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STRONG CONVERGENCE THEOREMS OF STRONGLY

RELATIVELY NONEXPANSIVE SEMI–GROUP IN BANACH SPACES

ZHAOLI MA AND LIN WANG ∗

(Communicated by Yeol Je Cho)

Abstract. In this paper, we prove some strong convergence approximation theorems of strongly
relatively nonexpansive semi-group in the framework of Banach spaces. Using the concept of
duality theorems, we obtain analogue results for strongly generalized nonexpansive semi-group
and for semi-group of firmly generalized nonexpansive type. The results presented in this paper
improve and extend some corresponding results announced by some authors.

1. Introduction

Let E be a real Banach space with the dual E∗ and C be a nonempty closed
convex subset of E . We denote by R+ and R the set of all nonnegative real numbers
and the set of all real numbers, respectively. Also, we denote by J the normalized
duality mapping from E to 2E∗

defined by

Jx = {x∗ ∈ E∗ : 〈x,x∗〉 = ‖x‖2 = ‖x∗‖2}, ∀x ∈ E, (1.1)

where 〈·, ·〉 denotes the generalized duality pairing. Recall that if E is smooth then J
is single-valued and norm-to weak∗ continuous. We shall denote by J the single-value
duality mapping.

A Banach space E is said to be strictly convex if ‖x+y‖
2 � 1 for all x,y ∈U = {z ∈

E : ‖z‖ = 1} with x �= y . E is said to be uniformly convex if, for each ε ∈ (0,2] , there
exists δ > 0 such that ‖x+y‖

2 � 1−δ for all x,y ∈U with ‖x− y‖� ε . E is said to be
smooth (and the norm of E is called Gâteaux differentiable) if the limit

lim
n→∞

‖x+ ty‖−‖x‖
t

exists for all x,y ∈U . The norm of E is said to be uniformly Gâteaux differentiable
(resp. Fréchet differentiable) if for each y ∈ U (x ∈ U ) the above limit is attained
uniformly for any x ∈U (resp. uniformly for any y ∈ U ). E is said to be uniformly
smooth (and the norm of E is called uniformly Fréchet differentiable) if the above limit
exists uniformly in x,y ∈U .
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REMARK 1. The following basic properties of Banach space E can be founded
in Cioranescu [4] and Takahashi [28].

(i) If E is an uniformly smooth Banach space, then J is uniformly continuous on
each bounded subset of E ;

(ii) If E is a reflective and strictly convexBanach space, then J−1 is norm-weak∗ -
continuous;

(iii) If E is a smooth, reflective and strictly convex Banach space, then the nor-
malized duality mapping J : E → 2E∗

is single-valued, one-to one, and surjective;
(iv) A Banach space E is uniformly smooth if and only if E∗ is uniformly convex;
(v) Each uniformly convex Banach space E has the Kadec-Klee property, that is,

for any sequence {xn} ⊂ E , if xn ⇀ x ∈ E and ‖xn‖ → ‖x‖ , then xn → x [see, 4, 28]
for more details;

(vi) If E is reflective, then E is smooth if and only if E∗ is strictly convex;
(vii) If E has an uniformly Gâteaux differentiable norm, then J is uniformly

norm-weak∗ -continuous on each bounded subset of E ;
(viii) If E has a Fréchet differentiable norm, then J is norm-to-norm continuous

on each bounded subset of E .

Next, we assume that E is a smooth, reflective and strictly convex Banach space.
Consider the functional defined as in [1,2] by

ϕ(x,y) = ‖x‖2−2〈x,Jy〉+‖y‖2, ∀x,y ∈ E. (1.2)

It is obvious from the definition of ϕ that

(‖x‖−‖y‖)2 � ϕ(x,y) � (‖x‖+‖y‖)2, ∀x,y ∈ E. (1.3),

and

ϕ(x,J−1(λJy+(1−λ )Jz) � λ ϕ(x,y)+ (1−λ )ϕ(x,z), ∀x,y ∈ E. (1.4)

Following Alber [1], the generalized projection ΠC : E →C is defined by

ΠC(x) = argin fy∈Cϕ(y,x), ∀x ∈ E. (1.5)

That is, ΠCx = x , where x is the solution to the minimization problem ϕ(x,x) =
infy∈C ϕ(y,x).

The existence and uniqueness of the operator ΠC follows from the properties of
the functional ϕ(x,y) and strict monotonicity of the mapping J (see, e.g., [1, 2, 4, 13,
28]). In Hilbert space H , ΠC = PC , where PC is the projection from H onto C .

