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n–EXPONENTIAL CONVEXITY OF DIVIDED
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(Communicated by Yeol Je Cho)

Abstract. In this paper we consider functionals with divided differences. Two of them use ma-
jorization type results, where one is related with Schur convexity. The others are related to Jensen
inequality and Hermite-Hadamard inequalities. We use them in studying Stolarsky type means.
A method of producing n -exponentially convex functions is applied using divided differences.

1. Introduction

Let f be a real-valued function defined on the segment [a,b] . The divided dif-
ference of order n of the function f at distinct points x0, ...,xn ∈ [a,b] , is defined
recursively (see [3], [12]) by

f [xi] = f (xi), (i = 0, . . . ,n)

and

f [x0, . . . ,xn] =
f [x1, . . . ,xn]− f [x0, . . . ,xn−1]

xn− x0
.

The value f [x0, . . . ,xn] is independent of the order of the points x0, . . . ,xn .
The definition may be extended to include the case that some (or all) of the points

coincide. Assuming that f ( j−1)(x) exists, we define

f [x, . . . ,x︸ ︷︷ ︸
j−times

] =
f ( j−1)(x)
( j−1)!

. (1)

For divided difference the following holds:

f [x0, . . . ,xn] =
n

∑
i=0

f (xi)
ω ′(xi)

, where ω(x) =
n

∏
j=0

(x− x j),

so we have that

f [x0, . . . ,xn] =
n

∑
i=0

f (xi)
∏n

j=0, j �=i(xi − x j)
.
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If the the function f has continuous n -th derivative on [a,b] , the divided differ-
ence f [x0, . . . ,xn] can be represented in integral form by

f [x0, . . . ,xn] =
∫

Δn

f (n)

(
n

∑
i=0

uixi

)
du0 . . .dun−1

where

Δn =

{
(u0, . . . ,un−1) : ui � 0,

n−1

∑
i=0

ui � 1

}

and un = 1−∑n−1
i=0 ui .

In [13] authors gave one result for the difference of two divided differences:

THEOREM 1. Let f ,g be two n-times continuously differentiable functions on
interval I ⊆ R and (n+ 1)-times differentiable on the interior I◦ of I with the prop-

erties that, g(n+1) > 0 on I◦ , and the function f (n+1)

g(n+1) is bounded on I◦ . Then for

xi,yi ∈ I (i = 0, . . . ,n) and ∑n
i=0(xi − yi) �= 0 , the following estimation holds true:

inf
x∈I◦

f (n+1)(x)
g(n+1)(x)

� f [x0, . . . ,xn]− f [y0, . . . ,yn]
g[x0, . . . ,xn]−g[y0, . . . ,yn]

� sup
x∈I◦

f (n+1)(x)
g(n+1)(x)

. (2)

A function f : [a,b] → R is said to be n -convex if n -th order divided difference
of f satisfies

f [x0, . . . ,xn] � 0 for all a � x0 < .. . < xn � b.

Let x = (x0, . . . ,xn) and y = (y0, . . . ,yn) denote two real (n+ 1)-tuples. We say
that x majorizes y and put x � y if

k

∑
i=0

x[i] �
k

∑
i=0

y[i] for k = 0,1, . . . ,n−1

and
n

∑
i=0

xi =
n

∑
i=0

yi,

where
x[0] � x[1] � · · · � x[n] and y[0] � y[1] � · · · � y[n]

are the nonincreasing ordered components of x and y .
Let D be an open, convex and permutation symmetric (invariant under each per-

mutation of the coordinates) subset of R
n+1 . A function F : D → R is said to be Schur

convex if x � y implies F(x) � F(y) . A Schur convex function is always permutation
symmetric. Every permutation symmetric and convex function on D is Schur con-
vex. The following theorem gives the sufficient condition which ensures the divided
difference is Schur convex (see [14]):
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THEOREM 2. Let f be an (n+2)-convex function on (a,b) and x,y ∈ (a,b)n+1 .
If x � y , then

f [x0, . . . ,xn] � f [y0, . . . ,yn], (3)

that is, the function F(x) = f [x0, . . . ,xn] is Schur convex.

In [5] is proved the following Jensen inequality for divided differences:

THEOREM 3. Let f be an (n + 2)-convex function on (a,b) and x ∈ (a,b)n+1 .
Then

G(x) = f [x0, . . . ,xn]

is a convex function of the vector x = (x0, . . . ,xn) . Consequently,

f

[
m

∑
i=0

aix
i
0, . . . ,

m

∑
i=0

aix
i
n

]
�

m

∑
i=0

ai f [xi
0, . . . ,x

i
n] (4)

holds for all ai � 0 such that ∑m
i=0 ai = 1 .

Farwig and Zwick (see [5]) also proved:

THEOREM 4. Let a � x0 < · · · < xn � b and ai be arbitrary but fixed such that
∑n

i=0 ai = 1 . Then

f [x0, . . . ,xn] �
1
n

n

∑
i=0

ai f
′[x0, . . . ,xi−1,xi+1, . . . ,xn] (5)

holds for every f that is (n+ 2)-convex in [a,b] iff ∑n
i=0 aixi = 1

n+1 ∑n
i=0 xi . Further-

more, equality in (5) holds iff f is polynomial with degree at most n+1 .

We note that given the above two conditions on the ai , the value on the right-hand
side of (5) is independent of the choice of ai , thus they may be taken to be

1
n(n+1)

n

∑
i=0

f ′[x0, . . . ,xi−1,xi+1, . . . ,xn].

The following corollary then follows by a straightforward induction (see [12]):

COROLLARY 1. If f is (n+2)-convex in (a,b) , then for all x0, . . . ,xn ∈ (a,b)

f [x0, . . . ,xn] � 1
n(n+1)

n

∑
i=0

f ′[x0, . . . ,xi−1,xi+1, . . . ,xn]

� · · · � 1(n
k

)(n+1
k

) ∑
0� j0<···< jn−k�n

1
k!

f (k)[x j0 , . . . ,x jn−k ]

� · · · �
n

∑
i=0

f (n)(xi)
(n+1)!

. (6)
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Schur polynomial in n+ 1 variables x0, . . . ,xn of degree d = d0 + . . .+ dn (d j ’s
form nonincreasing sequence non-negative integers, i.e. d0 � . . . � dn ) is defined as

S(d0,...,dn)(x0, . . . ,xn) =
det
[
x
dn− j+ j
i

]n
i, j=0

det
[

x j
i

]n
i, j=0

.

