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TRIPLED BEST PROXIMITY POINT THEOREM IN METRIC SPACES

YEOL JE CHO, ANIMESH GUPTA, ERDAL KARAPINAR, POOM KUMAM AND
WUTIPHOL SINTUNAVARAT

(Communicated by Josip Pecaric)

Abstract. The purpose of this article is to first introduce the notion of tripled best proximity point
and cyclic contraction pair. We also establish the existence and convergence theorems of tripled
best proximity points in metric spaces. Moreover, we apply our results to setting of uniformly
convex Banach space. Finally, we obtain some results on the existence and convergence of tripled
fixed point in metric spaces and give illustrative examples of our theorems.

1. Introduction and preliminaries

In the two last decades, the theory of fixed points has appeared as a crucial tech-
nique in the study of nonlinear functional analysis. In particular, the techniques and
tools in fixed point theory have application in many branches of applied mathematics
and also in many research fields such as physics, chemistry, biology, economics, com-
puter sciences, and many branches of engineering. The most significant result in fixed
point theory, known as the Banach Contraction Mapping Principle (BCMP) is given
by Banach in [4]. BCMP states that every contraction (self-mapping) 7 : X — X ona
complete metric space (X,d) has a unique fixed point, that is, Tx = x. Due to its wide
application potential, this celebrated principle has been generalized in many ways over
the years [2, 10, 11, 23, 33].

On the other hand, the study of the existence of fixed point for non-self mapping
on various abstract spaces is also very interesting. More precisely, for a given non-
empty closed subsets A and B of a complete metric space (X,d), a contraction non-
self mapping T : A — B does not necessarily yields a fixed point, that is, d(Tx,x) # 0.
In this case, it is quite natural to investigate an element x € X such that d(x,Tx) is
minimum, that is, the points x and Tx are close proximity to each other.

Let A and B be closed subsets of a metric space (X,d) and T : A — B be a non-
self mapping. A point x in A for which d(x,Tx) = d(A,B) is called a best proximity
point of 7. If ANB # 0 then the best proximity point becomes a fixed point of T'.
In other words, since a best proximity point reduces to a fixed point if the underlying
mapping is assumed to be self mappings, the best proximity point theorems are natural
generalizations of the BCMP. In this direction, the first result was given by Fan [13] in
1969. In these pioneering work, the author introduced and established a classical best
approximation theorem:
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THEOREM 1. ([13]) If A is a nonempty compact convex subset of a Hausdorff
locally convex topological vector space B and T : A — B is continuous mapping, then
there exists an element x € A such that d(x,Tx) =d(Tx,A).

Following this initial paper, a number of authors have derived extensions of Fan’s
Theorem and best approximation theorem in many directions such as Prolla [27], Se-
hgal and Singh [28, 29], Wlodarczyk and Plebaniak [36, 37, 38, 39], Vetrivel et al.
[35], Eldred and Veramani [12], Mongkolkeha and Kumam [24, 25, 26] and Basha and
Veeramani [5, 6, 7, 8] (see also [3, 16, 17, 18, 19, 20, 21, 22] and reference therein).

One interesting and crucial notion is the one of coupled fixed point, introduced by
Guo and Lakshmikantham [15] in 1987. Bhaskar and Laksmikantham [14] introduced
the notion of mixed monotone mapping and proved some coupled fixed point theorems
for mappings satisfying the mixed monotone property. In [14], the authors observed
that their theorems can be used to investigate a large class of problems and discuss the
existence and uniqueness of solution for a periodic boundary value problem. Several
improvements and generalizations of [14] have recently appeared in the literature (see
[1, 30, 31] and references therein).

Very recently, Berinde and Borcut [9] introduced the notions of tripled fixed point.
They proved existence and uniqueness results of tripled fixed point in a partially ordered
complete metric space. On the other hand, the concept of coupled best proximity point
and property UC* are first introduced by Sintunavarat and Kumam [32]. They also
give existence and convergence theorems of coupled best proximity point for cyclic
contraction pairs.

Motivated by the interesting works [9] and [32], we first introduce the notions of
tripled best proximity point and later establish the existence and convergence theorems
of tripled best proximity point in metric spaces. Moreover, we apply these results in
uniformly convex Banach space. We also study some results on the existence and con-
vergence of tripled fixed point in metric spaces and give illustrative examples of our
theorems.

We recall some basic definitions and examples that are related to the main results
of this article. Throughout this article we denote by N the set of all positive integers
and by R the set of all real numbers. For nonempty subsets A and B of a metric space
(X,d), we set

d(A,B) =inf{d(x,y) :x €A, y € B} (1)

stands for the distance between A and B.
A Banach spaces X is said to be:
(1) strictly convex if the following implication holds: for all x,y € X,

+y
Il = lyll = 1 and x £ y = | =2 < 1.

(2) uniformly convex if, for any € with 0 < € < 2, there exists § > 0 such that
the following implication holds: for all x,y € X,

X+
el <1, 1yl < L and [le—y] > & = |52 <1-8.
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It is easily to see that a uniformly convex Banach space X is strictly convex but
the converge is not true.

DEFINITION 1. ([34]) Let A and B be nonempty subsets of a metric space (X,d).
We say that the ordered pair (A, B) satisfies the property UC if the following holds:

If {x,} and {z,} are sequences in A and {y,} is a sequence in B such that
d(xn,yn) — d(A,B) and d(zn,yn) — d(A,B), then d(x,,z,) — 0.

EXAMPLE 1. Let A and B be nonempty subsets of a metric space (X,d). The
following statements are examples of pairs of nonempty subsets (A, B) satisfying the
property UC.

