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INEQUALITIES OF HERMITE-HADAMARD TYPE FOR CONVEX
FUNCTIONS WHICH ARE n-TIMES DIFFERENTIABLE

SHU-HONG WANG AND FENG QI

(Communicated by Josip Pecaric)

Abstract. In the paper, by creating an integral identity and using Holder’s inequality, the authors
establish some new inequalities of Hermite-Hadamard type for n-times differentiable convex
functions.

1. Introduction

Throughout this paper, we use the notations / C R = (—eo,00), I°, and N to denote
an interval, the interior of I, and the set of all positive integers respectlvely.
A function f: I — R is said to be convex if the inequality

flx+(1=2)y) <tf(x)+(1=1)f(y) (1.1)

is valid for all x,y € I and ¢ € [0,1]. If the inequality (1.1) reverses, then f is said to
be concave on I.

It is well known that the most important inequality in the theory of convex func-
tions is Hermite-Hadamard’s inequality below. If f is a convex function on [a,b], then

f<a;b> ! a/f @10 )

If f is concave on [a,b], then the inequality (1.2) is reversed.
The inequality (1.2) has been generalized in many articles for a long time. Some
of them may be recited as follows.
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THEOREM 1.1. ([2, Theorems 1 and 2]) If f is differentiable on [a,b] such that
|f'19 for ¢ > 1 is a convex function on [a,b], then

‘f(a);f(b) B bia/ubf(x)dx‘ . b;a(f’(a)lq;rf’(b)q)l/q (1.3)

'f(“”’) - bia/ahf(x)dx' < (If’(aﬂ;lf’(b)w)l/q_ 0

and

THEOREM 1.2. ([1, Theorems 2.3 and 2.4]) Let f:1— R be differentiable on I°
a,b € I° with a < b, and p > 1. If | f'(x)|?/P=1) is convex on [a,b], then

(50) - 5 [ s

b— 4 1/p
: 16a<m> {[If"(a )PPV 3 (b)) P P~ ]1 1/p
+ [B11"(@)[P/ 0D | () -] Py

'f<a+b> ! a/f 1| <

THEOREM 1.3. ([4]) Let 0< A <l and a,b€I° with a<b. If f:I° — R is

a twice differentiable mapping such that f"(x) is integrable and |f"(x)| is convex on
[a,b], then

onr(457) AT e
(b;4a)2{[x4+(1+x)(1—/1)3 5/15 3})‘”( )l

- IR o), 0sas
(b—a)’

75 GA=DI @]+,

and

1/p
<p+1> I @i+Ir el s

N

THEOREM 1.4. ([5]) Let f:1— R be differentiable on I°, a
and f' € Lla,b]. If | f(x)|9 for g > 1 is convex on |a,b], then

@ s ear (5] - [

i ey ey | o

4
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and

‘é{f(mf( >+4f(““’)} [ 1w

_5b-a) [(61f/(a)q+29|f’(b)q)”q+ (29f’(a)|q+61|f’(b)lq>1/q}, (1.8)
72 90 90

THEOREM 1.5. ([3, Theorem 3.1]) Let f:1— R be differentiable on I°, a,b € I°
witha<b, 0 <A < % <u<l1,and f' € Lla,b]. If |f(x)| is convex on [a,D], then

a-wr@+aro)+w-nr(5) - 51 [ s
b—a

<>r [(10—31+8A% — 15u+8u?)|f'(a)| (1.9)

+(8—9A +242% — 8% — 21 +24p* — 8u?) | f/(b)]].

In this paper, by creating an integral identity for n-times differentiable func-
tions and using Holder’s integral inequality, we will establish some new inequalities
of Hermite-Hadamard type for convex functions.

2. Lemmas

In order to obtain our main results, we need to create an integral identity below.