The numerator consists of alternating polynomials (they change the sign under any
transposition of the variables) and so they are all divisible by the denominator which is
Vandermonde determinant. Schur polynomial is also symmetric because the numerator
and denominator are both alternating. For example, Schur polynomials in two variables
x0 and x1 of degree d = 3 are

S(2,1)(x0,x1) = x2
0x1 + x0x

2
1

and
S(3,0)(x0,x1) = x3

0 + x2
0x1 + x0x

2
1 + x3

1.

Using Schur polynomial and Vandermonde determinant (extended with logarith-
mic function)

V (x; p,q) = det

⎡
⎢⎢⎢⎢⎢⎣

1 x0 x0
2 . . . x0

n−1 x0
p lnq x0

1 x1 x1
2 . . . x1

n−1 x1
p lnq x1

1 x2 x2
2 . . . x2

n−1 x2
p lnq x2

...
...

...
. . .

...
...

1 xn xn
2 . . . xn

n−1 xn
p lnq xn

⎤
⎥⎥⎥⎥⎥⎦

we obtain:

PROPOSITION 1. For monomial function h(x) = xn+k , where k � 1 is an integer,
holds

h[x0, . . . ,xn] = S(k,0, . . . ,0︸ ︷︷ ︸
n−times

)(x0, . . . ,xn) =
V (x;n+ k,0)

V (x;n,0)
.

For potential function f (x) = xp = xn+p−n , where p is a real number, holds

f [x0, . . . ,xn] =
V (x; p,0)
V (x;n,0)

.

Further, for a partition π the Schur polynomial can be expressed by a sum

Sπ(x0, . . . ,xn) = ∑
T

xT = ∑
T

xt0
0 . . .xtn

n .

The summation is over all semistandard Young tableaux T of shape π where the ex-
ponents t0, . . . tn give the weight of T in which each t j counts the occurrences of the
number j in T (see [1] and [7]). So, we have the next proposition:
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PROPOSITION 2. For monomial function h(x) = xn+k , where k � 1 is an integer,
holds

h[x0, . . . ,xn] = S(k,0, . . . ,0︸ ︷︷ ︸
n−times

)(x0, . . . ,xn) =
n

∑
i1=0

i1

∑
i2=0

. . .
ik−1

∑
ik=0

xi1xi2 · · ·xik .

In the next section we obtain an inequality with divided differences using the
Jensen integral inequality. Also, we give mean value theorems using that inequality.
In [8], [9] and [10] authors gave mean value theorems using the inequalities (2), (3),
(4), (5) and (6). The goal of this paper is to use obtained Cauchy type mean value the-
orems in studying Stolarsky type means defined by divided differences. We introduce
the notion of n -exponentially convex functions and deduce a method of producing n -
exponentially convex functions use some known families of functions of the same type.

2. Integral Jensen-type inequality for divided differences

THEOREM 5. Let p,gi : Ω → [a,b] , (i = 0, . . . ,n) be functions from L1(μ) and
let f be an n-times continuously differentiable on [a,b] and (n+ 2)-convex function
on (a,b) . Then

f

[∫
Ω

p(x)g0(x)dμ(x), . . . ,
∫

Ω
p(x)gn(x)dμ(x)

]
�
∫

Ω
p(x) f [g0(x), . . . ,gn(x)]dμ(x)

(7)
holds for all p(x) � 0 such that

∫
Ω p(x)dμ(x) = 1 .

Proof. Using the integral Jensen inequality for the convex function f (n) , we have
the following conclusion

f

[∫
Ω

p(x)g0(x)dμ(x), . . . ,
∫

Ω
p(x)gn(x)dμ(x)

]

=
∫

Δn

f (n)

(
n

∑
i=0

ui

∫
Ω

p(x)gi(x)dμ(x)

)
du0 . . .dun−1

=
∫

Δn

f (n)

(∫
Ω

p(x)
n

∑
i=0

uigi(x)dμ(x)

)
du0 . . .dun−1

�
∫

Δn

(∫
Ω

p(x) f (n)

(
n

∑
i=0

uigi(x)

)
dμ(x)

)
du0 . . .dun−1

=
∫

Ω
p(x)

(∫
Δn

f (n)

(
n

∑
i=0

uigi(x)

)
du0 . . .dun−1

)
dμ(x)

=
∫

Ω
p(x) f [g0(x), . . . ,gn(x)]dμ(x). �
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THEOREM 6. Let f ∈Cn+2([a,b]) and p,gi : Ω → [a,b] , (i = 0, . . . ,n) be func-
tions from L1(μ) . If p(x) � 0 such that

∫
Ω p(x) = 1 , then there exists ξ ∈ [a,b] such

that∫
Ω

p(x) f [g0(x), . . . ,gn(x)]dμ(x)− f

[∫
Ω

p(x)g0(x)dμ(x), . . . ,
∫

Ω
p(x)gn(x)dμ(x)

]

=
f (n+2)(ξ )
(n+2)!

n

∑
i=0

i

∑
j=0

(∫
Ω

p(x)gi(x)g j(x)dμ(x)−
∫

Ω
p(x)gi(x)dμ(x)

∫
Ω

p(x)g j(x)dμ(x)
)

.

Proof. Let us denote α = min f (n+2) and β = max f (n+2) . We first consider the

following function φ1(x) = β xn+2

(n+2)! − f (x) . Then φ (n+2)
1 (x) = β − f (n+2)(x) � 0, x ∈

[a,b] , so φ1 is an (n+2)-convex function. Applying Theorem 5 on an (n+2)-convex

function φ1 with φ(x) = xn+2

(n+2)! we have

β ·
∫

Ω
p(x)φ [g0(x), . . . ,gn(x)]dμ(x)−

∫
Ω

p(x) f [g0(x), . . . ,gn(x)]dμ(x)

� β ·φ
[∫

Ω
p(x)g0(x)dμ(x), . . . ,

∫
Ω

p(x)gn(x)dμ(x)
]

− f

[∫
Ω

p(x)g0(x)dμ(x), . . . ,
∫

Ω
p(x)gn(x)dμ(x)

]
,

i.e.∫
Ω

p(x) f [g0(x), . . . ,gn(x)]dμ(x)− f

[∫
Ω

p(x)g0(x)dμ(x), . . . ,
∫

Ω
p(x)gn(x)dμ(x)

]

� β
(∫

Ω
p(x)φ [g0(x), . . . ,gn(x)]dμ(x)−φ

[∫
Ω

p(x)g0(x)dμ(x), . . . ,
∫

Ω
p(x)gn(x)dμ(x)

])
.