Suppose that C is a subset of a smooth Banach space E . A mapping T : C → E
is relatively nonexpansive if the following properties are satisfied:

(i) F(T ) �= /0 , where F(T ) denotes the fixed points set of T ;
(ii) ϕ(p,Tx) � ϕ(p,x) for all p ∈ F(T ) and x ∈C ;
(iii) I −T is demi-closed at zero, that is, whenever a sequence {xn} in C con-

verges weakly to p and {xn−Txn} converges strongly to 0, it follows that p ∈ F(T ) .
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If T satisfies (i) and (ii) , then T is called relatively quasi-nonexpansive [20]. It is
clear that in a Hilbert space H , (1.2) reduces to ϕ(x,y) = ‖x− y‖2 , ∀x,y ∈ H . Hence,
if T : C → H is nonexpansive mapping of a nonempty, closed and convex subset C of
H , then it is relatively nonexpansive. If T : C → H is relatively quasi-nonexpansive,
then it is quasi-nonexpansive, that is, ‖p−Tx‖ � ‖p− x‖ for all p ∈ F(T ) and x ∈C .

A relatively nonexpansive mapping T :C → E is strongly relatively nonexpansive
[5, 24] if whenever {xn} is a bounded sequence in C such that ϕ(p,xn)−ϕ(p,Txn)→
0,(as n→ ∞), for some p ∈ F(T ) , it follows that ϕ(Txn,xn)→ 0. Note that the notion
of strongly nonexpansive mapping with respect to the norm was first introduced and
studied in [3].

One parameter family Γ := {T (t) : t � 0} of mappings from C into C is said to
be nonexpansive semi-group, if the following conditions are satisfied:

(a) T (0)x = x , for all x ∈C ;
(b) T (s+ t) = T (s)T (t) , ∀s,t � 0;
(c) for each x ∈C , the mapping t �→ T (t)x is continuous;
(d) for any x,y ∈C , ‖T (t)x−T(t)y‖ � ‖x− y‖ , ∀t � 0.
We use F to denote the common fixed point set of the nonexpansive semi-group

Γ , i.e., F =
⋂

t�0 F(T (t)) .

DEFINITION 1. Let E be a real Banach space, C be a nonempty closed convex
subset of E . Γ := {T (t) : t � 0} be one parameter family of mappings from C into C .
Γ is said to be relatively nonexpansive semi-group, if F :=

⋂
t�0 F(T (t)) �= /0 and the

following conditions are satisfied:
(i) T (0)x = x , for all x ∈C ;
(ii) T (s+ t) = T (s)T (t) , ∀s,t � 0;
(iii) for each x ∈C , the mapping t �→ T (t)x is continuous;
(iv) ϕ(P,T (t)x) � ϕ(p,x) for all p ∈ F , t � 0 and x ∈C ;
(v) I −T is demi-closed at zero, that is, whenever a sequence {xn} in C con-

verges weakly to p and {xn−T (t)xn} converges strongly to 0, it follows that p ∈ F .

DEFINITION 2. Let E be a real Banach space, C be a nonempty closed convex
subset of E . Γ := {T (t) : t � 0} be one parameter family of mappings from C into C .
Γ is said to be strongly relatively nonexpansive semi-group, if F :=

⋂
t�0 F(T (t)) �= /0 ,

the conditions of definition 1 (i)− (v) and the following conditions are satisfied:
(vi) if whenever {xn} is a bounded sequence in C such that ϕ(p,xn)−ϕ(p,T (t)xn)

→ 0 for some p ∈ F it follows that ϕ(T (t)xn,xn) → 0.

DEFINITION 3. A strongly relatively nonexpansive semi-group Γ is said to be
uniformly Lipschitzian, if there exists a bounded measurable function L : [0,∞) →
[0,∞) such that

‖T (t)x−T (t)y‖ � L(t)‖x− y‖, ∀x,y ∈C, t � 0. (1.6)

In the sequel, we denote it by

L = supt�0L(t) < ∞.
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A family of mappings is the class of firmly nonexpansive mappings, where a map-
ping T : C → E is called firmly nonexpansive type [14] if

ϕ(Tx,Ty)+ ϕ(Ty,Tx)+ ϕ(Tx,x)+ ϕ(Ty,y) � ϕ(Tx,y)+ ϕ(Ty,x), for all x,y ∈C.

It is easily known that if T is firmly nonexpansive type with I −T is demi-closed at
zero, then it is strongly relatively nonexpansive. Furthermore, there is a mapping which
is strongly relatively nonexpansive but is not firmly nonexpansive mapping [21].