(1) A pair (A,B) of nonempty subsets A,B of a metric space (X,d) such that
d(A,B)=0.

(2) A pair (A,B) of nonempty subsets A,B of a uniformly convex Banach space
X such that A is convex.

(3) A pair (A, B) of nonempty subsets A, B of a strictly convex Banach space such
that A is convex and relatively compact and the closure of B is weakly compact.

DEFINITION 2. ([32]) Let A and B be nonempty subsets of a metric space (X,d).
We say that the ordered pair (A,B) satisfies the property UC* if (A,B) has property
UC and the following condition holds:

If {x,}, {z.} are two sequences in A and {y,} is a sequence in B satisfying the
following conditions:

(1) d(zn,yn) — d(A,B),

(2) for any € > 0, there exists N € N such that d(x,,,y,) < d(A,B) + ¢ for all
m>n>N,

then exists Ny € N such that d(x,z,) < d(A,B)+¢€ forall m >n > Nj.

EXAMPLE 2. ([32]) Let A and B be nonempty subsets of a metric space (X,d).
The following statements are examples of a pair of nonempty subsets (A, B) satisfying
the property UC*.

(1) A pair (A,B) of nonempty subsets A,B of a metric space (X,d) such that
d(A,B) =0.

(2) A pair (A,B) of nonempty closed subsets A,B of a uniformly convex Banach
space X such that A is convex.

DEFINITION 3. Let A and B be nonempty subsets of a metric space (X,d) and
T : A — B be a mapping. A point x € A is called a best proximity point of T if the
following condition holds:

d(x,Tx) =d(A,B).

It can be observed that a best proximity point reduces to a fixed point if the under-
lying mapping is a self-mapping.
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DEFINITION 4. ([9]) Let A be a nonempty subset of a metric space (X,d) and
F : A% — A be a mapping. A point (x,y,z) € A3 is called a tripled fixed point of F if
the following conditions hold:

x=F(x,y,z), y=F(,xy), z=F(z,X).

2. Tripled best proximity point theorems

In this section we study the existence and convergence of tripled best proximity
points for cyclic contraction pairs in metric spaces.

DEFINITION 5. Let A, B be nonempty subsets of a metric space (X,d) and F :
A3 — B be mapping. An ordered tripled (x,y,z) € A® is called a tripled best proximity
point of F if,

d(x,F(x,y,z)) :d(y’F(y7x’y>) :d(Z7F(Z’y’x)> :d(A7B)'

It is easy to see that, if A = B in Definition 5, then a tripled best proximity point
reduces to a tripled fixed point.
Next, we introduce the notions of a cyclic contractions for a pair of mappings.

DEFINITION 6. Let A, B be nonempty subsets of a metric space (X,d and F :
A3 — B, G:B®> — A be two mappings. The ordered pair (F,G) is called a cyclic
contraction if there exists a non-negative number ¢ < 1 such that

d(F(x,9,2),G(u,v,w)) < %[d(x,u)+d(y,v)+d(z,w)} + (1 —)d(A,B)
for all (x,y,z) € A> and (u,v,w) € B>.

Note that, if (F,G) is a cyclic contraction, then the pair (G,F) is also a cyclic
contraction.

EXAMPLE 3. Let X =R with the usual metric d(x,y) = |x—y| and let A = [2,6]
and B = [—6,—2]. It easy to see that d(A,B) = 4. Define two mappings F : A3 — B
and G: B> — A by

—x—y—z—6 —u—v—w+6
al y6 < ’ G(M,V,W): . v6 v

forall (x,y,z) € A3 and (u,v,w) € B3, respectively. For any (x,y,z) € A, (u,v,w) € B}
and fixed o0 = %, we get

F(x,y,2) =

d(F(xayaZ),F(M,v’W)) — X y Z _ u V W+

6 6
el ly=vltle-wl
6
o
= _[d(x7u)+d(yvv)+d(sz)}+(l_a)d(A7B)

3

This implies that the pair (F,G) is a cyclic contraction with o = % .
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EXAMPLE 4. Let X = R? with the metric
d((x,3,2), (u,v,w)) = max{|x—u|,[y=v|,|z=w]}
for (x,y,2), (#,v,w) € X and let
A={(x,0,00eX:0<x<1}, B={(x,1,1)eX:0<x<1}.

It easy to prove that d(A,B) = 1. Define two mappings F : A> — B and G : B> — A by

F((5:0.0).0:0.0,:0.0) = (T3 11

G((u,1,1), (1,1, (w, 1,1)) = (@,0,0)7

respectively. Then we obtain

d(F((x,0,0),(»,0,0),(z,0,0)),G((u,1,1),(v,1,1),(w, 1,1)))

—d ((”;”71,1) 7 (LF;JFW,QO))

Also, if (x,0,0),(,0,0),(z,0,0) € A and (u,1,1),(v,1,1),(w, 1,1) € B, then we have

S1((x,0,0), (0,1, 1) +d((50,0), (5 1,1)) +4((2,0,0), (w: 1,1))] + (1 = e)d(4,B)

= %[maxﬂx—u|,1,1}+max{|y—v|7l71}—|—max{|z—w|,1,1}]+(1 —o)d(A,B)

:%x3+(1—a)

=1
for any non-negative real number o < 1. Therefore, letting

(X,Y,2) = ((x,0,0),(y,0,0), (z,0,0)) € A3,
(U,v,W) = ((u,1,1),(v,1,1),(w,1,1)) € B,

we get

d(F(X,Y,Z2),G(U,V,W)) < =[d(X,U) +d(Y,V)+d(z,W)]+ (1 — o0)d(A,B)

W R

for any non-negative real number o < 1. This implies that the pair (F,G) is a cyclic
contraction.

