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STRONG CONVERGENCE THEOREMS FOR BREGMAN
QUASI-ASYMPTOTICALLY NONEXPANSIVE MAPPINGS AND
EQUILIBRIUM PROBLEM IN REFLEXIVE BANACH SPACES

Y. H. ZHAO, S. S. CHANG™* AND J. H. ZHU

(Communicated by Yeol Je Cho)

Abstract. The purpose of this article is to propose an iteration algorithm for Bergman quasi-
asymptotically nonexpansive mapping to have the strong convergence under a limit condition
only in the framework of reflexive Banach spaces. As applications, we apply our results to a
system of equilibrium problems. The results presented in the paper improve and extend the
corresponding results of Reich and Sabach [Nonlinear Anal. 73 (2010), 122—135], Suantai et
al. [Comput. Math. Appl. 64 (2012), 489-499], Nilsrakoo and Saejung [Appl. Math. Comput.
217:14 (2011), 6577-6586], Qin et al. [Applied Math Letters, 22 (2009), 1051-1055], Wang et
al. [J. Comput. Appl. Math., 235 (2011), 2364-2371], Su et al. [Nonlinear Anal. 73 (2010),
390-3906], Nartinez-Yanes et al. [Nonlinear Anal., 64 (2006), 2400-2411] and others.

1. Introduction

Let E be areal reflexive Banach space with the dual £*, C be a nonempty closed
convex subset of E. In the sequel, we use F(T') to denote the set of fixed points of a
mapping 7 : C — C, Z to denote the set of all real numbers.

Recall that a mapping T : C — C is nonexpansive, if ||Tx—Ty|| < ||x—y||, Vx,y €
C. T is said to be quasi-nonexpansive, if F(T) # 0 and ||Tx— p|| < |[|x — pl||,Vx €
C,peF(T).

It turns out that the fixed point theory of nonexpansive mappings can be applied to
solutions of diverse problems such as finding zeroes of monotone mappings and solu-
tions to certain evolution equations and solving convex feasibility, variational inequality
and equilibrium problems. There are, in fact, many papers that deal with methods for
finding fixed points of nonexpasive and quasi-nonexpansive mappings in Hilbert, uni-
formly convex and uniformly smooth Banach spaces (for example [2, 7-14, 18, 20].

When we try to extend this theory to general Banach spaces we encounter some
difficulties, because many of the useful examples of nonexpansive mappings in Hilbert

Mathematics subject classification (2010): 47J05, 47TH09, 49]25.

Keywords and phrases: Bergman quasi-asymptotically nonexpansive mapping, Bergman strongly non-
expansive mapping, Legendre function, totally convex function, Bergman quasi-nonexpansive mapping,
Bergman projection.

This work was supported by the National Natural Science Foundation of China, (Grant No. 11361070.)
*The corresponding author.

© ﬂﬂ"EN' Zagreb 1171

Paper MIA-16-91


http://dx.doi.org/10.7153/mia-16-91

1172 Y. H. ZHAO, S. S. CHANG AND J. H. ZHU

space are no longer nonexpansive in Banach spaces, for example, the resolvent Ry :=

(I+A)~! of a maximal monotone mapping A : H — 2 and the metric projection

Pc. There are several ways to overcome these difficulties. One of them is to use the

Bergman distance (see Section 2) instead of the norm, Bergman (quasi-)nonexpansive

mappings instead of the (quasi-)nonexpansive mappings (see Section 2) and the Bergman
projection instead of the metric projection (see section 2).

In 2010, Reich and Sabach [15] introduced the concept of Bergman strongly non-
expansive mapping and study the convergence of two iterative algorithms for finding
common fixed points of finitely many Bregman strongly nonexpansive operators in re-
flexive Banach spaces. In 2012, Suantai et al. [19] also consider the strong convergence
for Bergman strongly nonexpansive mappings in reflexive Banach spaces.

