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A NOTE ON THE HERMITE NUMBERS AND POLYNOMIALS

DAE SAN KIM AND TAEKYUN KIM

(Communicated by Yeol Je Cho)

Abstract. In this paper, we compute explicitly an integral involving the Hermite polynomials.
From our computation, we derive the formula for a product of two Hermite polynomials. Finally,
we give some interesting formulae for the product of two Hermite polynomials associated with
Bernoulli polynomials like Carlitz did.

1. Introduction

As is well known, the Bernoulli polynomials are defined by the generating function

to be
t_l ZB (1)

with the usual convention about replacing B"(x) by B,(x) (see [1-12]).
In the special case x =0, B,(0) = B, are called the n-th Bernoulli numbers. In
[3], it is known that

B
/ B, (x)By(x)dx = (—1 )p+1(lf’T+q’3, where p+q>2. (2)
q

Carlitz have shown that

T (G L= WA

where m,n € Z, with m+n 2 (see [3)]).

Let P, = {Zl aix' | a; € R} be the space of polynomials of degree less than or
equal to n. The set of Bernoulli polynomials {By(x),B1(x),...,Bu(x)} is a basis for
P, (see [5]). For p(x) € Py, let p(x) = X;_,arBk(x). Then we have

1 1
a= [ pdr, a=7 (PN -pENO), k=120 @

where p®) (0) = d;’y)
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As is well known, the Hermite polynomials are defined by the generating function
to be

2xt—t2 H(x . "
H = <>’=n§0Hn(x>a, (5)
with the usual convention about replacing H"(x) by H,(x) (see [6]).
From (5), we have
2\" 2 > dY 2
H,,(x) = (E) €2Xt ! |t:0 = (—l)"ex (ﬁe ¥ ) . (6)
In the special case, x = 0, H,(0) = H, are called the n-th Hermite numbers. It is
known [6] that
)Cz d n .X2
H,(x)=e~ (x—a> e T, @)
and
—1)*(2n)!
Hyp11 =0, Hy= ()n#, (neZy). (8)
By (5), we easily see that
- (1 1.1
H,(x)=(H+2x)"= H, ;2'x", 9
=2 =3 () ©)
and
d
EHn(x) =2nH,_(x), Hp(—x)=(—1)"H,(x), (see[0]). (10)

The purpose of this paper is to give some formulae on the integral of the product of
several Hermite polynomials.

Finally, we investigate some new and interesting identities for the product of two
Hermite polynomials associated with Bernoulli polynomials like Carlitz did.

2. Some identities of Hermite polynomials

From (10), we note that

1
| i = 5o (e () = i)

1 n
— (" H, 2"
Oz+1<z) !

Now, let us consider the following integral:

! o~ (n DY () Hy 2
/()x”H,,(x)dx-Z(l)Hn_ﬂ/ox dx_2<l>n+l+1. (12)

=0 1=0

(1)

M=

l
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By (10), we get

1

/O 1ann (x)dx = ZZO (';) 2'H,_,(1) /0 K(x—1)dx
— é‘é (’;) (—2)'H,_,(1) /le"(l —x)ldx
-3 () 2t D
:é‘é(’;)zl(—l)lHnl(l)%
_ lﬁé(—z)lHn_l(l)%

Therefore, by (12) and (13), we obtain the following theorem.

THEOREM 2.1. For n € Z., we have

Lo (n\ Hy 2 N Y (rll)
E&(l)nﬂﬂ_gg)( 2) Hya(1) (n+1+1)("7")

Let n € N with n > 2. Then we have

H,(1)
/an n+1 n—i—l/anrl
(1) 2nH,_(1) 2’n(n—1)
n+1 +(- 1)(n+1)(n—|—2)+(_1)2(n+1)(n—|—2)/0 X Hy-2()dx

L2 ly(n—1)---(n—1+2)
z:zé (n+1)(n+2)---(n+1) (=

(=1)"2"n! Yo
+m+wm+mm@mﬁx‘“
CHy(1) &2 n(n—1)(n—1+2)
n+1 z:zé (n+1)(n+2)--(n+1)

n 2"
ey e+ 1)

l)l_lHn—l+l(l)

(=1 "Hyra(1)

Therefore, by (13) and (14), we obtain the following theorem.

1117
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THEOREM 2.2. For n € N with n > 2, we have
H,(1 2 (n—1 —142

), 3200 ) (o1
+1 (n+1)(n+2)---(n+1)

=2
_ S oy, D)
_E{)( 2V (1) (n+i+1) ("

(=1 Hyqa (1) +

S

For n,k € Z+ , let us compute the following integral for the product of Hermite polyno-
mials and x*:
1
/ X*H,,(x)dx
0

(’;) (—I)ZZIH,,_Z(I)/lek(l —x)ldx

n T+ )T k+1)
<l>(_1)lle"’(l) T(l+k+2)

LAV _
<l>( 2 Hn (1)(l+k+1)(l+")

Therefore, by (15), we obtain the following proposition.

H[\”4=

~
(=}

15)

I
M=

N
Il
=}

I
M=

T
=)

PROPOSITION 2.3. For n,k € Z, we have

. " T(+ )(k+ 1)
/0 X H,, (x)dx (l)(_l)lzll‘ln—l(l)m

m\ sy S S
(l)( 2 Bt (1>(l+k+1)(’+")

I
S

~
Il
=]

I
M=

Iy
<)

For k,n € N, we have

1k _ n+1(1)
/0 X'H, (x)dx = (n—|—1)

2n—|—1 /Xk s ()

Hn+1(1
“2(n41)

HnJrl(l
“2(n+1)

n—|—1 ) nr1-1(1)(=2) Thk+it1) (16)

1
n—|—1 Z( ) n+1— l(l)( 2)IW.

