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KERNEL FUNCTION BASED INTERIOR-POINT
ALGORITHMS FOR SEMIDEFINITE OPTIMIZATION

YONG-HOON LEE, JIN-HEE JIN AND GYEONG-MI CHO

(Communicated by Yeol Je Cho)

Abstract. We propose a primal-dual interior-point algorithm for semidefinite optimization(SDO)
based on a class of kernel functions which are both eligible and self-regular. New search direc-
tions and proximity measures are defined based on these functions. We show that the algorithm
has 0(\/nlog%) and O(y/nlognlog%) complexity results for small- and large-update meth-
ods, respectively. These are the best known complexity results for such methods. This is the first
algorithm for SDO based on this kernel function, as far as we know.

1. Introduction
In this paper, we consider the standard SDO problem as follows:
min{CeX :A;eX =b;, 1 <i<m, X =0} (1)

and its dual problem

max{b'y: Y yiAi+S=C, S= 0}, )

i=1

where C, A; €S", 1 <i<m, b,y R" and CeX = Tr(CX), where Tr denotes the
trace.

Primal-dual interior-point method(IPM) is one of the most efficient numerical
methods for solving large classes of optimization problems and highly efficient in both
theory and practice. It is well known that the SDO has a variety of applications in en-
gineering problems, such as optimal control, combinatorics, image processing, sensor
networks, financial mathematics and statistics([16]).

Many researchers have proposed kernel function based interior-point algorithms
for various optimization problems. Most of the polynomial-time interior-point algo-
rithms are based on the logarithmic kernel function with &'(\/nlog%) and ¢'(nlog%)
iteration complexity for small- and large-update methods, respectively([13]). Recently,
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Peng et al.([12]) first defined a class of self-regular kernel functions, proposed primal-
dual IPM for linear optimization(LO) and generalized to second-order cone optimiza-
tion(SOCO) and SDO. Roos et al.([2]) first defined eligible kernel functions which
were defined by 4 conditions on the function and proposed a primal-dual IPM for LO
and simplified the complexity analysis of Peng et al.’s in [12]. Ghami et al.([5]) pro-
posed a primal-dual interior-point algorithm for LO based on a kernel function with a
trigonometric barrier term but they didn’t obtain the best known complexity result for
large-update method.

Several interior-point methods(IPMs) for LO have been successfully extended to
SDO. Wang et al.([14]) proposed a primal-dual IPM for SDO based on a general-
ized version of the kernel function in [2] and obtained & (q2\/ﬁlogg), g>1, and
O(y/nlognlog %) complexity results for small- and large-update, respectively. Ghami
et al.([4]) extended the IPM for LO in [2] to SDO and obtained the similar iteration
bounds as analog of LO. Ghami et al.([6]) proposed a primal-dual IPM for SDO based
on a generalized version of the kernel function in [1] and obtained &'(/nlognlog%)
for large-update method. Lee et al.([10]) defined a new class of kernel functions and
obtained the best known complexity results of the small- and large-update [IPMs based
on the kernel function for LO and SDO.

Motivated by their works, we extend a primal-dual interior-point algorithm for
LO in [3] to SDO and obtain the best known compexity results of small- and large-
update methods. Ghami et al.([4] proposed primal-dual IPMs for SDO based on eligible
kernel functions which is first defined in [2]. They are using 4 eligible conditions
for complexity analysis. However, when we analyze the algorithm, we only use three
conditions of four eligible conditions. Furthermore, we summarize kernel functions
which obtained the best known complexity results of small- and large-update methods
for SDO up to date.

This paper is organized as follows: In section 2, we introduce fundamental con-
cepts and describe the generic interior-point algorithm for SDO. In section 3, we define
a class of kernel functions and give its essential properties for the complexity analysis.
In section 4, we give some basic definitions of matrix-valued functions and the com-
plexity results of small- and large-update algorithms for SDO. Moreover we review the
kernel functions which obtain the best known complexity results for SDO up to date.

We will make use of the following notations throughout the paper: R", R and
Rl | denote the set of real, nonnegative real and positive real vectors with n compo-
nents, respectively. S, 8" and S" , denote the set of symmetric, symmetric positive
semidefinite and symmetric positive definite n X n matrices, respectively. ||| de-
notes the Frobenius norm for matrices. =~ denotes the nonnegativity in the Lowner
partial order for symmetric matrices, i.e., A = B(A = B) if A— B is symmetric positive
semidefinite(positive definite). For Q € S8t , , Q'/? denotes the symmetric square root
of Q. For any V € §", we denote by A (V) the vector of eigenvalues of V arranged
in non-increasing order, that is, A;(V) = A,(V) > --- > 4,(V) and A := diag(A(V)),
i.e., the diagonal matrix from a vector A(V). E denotes an n x n identity matrix.
For a € R, [a] denotes the smallest integer greater than or equal to a. For f(x),
gx):Ryy =Ryt f(x) = O(g(x)) if f(x) < c1g(x) for some positive constant ¢y
and f(x) = 0O(g(x)) if c2g(x) < f(x) < c3g(x) for some positive constants ¢, and c3.
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2. Pimal-dual IPM for SDO

In this section we introduce the generic IPM for SDO problem (1) and (2). Through-
out the paper we assume that the matrix A;, 1 <i < m, are linearly independent and
SDO (1) and (2) satisfy the interior-point condition(IPC), i.e., there exists X € Fp, S €
Fp with X =0, § > 0, where .%p and .Zp denote the feasible sets of the problem (1)
and (2), respectively.