DEFINITION 4. Let E be a real Banach space, C be a nonempty closed convex
subset of E . Γ := {T (t) : t � 0} be one parameter family of mappings from C into
C . Γ is said to be firmly nonexpansive semi-group, if F :=

⋂
t�0 F(T (t)) �= /0 , the

conditions of definition 1 (i)− (v) and the following conditions are satisfied:
(vii) ϕ(T (t)x,T (t)y)+ϕ(T (t)y,T (t)x)+ϕ(T (t)x,x)+ϕ(T (t)y,y)� ϕ(T (t)x,y)+

ϕ(T (t)y,x) , for all x,y ∈C , t � 0.

Iterative approximation of fixed points for nonexpansive mapping, asymptotically
nonexpansive mappings, relatively nonexpansive mappings, nonexpansive semi-group,
asymptotically nonexpansive semi-group in Hilbert or Banach space have been studied
extensively by many authors [6, 7, 8, 17, 18, 21, 22, 23, 25, 26].

Recently, Nilsrakoo et al. [22] introduced the following Halpern-Mann iterations
for finding a fixed point of a relative nonexpansive mapping in Banach space:

xn+1 = ΠCJ−1(αnJu+(1−αn)(βnJxn +(1−βn)JTxn)), (1.5)

under suitable conditions, they obtained the strongly convergence theorems.
Then, for finding the set of fixed points strongly relatively nonexpansive mapping,

Nilsrakoo [21] introduced the following iterative scheme:

xn+1 = ΠCJ−1(αnJu+(1−αn)JTxn), (1.6)

under some control conditions, they proved that the sequence {xn} converges strongly
to q = ΠFu .

Inspired and motivated by the recent work of Nilsrakoo et al. [21, 22], Chang
et al. [10], etc., we propose an iteration scheme and prove some strong convergence
theorems of strongly relatively nonexpansive semi-group in Banach spaces. Using the
concept of duality theorems, we obtain analogue results for strongly generalized nonex-
pansive semi-group and for semi-group of firmly generalized nonexpansive type. The
results presented in this paper improve and extend some recent corresponding results
of Nilsrakoo [21], Su et al. [25], Matsushita et al. [17, 18], Suzuki [26], Chang [7],
Nilsrakoo et al. [22], Kohsaka et al. [15] Saejung [27] and others.

2. Preliminaries

Throughout this paper, Let E be a real Banach space with the dual E∗ and C
be a nonempty closed convex subset of E . We denote the strong convergence, weak
convergence of a sequence {xn} to a point x ∈ E by xn → x , xn ⇀ x , respectively, and
F(T ) is the fixed point set of a mapping T .
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LEMMA 1. ([9]) Let E be an uniformly convex and smooth Banach space. Let
{xn} and {yn} be two sequences of E such that {xn} or {yn} is bounded. If ϕ(xn,yn)→
0 , then xn− yn → 0 .

REMARK 2. For any bounded sequences {xn} and {yn} in an uniformly convex
and uniformly smooth Banach space E , we have

ϕ(xn,yn) → 0 ⇔ xn − yn → 0 ⇔ Jxn− Jyn → 0.

LEMMA 2. ([1]) Let E be a smooth, strictly convex and reflective Banach space
and C be a nonempty closed convex subset of E . Then the following conclusions hold:

(a) ϕ(x,ΠCy)+ ϕ(ΠCy,y) � ϕ(x,y) , ∀ x ∈C, y ∈ E ;
(b) If x ∈ E and z ∈C, then z = ΠCx i f f 〈z− y,Jx− Jz〉� 0 , ∀y ∈C;
(c) For x,y ∈ E,ϕ(x,y) = 0 if and only if x = y;

REMARK 3. The generalized projection mapping ΠC above is relatively quasi-
nonpansive and F(ΠC) = C.

Let E be a relatively, strictly convex and smooth Banach space. The duality
mapping J∗ from E∗ onto E∗∗ = E coincides with the inverse of the duality map-
ping J from E onto E∗ , that is, J∗ = J−1 . We make use of the following mapping
V : E ×E∗ → R studied by Alber [1]

V (x,x∗) = ‖x‖2−2〈x,x∗〉+‖x∗‖2, ∀x ∈ E, ∀x∗ ∈ E∗.

Obviously, V (x,x∗) = ϕ(x,J−1(x∗)) for all x ∈ E and x∗ ∈ E∗ .