Similarly, a function φ2(x) = f (x)−α ·φ(x) is an (n+2)-convex function. Inequality
from the Theorem 5 with (n+2)-convex function φ2 becomes∫

Ω
p(x) f [g0(x), . . . ,gn(x)]dμ(x)−α ·

∫
Ω

p(x)φ [g0(x), . . . ,gn(x)]dμ(x)

� f

[∫
Ω

p(x)g0(x)dμ(x), . . . ,
∫

Ω
p(x)gn(x)dμ(x)

]

−α ·φ
[∫

Ω
p(x)g0(x)dμ(x), . . . ,

∫
Ω

p(x)gn(x)dμ(x)
]
,

i.e.∫
Ω

p(x) f [g0(x), . . . ,gn(x)]dμ(x)− f

[∫
Ω

p(x)g0(x)dμ(x), . . . ,
∫

Ω
p(x)gn(x)dμ(x)

]

� α
(∫

Ω
p(x)φ [g0(x), . . . ,gn(x)]dμ(x)−φ

[∫
Ω

p(x)g0(x)dμ(x), . . . ,
∫

Ω
p(x)gn(x)dμ(x)

])
.
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From Proposition 2 with k = 2 and the fact that the function φ(x) is (n+ 2)-convex
we have

∫
Ω

p(x)φ [g0(x), . . . ,gn(x)]dμ(x)−φ
[∫

Ω
p(x)g0(x)dμ(x), . . . ,

∫
Ω

p(x)gn(x)dμ(x)
]

=
1

(n+2)!

n

∑
i=0

i

∑
j=0

(∫
Ω

p(x)gi(x)g j(x)dμ(x)−
∫

Ω
p(x)gi(x)dμ(x)

∫
Ω

p(x)g j(x)dμ(x)
)

> 0.

We can now conclude that there exists ξ ∈ [a,b] that we are looking for in (8). �

REMARK 1. Let us note that the left-hand side in equation (8) is greater than or
equal to zero if f (n+2) � 0 which is the statement of Theorem 5.

COROLLARY 2. Let f , f̂ ∈ Cn+2([a,b]) and p,gi : Ω → [a,b] , (i = 0, . . . ,n) be
functions from L1(μ) . If p(x) � 0 such that

∫
Ω p(x) = 1 , then there exists ξ ∈ [a,b]

such that

∫
Ω p(x) f [g0(x), . . . ,gn(x)]dμ(x)− f [

∫
Ω p(x)g0(x)dμ(x), . . . ,

∫
Ω p(x)gn(x)dμ(x)]∫

Ω p(x) f̂ [g0(x), . . . ,gn(x)]dμ(x)− f̂ [
∫

Ω p(x)g0(x)dμ(x), . . . ,
∫

Ω p(x)gn(x)dμ(x)]

=
f (n+2)(ξ )
f̂ (n+2)(ξ )

(8)

provided that both denominators not equal zero.

Proof. We use the following standard technique: Let us define the linear functional
L(h)=

∫
Ω p(x)h[g0(x), . . . ,gn(x)]dμ(x)−h [

∫
Ω p(x)g0(x)dμ(x), . . . ,

∫
Ω p(x)gn(x)dμ(x)] .

Next, we define ψ(t) = f (t)L( f̂ )− f̂ (t)L( f ) . According to Theorem 6, applied on ψ ,
there exists ξ ∈ [a,b] so that

L(ψ) =
ψ(n+2)(ξ )
(n+2)!

n

∑
i=0

i

∑
j=0

(∫
Ω

p(x)gi(x)g j(x)dμ(x)

−
∫

Ω
p(x)gi(x)dμ(x)

∫
Ω

p(x)g j(x)dμ(x)
)

.

From L(ψ) = 0, it follows f (n+2)(ξ )L( f̂ )− f̂ (n+2)(ξ )L( f ) = 0 and (8) is proved. �
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3. n -exponential convexity of divided differences

We begin this section by notions which are going to be explored here and some
characterizations of these properties:

DEFINITION 1. A function ψ : I → R is n -exponentially convex in the Jensen
sense on I if

n

∑
i, j=1

ξiξ j ψ
(

xi + x j

2

)
� 0

hold for all choices ξ1, . . . ,ξn ∈ R and all choices x1, . . . ,xn ∈ I .
A function ψ : I → R is n -exponentially convex if it is n -exponentially convex in

the Jensen sense and continuous on I .

REMARK 2. It is clear from the definition that 1-exponentially convex functions
in the Jensen sense are in fact nonnegative functions. Also, n -exponentially convex
function in the Jensen sense are k -exponentially convex in the Jensen sense for every
k ∈ N , k � n .

By definition of positive semi-definite matrices and some basic linear algebra we
have the following proposition:

PROPOSITION 3. If ψ is an n -exponentially convex in the Jensen sense, then the

matrix
[
ψ
(

xi+x j
2

)]k
i, j=1

is positive semi-definite matrix for all k ∈ N , k � n . Particu-

larly, det
[
ψ
(

xi+x j
2

)]k
i, j=1

� 0 for all k ∈ N , k � n.

DEFINITION 2. A function ψ : I →R is exponentially convex in the Jensen sense
on I if it is n -exponentially convex in the Jensen sense for all n ∈ N .

A function ψ : I → R is exponentially convex if it is exponentially convex in the
Jensen sense and continuous.

REMARK 3. It is known (and easy to show) that ψ : I → R is a log-convex in the
Jensen sense if and only if

α2ψ(x)+2αβ ψ
(

x+ y
2

)
+ β 2ψ(y) � 0

holds for every α,β ∈ R and x,y ∈ I . It follows that a function is log-convex in the
Jensen sense if and only if it is 2-exponentially convex in the Jensen sense.

A positive function is log-convex if and only if it is 2-exponentially convex.

