X aaf zalf X0, - xi*laxi+17'”7xn] _f[x 7"'7xn}7 (11)

= T Z %f(m) [xim (K 7xin7m] -
7 !

_!f(k) [xjm e ’xjn—k]

(12)
and

Os(g(0)./) = [ pWfle0(v).....u(0]dn )
—f[/p Do ),.... [ plo)ga(du )} (13)

where 0 <k <m<n, I ={io,..-yin-m}ts I =4Joy s Juk}>

0,0 ,0 0 0

x(l) x} x% ...x,f_1 x,f

Xy X7 X5 ... X X

0 1 72 n—1 “*n

X= .
m m m m m

X XX X

and g(x) = (go(x),...,&.(x)).

REMARK 4. If f(") is convex in (a,b), a < xp < -+ < x, < b, from (9) we get
functional related to inequality (see [5]):

M) (x
! nsx) =flx,. ., X < flxo,.- %), (19
n+1 times

where x = ﬁz;’zoxi.
If in (10) we put xj = x, x; =x'+hj and q; = -, where i =0,...,m, Py =
" oPi» j=1,...,n and x' +h; € (a,b), we get functional related to inequality (see

[18]):
1 o )
5 P R X ) > SRR Ry B ),
m =0
where ¥ = ﬁ S pixt.
Ifweputn=1, h=x —xi and x; =x, y; =/ for i =0,...,m in above case
we get functional related to inequality (see [11]):

1 1 1 &
Eigf)pif(Xi)_f<Ei§(’)plXL> ZPz Vi) (Eizzépiyi>.
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Ifin (10) we put n =1, x}, = 2a — x;, x; =x;, where i =0,...,m and x; € [0,2a],
we get functional related to inequality (see [16] and [12]):

i (i) = fRa—x) _ f(ELoam) — f(2a—Foaixi)

X;i—a = Shoaixi—a
We use an idea from [6] to give an elegant method of producing an n-exponentially
convex functions and exponentially convex functions applying the above functionals on
a given family with the same property (see [15]):

THEOREM 7. Let Y = {f;:s € J}, where J an interval in R, be a family of
functions defined on an interval I in R, such that the function s — fy[zo,...,Zmt1] is
n-exponentially convex in the Jensen sense on J for every (m+2) mutually different
points 2g,...,zm+1 € . Let ®(X,y,f) be linear functional defined as in (9). Then
s @ (X,y, f) is an n-exponentially convex function in the Jensen sense on J. If the
Sunction s — ®1(x,y, fs) is continuous on J, then it is n-exponentially convex on J.

Proof. For §; eR,i=1,...,nand s; € J, i =1,...,n, we define the function

iééﬁﬂ

i,j=1

Using the assumption that the function s — f;[zo,...,Zm+1] is n-exponentially convex
in the Jensen sense, we have

g[ZOw--aZm-H Z glgj Yz+Y 207 aZm-H] >0a
i,j=1

which in turn implies that g is a (m+ 1)-convex function on I and therefore using
results from [8] we have @ (x,y,g) > 0. Hence

za@mGyﬁﬂ)/

i,j=1

We conclude that the function s — @1 (X,y, f;) is n-exponentially convex on J in the
Jensen sense.

If the function s — ®;(x,y, fs) is also continuous on J, then s — @ (Xx,y, ) is
n-exponentially convex by definition. [

THEOREM 8. Let Y = {f;:s € J}, where J an interval in R, be a family of
functions defined on an interval I in R, such that the function s — fi[zo,...,Zmt2] is
n-exponentially convex in the Jensen sense on J for every (m+3) mutually different
points 20, ..., 2mi2 € 1. Let ®;(-,f), i =1,2,3,4,5 be linear functional defined as in
(9)—(13). Then s — ®;(-, f5) is an n-exponentially convex function in the Jensen sense
on J. If the function s — ®;(-, fy) is continuous on J, then it is n-exponentially convex
on J.
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Proof. Similar as the proof of Theorem 7 using results from [8], [9], [10] and
Section 2. [

The following corollaries are an immediate consequences of the above theorems:

COROLLARY 3. Let Y = {f; :s € J}, where J an interval in R, be a family of
functions defined on an interval I in R, such that the function s — f[zo,-..,Zm+1]
is exponentially convex in the Jensen sense on J for every (m+ 2) mutually different
points 2g,...,zm+1 € I. Let ®(X,y,f) be linear functional defined as in (9). Then
s— @(x,y, fy) is an exponentially convex function in the Jensen sense on J. If the
Sunction s — ®1(x,y, fs) is continuous on J, then it is exponentially convex on J.