LEMMA 3. ([1]) Let E be a smooth and strictly convex and reflective Banach
space, Then

V (x,x∗)+2〈J−1(x∗)− x,y∗〉 � V (x,x∗ + y∗), f or all x ∈ E and x∗,y∗ ∈ E∗.

LEMMA 4. ([30]) Assume that {an} is a sequence of nonnegative real numbers
such that

an+1 = (1−αn)an + αnδn

for all n ∈ N , where the sequences {αn} in (0,1) and {δn} in R satisfy the following
conditions:

(1) limn→∞ αn = 0,∑∞
n=1 δn = ∞;

(2) limsupn→∞ δn � 0 ;
Then limn→∞ an = 0 .

LEMMA 5. ([19]) Let {an} be a sequence of real numbers such that there exists
a subsequence {ni} of {n} such that ani < ani+1 for all i ∈ N . Then there exists a
sequence {mk} ⊂ N such that mk → ∞ and the following properties are satisfied for
all (sufficiently large) number k ∈ N :

amk � amk+1 and ak � amk+1.

In fact, mk = max{ j � k : a j � a j+1} .
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LEMMA 6. ([20]) Let C be a nonempty, closed and convex subset of a strictly
convex and smooth Banach space E and let T :C → E be a relatively quasi-nonexpan-
sive mapping. Then F(T ) is closed and convex.

LEMMA 7. Let C be a nonempty, closed and convex subset of an uniformly con-
vex and smooth Banach space E and let Γ := {T (t) : t � 0} : C → C be a relatively
nonexpansive semi-group, x ∈ C and x̂ = ΠF(T(t))x . Suppose that {xn} and {yn}
are bounded sequences such that ϕ(T (t)xn,xn) → 0 and ϕ(T (t)xn,yn) → 0 . Then
limsupn→∞〈yn − x̂,Jx− Jx̂〉 � 0 .

Proof. From the uniformly convexity of E and Lemma 1,

T (t)xn− xn → 0 and yn− xn → 0.

By the definition of relatively nonexpansive semigroup Γ , we choose a subsequence
{xni} of {xn} such that xni ⇀ y ∈ F(T (t)) and

limsup
n→∞

〈yn − x̂,Jx− x̂〉 = limsup
n→∞

〈xn − x̂,Jx− x̂〉 = lim
i→∞

〈xni − x̂,Jx− Jx̂〉.

It follows from Lemma 2 that

limsup
n→∞

〈yn− x̂,Jx− x̂〉 = 〈y− x̂,Jx− x̂〉 � 0. �

LEMMA 8. ([15]) Let C be a nonempty, closed and convex subset of an uniformly
convex and uniformly smooth Banach space E and let T : C → E be a relatively non-
expansive mapping. Let U be the mapping defined by

U = J−1(λJ +(1−λ )JT),

where λ ∈ (0,1) , then U : C → E is strongly relatively nonexpansive and F(U) =
F(T ) .

3. Strong relatively nonexpansive semigroup

THEOREM 1. Let C be a nonempty, closed and convex subset of an uniformly
smooth and uniformly convex Banach space E . Let Γ := {T (t) : t � 0} : C →C be an
uniformly Lipschitizan and strong relatively nonexpansive semi-group with a bounded
measurable function L : [0,∞)→ [0,∞) . For given u∈C and arbitrarily chosen x1 ∈C,
{xn} is defined as follows

xn+1 = ΠCJ−1(αnJu+(1−αn)JT (tn)xn), (3.1)

where {tn} is a sequence of real numbers satisfying tn > 0 , {αn} is a sequence in
(0,1) satisfying:

(1) limn→∞ αn = 0 ;
(2) ∑∞

n=1 αn = ∞ .
Then {xn} converges strongly to a q = ΠF u, where F :=

⋂
t�0 F(T (t)) .
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Proof. We first show that {xn} is bounded. Let yn = J−1(αnJu+(1−αn)JT (tn)xn) ,
then xn+1 = ΠCyn . Since F((T (t)) , t � 0, is a closed and convex subset of C , there-
fore, F is closed and convex in C .

Since ΠC is relatively quasi-nonexpansive, ϕ(q,xn+1) = ϕ(q,ΠCyn) � ϕ(q,yn) .
Thus we have

ϕ(q,xn+1) � ϕ(q,yn)

= ϕ(q,J−1(αnJu+(1−αn)JT (tn)xn))
� αnϕ(q,u)+ (1−αn)ϕ(q,T (tn)xn)
� max{ϕ(q,u),ϕ(q,T (tn)xn)}
� max{ϕ(q,u),ϕ(q,x1)}.