Motivated by inequalities (2)–(6) an (7), under the same assumptions, we define
following functionals:

Φ1(x,y, f ) = f [x0, . . . ,xn]− f [y0, . . . ,yn], (9)
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Φ2(X,a, f ) =
m

∑
i=0

ai f [xi
0, . . . ,x

i
n]− f

[
m

∑
i=0

aix
i
0, . . . ,

m

∑
i=0

aix
i
n

]
, (10)

Φ3(x,a, f ) =
1
n

n

∑
i=0

ai f
′[x0, . . . ,xi−1,xi+1, . . . ,xn]− f [x0, . . . ,xn] , (11)

Φ4(x, f ) =
1(n

m

)(n+1
m

)∑
I

1
m!

f (m)[xi0 , . . . ,xin−m ]− 1(n
k

)(n+1
k

)∑
J

1
k!

f (k)[x j0 , . . . ,x jn−k ]

(12)
and

Φ5(g(x), f ) =
∫

Ω
p(x) f [g0(x), . . . ,gn(x)]dμ(x)

− f

[∫
Ω

p(x)g0(x)dμ(x), . . . ,
∫

Ω
p(x)gn(x)dμ(x)

]
, (13)

where 0 � k < m � n , I = {i0, . . . , in−m} , J = { j0, . . . , jn−k} ,

X =

⎡
⎢⎢⎢⎣

x0
0 x0

1 x0
2 . . . x0

n−1 x0
n

x1
0 x1

1 x1
2 . . . x1

n−1 x1
n

...
...

...
. . .

...
...

xm
0 xm

1 xm
2 . . . xm

n−1 xm
n

⎤
⎥⎥⎥⎦

and g(x) = (g0(x), . . . ,gn(x)) .

REMARK 4. If f (n) is convex in (a,b) , a � x0 � · · · � xn � b , from (9) we get
functional related to inequality (see [5]):

f (n)(x)
n!

= f [x , . . . , x︸ ︷︷ ︸
n+1 times

] � f [x0, . . . ,xn], (14)

where x = 1
n+1 ∑n

i=0 xi .
If in (10) we put xi

0 = xi , xi
j = xi + h j and ai = pi

Pm
, where i = 0, . . . ,m , Pm =

∑m
i=0 pi , j = 1, . . . ,n and xi + h j ∈ (a,b) , we get functional related to inequality (see

[18]):
1
Pm

m

∑
i=0

pi f [xi,xi +h1, . . . ,x
i +hn] � f [x , x +h1, . . . , x +hn],

where x = 1
Pm

∑m
i=0 pixi .

If we put n = 1, h = xi
1 − xi

0 and xi = xi
0 , yi = xi

1 for i = 0, . . . ,m in above case
we get functional related to inequality (see [11]):

1
Pm

m

∑
i=0

pi f (xi)− f

(
1
Pm

m

∑
i=0

pixi

)
� 1

Pm

m

∑
i=0

pi f (yi)− f

(
1
Pm

m

∑
i=0

piyi

)
.



1052 G. ROQIA, J. PEČARIĆ AND A. VUKELIĆ

If in (10) we put n = 1, xi
0 = 2a− xi , xi

1 = xi , where i = 0, . . . ,m and xi ∈ [0,2a] ,
we get functional related to inequality (see [16] and [12]):

m

∑
i=0

ai
f (xi)− f (2a− xi)

xi−a
� f (∑m

i=0 aixi)− f (2a−∑m
i=0 aixi)

∑m
i=0 aixi −a

.

We use an idea from [6] to give an elegant method of producing an n -exponentially
convex functions and exponentially convex functions applying the above functionals on
a given family with the same property (see [15]):

THEOREM 7. Let ϒ = { fs : s ∈ J} , where J an interval in R , be a family of
functions defined on an interval I in R , such that the function s 	→ fs[z0, . . . ,zm+1] is
n-exponentially convex in the Jensen sense on J for every (m+ 2) mutually different
points z0, . . . ,zm+1 ∈ I . Let Φ1(x,y, f ) be linear functional defined as in (9). Then
s 	→ Φ1(x,y, fs) is an n-exponentially convex function in the Jensen sense on J . If the
function s 	→ Φ1(x,y, fs) is continuous on J, then it is n-exponentially convex on J .

Proof. For ξi ∈ R , i = 1, . . . ,n and si ∈ J , i = 1, . . . ,n , we define the function

g(z) =
n

∑
i, j=1

ξiξ j f si+s j
2

(z).

Using the assumption that the function s 	→ fs[z0, . . . ,zm+1] is n -exponentially convex
in the Jensen sense, we have

g[z0, . . . ,zm+1] =
n

∑
i, j=1

ξiξ j f si+s j
2

[z0, . . . ,zm+1] � 0,

which in turn implies that g is a (m + 1)-convex function on I and therefore using
results from [8] we have Φ1(x,y,g) � 0. Hence

n

∑
i, j=1

ξiξ jΦ1

(
x,y, f si+s j

2

)
� 0.

We conclude that the function s 	→ Φ1(x,y, fs) is n -exponentially convex on J in the
Jensen sense.

If the function s 	→ Φ1(x,y, fs) is also continuous on J , then s 	→ Φ1(x,y, fs) is
n -exponentially convex by definition. �

THEOREM 8. Let ϒ = { fs : s ∈ J} , where J an interval in R , be a family of
functions defined on an interval I in R , such that the function s 	→ fs[z0, . . . ,zm+2] is
n-exponentially convex in the Jensen sense on J for every (m+ 3) mutually different
points z0, . . . ,zm+2 ∈ I . Let Φi(·, f ) , i = 1,2,3,4,5 be linear functional defined as in
(9)–(13). Then s 	→ Φi(·, fs) is an n-exponentially convex function in the Jensen sense
on J . If the function s 	→ Φi(·, fs) is continuous on J, then it is n-exponentially convex
on J .
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Proof. Similar as the proof of Theorem 7 using results from [8], [9], [10] and
Section 2. �

The following corollaries are an immediate consequences of the above theorems:

COROLLARY 3. Let ϒ = { fs : s ∈ J} , where J an interval in R , be a family of
functions defined on an interval I in R , such that the function s 	→ fs[z0, . . . ,zm+1]
is exponentially convex in the Jensen sense on J for every (m+ 2) mutually different
points z0, . . . ,zm+1 ∈ I . Let Φ1(x,y, f ) be linear functional defined as in (9). Then
s 	→ Φ1(x,y, fs) is an exponentially convex function in the Jensen sense on J . If the
function s 	→ Φ1(x,y, fs) is continuous on J, then it is exponentially convex on J .