COROLLARY 4. Let Y ={f;:s €J}, where J an interval in R, be a family of
functions defined on an interval I in R, such that the function s — f[zo,. .., Zm+2]
is exponentially convex in the Jensen sense on J for every (m+ 3) mutually different
points 2g,...,Zms2 € I. Let ®;(-, f) i = 1,2,3,4,5 be linear functional defined as in
(9)—~(13). Then s +— @;(-, f;) is an exponentially convex function in the Jensen sense on
J. If the function s — @;(-, fs) is continuous on J, then it is exponentially convex on J.

COROLLARY 5. Let Y = {f; :s € J}, where J an interval in R, be a family of
functions defined on an interval I in R, such that the function s — fi[zo,...,Zmt1] 18
2-exponentially convex in the Jensen sense on J for every (m+2) mutually different
points 29, ..., Zm+1 € I. Let ®1(X,y, f) be linear functional defined as in (9). Then the
following statements hold:

(i) If the function s — ®|(X,y, fs) is continuous on J, then it is 2-exponentially
convex function on J, and thus log-convex function and for r,s,q € J such that
r <s < q we have

(q)l (Xayva))q_r < (q)l (vaafr))q_s (q)l (X7y7fq))s_r . (15)

(ii) If the function s — ®1(x,y, f) is strictly positive and differentiable on J, then
for every s,q,u,v € J, such that s < u and g < v, we have

”S,q(X7Y7(D17Y) <ouuﬂ/(x7y7(1)17\1,)7 (16)
where 1
D (x,y,fs5) 5=q
(cb_l (x?y,f,,>> , SFG
nu-\',q(x7y7q)17Y) = d (17)
ﬁ‘bl(x%fs) _
P\ Coysy ) ST D
for fs, fg €Y.
Proof.

(i) This is an immediate consequence of Theorem 7 and Remark 3.
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(ii) Since by (i) the function s+— ®;(x,y, f;) is log-convex on J, that is, the function
s+ log®;(x,y, fs) is convex on J. So, we get

logq)l (X7y7f\‘) - logq)l (Xayafq) < logq)l (Xayafu) - logq)l (Xayva)
s—q = u—v

(18)

for s <u,q < v,s # q,u # v, and there form conclude that

”S,q(x7y7q)l7Y) < .uu7v(x7y7q)17Y)~

Cases s = ¢ and u = v follows from (18) as limit cases. [

COROLLARY 6. Let Y = {f; :s € J}, where J an interval in R, be a family of
Sfunctions defined on an interval I in R, such that the function s — fy[zo,...,Zmt2] is
2-exponentially convex in the Jensen sense on J for every (m+ 3) mutually different
points 20, ..., 2mi2 € 1. Let ®;(-,f), i =1,2,3,4,5 be linear functional defined as in
(9)—(13). Then the following statements hold.:

(i) If the function s — @;(-, fy) is continuous on J, then it is 2-exponentially convex
Sfunction on J, and thus log-convex function and for r,s,q € J suchthat r < s < q
we have

(@i, f5) T < (@i, )T (Di, fg)) (19)

(ii) If the function s — ®;(-, f;) is strictly positive and differentiable on J, then for
every s,q,u,v € J, such that s <u and q < v, we have

‘/-Y7q('7q)iaY) < VM7V('7q)iaY)7 (20)
where 1
Qi(fs) \ 54
B (q>’.(,7fq)> s s 7é q,
Vs,q('7q)iar) — i(l)-(.f) (21)
o 8258) -0
for fs, fg €Y.

Proof. Similar as the proof of Corollary 5. [

REMARK 5. Note that the results from above theorems and corollaries still hold
when two of the points zg,...,Zn+2 € I coincide, say z; = zo, for a family of differen-
tiable functions f; such that the function s +— f[zo,...,2Zm+1] (OF s — fi[z0,- .-, Zms2])
is n-exponentially convex in the Jensen sense (exponentially convex in the Jensen
sense, log-convex in the Jensen sense), and furthermore, they still hold when all (m+2)
(or (m+3)) points coincide for a family of (m+ 1) (or (m+2)) differentiable functions
with the same property. The proofs are obtained by (1) and suitable characterization of
convexity.
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4. Applications to Stolarsky type means

In this section, we present several families of functions which fulfil the conditions
of Theorem 7, Corollary 3 and Corollary 5 (or Theorem 8, Corollary 4 and Corollary
6) (and Remark 5). This enable us to construct a large families of functions which are
exponentially convex. For a discussion related to this problem see [4].