(3.2)

This implies that {xn} is bounded, and so is the sequence {T (tn)xn} .
Since,

ϕ(T (tn)xn,yn) � αnϕ(T (tn)xn,u)+ (1−αn)ϕ(T (tn)xn,T (tn)xn)
= αnϕ(T (tn)xn,u) → 0, (as n → ∞).

(3.3)

From Remark 3, Lemma 3 and (1.4), we have

ϕ(q,xn+1) � ϕ(q,yn) = V (q,Jyn)
� V (q,Jyn−αn(Ju− Jq))−2〈yn−q,−αn(Ju− Jq)〉
= V (q,αnJq+(1−αn)JT (tn)xn)+2αn〈yn−q,Ju− Jq〉
= ϕ(q,J−1(αnJq+(1−αn)JT (tn)xn))+2αn〈yn−q,Ju− Jq〉
� αnϕ(q,q)+ (1−αn)ϕ(q,T (tn)xn)+2αn〈yn −q,Ju− Jq〉
� (1−αn)ϕ(q,xn)+2αn〈yn−q,Ju− Jq〉.

(3.4)

The rest of proof will be divided into two parts:

CASE 1. Suppose that there exists n0 ∈N such that {ϕ(q,xn)}∞
n=n0

is nonincreas-
ing. In this situation, {ϕ(q,xn)} is then convergent. Then

ϕ(q,xn)−ϕ(q,xn+1) → 0, (n → ∞). (3.5)

Notice that
ϕ(q,xn+1) � αnϕ(q,u)+ (1−αn)ϕ(q,T (tn)xn). (3.6)

As n → ∞ , it follows from (3.5) and (3.6) that

ϕ(q,xn)−ϕ(q,T(tn)xn) = ϕ(q,xn)−ϕ(q,xn+1)+ ϕ(q,xn+1)−ϕ(q,T (tn)xn)
� ϕ(q,xn)−ϕ(q,xn+1)+ αn[ϕ(q,u)−ϕ(q,T(tn)xn)] → 0.

Since T is strongly relatively nonexpansive, we have

ϕ(T (tn)xn,xn) → 0. (3.7)
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By Lemmas 1 and (3.7), we have

lim
n→∞

‖T (tn)xn − xn‖ = 0. (3.8)

Since Γ := {T (t) : t � 0} is uniformly Lipschitian, for any k ∈ N , by the definition 3,
we have

‖T ((k+1)tn)xn −T(ktn)xn‖ = ‖T (ktn)T (tn)xn −T(ktn)xn‖
� L(ktn)‖T (tn)xn− xn‖
� L‖T (tn)xn − xn‖.

(3.9)

From (3.8), for any k ∈ N , we have

lim
n→∞

‖T ((k+1)tn)xn−T (ktn)xn‖ = 0. (3.10)

Since∥∥∥∥T (t)xn −T

([
t
tn

]
tn

)
xn

∥∥∥∥ =
∥∥∥∥T

([
t
tn

]
tn

)
T

(
t−

[
t
tn

]
tn

)
xn −T

([
t
tn

]
tn

)
xn

∥∥∥∥
� L

∥∥∥∥T

(
t−

[
t
tn

]
tn

)
xn− xn

∥∥∥∥,

(3.11)
and T (·) is continuous, we have

lim
n→∞

∥∥∥∥T (t)xn−T

([
t
tn

]
tn

)
xn

∥∥∥∥ = 0. (3.12)

In addition

∥∥xn−T (t)xn
∥∥ �

[ t
tn

]−1

∑
k=0

∥∥∥∥T ((k+1)tn)xn −T(ktn)xn

∥∥∥∥+
∥∥∥∥T

([
t
tn

]
tn

)
xn −T(t)xn

∥∥∥∥,

(3.13)
it follows from (3.9) and (3.12) that

lim
n→∞

‖T (t)xn− xn‖ = 0. (3.14)

Since

‖T (t)xn − yn‖ = ‖T (t)xn− xn‖+‖xn−T(tn)xn‖+‖T(tn)xn− yn‖. (3.15)

It follows from (3.3), (3.8) and (3.14), we have

lim
n→∞

‖T (t)xn− yn‖ = 0. (3.16)

It follows from Lemma 7, (3.3), (3.7), (3.14) and (3.16) that

limsup
n→∞

〈yn −q,Ju− Jq〉� 0. (3.17)

Hence, By Lemmas 1 and 4, and (3.4) we have

lim
n→∞

ϕ(q,xn) = 0, (3.18)

This implies that xn → q , as n → ∞ .
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CASE 2. Suppose that there exists a subsequence {ni} of {n} such that

ϕ(q,xni) < ϕ(q,xni+1), for all i ∈ N. (3.19)

By Lemma 5, there exists a nondecreasing sequence {mk} ⊂ N such that mk → ∞ .