The purpose of this paper is to introduce the concept of Bergman quasi-asymptoti-
cally nonexpansive mappings which contains Bergman strongly nonexpansive mapping
as its special case and by using hybrid Bergman projection to propose an iteration al-
gorithm for Bergman quasi-asymptotically nonexpansive mapping to have the strong
convergence under a limit condition only in the framework of reflexive Banach spaces.
As applications, we apply our results to a system of equilibrium problems in reflexive
Banach spaces. The results presented in the paper improve and extend the correspond-
ing results of Reich and Sabach [15], Suantai et al. [19], Chang et al. [7, 8], Nilsrakoo
and Saejung [12], Qin et al. [13, 14], Wang et al. [20], Su et al [18], Kang et al. [10]
Martinez-Yanes and Xu [11] and others.

2. Preliminaries

In this section, we begin with by recalling some preliminaries and lemmas which
will be used to prove our main results.

Throughout this paper E is a real reflexive Banach space, E* is the dual space
of E, f:E — (—oo,4o0| is a proper, convex and lower-semi-continuous function and
S E* — (—o0,4o0| is the Fenchel conjugate of f defined by

(") =sup{(x*, x) — f(x) :x € E}, x" € E”

We denote by domf the domain of f, that is, the set {x € E : f(x) < 4oo}.
For any x € intdomf and y € E, we denote by f°(x,y) the right-hand derivative
of f at x in the direction y, that is,

The function f is called Gareaux differentiable at x., if lim; o, L&) exists for

any y. In this case f°(x,y) coincides with V f(x), the value of the gradient Vf at x.
The function f is said to be Fréchet differentiable at x, if this limit is attained uniformly
in ||y|| = 1. Finally, f is said to be uniformly Fréchet differentiable on a subset C of
E, if the above limit is attained uniformly for x € C and |[y|| = 1.
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PROPOSITION 2.1. [15]1 If f: E — Z is uniformly Fréchet differentiable and
bounded on bounded subsets of E, then f is uniformly continuous on bounded subsets
of E and V f is uniformly continuous on bounded subsets of E from the strong topology
of E to the strong topology of E*.

DEFINITION 2.2. A function f: E — (—oo,4od] is said to be “Legendre”, if the
following conditions are satisfied:

(L1) The interior of the domain of f, int dom f is nonempty, f is Gateaux differ-
entiable on int dom f and dom V f = int dom f’;

(L2) The interior of the domain of f*, int dom f* is nonempty, f* is Gateaux
differentiable on int dom f* and dom V f* = int dom f*.

REMARK 2.3. If E is a reflexive Banach space, and f is a Legendre function,
then we have

(a) f is Legendre if and only if f* is Legendre;

(b) (@f)'=af*;

() Vf=(vf)'; ran Vf =dom Vf* = intdomf* and ran Vf* = dom
Vf =intdomf,

(d) The function f and f* are strictly convex on the interior of their respective
domains.

Examples of Legendre functions are given in [1]. One important and interesting
Legendre function is I%HxH” , P € (1,4°) when E is a smooth and strictly convex
Banach space. In this case the gradient Vf of f is coincident with the generalized
duality mapping of E, i.e., Vf =J,, p € (1,e0). In particular, Vf =1 the identity
mapping in Hilbert space.

From now on we always assume that the convex function f : E — (0,4o0] is
Legendre.

DEFINITION 2.4. [6] Let f: E — (—oo,+oo| be a convex and Gareaux differen-
tiable function. The function Dy : donf x intdomf — [0,4-<) defined by

Dy(y,x)) == f(y) = f(x) = (Vf(x), y = %)

is called the Bergman distance with respect to f .