COROLLARY 4. Let ϒ = { fs : s ∈ J} , where J an interval in R , be a family of
functions defined on an interval I in R , such that the function s 	→ fs[z0, . . . ,zm+2]
is exponentially convex in the Jensen sense on J for every (m+ 3) mutually different
points z0, . . . ,zm+2 ∈ I . Let Φi(·, f ) i = 1,2,3,4,5 be linear functional defined as in
(9)–(13). Then s 	→ Φi(·, fs) is an exponentially convex function in the Jensen sense on
J . If the function s 	→ Φi(·, fs) is continuous on J, then it is exponentially convex on J .

COROLLARY 5. Let ϒ = { fs : s ∈ J} , where J an interval in R , be a family of
functions defined on an interval I in R , such that the function s 	→ fs[z0, . . . ,zm+1] is
2 -exponentially convex in the Jensen sense on J for every (m+ 2) mutually different
points z0, . . . ,zm+1 ∈ I . Let Φ1(x,y, f ) be linear functional defined as in (9). Then the
following statements hold:

(i) If the function s 	→ Φ1(x,y, fs) is continuous on J , then it is 2 -exponentially
convex function on J , and thus log-convex function and for r,s,q ∈ J such that
r < s < q we have

(Φ1(x,y, fs))q−r � (Φ1(x,y, fr))q−s (Φ1(x,y, fq))s−r . (15)

(ii) If the function s 	→ Φ1(x,y, fs) is strictly positive and differentiable on J, then
for every s,q,u,v ∈ J , such that s � u and q � v, we have

μs,q(x,y,Φ1,ϒ) � μu,v(x,y,Φ1,ϒ), (16)

where

μs,q(x,y,Φ1,ϒ) =

⎧⎪⎪⎨
⎪⎪⎩
(

Φ1(x,y, fs)
Φ1(x,y, fq)

) 1
s−q

, s �= q,

exp

(
d
ds Φ1(x,y, fs)
Φ1(x,y, fq)

)
, s = q,

(17)

for fs, fq ∈ ϒ .

Proof.

(i) This is an immediate consequence of Theorem 7 and Remark 3.
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(ii) Since by (i) the function s 	→Φ1(x,y, fs) is log-convex on J , that is, the function
s 	→ logΦ1(x,y, fs) is convex on J . So, we get

logΦ1(x,y, fs)− logΦ1(x,y, fq)
s−q

� logΦ1(x,y, fu)− logΦ1(x,y, fv)
u− v

(18)

for s � u,q � v,s �= q,u �= v , and there form conclude that

μs,q(x,y,Φ1,ϒ) � μu,v(x,y,Φ1,ϒ).

Cases s = q and u = v follows from (18) as limit cases. �

COROLLARY 6. Let ϒ = { fs : s ∈ J} , where J an interval in R , be a family of
functions defined on an interval I in R , such that the function s 	→ fs[z0, . . . ,zm+2] is
2 -exponentially convex in the Jensen sense on J for every (m+ 3) mutually different
points z0, . . . ,zm+2 ∈ I . Let Φi(·, f ) , i = 1,2,3,4,5 be linear functional defined as in
(9)–(13). Then the following statements hold:

(i) If the function s 	→ Φi(·, fs) is continuous on J , then it is 2 -exponentially convex
function on J , and thus log-convex function and for r,s,q ∈ J such that r < s < q
we have

(Φi(·, fs))q−r � (Φi(·, fr))q−s (Φi(·, fq))s−r . (19)

(ii) If the function s 	→ Φi(·, fs) is strictly positive and differentiable on J , then for
every s,q,u,v ∈ J , such that s � u and q � v, we have

νs,q(·,Φi,ϒ) � νu,v(·,Φi,ϒ), (20)

where

νs,q(·,Φi,ϒ) =

⎧⎪⎪⎨
⎪⎪⎩
(

Φi(·, fs)
Φi(·, fq)

) 1
s−q

, s �= q,

exp

(
d
ds Φi(·, fs)
Φi(·, fq)

)
, s = q,

(21)

for fs, fq ∈ ϒ .

Proof. Similar as the proof of Corollary 5. �

REMARK 5. Note that the results from above theorems and corollaries still hold
when two of the points z0, . . . ,zm+2 ∈ I coincide, say z1 = z0 , for a family of differen-
tiable functions fs such that the function s 	→ fs[z0, . . . ,zm+1] (or s 	→ fs[z0, . . . ,zm+2])
is n -exponentially convex in the Jensen sense (exponentially convex in the Jensen
sense, log-convex in the Jensen sense), and furthermore, they still hold when all (m+2)
(or (m+3)) points coincide for a family of (m+1) (or (m+2)) differentiable functions
with the same property. The proofs are obtained by (1) and suitable characterization of
convexity.
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4. Applications to Stolarsky type means

In this section, we present several families of functions which fulfil the conditions
of Theorem 7, Corollary 3 and Corollary 5 (or Theorem 8, Corollary 4 and Corollary
6) (and Remark 5). This enable us to construct a large families of functions which are
exponentially convex. For a discussion related to this problem see [4].

EXAMPLE 1. Consider a family of functions

Ω1 = {gs : R → R : s ∈ R}

defined by

gs(x) =

⎧⎨
⎩

esx

sn+1 , s �= 0,

xn+1

(n+1)! , s = 0.

We have dn+1gs
dxn+1 (x) = esx > 0 which shows that gs is (n+1)-convex on R for every s ∈

R and s 	→ dn+1gs
dxn+1 (x) is exponentially convex by definition. Using analogous arguing as

in the proof of Theorem 7 we also have that s 	→ gs[z0, . . . ,zn+1] is exponentially convex
(and so exponentially convex in the Jensen sense). Using Corollary 3 we conclude that
s 	→ Φ1(x,y,gs) is exponentially convex in the Jensen sense. It is easy to verify that
this mapping is continuous (although mapping s 	→ gs is not continuous for s = 0), so
it is exponentially convex.

For this family of functions, μs,q(x,y,Φ1,Ω1) from (17), becomes

μs,q(x,y,Φ1,Ω1) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
Φ1(x,y,gs)
Φ1(x,y,gq)

) 1
s−q

, s �= q,

exp
(

Φ1(x,y,id·gs)
Φ1(x,y,gs)

− n+1
s

)
, s = q �= 0,

exp
(

1
n+2

Φ1(x,y,id·g0)
Φ1(x,y,g0)

)
, s = q = 0.

Now, using (16) it is monotonous function in parameters s and q . Using Proposition 2
we have:

Φ1(x,y, id ·g0) =
1

(n+1)!

n

∑
i=0

i

∑
j=0

(xix j − yiy j) and Φ1(x,y,g0) =
1

(n+1)!

n

∑
i=0

(xi − yi).