The following lemmas play an important role in our main results.
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LEMMA 1. Let A, B be nonempty subsets of a metric space (X,d) and F : A3 —
B, G: B® — A be two mappings such that the ordered pair (F,G) is a cyclic contrac-
tion. If (x0,y0,20) € A and we define the sequence {x,},{vu},{z.} in X by

Xont1 = F(Xn,Y2,220), X242 = G(X2n41, V20415 22n41)
Yoart = F (22, Y2n), Ytz = G(Vant1,%2041,Y20+1)
2on+1 = F (20, Y2n,%20),  Zont2 = G(22n41, Y2041, X2n+1)

forall n e NU{0}, then we have

d(xon,Xon+1) — d(A,B),  d(x2p+1,%0+2) — d(A,B),
d(yZnay2n+1) —>d(A7B)a d()’2n+1a}’2n+2) —>d(AaB
d(Z2naz2n+l) _>d(A7B)7 d(Z2n+laZ2n+2) _>d(A7B

~—

)

~—

Proof. For all n € N, we have

d(x2nax2n+l)
(x2n7F(x2n7y2n7Z2n))
(G(x2n—1,Y20-1,22n-1);

F(G(x2n—1,Y2n—1,22n-1)s G(V2n—1,%20n-1,Y20—1) G(22n—1,Y20—1,%201-1)))
o
3 [d(x2n—1,G(x2n—1,Y2n—1,22n—1)) +d(Y2n—1,G(Y2n—1,X20—1,Y2n-1))

+d(zon—1,G(z2n-1,Y2n—1,%2m-1)| + (1 — t)d (A, B)
o
=3 [d(F(xZn—27y2n—2aZZn—2)7

d
d

N

G(F (x2n-2,Y2n-2,220-2), F (Y2n—2,X20-2,Y20-2), F (2202, Y20-2,%20-2)))
+d(F (yan—2,%20-2,Y2n-2)5

G(F (yan—2,%20-2,Y20-2), F (X2n—2,Y20-2,22n-2), F (Y2n—2,%20-2,Y20-2)))
+d(F (22n-2,Y2n-2,X2n-2),

G(F(Z2n727y2n727x2n72)7F(y2n727x2n727y2n72)7F(x2n727y2n727z2n72)))1|
+(1—o)d(A,B)
aro

3 [3[d(XZn—ZaF(x2n—27y2n—2a12n—2)) +d(yan—2,F (Yyan—2,%m-2,Y2m-2))

+d(zon-2,F (22n—2,Y2m-2,%2m-2))] + (1 — )d(A,B)

o
+§[d()’2n—2,F(}’2n—2,x2n—2,}’2n—2)) +d(221n—2,F (20n-2,Y20-2,%20-2))
+d(x2n—2,F (Xon—2,Y2n-2,200-2))] + (1 — ot)d (A, B)

o
+§[d(z2n*2vF(Z2n727y2n727x2n72)) +d(x0n—2,F (X20n—2,Y20—2,20n-2))

+d(yan—2,F (Y2n—2,X20-2,Y20-2))] + (1 — @)d (A, B)
(1 - a)d(A, B)

N
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2
o
= ?[d(z2n—2aF(Z2n—2ay2n—27x2n—2)) +d(x20—2,F (X21-2,Y20-2,220—2))

+d(Yan-2, F (Van-2,%2m-2,Y20-2))] + (1 — &?)d (A, B).

By induction, we see that

a2n

d(x2n, %20 +1) < 3 [d(x0, F (x0,Y0,20)) +d(yo, F (yo,X0,Y0)) +d(z0, F (20,Y0,X0))]
+(1—a*")d(A,B)
for all n € N. Taking n — oo, we obtain
d(xon,X2n+1) — d(A, B). (2)
For all n € N, we have
d(x2n+1,%2m+2)

= d(x20+1,G(X2n+1,Y20n+1,22n+1))
— d(F(x2n7y2naz2n)aG(F(x2n7y2naz2n)7F(y2n7x2n7y2n)aF(Z2n7y2n7-x2n>))

o
3 [d(x2naF(x2n7y2naZZn)) +d(y2naF(y2nax2nay2n))

+d(Z2naF(Z2n7y2mx2n)] + (1 —a)d(A,B)

N

%[d(G(x2n—17y2n—1’22n—1)7
F(G(x2n-1,Y2n-1,220-1), G(Y2n—1,X20—1,Y20-1), G(22n—-1, Y201, X20-1)))
+d(G(y2n—1,%2n—1,Y20-1),
F(G(yan-1,%20-1,Y20-1),G(X20—1,Y2n-1,22n-1), G(Y2n—1,X2n—1,Y2n1)))
+d(G(z2n—1,Y2n-1,%20-1),
F(G(z2n-1,Y21-1,%20-1)s GO2n-1,%20-1,Y21-1)s G(X2n—-1,Y201-1,220-1)))]
+(1—)d(A,B)
ara

3 [g[d(XanhG(x2n717y2n717z2n71)) +d(y2n-1,G(Y2n—1,%20-1,Y21-1))

+d(zon—1,G(z2n-1,Y2n—1,%2m-1))] + (1 — )d (A, B)

o
+§ [d(y2n—1,G(yan—1,Xm—1,Y2n-1)) + d(22n-1,G(220—1,Y2n—1,X20-1))

+d(x2n-1,G(X2n—1,Y20n—1,22n—1))] + (1 — &t)d (A, B)

o
+§[d(z2n*17G(Z2nfl7y2n717x2n71)) +d(x0n—1,G(X2n—1,Y20n-1,22n—1))

+d(Y2n—1,G(y2n—1,%20-1,Y20-1))] + (1 — )d (A, B)
+(1—a)d(A,B)
o

= ?[d(z2n717G(Z2n717y2n717x2n71)) +d(x2n—1,G(X20—1,Y20—1,22n-1))

+d(Yan-1,G(yan—1:X20-1,Y20-1))] + (1 — &*)d(A, B).