It should be noted that the Bergman distance is not a distance in the usual sense
of the term. Clearly, Dy(x,x) =0, but D¢(x,y) = 0 may not imply x = y. In our case
when f is Legendre this indeed holds. In general, D is not symmetric and does not
satisfy the triangle inequality. But it has the following important properties:

(1) (The three point identity): for any x € domf and y,z € intdomf

Dy(x,y) +Dy(y,2) = Dyp(x,2) = (Vf(z) = Vf(y) x—y);
(2) (The four point identity): for any y,w € domf and x,z € intdomf,

Dy(y,x) = Dy(y,2) = Dp(w,x) +Dy(w,2) = (Vf(2) = Vf(x) y = w);
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DEFINITION 2.5. [3,4] Let f: E — (—oo,+oo| be a convex and Géteaux differ-
entiable function. f is called totally convex at a point x € intdomf , if its modulus of
total convexity at x, V¢ : intdomf x [0,4e0) — [0,4-c0], defined by

ve(x,t) :=inf{Ds(y,x) 1 y € domf, ||y —x|| =1},

is positive whenever ¢ > 0.

The function f is called totally convex, if it is totally convex at every point x €
intdomf . The function f is called totally convex on bounded sets, if v¢(K,t) is positive
for any nonempty bounded subset K of E and for any ¢ > 0, where the modulus of total
convexity of the function f on the set K is the function vy : intdomf x (0,+o0) —
[0,4c0] defined by

ve(K,t) :=1inf{v¢(x,1) : x € KNintdomf}.

Recall that the function f: E — % is called uniformly convex at x € E [18], if
Up(x,t) >0, Ve >0, where

dy ) = inf{£(x) + £0) ~ 20 (5 2) 1y € domf, |ly—xi] =1}.

The next proposition will be very useful in the proof our main results.

PROPOSITION 2.6. [15] (1) If x € intdomf, then the following statements are
equivalent:

(i) The function f is totally convex at x;

(ii) For any sequence {y,} C domf,

lim D¢(y,,x) =0=> lim ||y, —x|| =0.
n—-—+oo ° Nn—oo

(2) If f: E — Z is a Gateaux differentiable and totally convex function. If xo € E,
and the sequence {D(x,,xo)} is bounded, then the sequence {x,} is bounded too.

Recall that the function f is called sequentially consistent [1], if for any two
sequences {xp} and {y,} in intdomf and domf, respectively, and {x,} is bounded,
then

JimDy(y ) =0 = Tim_[[ya ]| =0.

PROPOSITION 2.7. [4] The function f is totally convex on bounded sets if and
only if it is sequentially consistent.

Recall that the Bregman projection (cf. [4]) of x € intdomf onto a nonempty,
closed and convex set C C domf is the unique vector Pg (x) € C satisfying

Dy(PL(x),x) = inf{Dy(y,x) :y € C}.

Similarly to the metric projection in Hilbert space, Bregman projections with re-
spect to totally convex and differentiable functions have variational characterizations.
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PROPOSITION 2.8. [5] Suppose that f is Gdteaux differentiable and totally con-
vex on intdomf. Let x € intdomf and let C C intdomf be a nonempty, closed and
convex set. Then the following statements are equivalent:

(i) z €C is the Bregman projection of x onto C with respect to f,i.e., 7= Pg (x);
(ii) The vector 7 is the unique solution of the following variational inequality

(Vf(x)=Vf(z), z2—y) =0, ¥yeC;
(iii) z is the unique solution of the following inequality

D¢(y,2)+Ds(z,x) < Df(y,x), ¥y e C:

PROPOSITION 2.9. [16] Let f: E — % be a Gateaux differentiable and totally
convex function. If xo € E and the sequence {Dy(x,,X0)} is bounded, then the sequence
{xn} is bounded too.

DEFINITION 2.10. Let C be a convex subset of E and let T : C — C be a map-
ping.

(1) A point p € C is said to be an asymptotically fixed point of T , if there exists a
sequence {x,} C C such that x, convergesto p weakly, and ||x, — Tx,|| — 0.

In the sequel, we denote by F'(T) the set of asymptotically fixed point of 7.