For a family of functions

Ω̃1 = {g̃s : R → R : s ∈ R}

defined by

g̃s(x) =

⎧⎨
⎩

esx

sn+2 , s �= 0,

xn+2

(n+2)! , s = 0.



1056 G. ROQIA, J. PEČARIĆ AND A. VUKELIĆ

using Theorem 8, Corollary 4 and Corollary 6, analogous as above we get that

νs,q(·,Φi,Ω̃1) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(
Φi(·,g̃s)
Φi(·,g̃q)

) 1
s−q

, s �= q,

exp
(

Φi(·,id·g̃s)
Φi(·,g̃s)

− n+2
s

)
, s = q �= 0,

exp
(

1
n+3

Φi(·,id·g̃0)
Φi(·,g̃0)

)
, s = q = 0.

These are monotonous functions in parameters s and q . Particular, we obtain:

Φ1(x,y, id · g̃0) =
1

(n+2)!

n

∑
i=0

i

∑
j=0

j

∑
k=0

(xix jxk − yiy jyk),

Φ1(x,y, g̃0) =
1

(n+2)!

n

∑
i=0

i

∑
j=0

(xix j − yiy j),

Φ2(X,a, id · g̃0) =
1

(n+2)!

(
m

∑
i=0

ai
V (xi;n+3,0)

V (xi;n,0)
− V (aX;n+3,0)

V (aX;n,0)

)
,

Φ2(X,a, g̃0) =
1

(n+2)!

(
m

∑
i=0

ai
V (xi;n+2,0)

V (xi;n,0)
− V (aX;n+2,0)

V (aX;n,0)

)
,

Φ3(x,a, id · g̃0) =
1

(n+2)!

(
n+3

n

m

∑
i=0

ai
Vi(n+2,0)
Vi(n−1,0)

− V (n+3,0)
V (n,0)

)
,

Φ3(x,a, g̃0) =
1

(n+2)!

(
n+2

n

m

∑
i=0

ai
Vi(n+1,0)
Vi(n−1,0)

− V (n+2,0)
V (n,0)

)
,

Φ4(x, id · g̃0) =
1

(n+2)!

(
(n+3)!

(n+3−m)!nm
∑
I

VI(n+3−m,0)
VI(n−m,0)

− (n+3)!
(n+3− k)!nk

∑
J

VJ(n+3− k,0)
VJ(n− k,0)

)
,

Φ4(x, g̃0) =
1

(n+2)!

(
(n+2)!

(n+2−m)!nm
∑
I

VI(n+2−m,0)
VI(n−m,0)

− (n+2)!
(n+2− k)!nk

∑
J

VJ(n+2− k,0)
VJ(n− k,0)

)
,

Φ5(g(x), id · g̃0) =
1

(n+2)!

(∫
Ω

p(x)
V (g(x);n+3,0)

V (g(x);n,0)
dμ(x)− V (ĝ;n+3,0)

V (ĝ;n,0)

)
,
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Φ5(g(x), g̃0) =
1

(n+2)!

(∫
Ω

p(x)
V (g(x);n+2,0)

V (g(x);n,0)
dμ(x)− V (ĝ;n+2,0)

V (ĝ;n,0)

)
,

where

Vi(p,q) = det

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 x0 x2
0 . . . xn−2

0 xp
0 lnq x0

...
...

...
. . .

...
...

1 xi−1 x2
i−1 . . . xn−2

i−1 xp
i−1 lnq xi−1

1 xi+1 x2
i+1 . . . xn−2

i+1 xp
i+1 lnq xi+1

...
...

...
. . .

...
...

1 xn x2
n . . . xn−2

n xp
n lnq xn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

VJ(p,q) = det

⎡
⎢⎣

1 x j0 x2
j0

. . . xn−1−k
j0

xp
j0

lnq x j0
...

...
...

. . .
...

...
1 x jn−k x2

jn−k
. . . xn−1−k

jn−k
xp

jn−k
lnq x jn−k

⎤
⎥⎦ ,

nk = k!
(n
k

)(n+1
k

)
and ĝ = (

∫
Ω p(x)g0(x)dμ(x), . . . ,

∫
Ω p(x)gn(x)dμ(x)) .

We observe here that

(
dn+1gs
dxn+1

dn+1gq
dxn+1

) 1
s−q

(lnx) = x so after the substitution xi → lnxi ,

yi → lnyi and gi(x) → lngi(x) in above expressions we will get means for x (and y )
or for g(x) :

Ms,q(x,y,Φ1,Ω1) = μs,q(lnx, lny,Φ1,Ω1) and

Ns,q(·,Φi,Ω̃1) = νs,q(ln(·),Φi,Ω̃1), i = 1,2,3,4,5.

REMARK 6. For q̃s(x) , i = 1, x = {x,0, . . . ,0︸ ︷︷ ︸
n−times

}, y =
{ x

n+1
, . . . ,

x
n+1︸ ︷︷ ︸

n+1−times

}
and

0 < r < s, then (19) implies that

erx −
n−1
∑

k=0

rkxk

k!

rn+2xn − e
rx

n+1

n!r2 �
(

n
2(n+1)

x2

(n+2)!

)1− r
s

⎛
⎜⎜⎝

esx −
n−1
∑

k=0

skxk

k!

sn+2xn − e
sx

n+1

n!s2

⎞
⎟⎟⎠

r
s

, (22)

which is a refinement of the left inequality given in [12, Example 2.58] and reverse
inequality will holds for s < r < 0 or r < 0 < s or x < 0 and n−odd.

Similar results can be obtained for function gs(x) .
For q̃s(x) , i = 4, x = {x,0, . . . ,0︸ ︷︷ ︸

n−times

}, k = 0, m = n, and 0 < r < s, (19) implies

n+ erx

(n+1)!r2 −
erx −

n−1
∑

k=0

rkxk

k!

rn+2xn �
(

n
2

x2

(n+2)!

)1− r
s

⎛
⎜⎜⎝ n+ esx

(n+1)!s2 −
esx −

n−1
∑

k=0

skxk

k!

sn+2xn

⎞
⎟⎟⎠

r
s

,

(23)
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which is a refinement of the right inequality given in [12, Example 2.58] and reverse
inequality will holds for s < r < 0 or r < 0 < s or x < 0 and n−odd.