Finding an optimal solution of the problem (1) and (2) is equivalent to solving the
following system:

AjeX =b, 1<i<m X0,

Y yidi+S=C, S0, 3)
i=1
XS§=0.

The basic idea of primal-dual IPMs is to replace the complementarity condition of (3),
XS =0, by the parameterized equation XS = yuE with X,§ > 0 and yu > 0. So we
consider the following system:

AioX =b;, 1<i<m, X0,

Y viAi+S=C, S0, 4)
i=1

XS =uE,

where > 0. Under the assumptions, the system (4) has a unique solution (X (u),y(u),
S(w)) for u >0 and (X (u),y(u),S(1)) converges to the optimal solution of the prob-
lem (1) and (2) as pu goes to zero([16]). We call the set {(X(u),y(u),S(u)) | u >0}
the central path of the problems (1) and (2). Applying Newton’s method to the system
(4), we obtain the Newton-system as follows:

AieAX =0, 1 <i<m

)

m

Y AyiAi+AS =0, 5)
i=1

XAS+AXS = uE —XS.

Under the assumptions, the system (5) has a unique search direction (AX, Ay, AS). Note
that AS is symmetric from the second equation of (5), but AX may not be symmetric.
Various methods of symmetrizing the third equation of (5) are proposed so that the new
system has a unique symmetric solution. In this paper, we use the NT symmetrizing
scheme([11]).

Let P:=X!/2(X1/25x1/2)=1/2x1/2 = §-1/2(51/2x §1/2)1/2§-1/2 and D := P/2.

Define

1 1 1
Vi=—D XD '= —_DSD=— (D 'XSD)"/2. (6)
N )

VE VE

Then matrices D and V are symmetric positive definite.
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Define for © >0, 1 <i<m,

_ 1 1 1
A;:= —DA;D, Dx:= —D 'AXD™!, Dg:= —DASD. (7)
v

VE VE

Then the third equation of (5) becomes
V(Ds+ Dx) + (Dx + Ds)V = 2E —2V?, (8)

For V € §% ., by the spectral theorem, there exists an orthogonal matrix Q such that
V = QT AQ. Then (8) becomes

AQ(Ds+ Dx)O" + Q(Dx + Ds)OT A = 2E — 2A°.

Since Q(Dx +Ds)Q is a diagonal matrix, we have Dx +Dg = V~! —V. Then the
Newton-system (5) can be rewritten as follows:

A,‘ODX:O, lgzgm,

> AyiA;+Ds =0, 9)
i=1

Dy+Dg=V-1—-V.

The solution (Dx,Ay,Ds) of the system (9) is called the scaled NT search direction.
We call v : Ry — Ry akernel function if y is twice differentiable and satisfies the
following conditions:

V() =y(1) =0, y'(1)>0,1>0, lim y(r)=limy(t) = (10)

— —eo

For V = QTdiag(4(V),2(V), -+, Ax(V))Q, the spectral decomposition of V € §" __,
we generalize a function y(7) : Ry — Ry to the matrix function y(V): 8%, — §”
as follows:

w(V):= Q" diag (WM (V)), y(22(V)), -, w(Aa(V))) O,
V(V) i= 07 diag (W (1 (V) ¥/ (V). W (V) 0.
Note that the right-hand side V—! —V of the third equation of (9) is —y.(V), w.(t) :=

tzT_l —logz. Here y,(V) is called the classical kernel function.
In this paper, we replace —y..(V) by —y/(V), where a kernel function y(¢) will

be defined in (14) and y'(V) denotes the second equation of (11). Then we have

(1)

AjeDx =0, 1<i<m,

m

Y AviAi+Ds =0, (12)
i=1

Dx+Ds=—y'(V).

For any kernel function y(¢), we define W(V): 8", — R, by

(V) =T (y(V) =X v(A(V)). (13)
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Then W(V) is strictly convex with respect to V > 0 and vanishes at its global
minimal point V = E and W(E) = 0. Since Dx and Dy are orthogonal, for u > 0,

Y(V)=0 < V=E & Dx=Ds=0 < X =X(u), S=S(u).