(2) T is said to be Bergman relatively nonexpansive, if F(T)# 0, F(T) = F(T)
and D¢(p,Tx) < D¢(p,x), VxeC,peF(T). A

(3) T :C — C is said to be Bergman strongly nonexpansive, if F(T) # 0 and

D¢(p,Tx) < Dy(p,x), Vx&C, peF(T).
and if whenever {x,} C C is bounded, p € F(T) and

lim (Df(paxn) - Df(pa Txn)) =0,

n— oo
it follows that
lim (D¢(Txp,x,) =0.

n— oo

(4) T :C — C is said to be Bergman quasi-nonexpansive, if F(T) # 0 and
Dy¢(p,Tx) < Df(p,x), Vx€C,peF(T).

(5) T :C — C issaid to be Bergman quasi-asymptotically nonexpansive, if F(T) #
0 and there exists a real sequence {k,} C [1,e°), k, — 1 such that

D¢(p,T"x) < kyDf(p,x),Vn>1,xeC, pe F(T). (2.1

(6) A mapping T : C — C is said to be closed if, for any sequence {x,} C C with
xp —x and Tx, — y,then Tx =y.
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REMARK 2.11. From the definitions, it is obvious that if F(T) = F(T) # 0, then
a Bergman strongly nonexpansive is a Bergman relatively nonexpansive mapping; A
Bergman relatively nonexpansive mapping is a Bergman quasi-nonexpansive mapping.
A Bergman quasi-nonexpansive mapping is a Bergman quasi-asymptotically nonexpan-
sive mapping, but the converse is not true.

EXAMPLE 2.12. [15] Let E be a real reflexive Banach space, A: E — 2E" pea
maximal monotone mapping and f : E — (—eo,+oo| be a uniformly Fréchet differen-
tiable and bounded on bounded subsets of E such that A~10 = (), then the resolvent

Resh (x) = (Vf+A) o vf(x) (2.2)

is closed and Bergman relatively nonexpansive from E onto D(A), so is a closed
Bergman quasi-asymptotically -nonexpansive mapping;

EXAMPLE 2.13. [15, 17] Let E be a reflexive Banach space, C be a nonempty,
closed and convex subset of E. If the Legendre function f : E — (—oco+ o] is uni-
formly Fréchet differentiable and bounded on bounded subset of E, then the Bergman
projection Pg is a closed Bergman relatively nonexpansive mapping from E onto C,
so is a closed Bergman quasi-asymptotically -nonexpansive mapping.

EXAMPLE 2.14. [15, 17] Let E be a reflexive Banach space, C be a nonempty
closed and convex subset of E, f: E — (—eo,+oo] be a Legendre function and g :
C x C — Z be a bifunction satisfying the conditions: (Al) g(x,x) =0Vx € C; (A2)
g(x,y)+g(yx) <0Vx,y € C; (A3) for each x,y,z € C, lim;og(tz+ (1 —1)x,y) <
g(x,y); (A4) for each given x € C, the function y — g(x,y) is convex and lower semi-
continuous.

The “so-called” equilibrium problem for g is to find a x* € C such that g(x*,y) >
0, ¥y € C. The set of its solutions is denoted by EP(g), and the resolvent operator of
a bifunction g :C x C — %, Res), : E — 2C is defined by

Res(x) ={z € C:g(z,y) + (Vf(2) = Vf(x), y—2) 20, ¥y eC}.  (2.3)

It is known that (1) Resg is single-valued; (2) F (Resg )=EP(g); 3) Res§ is a closed
Bergman quasi-nonexpansive mapping, so is a closed Bergman quasi-asymptotically
nonexpansive mapping.

LEMMA 2.15. Let E be a real reflexive Banach space and C be a nonempty,
closed and convex subset of E and f : X — (—oo, 40| be a Legendre function which is
bounded, uniformly Fréchet differentiable and total convex on bounded subsets of E.
Let T : C — C be a closed and Bergman quasi-asymptotically nonexpansive mapping
with sequence {k,} C [1,) and k, — 1. If F(T) # 0, then it is a closed and convex
subset of C.