EXAMPLE 2. Consider a family of functions

Ω2 = { fs : (0,∞) → R : s ∈ R}
defined by

fs(x) =

⎧⎨
⎩

xs

s(s−1)···(s−n) , s /∈ {0,1, . . . ,n}
x j lnx

(−1)n− j j!(n− j)! , s = j ∈ {0,1, . . . ,n}.

Here, dn+1 fs
dxn+1 (x) = xs−n−1 = e(s−n−1) lnx > 0 which shows that fs is (n+1)-convex for

x > 0 and s 	→ dn+1 fs
dxn+1 (x) is exponentially convex by definition. Arguing as in Example

1 we get that the mapping s 	→ Φ1(x,y, fs) is exponentially convex. In this case we
assume that x j > 0 and y j > 0, j = 0, . . . ,n. Functions (17) now are equal to:

μs,q(x,y,Φ1,Ω2) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(
Φ1(x,y, fs)
Φ1(x,y, fq)

) 1
s−q

, s �= q,

exp
(
(−1)nn!Φ1(x,y, f0 fs)

Φ1(x,y, fs)
+ ∑n

k=0
1

k−s

)
, s = q /∈ {0,1, . . . ,n},

exp

(
(−1)nn!Φ1(x,y, f0 fs)

2Φ1(x,y, fs)
+ ∑n

k=0
k �=s

1
k−s

)
, s = q ∈ {0,1, . . . ,n}.

For a family of functions

Ω̃2 = { f̃s : (0,∞) → R : s ∈ R}

defined by

f̃s(x) =

⎧⎨
⎩

xs

s(s−1)···(s−n−1) , s /∈ {0,1, . . . ,n+1}
x j lnx

(−1)n+1− j j!(n+1− j)! , s = j ∈ {0,1, . . . ,n+1}
using Theorem 8, Corollary 4 and Corollary 6, analogous as above we get that

νs,q(·,Φi,Ω̃2)=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
Φi(·, f̃s)
Φi(·, f̃q)

) 1
s−q

, s �= q,

exp
(
(−1)n+1(n+1)!Φi(·, f̃0 f̃s)

Φi(·, f̃s) +∑n+1
k=0

1
k−s

)
, s = q /∈ {0,1, . . . ,n+1},

exp

(
(−1)n+1(n+1)!Φi(·, f̃0 f̃s)

2Φi(·, f̃s) +∑n+1
k=0
k �=s

1
k−s

)
, s = q ∈ {0,1, . . . ,n+1}.

We observe that

(
dn+1 fs
dxn+1

dn+1 fq
dxn+1

) 1
s−q

(x) = x , so μs,q(x,y,Φ1,Ω2) are 2(n + 1)-Stolarsky

means which explicit forms are given in [8].
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In the same way we obtain that νs,q(·,Φi,Ω̃2) are Schur means ( i = 1), Jensen
means for divided differences ( i = 2) and means for divided differences of first ( i = 3)
and higher order derivation ( i = 4), which explicit forms are given in [8], [9] and [10].

For i = 5 we get integral Jensen means for divided differences defined as

νs,q(g(x),Φ5,Ω̃2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
∏n+1

i=0
q−i
s−i

∫
Ω p(x) Vg(x)s0

Vg(x)n0 dμ(x)− V ĝs0
V ĝn0∫

Ω p(x)Vg(x)q0
Vg(x)n0 dμ(x)−V ĝq0

V ĝn0

) 1
s−q

for s �= q; s /∈ N, q /∈ N

(
∏n+1

i=0
i�=k

(q−k)(q−i)
k−i

∫
Ω p(x)Vg(x)k1

Vg(x)n0 dμ(x)− V ĝk1
V ĝn0∫

Ω p(x)Vg(x)q0
Vg(x)n0 dμ(x)−V ĝq0

V ĝn0

) 1
k−q

for s �= q; s = k ∈ N,q /∈ N

(
∏n+1

i=0
i�=l

l−i
(s−l)(s−i)

∫
Ω p(x) Vg(x)s0

Vg(x)n0 dμ(x)− V ĝs0
V ĝn0∫

Ω p(x) Vg(x)l1
Vg(x)n0 dμ(x)− V ĝl1

V ĝn0

) 1
s−l

for s �= q; p /∈ N, q = l ∈ N

(
∏n+1

i=0
i�=k,l

l−i
i−k

∫
Ω p(x)Vg(x)k1

Vg(x)n0 dμ(x)− V ĝk1
V ĝn0∫

Ω p(x) Vg(x)l1
Vg(x)n0 dμ(x)− V ĝl1

V ĝn0

) 1
k−l

for s �= q; s = k ∈ N, q = l ∈ N

exp

(
∑n+1

i=0
1

i−s +
∫

Ω p(x) Vg(x)s1
Vg(x)n0 dμ(x)− V ĝs1

V ĝn0∫
Ω p(x) Vg(x)s0

Vg(x)n0 dμ(x)− V ĝs0
V ĝn0

)
for s = q; s /∈ N, q /∈ N

exp

(
∑n+1

i=0
i�=k

1
i−k + 1

2

∫
Ω p(x)Vg(x)k2

Vg(x)n0 dμ(x)−V ĝk2
V ĝn0∫

Ω p(x)Vg(x)k1
Vg(x)n0 dμ(x)−V ĝk1

V ĝn0

)
for s = q; s = q = k ∈ N

where N = {0,1, . . . ,n+1} .
A mapping νs,q : R×R → R is a continuous function in two variables s and q .

We have

lim
s→k

∫
Ω p(x)Vg(x)s0

Vg(x)n0dμ(x)− V ĝs0
V ĝn0

s− k
=
∫

Ω
p(x)

Vg(x)k1
Vg(x)n0

dμ(x)− V ĝk1
V ĝn0

for k ∈ N.

(24)
The quotient under limit becomes an indeterminate form when s → k ∈ N because
Vg(x)k0 = 0 for k = 0,1, ...,n− 1 and

∫
Ω p(x)Vg(x)k0

Vg(x)n0dμ(x)− V ĝk0
V ĝn0 = 1− 1 = 0 for

k = n . When s → k = n+1:

∫
Ω

p(x)
Vg(x)k0
Vg(x)n0

dμ(x)− V ĝk0
V ĝn0

=
∫

Ω
p(x)

n

∑
i=0

gi(x)dμ(x)−
n

∑
i=0

∫
Ω

p(x)gi(x)dμ(x) = 0.
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So, we can apply L’Hospital’s rule and also the formula d
dsVxsq = Vx s q+1 to get

result (24). If n = 0 the expressions for means νs,q(g(x),Φ5,Ω̃2) proceed from the
continuous extensions of function

(s,q) 	→
(

q(q−1)
s(s−1)

∫
Ω p(x)(g0(x))sdμ(x)− (

∫
Ω p(x)g0(x)dμ(x))s∫

Ω p(x)(g0(x))qdμ(x)− (
∫

Ω p(x)g0(x)dμ(x))q

) 1
s−q

.