LEMMA 2.1. Let n€N, &, = Z 2 and f : [a,b] — R be a mapping such that

FU=U(x) is absolutely continuous. If f" (x) exists on [a,b], then for A,y € R and
x € [a,b],

052, £ (1)) + A1) — 5 [ f9ax

+r§i{(x_a)k[x—a—(k+l)(l—u)(b—a)]

& (k+D)i(b—a)

— (k=) [r—b+ (k+ DA —a)] } ¥ (x) @1
M{/jx 27N A —2) f"W[za+ (1 - )bl dz

+/ M—z-n (1—,u)}f(")[za—i-(l—z)b]dz}.

Proof. When n = 1, integrating by part in the right-hand side of (2.1) gives
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&
(b—a)[/o (A —2)f (za+ (1 —z)b)dz
+/1z (1—u)f'(za+ (1 - Z)):|
&
= Af(b) — (h—E)f(x)— /0 fza+(1-2)b)dz

1
= (1= @)+ A B) + (= 2)f(0) — — [ ) d.
When n=m—1 and m > 2, suppose that the identity (2.1) holds. Then, when n =m,

(b—a)"
m!

[/05" HmA —2)f™ (za+ (1 —2)b) dz

+/1 z—1) ’”_1(1—z—m(l—,u))f(m)(za+(1—z)b)dz}

_boa [ém A — £ £V () — (6 1) (1 - &

m!

—m(l—p)) m/ —2)f" D(za+ (1 -2)b)dz

—m/é (e "1 =z (m— 1)(1— ) f 1><za+<1—z>b>dz]

== (—l)mil m—
_m‘(b—a) [(X—a) l(x—a—m(l_.u)(b_a))

—(x=b)" N x—b+mA(b—a))]f" D (x)

+ (lzn_li’)lm)!l [/jx 2 (m— 1A — 2D (za+ (1 - 2)b) dz
*/,;: (2= 1" 2=z~ (m = 1)(1 =) f " za+ (1= 2)b)dz
=S(xA, ).

This means that, when n = m, the integral identity (2.1) holds. By induction, the proof
of Lemma 2.1 is complete. [

LEMMA 2.2. Let o, €R, £,¢>0, and r > —1. Then

1 {[(r+2>€ —(r+ e, E>c,

8= ey (r4 1) = (r+ 20 IE 4267, 0<E <o
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and

C - _ 1
A(wwﬁﬂé—wdw—GIﬁgig

{[<r+ 2)B + ag)E — oc(r+ 1)+ B(r+2) + al(E— o), &=
X

[(r+2)B+allE T+ [B(r+2)+alc+er+E)(c—E)H,  0<E<e

Proof. This follows from standard arguments. [

3. Some new inequalities of Hermite-Hadamard type for convex functions
Now we start out to establish some new inequalities of Hermite-Hadamard type.

THEOREM 3.1. Let n € N and f:1 — R be a mapping such that {7~V (x) is
absolutely continuous on [a,b] and a,b € I° with a <b. If | f () |q is a convex function
on |a,b] for g = 1, then for all x € [a,b] and A, € [0,1], we have

|S(x: 2| < (b;f”"{[A(a,éx;m]I*I/q[A(a,éx;H1>(|f<n><a>|‘f—yf<"><b>|‘f)

FA(A, Em)| £ (b)) ]
A= 1= Ean)] A — 1= Ean) | £ (@)

FA(L = 1,1 = Ecn+ D (|fP )]~ |F" (@)])] 7}, 3.1)
where &, is defined as in Lemma 2.1 and, for ¢ >0 and r > —1,
1
A(A«,C,r‘F 1) = m
L (3.2)
" [(r+2)(nd) — (r+1)clc", n >c,
(r+ D2 = (r+2)(nA)c™ 1 +2(mA)+2, 0<nA <ec.
Proof. By Lemma 2.1, Holder’s inequality, and the convexity of | F1? we have
IS(e:2,)]
b—a)'[ [
< ( n'a) [/0 z”fl\nk—sz(")(za—i-(l —z)b)|dz
1
+/€ (1 —z)"_l\l —z—n(1 —[.1)|}f(")(za+ (1 —z)b)|dz]
_\n & 1-1/q
<=9 {(/ 27 —zdz) 3.3)
n! 0

x /
X [/05 2" Hna —z|(z|f(”)(a)}q+(1 —z)}f(")(b)r])dz]1 ’
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+</€j(l —2)" 1—z—n(1 —/.1)|dz)ll/q