Proof. Letting {p,} be a sequence in F(T) with p, — p (as n — o), we prove
that p € F(T). In fact, since {p,} C F(T) and p, — p, we have Tp, = p, — p (as
n — o). By the closeness of T, we have Tp = p. This implies that F(T') is closed.



BERGMAN QUASI-ASYMPTOTICALLY NONEXPANSIVE MAPPING 1177

Next we prove that F(T) is convex. For any p,q € F(T), t € (0,1), putting
w=tp+(1—1t)g,weprovethat w € F(T). Indeed, in view of the definition of Bergman
distance D(x,y) we have

Dy, T"w) = f(w) = F(T"w) = (VF(T"w), w—T"w)
— F0) = F(T"w) = (T F(T"w), p—T"w) — (1= 1)(TF(T"W), g —T"w)

=fW)+1Dy(p,T"w) + (1 —1)Ds(q,T"w) —1f(p) — (1 —1)f(q).
(2.4)
Since T is Bergman totally quasi-asymptotically nonexpansive, we have

D¢ (p,T"w)+ (1 —1)Ds(q,T"w) <t{D(p,w) + Vul(Ds(p,w)) + Ui}
+ (1 =0){Ds(q,w) + vul(Ds(q,w)) + tn}
=t{f(p) —f(W) = (Vf(w), p—w) +Val(Ds(p,w)) + pn}
+ (1 =0){f(q) = f(W) = (Vf(W), g —w) +Val(Ds(q,w)) + L}
=tf(p)+ (1 =1)f(q)— f(w)

+1vaC(Dy(p,w)) + (1 =1)vul(Dy (g, w)) + tn-
(2.5)
Substituting (2.5) into (2.4) and simplifying it we have

D(w.T"w) < Va8 (D (p,w)) + (1= )Vl (Dy (g, ) 4ty — 0 (asn — o).

Hence, D¢(w,T"w) — 0. By Proposition 2.6(ii), we have T"w — w. This implies that
TT"w=T""'w — w. Since T is closed, we have w = Tw, i.e., w€ F(T).

This completes the proof of Lemma 2.15. [

DEFINITION 2.16. [19] Let f:E — % be a proper convex and lower semi-
continuous Legendre function, then for any z € E, forany {x,} CE and {#;}Y_,  (0,1)

with ¥, #; = 1, the following holds

M=

N
Df(Z, Vf*(zt,‘Vf(x,‘)) < l‘,'Df(Z,x,'). (2.6)
=1

i i=1

DEFINITION 2.17. (1) A countable family of mappings {7;} : C — C is said to
be uniformly Bergman quasi-asymptotically nonexpansive, if % =\~ F(T;) # 0 and
there exists a sequence {k,} C [1,o) with k, — 1 such that

D¢(p,T"x) < knD¢(p,x),Vn>1,i>21Vx€C, pe F. (2.7)

(2) A mapping T : C — C is said to be uniformly L-Lipschitz continuous, if there
exists a constant L > 0 such that ||T"x—T"y|| < L||x—y||, Vx,y € C, Vn > 1.
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3. Main Results

THEOREM 3.1. Let E be a real reflexive Banach space, C be a nonempty closed
convex subset of E. Let f: E — (—oo,+oo| be a Legendre function which is bounded,
uniformly Fréchet differentiable and totally convex on bounded subsets of E, and T; :
C—C, i=1,2,--- be a countable family of closed and uniformly Bergman quasi-
asymptotically nonexpansive mappings satisfying the condition (2.7) and for each i >
1, T; is uniformly L;-Lipschitz continuous. Let {ay} be a sequence in [0, 1] such that
lim, e 0y = 0. Let {x,} be the sequence generated by