N
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By induction, we see that

a2n

d(Xon+1,%2n42) < 3 [d(x1,G(x1,y1,21)) +d(y1,G(y1,%1,)1)) +d(z1,G(z1,y1,%1))]
+(1 - a*)d(A,B)
for all n € N. Therefore, letting n — oo, we obtain

d(xop+1,X2042) — d(A,B). 3

By the similar argument, we also have

d(y2n7y2n+l) _>d(A7B)7 d(y2n+l7y2n+2) _>d(A7B)7
d(zon+1:22n42) — d(A,B),  d(zan,22n+1) — d(A,B

~—

This completes the proof. [

LEMMA 2. Let A, B be nonempty subsets of a metric space (X,d) such that
the pairs (A,B) and (B,A) have the property UC and F : A*> — B, G: B3 — A be two
mappings such that the ordered pair (F,G) is a cyclic contraction. For any (xo,y0,20) €
A3, we define the sequence {x,},{yn},{za} in X by

Xont1 = F(Xn,Y2m,220), X242 = G(X2n41, V20415 22n41)
Yon+1 = F(y2n7x2n7y2n)a Yon42 = G(y2n+l7x2n+17y2n+l)
21 = F (220,921, %) 22042 = G(22n41,Y2n+1,X2041)

Sforall n e NU{0}. Then, for any € > 0, there exists a positive integer Ny such that,
forall m >n > Ny,

[d(x2m7x2n+l) + d(y2m7y2n+l) +d(z2m7z2n+1)] < d(A,B) + E. (4)

[OSHIE

Proof. By Lemma 1, we have

d(x2nax2n+l) —>d(A,B)7 d(x2n+l7x2n+2) _)d(A7B)7
d(y2n7y2n+l) _>d(A7B)7 d(y2n+l7y2n+2) _)d(A7B)7
d(zan,22n+1) — d(A,B),  d(z2p+1,220+2) — d(A,B).

Since (A, B) has the property UC, we get
d(x2n,X2n+2) — 0.
The similar argument shows that
d(y2n,Y2n+2) — 0 and d(z24,22042) — 0.
Since (B,A) has the property UC, we also have

d(xopt1,%043) — 0,  d(yan+1,Y2043) — 0,  d(22n+1,22043) — 0.
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Suppose that (4) does not hold. Then there exists € > 0 such that, for all k € N, there
exists my > ny > k satisfying

1
5 [d('Xka ax2nk+1) + d(yka 7)’2nk+1) + d(z2mka12nk+1 )] = d(A7B) + 8/'
Further, corresponding to n;, we can choose my in such a way that it is the smallest
integer with my > n; and satisfying above relation. Then

1
g [d(Xka—27x2nk+1) + d(yka—27y2nk+1) =+ d(Zka—ZaZan+1)] < d(A7B) + 8/'

Therefore, we get

d(A,B)+¢
1

< 3 [d (X2 Xom+1) +d(Vamg Yomer 1) + d(22my» 22m, 1))

1
< g[d(x2mk7x2mk72) +d(X2m—2, X2, 1)
+d (Yo Yomg—2) +d(Vamy—2,Y2m+1) + d(22my s 22my —2) + d(22m, -2, 22m, +1)]
1

< 5 [d(x2mk7x2mk—2) + d(}’2mk,}’2mk—2) + d(z2mkaz2mk—2)] + d(A,B) + €.

Letting k — o, we obtain

1
§ [d(x2mk7x2nk+1) =+ d(}’2mka}’2nk+1) + d(Z2mk,Z2nk+1)] - d(A7B) + 8/'

By using the triangle inequality, we get

1

5 [d(mek ax2nk+1) + d(yka 7)’2nk+1) =+ d(Zka » 2m+1 )]

1

3 [d (X2my s Xomg+2) 4 d (X2my 42, X2m+3) +d (X243, %20, 11)
+d(Yomg, Yam+2) T d(Vomp42:Yom+3) + d(Vone+3, Yon+1)
+d(zomy s 2mg+2) + A(22mg 1222 +3) + d(22m 43, 22 +1)]

1
= ~[d(Xom s Xome+2)

N

3

+d(G(X2m+15Y2mp+1,2m 1) F (X2n,425 Vom+2, 22m+2) ) + A (X200, 43, X2, 41)
+d(y2mk7y2mk+2)
+d(G(Yom+15X2mp+1:Y2mp+1) s F V2mp 42, X2m 425 Yome+2) ) +d(Von 435 Y2m+1)
d(Z2mk , Z2mk+2)

+d(G(z2mp+ 1, Y2m +1>X2m 1), F (22mg 42, Yo+ 2, X2m 12) ) + d(22m 435 22m 1)
1 o

< 3 [d(Xkaax2mk+2) + 3 (d(xX2mt1,%2m+2) +d (Va1 Y2m42)
+d(zom+1,22m+2)) + (1 — 00)d(A, B) +d(x20,43, X2m+1)

+
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o
+d()’2mk,>’2mk+2) + g (d(yka-H 7y2nk+2) + d(x2mk+1 ax2nk+2)