ϕ(q,xmk ) < ϕ(q,xmk+1) and ϕ(q,xk) < ϕ(q,xmk+1), for all k ∈ N. (3.20)

ϕ(q,xmk)−ϕ(q,T(t)xmk ) = ϕ(q,xmk)−ϕ(q,xmk+1)+ ϕ(q,xmk+1)−ϕ(q,T (t)xmk)
� αmk (ϕ(q,u)−ϕ(q,T(t)xmk)) → 0.

This implies that
ϕ(T (t)xmk ,xmk ) → 0, (as n → ∞). (3.21)

It follows from Lemma 7 and (3.3) that

limsup
k→∞

〈ymk −q,Ju− Jq〉� 0. (3.22)

By (3.4), we have

ϕ(q,xmk+1) � (1−αmk)ϕ(q,xmk)+2αmk〈ymk −q,Ju− Jq〉. (3.23)

Since ϕ(q,xmk ) � ϕ(q,xmk+1) , we have

αmk ϕ(q,xmk ) � ϕ(q,xmk )−ϕ(q,xmk+1)+2αmk〈ymk −q,Ju− Jq〉
� 2αmk 〈ymk −q,Ju− Jq〉.

In particular, since αmk > 0, we get

ϕ(q,xmk ) � 2〈ymk −q,Ju− Jq〉. (3.24)

It follows from (3.6) that ϕ(q,xmk) → 0. This together with (3.7) gives

ϕ(q,xmk+1) → 0, (as n → ∞).

But ϕ(q,xk) � ϕ(q,xmk+1) for all k ∈ N , we conclude that xk → q . This implies
that xn → q , as n → ∞ , and the proof is completed. �

In a Hilbert space, Theorem 1 is reduced to the following results.

COROLLARY 1. Let C be a nonempty, closed and convex subset of a real Hilbert
space H . Let Γ := {T (t) : t � 0} : C → C be a Lipschitizan and strong relatively
nonexpansive semi-group with a bounded measurable function L : [0,∞) → [0,∞) . For
given u ∈C and arbitrarily chosen x1 ∈C , {xn} is defined as follows

xn+1 = αnu+(1−αn)T (tn)xn,

where {tn} is a sequence of real numbers satisfying tn > 0, {αn} be a sequence in
(0,1) satisfying:

(1) limn→∞ αn = 0;
(2) ∑∞

n=1 αn = ∞ .
Then {xn} converges strongly to q = PF u , where F :=

⋂
t�0 F(T (t)) .
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Proof. Since in Hilbert space, J is identity mapping, taking ϕ(x,y) = ‖x− y‖2 in
Theorem 1, therefore all conditions in theorem 1 are satisfied. By the similar methods
as given in the proof of Theorem 1, the conclusion of corollary 1 can be obtained from
Theorem 1 immediately. �

Applying Theorem 1 and Lemma 8, we have the following result.

COROLLARY 2. Let C be a nonempty, closed and convex subset of an uniformly
smooth and uniformly convex Banach space E . Let Γ := {T (t) : t � 0} : C →C be an
uniformly Lipschitizan and relatively nonexpansive semi-group with a bounded mea-
surable function L : [0,∞) → [0,∞) . For given u ∈ C and arbitrarily chosen x1 ∈ C ,
{xn} is defined as follows

xn+1 = ΠCJ−1(αnJu+(1−αn)(λJxn +(1−λ )JT(tn)xn)),

where {tn} is a sequence of real numbers satisfying tn > 0, λ ∈ (0,1) , {αn} is a
sequence in (0,1) satisfying:

(1) limn→∞ αn = 0;
(2) ∑∞

n=1 αn = ∞ .
Then {xn} converges strongly to q = ΠF u , where F :=

⋂
t�0 F(T (t)) .

Firmly nonexpansive type mappings in an uniformly convex Banach space E
whose norm is uniformly Gâteaux differentiable are strongly relative nonexpansive
[14], we can obtain the following result from Theorem 1.