x1 € E chosen arbitrarily; C; =C,
Ynm = Vf*[aan(xl) + (1 - an)vf(Tn};xn)L m2=1,
Cor1 =1{2€Cy:supDs(z,ynm) < 0, Dy(z,x1) + (1 — 04)Df(2,x0) + &4} (3.1)

m>=1

Xna1 :Pg,,ﬂ(xl)’ Vn>1

where &, = (kn — 1)sup,c & Ds(p,xn). Pg ., is the Bergman projection of E onto
Coy1. If F =i F(T;) is bounded, then {x,} converges strongly to Pf; (x1).

Proof. (I) First we prove that .% and C,,, n > 1 both are closed and convex subsets
in C.

In fact, it follows from Lemma 2.15 that F(T;), i > 1 is a closed and convex subset
of C. Therefore . is closed and convex in C.

Again by the assumption that C; = C is closed and convex. Suppose that C, is
closed and convex for some n > 1. In view of the definition of Bergman distance with
respect to f we have that

Cip1= {Z €Cy: Supr(Zayn,m) < aan(z,xl) + (1 - an)Df(Zaxn) + én}

m>1
= ﬂ {z€C:Dp(z,ynm) < 0uDy(z,x1) + (1 — 04)D (2, %) +§n}ﬂCn
m>1
= n {Z eC: O{,,(Vf(x1)7 Z—)C1> + (1 - oz,,)(Vf(x,,), Z_xn>
m=1

—(VfOnm)s 2= Ynm) < = f(x1) — (1= ta) f(xn) +f(yn,zn)}mcn'

This shows that C,,; is closed and convex. The conclusions are proved.
(I) Now we prove that . C C,, Vn >

In fact, it is obvious that % C C; = C. Suppose that % C C, for some n >
1. Since 7; : C — C, i =1,2,--- is a countable family of uniformly Bergman quasi-
asymptotically nonexpansive mappings satisfying (2.7), hence for any u € % C C,, it
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follows from (2.7) that

Df( 7ynm) Df(u Vf*[OCan X1 (l—an)Vf(T"xn)D

(x1) +
< 0Dy (u,x1) + (1 — 04,) D s (u, Ty xn)
< OCan(u xp)+(1 Otn)kan( ) (3.2)
S (00 18Dy (0,5) b~ DDyt
= 0, D¢ (u,x1) + (1 — 04)Ds(u,x0) 4 &, Vm >
Therefore we have
sup Dy (u,ypm) < 0Dy (u,x1) + (1 — 0ty) D¢ (1, %) + Ep. (3.3)

m=>1

This shows that u € C,,y 1, and so .% C C, . The conclusion is proved.
(IIT) Now we prove that {x,} converges strongly to some point p* € C.
In fact, since x, = Pgn (x1), from Proposition 2.8 (ii) we have

(xn =y, Vf(x1) = Vf(xn)) =0, Vy € C,.
Again since . C Cy,, Vn > 1, we have
(e —uy, VE(x1) = Vf(x)) 20, Vue F
It follows from Proposition 2.8(iii) that for each u € .% and for each n >
Dy 1) = Dy(F, (¥1).x1) < Dy(u.1) = Dy(ux) < Dywxi). (3.4)

Therefore {¢(x,,x1)} is bounded. It follows from Proposition 2.6(2) that {x,} is also
bounded.