EXAMPLE 1. Consider a family of functions

Q ={g:R—-R:s5eR}

defined by
" Lo, s#0,
8s\X) = +1
o _
m, S = O
We have & R (x) = ¢* > 0 which shows that g is (n+ 1)-convex on R for every s €
dmt &s

R and s — —==5 (x) is exponentially convex by definition. Using analogous arguing as
in the proof of Theorem 7 we also have that s — gs[z0, . . .,2,-1] is exponentially convex
(and so exponentially convex in the Jensen sense). Using Corollary 3 we conclude that
s +— ®(x,y,gs) is exponentially convex in the Jensen sense. It is easy to verify that
this mapping is continuous (although mapping s — g; is not continuous for s = 0), so
it is exponentially convex.

For this family of functions, s 4(X,y,®,Q;) from (17), becomes

1
(Dl(xﬁgx));]
< ( ) ? S#CL
g (%Y @1, Q1) = § exp (GREES. — 1) s =g 40,

1 P (xy,id-go) _
exp<—2 &>1(X’y’go;) )’ s=¢=0.

Now, using (16) it is monotonous function in parameters s and g. Using Proposition 2
we have:

q)l (X7y7 id - gO)

||M=

i
o Z xixj — yiy;) and @ (X,y,80) =

For a family of functions
Q ={g:R—-R:scR}

defined by
) Lo, s#0,
g.\'(x) = 2
m, s=0.
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using Theorem 8, Corollary 4 and Corollary 6, analogous as above we get that

(B)™ e

000 = xp (48451 253). 5= 40,

exp(n}rf)@(( g))>7 s=q=0.

These are monotonous functions in parameters s and ¢. Particular, we obtain:

n i Jj
@y (x,y,id - go) 2 ] SONY (ixjxe — yiyivie)s
(n+ i=0 j=0k=0

~ 1 n i
D (x,y,80) = CESOL Z(,)j;)(xixj —YiVj)s

o 1 mooV(ixhin+3,0) V(aX;n+3,0
D, (X, a,id - go) = (Zai ( . )— ( )>,

(n+2)'\ 5 V(x;n,0) V(aX;n,0)

. 1 nooyv(xhn+2,0) V(aX;n+2,0

(n+2)! V(xi;n,0) V(aX;n,0)
o1 n+33& Viln+2,0) V(n+3,0)
(D3(X’a’ld'g°)_(n+2)!< n Z(‘)QV( “1,0) V(0 )
1 n+2& Viln+1,0) V(n+2,0)
q’3("’a’g0)‘(n+z)!< w2 10) V(o) )
oy 1 (n+3)! Vi(n+3—m,0)
Pa(xid-0) = T3y ((n+3—m)!nm; Vi(n—m,0)
(43 o Viln+3-k0)
(n+3—k)n 5 Vi(n—k,0) |’
1 (n+2)! Vi(n+2—m,0)
P4(x80) = (n+2)! ((n—i—Z—m)!nm = Vi(n—m,0)

(2 G Vn+2-k0)
(n+2—k)!m 5 Vi(n—k,0) )’

V(g(x);n+3,0) V(gn+3,0)
Ds(g(x),id - §o) = n+2 (/P V(g)in0) 00_%)’
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g(x) n+2 0) V(g:n+2,0)
(o} go) = e _ IS T
8090~ 5y (o Pty 9 Vi)
where S ) 2 g
0o Xp ---Xp X In7 Xp
Lxiog X2, . X2 xP Infx,_
Vilp,q) =det| | Ll b e
i+1 xH_l "‘xi+l it+1 n*x;11
1 x, x2 ... xX""%2 x[nix,
2 —1—k
L oxjy x5 x;?O x?o In?x;,
Vi(p,q) =det|: T : )
2 —1—k
Lxj,, Xj - x;?nik x?nik Inx;

ne=k(3) (") and & = (Jop(x)go(x X)), Jo p()gn()dp(x).

dn+l

We observe here that ( dnﬁgl ) (Inx) = x so after the substitution x; — Inx;,
q

A1
yi — Iny; and g;(x) — Ing;(x) in above expressions we will get means for x (and y)

or for g(x):
Ms,q(x7y7q)1791) = ”S,q(lnx71ny7q)lagl) and

Nyg( @3, Q) = vy g(In(), @;,Qy), i=1,2,3,4,5.