COROLLARY 3. Let C be a nonempty, closed and convex subset of an uniformly
smooth and uniformly convex Banach space E whose norm is uniformly Gâteaux dif-
ferentiable. Let Γ := {T (t) : t � 0} : C →C be an uniformly Lipschitzian and firmly
nonexpansive semig-roup with a bounded measurable function L : [0,∞) → [0,∞) . For
given u ∈C and arbitrarily chosen x1 ∈C , {xn} is defined as follows

xn+1 = ΠCJ−1(αnJu+(1−αn)JT (tn)xn),

where {tn} is a sequence of real numbers satisfying tn > 0, {αn} is a sequence in (0,1)
satisfying:

(1) limn→∞ αn = 0;
(2) ∑∞

n=1 αn = ∞ .
Then {xn} converges strongly to q = ΠF u , where F :=

⋂
t�0 F(T (t)) .

REMARK 4. In Theorem 1, we extend the mappings from strong relatively non-
expansive mappings and relatively nonexpansive mappings to strong relatively nonex-
pansive semigroup and relatively nonexpansive semigroup. So, our results presented
in the article improve and extend the corresponding results of Nilsrakoo [21], Su et al.
[25], Matsushita et al. [17, 18], Suzuki [26], Chang [7], Nilsrakoo et al. [22], Kohsaka
et al. [15], Saejung [27] and others.
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4. Strong generalized nonexpansive semigroup

Let C be a subset of a smooth Banach space E . In 2007, Ibaraki and Takahashi
[12] introduced the following mapping. A mapping T : C → E is generalized nonex-
pansive if the following properties are satisfied:

(G1) F(T ) �= /0 ;
(G2) (Tx, p) � ϕ(x, p) for all x ∈C and p ∈ F(T ) .
A generalized nonexpansive mapping T : C → E is strongly generalized non-

expansive [22] if whenever {xn} is a bounded sequence in C such that ϕ(xn, p)−
ϕ(Txn, p)→ 0 for some p∈ F(T ) it follows that ϕ(xn,Txn)→ 0. A mapping T :C →
E satisfies property (G3) if whenever {xn} is a sequence in C such that Jxn ⇀∗ Jp and
Jxn−JTxn → 0 it follows that p ∈ F(T ) . Here ⇀∗ denotes the weak∗ convergence in
the dual space. A mapping R : E →C is said to be a sunny generalized nonexpansive
retraction if the following properties are satisfied:

(1) R is generalized nonexpansive;
(2) R(Rx+ t(x−Rx)) = Rx for all x ∈ E and t � 0;
(3) Rx = x for all x ∈C .
A nonempty subset C of E is said to be a sunny generalized nonexpansive retract

(resp. generalized nonexpansive retract) of E if there exists a sunny generalized non-
expansive retraction (resp. generalized nonexpansive retraction) of E onto C (see [12]
for more details). We know the following result.

LEMMA 9. ([16]) Let C be a nonempty and closed subset of a reflective, strictly
convex and smooth Banach space E . Then the following are equivalent:

(i) C is a sunny generalized nonexpansive retract of E ;
(ii) C is a generalized nonexpansive retract of E ;
(iii) JC is closed and convex.

In this case, the sunny generalized nonexpansive retraction from E onto C is given by
J−1ΠJCJ , where ΠJC is the generalized projection from E∗ onto JC .

Let C be a nonempty subset of a smooth, strictly convex and reflective Banach
space E and let T : C → E be a mapping. We define the duality T ∗ : JC → E of T by
(see [11])

T ∗x∗ = JTJ−1x∗ f or all x∗ ∈ JC.

DEFINITION 5. Let E be a real Banach space, C be a nonempty closed convex
subset of E . Γ := {T (t) : t � 0} be one parameter family of mappings from C into C .
Γ is said to be strongly generalized nonexpansive semi-group, if F :=

⋂
t�0 F(T (t)) �=

/0 and the following conditions are satisfied:
(i) T (0)x = x , for all x ∈C ;
(ii) T (s+ t) = T (s)T (t) , ∀s,t � 0;
(iii) for each x ∈C , the mapping t �→ T (t)x is continuous;
(iv) ϕ(p,T (t)x) � ϕ(p,x) for all p ∈ F and x ∈C ;
(v) if whenever {xn} is a bounded sequence in C such that ϕ(p,xn)−ϕ(p,T (t)xn)

→ 0 for some p ∈ F , it follows that ϕ(T (t)xn,xn) → 0.
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A mapping T : C → E satisfies property (v) if whenever {xn} is a sequence in C
such that Jxn ⇀∗ Jp and Jxn− JT (t)xn → 0 it follows that p ∈ F(T (t)) .