+d(y2mk+17y2nk+2)) + (1 - a)d(A7B) +d(y2nk+37y2nk+l)

o
+d(2omy s 22mp+2) + g(d(Z2mk+1,Z2nk+2) +d(Yomg+1,Y2m,+2)

+d (Xom+1,%2m,42)) + (1 — o0)d (A, B) +d(Z2nk+37Z2nk+1)]

1
=3 [d (X2, X2 1+2) + A (X203, X2m, 1) + A (Vomy s Yom+2)

+d(Yon+3:Yom+1) + d(2om s 22me+2) + d (220,435 22m+1))]

o
+§ (d(xX2mgt1,%2m+2) FdVamgr1:Y2m+2) + d(Z2mgs1,22m,12))
+(1— a)d(A,B)
1
=3 [d(xX2my X2 +2) + A (X203, X2m, 1) + A (Vomy s Yom+2)
+d(Yon+3:Y2m+1) + d(2om s 22me+2) + d (220,435 22m+1)]

o
+§ [d(F(xzmkayzmk7Z2mk)a G(x2nk+1 7y2nk+17Z2nk+1))

+d(F (y2mk ax2mk 7y2mk ) ) G(y2nk+1 7x2nk+1 7y2nk+1 ))
+d (F (2om s Yomy - X2my ) G(22m 415 Yomg +1:X2m, 1) )]
+(1— a)d(A,B)
1
3 [d (X2 X2 1+2) + A (X203, X2mp 1) + A (Vomy s Yom+2)
+d(Yon 13+ Yom+1) + d(22m s 22mg+2) + d(22n, 43, 22m+1))]
2
o
t3 [d(xXamy , Xome 1) +d(Vomgs Yamer1) + d(22my s 22m41)]

+(1—0o?)d(A,B).

N

Taking k — oo, we get
d(A,B)+€ < o’[d(A,B)+ €]+ (1 — a?)d(A,B) = d(A,B) + o€,

which is a contradiction. Therefore, we can conclude that (4) holds. This completes the
proof. [

LEMMA 3. Let A, B be nonempty subsets of a metric space (X,d) such that
the pairs (A,B), (B,A) satisfy the property UC*. Let F : A> — B, G : B} — A be two
mappings such that the ordered pair (F,G) is a cyclic contraction. For (xq,v0,20) € A,
we define the sequence {xn},{yn},{zn} in X by

Xon+1 = F (X2, Y2m,220),  X2n+2 = G(X2n41, Y201, 22n+1);
Vont1 = F(Y2m,X2m:Y20)s  Yont2 = G(V2nt1, X201, Y20 +1),
201 = F(22n, Y20, %0); 22042 = G(22n+1,Y20+1,%20+1)

forall n e NU{0}. Then the sequences {x2,}, {von}, {z2n}, {x2ns1}, {vont+1} and
{zon+1} are Cauchy sequences.
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Proof. By Lemma 1, we have
d(x2p,X0n41) — d(A,B),  d(x2n41,X2042) — d(A,B).

Since the pair (A, B) satisfies the property UC, we get d(x2,,X2,+2) — 0. Similarly, we
also have d(xp,+1,X2,+3) — O since the pair (B,A) satisfies the property UC.
Now, we show that, for any € > 0, there exists N € N such that

d(x2max2n+l) < d(AaB)+8 ®)

for all m > n > N. Suppose that (5) does not hold. Then there exists € > 0 such that,
for all k € N, there exists my > n; > k such that

d(Xomy, Xon+1) > d(A,B) + €. (6)

Further, corresponding to n;, we can choose my in such a way that it is the smallest
integer with my > n; and satisfying above relation. Now, we have

d(A,B)+ € < d(Xom, Xom+1)
< d(Xomy s Xomy—2) +d(Xom—2,X2m+1)
< d(x2mk7x2mk72) + d(A7B) +E.

Taking k — oo, we have d(x2, ,X2n,4+1) — d(A,B) + €. By Lemma 2, there exists
N € N such that

1

g[d(x2mk’x2nk+1) +d(y2mk7y2nk+l) +d(Z2mkaZan+l)} < d(A,B) +€ 7

for all m > n > N. By using the triangle inequality, we get

d(A,B)+¢
< d(Xomy s Xom+1)
< d(Xomy s Xomp+2) + d (X2, X0n,+3) + d (X200, 43, X020, 41)
= d(Xom, Xomg+2)

+d(G(xXamy+15Y2mp 15 22m+1), F (X2mg 125 Yom 425 22m+2)) + d (X243, X2m11)

o
< d(Xomy s Xom12) + 3 [d (X2 41, X2m12) +d(YV2mg 15 Y2 +2) + d(22m 1, 220, 12)]

+(1 = 0)d(A,B) +d(xXon 43, %20, +1)
o
= S LACF (amy yamgs 2amy ) Games 1, ¥2m 1, 2am41))

+d(F(y2mkax2mk 7y2mk)7 G(y2nk+l » X2np+1 7y2nk+l))
+d(F(szk7y2mkax2mk)aG(Zznk+lay2nk+lax2nk+1))}
+(1 - OC)d(A,B) +d(~x2mkax2mk+2) +d(x2nk+3ax2nk+l)
o

o
< g g[d(XkaaxZHk-ﬁ-l) "‘d()’2mk7)’2nk+l) +d(Z2mk’Zan+l)} + (1 - (X)d(A,B)