Since x, = Pgn(xl) and x,| = Pgﬁl(xl) € Cyy1 C Gy, we have Dy(x,,x1) <
D¢ (xps1,x1), Vn > 1. This implies that {D(x,,x;)} is a nondecreasing sequence.
Hence the limit lim, ... D¢ (x,,x1) exists. Since {x,} is bounded and E is reflexive,
there exists a subsequence {x,,} C {x,} such that x,, — p* (some point in C = C}).
Since C, is closed and convex and C,4; C Cn, this implies that G, is weakly closed
and p* € C, foreach n > 1. In view of x, —P ( 1), we have

Dy(xn;,x1) < Dp(p*,x1), Vni>1

Since f is a lower semi-continuous function on convex set C, it is weakly lower semi-
continuous on C. Hence we have

timinf D (v, x1) = iminf(/ (x,) = (1) = (7 (1), %, =3x1)}
> f(p*) = f(x1) = (Vf(x1), p* —x1) = Dp(p*,x1),
and so

D¢(p*,x1) <liminfDy(x,,,x1) < limsupDy(x,,,x1) < Df(p*,x1).
: it

nj—eo
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This implies that lim,,;, ... Dy (xy,,x1) = Df(p*,x1), and so f(x,,) — f(p*). Since f is
uniformly continuous, we have that

lim x,, = p*. (3.5)

nj—oo

Since {Dy(x,,x1)} is convergent, this together with lim,_... Dy(x,;,x1) = Df(p*,x1)
shows that limy, .. Dy (xn,x1) = Dy(p*,x1). If there exists another subsequence {x,;} C
{xn} such that x,, — g, then from Proposition 2.8(iii) we have that

D.f(p*vq): lim Df(xnﬂxnj)

nhnj*)oo
— 1 f
= e D (oo, (1))
< Jim (Dy(x1) = Dy(PE, (x1),x1))
sty

= lim (Dy(xn;,x1) = Dy(%n;,x1))

nj,nj—eo
= Df(p*7xl) _Df(p*7x1) =0,

i.e., p* =¢q and so
lim x,, = p*. (3.6)
Nn—o0
By the way, from (3.6) it is easy to see that

lim &, = lim {(k, — 1) sup D¢(p,x,)} =0. (3.7)

(IV) Now we prove that p* € .7 .
In fact, since x,,4| € Gy, from (3.1), (3.6) and (3.7) we have that

SUPDf(an,Yn,m) < (Xan(xn+laxl) + (1 - an)Df(xn+laxn) +€n —0 (as n— °°)
m>=1

(3.8)
Since x, — p*, it follows from (3.8) and Proposition 2.7 that for each m > 1
r}i_l}}oymm =p" (39)

Since {x,} is bounded and {7;,};,_, is uniformly Bergman quasi-asymptotically non-
expansive, {T,,X,};, , is uniformly bounded. In view of o, — 0, hence from (3.1) we
have that for each m > 1

Jim |V f (ynm) = V(T[] = im0 [[V £ (x1) = V f(Tx)[| = 0. (3.10)
Since Vf is uniformly continuous, it follows from (3.9) that for each m > 1, V f(yum)

— Vf(p*). Hence from (3.10) we have that for each m > 1, lim,_. Vf(T)x,) =
Vf(p*). Since Vf is uniformly continuous, it yields that for each m > 1

lim 7,x, = p*. (3.11)
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On the other hand, by the assumptions that for each m > 1, T, is uniformly L,,-
Lipschitz continuous, thus we have

T o = Tl < Ty = T ot | [T g — 21
+ {1 = X[+ [0 = Ty |

< Lo+ D) Pont = xal [+ 1T 1 = X1 [+ [0 = Ty |-
(3.12)
From (3.11) and x,, — p* we have that lim,, ... ||T**'x, — Tx,|| = 0 and lim,_.. T}"+1x,
=p*, ie, lim,_o T}, Tix, = p*. In view of the closeness of T,,, it yields that T,,p* =

*

p*, ie., foreach m > 1, p* € F(T,,). By the arbitrariness of m > 1, we have p* € Z.

(V) Finally we prove that p* = Pf; (x1),and so x, — Pf; (x1).