1/
< [ A= -z n -l @+ -2 o)) o]

By Lemma 2.2, a straightforward computation gives
&
/0 2V n — 2l dz = AR, Ecn),
1
/,; (1—2y "1 —z—n(1— w)|dz = A1 — 1,1 — Ean),

/f‘z"1nx—zi(z|f<"><a>|q+<1—z>|f<"><b>|q>dz
=AM Ean+ D) (|7 @) = £ (B)]) + A, Ean) | £ (b)]7,
and
/1(1—1)"*1\1 2= n(1 =)@ (@)]"+ (1= 2)[ /" (5)|") dz

= Al =, 1=Een) [ @] + A = p, 1= Ean+ D)(|f" B)|" = [/ (@) |)
Substituting the above equations into (3.3) leads to the inequality (3.1). O

REMARK 3.1. Takingn=1,x=%2, g=1,and 0< A < J <p <1 in Theo-
rem 3.1 may derive [3, Theorem 3.1] which has been recited as the above Theorem 1.5.

THEOREM 3.2. Let n € N and f : 1 — R be a mapping such that £~V (x) is

absolutely continuous on [a,b] and a,b € I° with a <b. If | f () |q is a convex function
on [a,b] for g>1 and g(n—1) = r >0, then for x € [a,b] and A, € [0,1], we have

] (b—a) ng—r—1 1-1/q
stasn] < O a ()
< [ Ear+2) (|f7 (@)~ [£20)|) + AR Ert D] (5)] ]
ng—r—1 ll/q () |4
J{A(l—u,l Egt——— — )} [A(1=p, 1= Ecr+ 1] " (a)]
+A = 1= Eart (£~ @ )] 1], G4
where & and A(A,c;r+ 1) are defined as in Lemma 2.1 and (3.2) respectively.

Proof. Similar to the proof of Theorem 3.1, by the convexity, Lemma 2.1, and
Holder’s inequality, we have

_\n Ex 1-1/q
strig] <« LI ([ domtodia b —ac)
0

n!
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£ 1/q
X [/0 2k —z| (2 f (@) + (1= 2)| F (B)]7) dz}

1-1/q
+ (/gj(l —g)l=Na=rl/la=1)1 — z —p(1 —#)|dZ)

1/q
XM“‘Z“—Z—“— JEVAR >|q+<1—z>|f<"><b>!q>d1} }

The rest is the same as in the proof of Theorem 3.1. [

COROLLARY 3.1. Under the conditions of Theorem 3.2,
1. if r=0, then

S A, m)| < (b_a)n{{AQ@;%)yw[ (. &:2) (|1 (@)[*

n!

—[F®)|7) + AR, Ec )| (B)]1]
na — 1-1/
[(1—;1, —& 1 1)} q[A(1—u,l—éx;1)|f(">(a)|q

7q_l

FA(L =, 1= E2)(|F7 B)] £ (@) D)] l/q};
2. if r=(n—1)q, then

_ (A& D] V1A, £ (n— 1)g+2)

< ([£7 @) = [F2 b)) + AR, £ (n — Dg+ 1) | ()] 1]/
A —p 1= Ea1] A - g - (- g+ )| (@)
AL =, 1= &g (n—1)g+2) (£ B)|* = | F (@) ))] 4}

IS0 2, p)] <

(b—a)"
n!