1208 Y. J. CHO, A. GUPTA, E. KARAPINAR, P. KUMAM AND W. SINTUNAVARAT

o
"’g[d()’kaa}’znkH) +d(~x2mk7~x2nk+l) +d(}’2mk,}’2nk+1)] + (1 — a)d(A,B)
o
+§[d(22mk»zznk+1) +d (Yomy s Yamgr1) + d (Xomg s Xom+1)] + (1 — 00)d (A, B)
+(1 = a)d(A,B) +d(xomy, Xom+2) +d (Xom 13, X2m+1)
2
o

w|

= — [d(x2m, X2m, 11) +d(Vamy, Yamg+1) + d(22my  22m,+1)]

+(1 = 0®)d(A,B) +d(Xamy Xomy+2) + d (Yo 43, X2n,+1)
< (X2(d(A,B) + 8) + (1 — (X2)d(A,B) —|—d(Xka,)C2mk+2) +d(Xan+3,Xan+1)
= o’ +d(A,B) +d(Xomy, Xam+2) + d (Xon+3, Xom41)-
Taking k — oo, we get
d(A,B)+¢& <d(A,B)+a’e,

which is a contradiction. Therefore, the condition (5) holds. Since (5) holds and
d(x2n,X2n+1) — d(A,B), by using the property UC* of (A,B), we deduce that {xy,} is
a Cauchy sequence. In a similar way, we can prove that {y,}, {z2n},{*2n+1}> {V2n+1}
and {z,+1} are Cauchy sequences. This completes the proof. [

Here, we state the main result of this article on the existence and convergence of
tripled best proximity points for cyclic contraction pairs on nonempty subsets of metric
spaces satisfying the property UC*.

THEOREM 2. Let A, B be nonempty closed subsets of a metric space (X,d) such
that the pairs (A,B) and (B,A) have the property UC* and F : A3 — B, G: B> — A
be two mappings such that the ordered pair (F,G) is a cyclic contraction. For any
(x0,Y0,20) € A®, we define the sequence {x,},{yn},{za} in X by

Xont1 = F(X20,Y20,20n), %2042 = G(X2041, Y2041, 22041) s
Vo1 = F(Van, X0n,Y2m),  Yont2 = G(V2nt1:X2041,Y20+1) s
Dn+1 = F(Z2n7y2n7x2n)a D2n+2 = G(Z2n+17y2n+l7-x2n+l)

forall n € NU{0}. Then F has a tripled best proximity point (p,q,r) € A> and G has
a tripled best proximity point (p',q',r') € B3. Moreover, we have

/ / /
Xon = Py Yon — 4, 22n — 1, Xop+1 — Py Yon+l — 4, 2n+l — T
Furthermore, if ¢ =r and ¢' =1, then

d(p,p')+d(q,q)+d(r,r') =3d(A,B).

Proof. By Lemma 1, we get d(x2,,X%,+1) — d(A,B). Using Lemma 3, we see
that {x2,}, {v2n} and {z2,} are Cauchy sequences. Thus there exist p,q,r € A such
that x», — p, Y2, — ¢q and zp, — r. Now, we obtain

d(A,B) <d(p,xon—1) < d(p,x2,) +d(x20,X20—1). ()
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Letting n — oo in (8), we have d(p,x2,—1) — d(A,B). By the similar argument, we
also have d(q,y2,—1) — d(A,B) and d(r,z2,—1) — d(A,B). It follows that

d(xon,F(p,q,r)) = d(G(x2p—1,Y2n—1,220-1), F (P, q,7))

< %[d()@nflap) +d(yan-1,9) + d(zan—1,7)] + (1 — ot)d(A, B).

Taking n — oo, we get d(p,F(p,q,r)) = d(A,B). Similarly, we can prove that
d(q,F(q,p,q)) =d(A,B), d(r,F(rq,p))=d(A,B).

Therefore, (p,q,r) is a tripled best proximity point of F.
By the similar way, we can prove that there exist p’,q’, 7’ € B such that x5, — p’,
Yans1 — ¢ and zp,.1 — r'. Moreover, we have

d(p',G(p',q',r')) =d(A,B), d(q,F(q,p',q))=d(A,B)

and
d(r,F(r'.q',p")) = d(A,B)

and so (p’,q’,r') is a tripled best proximity point of G.
Finally, we assume that ¢ = r and ¢’ = 7 and then we show that

d(p,p') +d(q,q") +d(r,r') = 3d(A,B).
For all n € N, we obtain

d(x2n,%0n+1) = d(G(X2n—1,Y20n—1,22n—1), F (X20, Y20, 20n))

< S [d(x2n-1,%20) +d(y2n-1,Y20) + d(220-1,220)] + (1 — @)d(A, B).

W R

Letting n — oo, we have

d(p,p') < <ld(p.p')+d(q,q')+d(r,)] + (1 — a)d(A,B). 9)

W[ R

For all n € N, we have

d(yan,yon+1) = d(G(Yan—1,X20—1,Y2n-1), F (Y20, X20,Y2n))

o
< g[d(y2n717y2n) +d(x2n717x2n) +d(y2n717y2n)} + (1 - OC)d(A,B)

Letting n — oo, we have

d(q,9) < %[d(q,q’)er(p,p’)+d(q,q’)]+(1 — a)d(A,B)
= Sld(@.q) +d(p.p) +dr ]+ (1= a)dAB). (10
Similarly, we have,
d(rr) < Sld(p.p') +d(g.q) +d(r 1) + (1 = 0)d(A,B). an



1210 Y. J. CHO, A. GUPTA, E. KARAPINAR, P. KUMAM AND W. SINTUNAVARAT

It follows from (9), (10) and (11) that
d(p,p') +d(q,q") +d(r,r') < ald(p,p) +d(q,q') +d(r,r')] +3(1 — a)d(A, B)

which implies that
d(p,p') +d(q,q") +d(r,r") <3d(A,B). (12)

Since d(A,B) <d(p,p’), d(A,B) <d(q,q') and d(A,B) < d(r,r), we have
d(p.p')+d(q,q)+d(r,r') > 3d(A,B). (13)
From (12) and (13), we get
d(p,p')+d(q,q')+d(r,r') =3d(A,B). (14)

This completes the proof. [l

Note that every pair of nonempty closed subsets A, B of a uniformly convex Ba-
nach space X such that A is convex satisfies the property UC*. Therefore, we obtain
the following corollary.