Particularly,

min{x,y} �
(

Φ1(x,y, fs)
Φ1(x,y, fq)

) 1
s−q

� max{x,y}.

We now impose one additional parameter r ∈ R . After substitutions s → s
r , q → q

r
xi → xr

i and yi → yr
i (i = 0, . . . ,n, r �= 0) we have

min{xr,yr} �
(

Φ1(xr,yr, f s
r
)

Φ1(xr,yr, f q
r
)

) r
s−q

� max{xr,yr}.

Hence, we get (generalized) Cauchy means as

μs,q;r(x,y,Φ1,Ω1) =

⎧⎨
⎩
(

μ s
r , q

r
(xr,yr,Φ1,Ω1)

) 1
r
, r �= 0,

μs,q(logx, logy,Φ1,Ω1), r = 0.

In the identical manners we can get νs,q;r(·,Φi,Ω̃2) (i = 1,2,3,4,5).
For i = 5 and n = 0 the expressions for means νs,q;r(g(x),Φ5,Ω̃2) , proceed from

the continuous extensions of function

(s,q,r) 	→
(

q(q− r)
s(s− r)

∫
Ω p(x)(g0(x))sdμ(x)− (

∫
Ω p(x)(g0(x))rdμ(x))

s
r∫

Ω p(x)(g0(x))qdμ(x)− (
∫

Ω p(x)(g0(x))rdμ(x))
q
r

) 1
s−q

,

which are the weighted versions of new means of Cauchy type given explicitly in [2].

EXAMPLE 3. Consider a family of functions

Ω3 = {hs : (0,∞) → R : s ∈ (0,∞)}

defined by

hs(x) =

⎧⎨
⎩

s−x

(− lns)n+1 , s �= 1

xn+1

(n+1)! , s = 1.

Since dn+1hs
dxn+1 (x) = s−x is the Laplace transform of a non-negative function (see [17]) it

is exponentially convex. Obviously hs are (n+ 1)-convex functions for every s > 0.
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For this family of functions, μs,q(x,y,Φ1,Ω3) , in this case for x j > 0 and y j > 0,
j = 0, . . . ,n , from (17) becomes

μs,q(x,y,Φ1,Ω3) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
Φ1(x,y,hs)
Φ1(x,y,hq)

) 1
s−q

, s �= q,

exp
(
−Φ1(x,y,id·hs)

sΦ1(x,y,hs)
− n+1

s lns

)
, s = q �= 1,

exp
(
− 1

n+2
Φ1(x,y,id·h1)

Φ1(x,y,h1)

)
, s = q = 1.

It is monotonous function in parameters s and q by (16).
For a family of functions

Ω̃3 = {h̃s : (0,∞) → R : s ∈ (0,∞)}

defined by

h̃s(x) =

⎧⎨
⎩

s−x

(− lns)n+2 , s �= 1,

xn+2

(n+2)! , s = 1.

using Theorem 8, Corollary 4 and Corollary 6, analogous as above we get that

νs,q(·,Φi,Ω̃3) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
Φi(·,h̃s)
Φi(·,h̃q)

) 1
s−q

, s �= q,

exp
(
−Φi(·,id·h̃s)

sΦi(·,h̃s)
− n+2

s lns

)
, s = q �= 1,

exp
(
− 1

n+3
Φi(·,id·h̃1)

Φi(·,h̃1)

)
, s = q = 1.

These are monotonous function in parameters s and q .
After the substitution xi → − lnxi , yi → − lnyi and gi(x) → − lngi(x) in

μ1,1(x,y,Φ1,Ω3) and ν1,1(·,Φi,Ω̃3) (i = 1,2,3,4,5) we will get means for x (and
y ) or for g(x) :

M1,1(x,y,Φ1,Ω3) = μ1,1(− lnx,− lny,Φ1,Ω3) and

N1,1(·,Φi,Ω̃3) = ν1,1(− ln(·),Φi,Ω̃3) , i = 1,2,3,4,5.

EXAMPLE 4. Consider a family of functions

Ω4 = {ks : (0,∞) → R : s ∈ (0,∞)}

defined by

ks(x) =
e−x

√
s

(−√
s)n+1 .

Since dn+1ks
dxn+1 (x) = e−x

√
s is the Laplace transform of a non-negative function (see [17])

it is exponentially convex. Obviously ks are (n+1)-convex functions for every s > 0.
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For this family of functions, μs,q(x,y,Φ1,Ω4) , in this case for x j > 0 and y j > 0,
j = 0, . . . ,n , from (17) becomes

μs,q(x,y,Φ1,Ω4) =

⎧⎪⎨
⎪⎩
(

Φ1(x,y,ks)
Φ1(x,y,kq)

) 1
s−q

, s �= q,

exp
(
− Φ1(x,y,id·ks)

2
√

sΦ1(x,y,ks)
− n+1

2s

)
, s = q.

It is monotonous function in parameters s and q by (16).
For a family of functions

Ω̃4 = {k̃s : (0,∞) → R : s ∈ (0,∞)}
defined by

k̃s(x) =
e−x

√
s

(−√
s)n+2 .

using Theorem 8, Corollary 4 and Corollary 6, analogous as above we get that

νs,q(·,Φi,Ω̃4) =

⎧⎪⎨
⎪⎩
(

Φi(·,k̃s)
Φi(·,k̃q)

) 1
s−q

, s �= q,

exp
(
− Φi(·,id·k̃s)

2
√

sΦi(·,k̃s)
− n+2

2s

)
, s = q.

These are monotonous functions in parameters s and q .
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[11] J. E. PEČARIĆ, An inequality for 3 -convex function, J. Math. Anal. Appl. 90 (1982), 213–218.
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Faculty of Food Technology and Biotechnology
Mathematics department, University of Zagreb

Pierottijeva 6, 10000 Zagreb, Croatia
e-mail: avukelic@pbf.hr

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com