LEMMA 10. Let C be a nonempty subset of a reflective, strictly convex and smooth
Banach space E . Let Γ := {T (t) : t � 0} : C →C be strongly generalized nonexpan-
sive semigroup with property (v) and let T (t)∗ : JC → E∗ be the duality of T (t) . Then
T (t)∗ is strongly relatively nonexpansive and F(T (t)∗) = JF(T (t)) .

Proof. In fact, we have that

x∗ ∈ JF(T (t)) ⇔ J−1x∗ ∈ F(T (t))

⇔ TJ−1x∗ = J−1x∗

⇔ JTJ−1x∗ = JJ−1x∗

⇔ T ∗x∗ = x∗

⇔ x∗ ∈ F(T (t)∗).

This implies that JF(T (t)) = F(T (t)∗) . �

THEOREM 2. Let C be a nonempty, closed and sunny generalized nonexpansive
retract of an uniformly smooth Banach space E whose dual space has a Fréchet differ-
entiable norm. Γ := {T (t) : t � 0} : C → C be a Lipschitizan and strong generalized
nonexpansive semigroup with a bounded measurable function L : [0,∞) → [0,∞) . Let
{xn} be a sequence in C defined by u ∈C,x1 ∈C and

xn+1 = RC(αnu+(1−αn)T (tn)xn),

where {tn} is a sequence of real numbers satisfying tn > 0 , {αn} is a sequence in
(0,1) satisfying:

(1) limn→∞ αn = 0 ;
(2) ∑∞

n=1 αn = ∞ .
Then {xn} converges strongly to RF(T (t)))u, where RF(T (t)) is the unique sunny

generalized nonexpansive retraction from E onto F(T (t)) .

Proof. Suppose that T (t)∗ : JC → E∗ is the duality of T (t) . From Lemma 10,
T (t)∗ is strongly generalized nonexpansive semigroup and F(T ∗) = JF((t)) . Let x∗n ≡
Jxn and u∗ = Ju . Using (3.22) and RC = J−1ΠJCJ , we obtain

xn+1 = ΠJCJ(αnJ
−1u∗ +(1−αn)J−1T (tn)∗x∗n).

= ΠJCJ∗−1(αnJ
∗u∗ +(1−αn)J∗T (tn)∗x∗n)

for all n ∈ N , t � 0. Applying Theorem 1 gives x∗n → ΠF(T∗)u
∗ . Since J−1 is norm-

to-norm continuous,

xn = J−1x∗n → J−1ΠF(T∗)u
∗ = J−1ΠJF(T )(Ju) = RF(T(t))u. �
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DEFINITION 6. Let C be a nonempty subset of a smooth Banach space E . Γ :=
{T (t) : t � 0} be one parameter family of mappings from C into C . Γ is said to
be firmly generalized nonexpansive semi-group, if F :=

⋂
t�0 F(T (t)) �= /0 and the

following conditions are satisfied:
(i) T (0)x = x , for all x ∈C ;
(ii) T (s+ t) = T (s)T (t) , ∀s,t � 0;
(iii) for each x ∈C , the mapping t �→ T (t)x is continuous;
(iv) ϕ(p,T (t)x) � ϕ(p,x) for all p ∈ F and x ∈C ;
(v) ϕ(T (t)x,T (t)y)+ϕ(T (t)y,T (t)x)+ϕ(x,T (t)x)+ϕ(y,T (t)y) � ϕ(y,T (t)x)+

ϕ(x,T (t)y), f or all x,y ∈C.
It is not hard to show that the duality of a firmly generalized nonexpansive type

semigroup is firmly nonexpansive type. As a consequence of corollary 3, we have the
following result.

COROLLARY 4. Let C be a nonempty, closed and convex and sunny generalized
nonexpansive retract of an uniformly smooth and uniformly convex Banach space E .
Let Γ := {T (t) : t � 0} :C →C be a Lipschitizan and firmly generalized nonexpansive
semigroup with a bounded measurable function L : [0,∞) → [0,∞) . For given u ∈ C
and arbitrarily chosen x1 ∈C , {xn} is defined as follows

xn+1 = RC(αnu+(1−αn)T (tn)xn),

where {tn} is a sequence of real numbers satisfying tn > 0, {αn} is a sequence in (0,1)
satisfying:

(1) limn→∞ αn = 0;
(2) ∑∞

n=1 αn = ∞ .
Then {xn} converges strongly to q = ΠF u , where F :=

⋂
t�0 F(T (t)) .
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