COROLLARY 1. Let A and B be nonempty closed convex subsets of a uniformly
convex Banach space X and F : A> — B,G : B> — A be two mappings such that the
ordered pair (F,G) is a cyclic contraction. For any (xo,y0,20) € A3, we define the
sequence {x,},{yn},{zn} in X by

Xont1 = F(00,Y2:220),  X2n42 = G(X2n41,Y20+1,22n41),
Vo1 = F(Van, X0n,Y2m),  Yont2 = G(V2nt1:X204+1,Y2n+1) s
201 = F(20n,Y20:%00), 22042 = G(22n+1, Y2041, X2n+1)

forall n € NU{0}. Then F has a tripled best proximity point (p,q,r) € A> and G has
a tripled best proximity point (p',q',r’) € B3. Moreover, we have

Xon = Py Yon = Gy 20— Xone1 = Py Yonr1 — 4 22nt1 — 1
Furthermore, if ¢ =r and ¢' =1, then
d(p,p')+d(q,q)+d(r,r') =3d(A,B).

Next, we give an example to illustrate Corollary 1.

EXAMPLE 5. Consider a uniformly convex Banach space X = R with the usual
norm and let A = [1,3] and B = [—3,—1]. Thus d(A,B) = 2. Define two mappings
F:A’> -Band G: B> — A by

—Xx—-y—z—3 —u—v—w+3

F(x,y,z) = 5 . Gu,vw) = G
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forall (x,y,z) € A® and (u,v,w) € B3, respectively. For any (x,y,z) € A* and (u,v,w) €
B? and fixed o = 1, we get

e v—7—3  —y—p— 3
d(F(x,y,2),G(u,v,w)) = X—yY—2 u—v w4

6 6
bout—vitlemwl
6
o
= < ld(x,u) +d(y,v) +d(z,w)| + (1 — a)d(A, B)

3

This implies that (F,G) is a cyclic contraction with o = % Since A and B are closed
convex, the pairs (A,B) and (B,A) satisfy the property UC*. Therefore, all the hy-
pothesis of Corollary 1 hold. Therefore, F has a tripled best proximity point and G has
a tripled best proximity point. We note that a point (1,1,1) € A3 is a unique tripled best
proximity point of F and a point (—1,—1,—1) € B3 is a unique tripled best proximity
point of G. Furthermore, we get

d(1,—1)+d(1,—1)+d(1,-1)=6 =3d(A,B).
Next, we give the tripled best proximity point result in compact subsets of metric

spaces.

THEOREM 3. Let A, B be nonempty compact subsets of a metric space (X,d)
and F : A3 — B, G: B> — A be two mappings such that the ordered pair (F,G) isa
cyclic contraction. For any (xo,y0,20) € A* we define the sequence {x,},{yn},{zn} in
X by

Xon1 = F (X2, Y20,220); %2012 = G(X2n+1, Y2041, 22n+1)5
Vo1 = F (Yo, Xon,Y20),  Yant+2 = G(Yant1,X2n+1,Y20+1),
L2n+1 = F(ZZnay2n7x2n)7 L2n+2 = G(12n+17y2n+1ax2n+1)

forall n € NU{0}. Then F has a tripled best proximity point (p,q,r) € A> and G has
a tripled best proximity point (p',q',r') € B3. Moreover, we have

/ / /
Xon = Py Y2n—=4; 22n — 1 Xopt1 — P s YVontl —7 45 2p+l — 1
Furthermore, if g =r and q' =1, then

d(p,p')+d(q,q)+d(r,r') =3d(A,B).

Proof. Since xy,y0,20 € A and

Xont1 = F(X20,Y20,220), X202 = G(X2p41, Y2041, 22n41)
Vo1 = F(VnsX0n,92m),  Yont2 = G(V2ns15%2041,Y2n+1)
21 = F (220,921, %) 22042 = G(22n41,Y2n+1,X2041)

forall n € NU{0}, we have x2,, 21,220 €A and x2,11,Y2n+1,22n+1 € A forall n € NU
{0}. Since A is compact, the sequences {x2,}, {y2.} and {z2,} have the convergent
subsequences {x2,, }, {y2n,} and {z2,, }, respectively, such that
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x2nk_)pEAa y2nk_)q€Aa Z2nk_)rEA~

Now, we have
d(A,B) <d(p,xon—1) < d(p,xan,) +d(X2n,, X200, 1) (15)
By Lemma 1, we have d(x2,,,X2,,—1) — d(A,B). Taking k — o in (15), we get
d(p,xon,—1) — d(A,B).
By the similar argument, we observe that
d(q,x2n,—1) — d(A,B), d(r,xop—1) — d(A,B).
Note that
d(A,B) < d(x24,,F(p,q,7)) = d(G(x2n—1,Y20~1,22m—1), F (P, q,7))

%[d()@nk*hp) +d(y2nk717q) +d(Z2nk71,7‘)] + (1 - a)d(A7B)

Taking k — oo, we get d(p,F(p,q,r)) = d(A,B). Similarly, we can prove that
d(q.F(q.p.q)) =d(A,B), d(r.F(r,q,p))=d(A,B).