THEOREM 3.3. Let n € N and f:1 — R be a mapping such that f"~V(x) is
absolutely continuous on [a,b] and a,b € I° with a <b. If |f(”) |q is a convex function
on |a,b] for g > 1, then for x € [a,b] and A,u € [0,1], we have

S A, )|

< (b;!a)n{[ ()L 0.1, 2q_—11>}1—1/q[A(07§x;(n_ 1)q+1)|f(")(a)’q

B0~ 11,6 (n— g+ D])( |]1/q+[3<1_u,o, @,2"_‘1)}1_%

< [B(0,—1,1,1-&g (n—1)g+1)| 7 (@) |*+A(0, 1—&; (n—1)g+1) | ) <b>|q]“‘f},
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where & and A(A,c;r+ 1) are defined as in Lemma 2.1 and (3.2) respectively, o, 3 €
R, ¢c>0,r>—1,and

1
(r+1)(r+2)
[(r+2)B +anA](nd) !
—loc(r+1)+B(r+2) +and](nd —c)™*, nd >c,
[(r+2)B 4+ anA](nA)" !
+[B(r+2)+ afc+cr+nd))(c—nA) T 0<nid <ec.

B(A,a,B,c;r+1) =

(3.5)

Proof. Similar to the proof of Theorem 3.1, applying Lemma 2.1, the convexity,
and Holder’s inequality results in

_ 4\ & I-1/q L&
|S(x;7t,!,t)’ < (b ‘a) {(/(; nl—Z|q/(q_l)dZ> [/O Z(n—l)q(z|f(n)(a)|f{

n:

1/ 1-1/
=2l e)a] ([ -ana-wpee)

/
X [/;(1 —z)("fl)q(z|f(”)(a)|q+ (1 —z)|f(”)(b)|q) dz]1 q}.

The rest is also similar to the proof of Theorem 3.1. [

THEOREM 3.4. Let n € N and f : 1 — R be a mapping such that £~V (x) is
absolutely continuous on [a,b] such that a,b € I° with a <b. If |f(”) |q forg>1lisa
convex function on [a,b)], then for x € [a,b] and A,u € [0,1], we have

S 2, )|

Pyl ;f)” { [B()L, 1,0,&: %)} T a0.E =2+ 2P @)

(n) 1\ |47 1/4 21\
TB(0.~ 1,18 (n =g + O]+ B 141,01 =& T

X [B(0,~1,1,1-&: (n—2)g+2)| f")(a)| "+A(0,1- & (n—2)g+2) | £ (b) ] ‘/"},

where & and A(A,c;r+ 1) are defined as in Lemma 2.1 and (3.2) respectively, and
B(A,0,B,c;r+ 1) is defined as in (3.5) for a,f € R, ¢ >0, and r > —1.

Proof. Similar to the proof of Theorem 3.1, applying Lemma 2.1, the convexity,
and Holder’s inequality results in

—a)n & I=Var g,
st < oD ([ vas) [ [ e

n:
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1-1/q

1/
a-almee] o+ [ -z pea)

1/
><[/;(1—z)(n_z)q+l(2|f(")(a)’q+(1—z)’f(”)(b)|q)dz] q}.

The rest is similar to the proof of Theorem 3.1. [J

THEOREM 3.5. Let n € N and f:1 — R be a mapping such that {1 (x) is
absolutely continuous on [a,b] such that a,b € I° with a < b. If ’f(”) ’q is a convex
Sfunction on [a,b] for q > 1, then for x € [a,b] and A,u € [0,1], we have

n -1/
}S(x;l,ll)} < M(q_—l)l : q{gx("q_l)/q[B(k,1,0,§x;q+1)}f(”)(a)}q

n! ng—1
+ B, —1,1,Eq+ 1) £ (b)[1]
+(1 _éx)(anl)/q[B(l UL —Eeg 1)|f(n)(a)|fl
+B(1—1,1,0,1 —Eaq+ D] (1)]7]/41,
where &, and B(A,a, B,c;r+ 1) are defined as in Lemma 2.1 and (3.5) respectively.

Proof. Similar to the proof of Theorem 3.1, employing the convexity, Lemma 2.1,
and Holder’s inequality produces

b—a)t & B 3 1-1/q Ex
st < L ([*devatenaz) T -l
/q 1 1-1/q
+ (/ (1 _Z)(nl)q/(ql)dz)
&

1/
x U; [1—z=n(1 = w)*(z| @)+ (1= 2) [ (?)]") dz] q}.

+(l—z)|f(”)(b)|q)dz]

The rest is also similar to the proof of Theorem 3.1. [
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