Therefore, by (15) and (16), we obtain the following theorem.

»—O

= N

—_ | —  —|—

THEOREM 2.4. For n,k € N, we have

n+1 4 (n) - Hn l(l) n+l— l(l)( 2)1
n+l g k+l+1)("+’) n+1 l%( ) &

l
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Let us assume that p(x) = H,(x) € P,. Then H,(x) is generated by {Bo(x),B;(x),
B, (x)} to be

n
= aBi(), (17)
where, by (4), for k=1,2,....n we get

_ e (k—1)
a = (H,, (1) — H (0))
| n!

=07 ok e ()= k) (18)

1 . (n+1
:n+12k 1( X )(anﬂ(l)—anH),

and

o n+1(1)_Hn+1
ao_/H 2+ 1) (19)

Therefore, by (17), (18) and (19), we obtain the following proposition.

PROPOSITION 2.5. For n € Z, we have

Hi(x) = kioz"—l (") s (0= ) B

Let m,n € Z. . Then we get

H,(x)Hy(x)

- (nj—l i 2 (n—/’; l) (1 (1) _Hn—k+1)Bk(x)>

k=0

% (mLH iq 2l_l<m7 l) (Hm_l+l(l)_Hm—l+l)Bl(x)>

Tt D)m+1) m+1 ”i”i < ) (2—_:1) (Hn—141(1) = Hy-141)

17:0
X (Hy— p+z+1(1) p+1+1) _(x)By(x)2P 2
n+1 m+1 ( w1 ( n+1)4(Hm (1) - Hm+1))+nj_1(HnH(1)_HnH)
(1)) (5 ) 2 (1)~ ) s (1) ) (3
NS m+1
+mp22126 2" 2( ><p_l)(an+1(l)—Hn1+1)

X (Hm*erlJrl(]‘) - Hm*erlJrl)
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" {Z (%) () ion) 23 (—D”"“Z,—’;}- 20)

Therefore, by (20), we obtain the following theorem.

THEOREM 2.6. For n,m € Z., we have

Hn(x)Hm(x)
_ 1 (Hng1 (1) = Hugy) (His 1 (1) — Hg1)
(n+1)(m+1) 4
(B 1 (1) — Hyo) (1) — o) (5~ 1
+n+1 2 4
) - ) (1) - Hmm(x—l)
m+1 2 4
n+m p n m
e 222 () () -

ety {35 (o) 2

p—2r
B
—l+12p
+(=1)? T)}

(7

It is known that P, is an inner product space with the inner product

2

(p(@).a00) = [ e pwaloidx,

—oo

where p(x),g(x) € P, (see [6]).
In [6], we note that

/oo e_szn (X)Hm (x)dx = 2nn!\/E6n,m7 @D

where 5n7m is the Kronecker symbol.
From (21), we can see that {Hy(x),H;(x),...,Hy(x)} is an orthogonal basis for
the inner product space P,. Then p(x) is generated by {Hy(x),H;(x),...,H,(x)} to be

n
= CyHi(x), (22)
k=0
where

q:ﬁwmw s | s
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It is known [6] that
7 *1)%7kn!22kx2k . o
Z;?ZOW, if n =0 (mod 2),
Ha(x) = 24)

n=1 Bk 2kl 2k+1
7 (=1) 2 "pl27tx . _
2o CEE ifn=1 (mod 2).

Let us assume that n,m € N with n =0 (mod 2) and m =0 (mod 2). Then, by (24),
we get

) N E(—D)EHFmi22k\ [ () (- m) 1222
Hm( )Hn*m( ) <k=0 (%—k)'(Zk)' ) 2 n !

) (25)
— - (_1)%7pm'(n_m)! 2p22p
EO,ZO{(z QRS2 —p+1)! (2p—2l)!}x ’
Let us take p(x) = Hyy(X)Hy—m(x) € P,,. Then, by (22), we get
Hyn(X)Hy—m(x) = 3, CiHi(x), (Cr€R), (26)

k=0
where, by (23) and (25), we get

Ck:ﬁ 2kk'f / (dxk x)Hnm(x)Hm(x)dx

(—-Dk & 2 (—1)2"Pm!(n—m)!

2kku/‘Z2{(%—z)!(zz)!(%—pﬂ)!(zp—zz)z}ﬂ &7
o dk 2

X/_.x, (We )xzpdx.

It is easy to show that

(p(x), Hi(x)) =

o k
()
for k <2p and k=0 (mod 2), and O otherwise.
From (27) and(28), we have
2 ,,<no<z<,,< SHCE z)v( ! ( ) (2p—21)!

for k=0 (mod 2), and 0 otherwise. Therefore, by (26) and (29), we obtain the fol-
lowing theorem.
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THEOREM 2.7. For nym € N with n =0 (mod 2) and m =0 (mod 2 ), we have

Hy (x)Hyy— ()

B 5 1 5 2p) (=12 Pm!(n—m)!
O<ksn, k=0 (moa2) | ' £ 25,08 (2”2—"‘) (20120 (252 — p+1)1(2p —21)!
X Hk(x).
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