REMARK 6. For gs(x), i=1, x = {x,0,...,0}, y = {nx?”ni} and

1
n—times i
n —umes
0 < r < s, then (19) implies that
n—1 , n—1 , s
e =3 ’Ak—)f o ’ I % or
k=0 entl < n X k=0 entl (22)
P2xn nlr2 = \2(n+1) (n+2)! s pn nls? | 7

which is a refinement of the left inequality given in [12, Example 2.58] and reverse
inequality will holds for s <r < 0 or r <0 < s or x <0 and n—odd.
Similar results can be obtained for function gs(x).
For gs(x), i=4, x={x,0,...,0}, k=0, m=n, and 0 < r <s, (19) implies
——

n—times
r
St Ak S
n+e™ o X no x2 =5 n+e™ o ¥
(n+1)!r2 pht2xn (5 (n—|—2)') (n+1)1s2 sht2yn ’
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which is a refinement of the right inequality given in [12, Example 2.58] and reverse
inequality will holds for s <r <0 or r <0 < s or x <0 and n—odd.

EXAMPLE 2. Consider a family of functions
Q ={f;:(0,00) =R:s€R}

defined by

X

m7 S¢{0717...,n}

T 8= €0, n}.

fs(x) =

Here, ‘f;x:—i’:“(x) = 1 = els=n=)Inx 5 () which shows that f; is (n4 1)-convex for

n+1
x>0and s — [fl;Tj;‘ (x) is exponentially convex by definition. Arguing as in Example
1 we get that the mapping s — ®@;(X,y, f;) is exponentially convex. In this case we
assume that x; >0 and y; >0, j=0,...,n. Functions (17) now are equal to:

(fiseay™, sta

L(xy
Dy (x
Dy ( s
Usq(X,y,P1,80) = eXP( )"n! qilxxyyf(}{ + X 0%), s=q¢{0,1,...,n},

@ ( s
CXp( n'z(&):{z){?f{ zk Oﬁ),SZQE{O,l,,,.,n}.
For a family of functions
Q= {f;:(0,00) > R:5 R}

defined by

s

_ m7 S¢{0717,n+1}

fs(x) = i .

using Theorem 8, Corollary 4 and Corollary 6, analogous as above we get that
1
i j})) 5=q
(568) 74
Yoy (@1, 0) = 4 &0 (F1) I BB 5ot ) s — g g {01t

exp(( )™ (n+1)! ME(fofa +22+3k1\>»3246{0717~”v”+1}~

d}'H»lf:Y

e
q
We observe that ( dxit] ) (x) =x, 50 Usq(X,y,P1,Q,) are 2(n+ 1)-Stolarsky

an+1 fq
axnt1
means which explicit forms are given in [8].
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In the same way we obtain that v57q(-,<1)i7f22) are Schur means (i = 1), Jensen

means for divided differences (i = 2) and means for divided differences of first (i = 3)

and higher order derivation (i = 4), which explicit forms are given in [8], [9] and [10].
For i =5 we get integral Jensen means for divided differences defined as

1

. V Vgs0 S—
[ e Jop() PERSdp (o) - B3\ 1
0 Japl) Vi an () - v
for s#q;s¢N,q¢N
1
Veg(x)kl 8 k—q
[+ a=kitg=i) 2Pt PR () - g\ 1
20T Jap) PR Sant- 7S
for s#¢q; s=keN,q ¢ N
50\ 7
L Jop(x) pERS du () - &g | °
29 G061 fo p(x) yEIE ap()- VA
~ for s ; N,g=l€eN
Vig(g(x), @5, ) = #apEN. g
1
Veg(x)kl 8 —1
Hn‘+l =i fgp()() vggrinod“(")_\‘%ﬁ)
S T o o) ES dp ) B
for s#q; s=keN,qg=1€N
Veg(x 8s
nil Jo P) vl ()~ v
Y Zi:O i—s o (. Ve()s0 3~ V0
Jop x) 72 V(om0 u(x) Vo
for s=¢q; s¢N,q¢ N
. Vg(x)k2 Vgk2
20T 2 Jap() pER du (- B
for s=¢q;s=qg=keN

where N = {0,1,...,n+1}.
A mapping Vs, : R xR — R is a continuous function in two variables s and ¢.
We have

- Jap()y

s—k

pE du (x) -

s—k

Vg(x)kl
Vg (x)n0

vkl

Vgs0
fork € N.
Vén0 oriee

Vgn0 :/Qp(x)
(24)

The quotient under limit becomes an indeterminate form when s — k € N because

dp(x) —

VE()ko =0 for k=0,1,...n—1 and [o p(x) 7ESGdu (x) — yEG = 11 =0 for
k=n.When s —k=n+1:

Vg(x)k0 Ve o n _ B
SO 0 )~ Vg = o) X ) =3, [ plois(du(x) =
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So, we can apply L"Hospital’s rule and also the formula %szq =Vx s g+1 to get

result (24). If n =0 the expressions for means vs,q(g(x)7cl)5,f22) proceed from the
continuous extensions of function

() (4= Jarao) ) Upplmoauto) =
6= Tapl) (801 () — (o px)s0(x)d ()

Particularly,

(Dl(X7y7fs)

1
s—q

< max{X,y;.

q)l(x7y7fq)> { }

min{x,y} < <

We now impose one additional parameter r € R. After substitutions s — 2, g — 4

p
xi—xf and y; — ¥ (i=0,...,n, r #0) we have

O (¥, f2)

=z
7@1(”7}”’&)) < max{x",y"}.

min{x",y"'} < (
Hence, we get (generalized) Cauchy means as

1
<I’L%7%(Xr7yraq)lygl)> ' 3 r#oy
”S7q(longlogyaq)l7gl)a r=0.

#s,q;r(X7y7<D1791) =
In the identical manners we can get vs,q;,(ycl),-,f)g) (i=1,2,3,4,5).
For i=5 and n =0 the expressions for means Vy 4.-(g(x),®s,€2), proceed from
the continuous extensions of function
1
(s,q,r) — (q(q —1) Jar(x)(go(x))*du(x) — (Jo P(x)(go(x)) di(x)) ) o
$(=1) o p(x) (80(0)) 7 (x) = (o p(x)(80(x))dpa(x)

which are the weighted versions of new means of Cauchy type given explicitly in [2].

S S

EXAMPLE 3. Consider a family of functions

Q3 = {hs:(0,00) > R:5€(0,00)}

defined by
Chper 571
hy(x) =
Xn+l o
wrn S= L
Since %lff (x) = s~ is the Laplace transform of a non-negative function (see [17]) it

is exponentially convex. Obviously A, are (n+ 1)-convex functions for every s > 0.
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For this family of functions, U, (x,y,®,Q3), in this case for x; > 0 and y; > 0,
j=0,...,n, from (17) becomes

1
(Dl(xa)’:hs) 5=q
< ( y, q > I S#q,
Hog (%3, @1, Q3) = § exp (~ LELI) _nel) s —g 21,

1@y (x.yiid-hy) _
oxp (~rha SHiL ) s =a-
It is monotonous function in parameters s and g by (16).
For a family of functions

Q3 = {hy:(0,00) =R :s€ (0,00)}

defined by
. W’ s#1,
h-Y('x) = 2
m7 s=1.

using Theorem 8, Corollary 4 and Corollary 6, analogous as above we get that

1

(&) s#4.

Vig (- @i, Q3) = exp( <I>q() (d;’)) — %) ,s=q#1,

1 ®i(id-h) — =
exp( n+3w>7 S—C]—l

These are monotonous function in parameters s and q.

After the substitution x; — —Inx;, y; — —Iny; and g;(x) — —Ing;(x) in
Hi1(x,y,®;,€3) and v171(-,<1)i7f23) (i=1,2,3,4,5) we will get means for x (and
y) or for g(x):

Ml,l(xﬂyaq)lag3) = nul’l(_lnx7_lnyaq)lag3) and
Nl,l('7q)iag~23) = vl,l(_ln(')aq)hfzfﬁ) 7i: 172737475'
EXAMPLE 4. Consider a family of functions

Q= {k: (0,00) = R:s5€ (0,00}

defined by
e Vs
k) = =T
Since ‘fl - ff (x) = e V5 is the Laplace transform of a non-negative function (see [17])

it is exponentially convex. Obviously &, are (n+ 1)-convex functions for every s > 0.
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For this family of functions, U (X,y,®1,Q4), in this case for x; > 0 and y; > 0,
j=0,...,n, from (17) becomes

1
(M) =q s
’ q,

”qu(x7y7q)l7g4) = ¢1(X,y7kq) .
— O (xy,idks) n+1> s—q

exp ( 2\/?‘1’1 (X7Y7kx) 2s

It is monotonous function in parameters s and g by (16).

For a family of functions

Q, = {]}S :(0,00) > R:5€ (0,0)}

defined by

e s

I}_Y(x) = W

using Theorem 8, Corollary 4 and Corollary 6, analogous as above we get that

1

(Di('j{.r) 5—q
Vs 51('7q)ia§24) = (‘b,(-]c,ﬂ) ’ s 7é q,
s, ex (_ Di(idks) _u> .
P\ 2k ~ 2 )05 =4

These are monotonous functions in parameters s and ¢.
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