Thus F has a tripled best proximity (p,q,r) € A*. In a similar way, since B is compact,
we can also prove that G has a tripled best proximity point (p’,¢’,7’) € B>. To prove

d(p,p')+d(q,q')+d(r,r') =3d(A,B),

<

we follows the step of the proof of Theorem 2. This completes the proof. []

3. Tripled fixed point theorems

In this section, we give a new tripled fixed point theorem for a cyclic contraction
pair and give one example to illustrate the result.

THEOREM 4. Let A, B be nonempty closed subsets of a metric space (X,d) and
F:A® — B, G:B® — A be two mappings such that the ordered pair (F,G) is a cyclic
contraction. For any (xo,y0,20) € A, we define the sequence {x,},{yn},{za} in X by

Xon+1 = F (X2, Y2m,220), X202 = G(X2n41, Y201, 22n+1);
Yot = F (Yo, Xon,Y20),  Yant+2 = G(Vant1,X2n+1,Y20+1),
201 = F(22n, Y20, %), 22042 = G(22n+1,Y20+1,%20+1)
forall n e NU{0}. If d(A,B) =0, then F has a tripled fixed point (p,q,r) € A3 and
G has a tripled fixed point (p',q',r') € B>. Moreover, we have
Xon = Py Yo = Gy 20— Ty Xont1 = Py Y1 = 4 Zang1 — 7

Furthermore, if g=r and ¢' = v, then F and G have a common tripled fixed point in
(ANB)3.
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Proof. Since d(A,B) = 0, it follows that the pairs (A,B) and (B,A) satisfy the
property UC*. Therefore, by Theorem 2, we claim that F has a tripled best proximity
point (p,q,r) € A3, that is,

d(p,F(p,q,r)) =d(q,F(q,p,q)) = d(r,F(r,q.p)) = d(A,B) (16)
and G has a tripled best proximity point (p’,¢’,') € B, that s,
d(p',G(p'.q ")) =d(d.G(d.p'.q") =d(r.G(r' .4 .p")) =d(A,B).  (17)
From (16) and d(A,B) = 0, we conclude that
p=F(p,q,r), q=F(q,p,q), r=F(rq,p),
that is, (p,q,r) is a tripled fixed point of F'. It follows from (17) and d(A,B) = 0 that
P'=G(p.d."), 4d=6(d.p.4d), =G(q.p),

thatis, (p’,q’,7') is a tripled fixed point of G.
Next, we assume that ¢ = r and ¢’ = ¥ and then we show that F and G have a
unique common tripled fixed pointin (A NB)*. From Theorem 2, we get

d(p,p')+d(q,q") +d(r,’') = 3d(A,B). (18)
Since d(A,B) =0, we get
d(p,p")+d(q,q')+d(r,r')=0

which implies that p = p’, ¢ = ¢’ and r = ¥/. Therefore, we conclude that (p,q,r) €
(AN B)? is common tripled fixed point of F and G. This completes the proof. [

Next, we give one example to illustrate Theorem 4.

EXAMPLE 6. Consider a space X = R with the usual metric and let A = [—2,0]
and B = [0,2]. Define two mappings F : A> — B and G : B> — A by
X+y+z u+v+w
F(x7y7z>:_+7 G(anaZ):—T

for all (x,y,z) € A3 and (u,v,w) € B, respectively. Then d(A,B) =0 and the or-
dered pair (F,G) is a cyclic contraction with o = 5. Indeed, for any (x,y,z) € A> and
(u,v,w) € B>, we have

X+y-+ Uu+v—+w
d(F(X,y,Z),G(M,V7W)) = |~ > Z+

6 6
< Slx—ul+ly=v]+]z=wl)
< %[d(x,u)+d(y,v)+d(z,w)]+(1 —oa)d(A,B).

Therefore, all the hypothesis of Theorem 4 hold. Therefore, F' and G have a common
tripled fixed point and this point is (0,0,0) € (ANB)>.
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If we take A = B in Theorem 4, then we get the following results.

COROLLARY 2. Let A be a nonempty closed subset of a complete metric space
(X,d) and F : A3 — A, G : A3 — A be two mappings such that the ordered pair (F,G)
be a cyclic contraction. For any (xo,y0,20) € A>, we define the sequences {x,}, {y.},
{za} in X by

Xont1 = F(X20,Y20,200),  X2n42 = G(X2041, Y2041, 22041) s
Vo1 = F(Van, X0n,Y2m),  Yont2 = G(V2nt1:%2041,Y20+1) s
Dn+1 = F(Z2n7y2n7x2n)a D2n+2 = G(Z2n+17y2n+l7-x2n+l)

forall n € NU{0}. Then F has a tripled fixed point (p,q,r) € A3 and G has a tripled
fixed point (p',q',r') € A3. Moreover, we have

/ / /
Xon —= Py Yon — 4, 22n —F X2pn41l — P Yont+l — 4, 22p+1 — 1.

Furthermore, if g=r and ¢' =7, then F and G have a common tripled fixed point in
A3,

If we take F' = G in Corollary 2, then we get the following results.

COROLLARY 3. Let A be nonempty closed subsets of a complete metric space
(X,d) and F : A3 — A be a mapping satisfying

d(F (x,3,2), F (u,v,w)) < %[d(x,u) d(y,v) +d(z,w)]

forall (x,y,z),(u,v,w) € A3. Then F has a tripled fixed point (p,q,r) € A3.
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