Let w= P(ffj(xl). Since w € % C C, and x, = Pgn(xl), we have Dy (x,,x1) <
Dy(w,x1), Vn > 1. This implies that

Df(p*,xl) = lim Df(xn,xl) < Df(w,xl). (313)

Since w = Pf; (x1), this implies that p* = w. Therefore, x, — p* = P;; (x1).
The conclusion of Theorem 3.1 is proved. [J

THEOREM 3.2. Let E, C be the same as in Theorem 3.1. Let {T;};,:C —C
be a countable families of closed and Bergman quasi-nonexpansive mappings such that
F =07 F(T;) #0. Let {x,} be the sequence generated by

x1 € E chosen arbitrarily,; C; =C,

Y = V[0V f(x1) + (1= 06) V f(T0)]

Cps1 = {2€Cp 1 supDy(2,ynm) < 0D ys(z,x1) + (1 — 0)Dp(z,x,)}  (3-14)
m>=1

Xna1 =P/ (x1), Vn > 1.

Cut1

where {a,} is a sequencein [0, 1]. If oy, — 0, then {x,} converges strongly to P; (x1).

Proof. Since {T;}7 | is a countable family of closed Bergman quasi-nonexpansive
mappings, by Remark 2.12, it is a countable family of closed and uniformly Bergman
quasi-asymptotically nonexpansive mappings with sequence {k, = 1}. Hence n, =
(kn — 1) sup,c # @ (u,x,) = 0. Therefore the conditions appeared in Theorem 3.1: “.%
is a bounded subset in C” and “for each i > 1, T; is uniformly L;-Lipschitz” are
no use here. Therefore all conditions in Theorem 3.1 are satisfied. The conclusion of
Theorem 3.2 can be obtained from Theorem 3.1 immediately. [

REMARK 3.3. Theorems 3.1 and 3.2 improve and extend the corresponding re-
sults of Reich and Sabach [15], Suantai et al. [19], Chang et al. [7, 8], Nilsrakoo and
Saejung [12], Qin et al. [13, 14], Wang et al. [20], Su et al [18], Kang et al. [10]
Martinez-Yanes and Xu [11] and others.
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4. Applications
In this section we shall utilize the results presented in section 3 to study a system
of equilibrium problems in reflexive Banach spaces.

THEOREM 4.1. Let C, E and {0} be the same as in Theorem 3.2. Let {gn :
CxC—X}, m=1,2,---, be a countable family of bifunctions satisfying conditions
(A1) — (A4) as given in Example 2.14. Let Resfm (x):E—2° m=1,2,---, be the
family of mappings defined by

Res], (x) = {z € C: gn(z,y) +(Vf(z) = Vf(x), y—2) 20, W€ C}, x € E.

Let {x,} be the sequence generated by

x1 € E chosen arbitrarily, C, =C,
gm(unay) + <vf(un) - Vf(x,,), y—- un) =0, Vy €eC,m=1,
Ynm = V[ 106V f(x1) + (1= 00) V f ()], (4.1)
Cor1 ={z2€ Gy :supDy(z,ynm) < 0uDy(z,x1) + (1 — 04)Ds(z,%4) }
m>=1
X1 :Pélﬂ(xl), Vn>1,

If #:=N F (Res,{:.) #0, then {x,} converges strongly to P; (x1) which is a common
solution of the system of equilibrium problems for {gm}7_,.

Proof. In Example 2.14 we have pointed out that uy, , = Resgn, (xn), F (Res{;m) =
EP(gy) forall m > 1 and {Resgm »_1 1s a countable family of closed Bergman quasi-
nonexpansive mappings. Hence (4.1) can be rewritten as follows:

x1 € E chosen arbitrarily, Cy =C,
Y = V05,V f(x1) + (1 — O{,,)Vf(Res{m (xn))],
Cop1 ={z2€Cy:supDs(z,ynm) < 0uDy(z,x1) + (1 — 04,)Dy(z,xn) } (42)

m=>1

X1 :Pg (x1), Vn> 1.

n+1

Therefore the conclusion of Theorem 4.1 can be obtained from Theorem 3.2. [
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