Hence we can use (V) as a proximity function to measure the distance between the
current iteration and the corresponding Ll -center.

The primal-dual interior-point algorithm for SDO works as follows: Assume that 7 > 1
and there is a strictly feasible point (X,y,S) which is in a 7-neighborhood of the given
w-center([9]). We update u to p := (1 —6)u, for some fixed 6 € (0,1), and then
solve the system (12) and (7) to obtain the NT search direction. The positivity condition
of a new iteration is ensured with the right choice of the step size o.. This procedure
is repeated until we find a new iteration (X;,y,S+) which is in a 7-neighborhood of
the p. -center and then we let u := py and (X,y,S) := (X4,y+,S+). We repeat the
process until nu < €.

Primal-Dual Algorithm for SDO

Input:

A threshold parameter 7 > 1;

an accuracy parameter € > 0;

a fixed barrier update parameter 6, 0 < 6 < 1;

a strictly feasible (X°,5°) and u® = 1 such that ¥(X°,8°, u%) < 7;
begin

X:=X% §:=8% pu:=pu°;

while nu > € do

begin
pe=(1-0)u;
while W(X,S,u) > 7 do
begin

solve the system (12) and (7) for AX, Ay, AS;
determine a step size o;

X =X+ 0oAX;

S:=854 aAS;

y:=y+oAy;
end

end
end

3. Kernel function and its properties

In this section, we define a class of kernel functions and give its essential properties
for complexity analysis.
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We consider a function y(¢) as follows:

p>=1) 1P —1 pq(t—1)
2 q(g+1) qg+1

y(t) = ,p=1,¢>01>0. (14)

DEFINITION 1. ([2]) Let ¢ : R4+ — Ry be of &3, ¢ is eligible if it satisfies the
following conditions:
(i) 19" (1) +¢'(1) 20, 0<r <1,
(i )t¢”() ¢'(1) >0, t>1,
(iii) ¢ ()<O t>0,
(iv) 2(0"(1))> = ¢' (1)) (1) >0, 0 <1 < 1.

For w(t), the first three derivatives are as follows:

N P pq
v =p (g+1)eratl  g+1’
MmN p(pq+1)
vi(t)=p+ g+ Lra 2’ (15)
@) PPa+1)(pg+2)
From (15), we have
v'()>p, p=1, 1>0. (16)

Note that the kernel function y/(r) defined as in (14) is eligible and self-regular([8]).

LEMMA 1. Let y(t) be defined as in (14). Then we have for p > 1, ¢ >0,
@)y (1) +y' (1) 20, 0<r<1,
(it) ty" (1) —y'(t) 20, t > 1,
(iit) yB) (1) <0, 1> 0.

REMARK 1. (Lemma 2.4 in [2]) If y/(¢) satisfy (ii) and (iii) in Lemma I, then
v (O (Br) - By (t)y"(Br) >0, 1 >0, B> 1.
LEMMA 2. For y(t), we have for p > 1, ¢ >0,
/

(i) 51 < () < 5;(¥'(0)7? >0,
(i) w(r) < 9" (D)(—17 1>1.

)

Proof. For (i), using the first condition of (10) and (16), we have

:/1’/15 v'(0)dCdE > p/ll/fdldé:g(t—l)z
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which proves the first inequality. From (16),

n=[ /fw"(cf)déd& A [ w@w
— [veve /w ywwﬂ

For (ii), using Taylor’s theorem, the first condition of (10) and Lemma 1 (iii), we have

w(0) = W)+ ¥ (0~ 1)+ 59/ ()~ 12+ 50O E) - 1)
= W17+ ) - 1)}
< Wi 17,
for some &, 1 < & <t. This completes the proof. O
REMARK 2. Let y,(¢) be the barrier term of the kernel function w(¢), i.e., y(r)
= p( D4 wy(r). Since wj(t) = — At = BL <0, yy(r) is monotonically

decreasmg with respect to # > 0.

LEMMA 3. Let p :[0,00) — [1,00) be the inverse function of y(t) for t > 1. Then

we have
2u
B(u)< 1+ ?, p=1, u>0.

Proof. Let u=wy(t), 1 > 1. Then u= @ -+ Wp(1). Using the first inequality
of Lemma2 (i), t=p(u) <1+ 27" . This completes the proof. O

LEMMA 4. Let p : [0,00) — (0,1] be the inverse function of —1y/'(t) for 0 <t <
1. Then we have

1

p pq+1
p(Z)> 7) 7P>1751>O»Z>0~
Z

p+2(g+1
Proof. Let z:=—1y/(t) for 0<t< 1. Bythedeﬁmtlonofp p(z)=t,for z>0.
From (15), —pt—i—u = 2zand JAyrpa- = 2z+pt—% < 27+ q+1’

0 <t < 1. This implies 17971 < W. Hence, p(z) = t > (m
This completes the proof. o

)qu .
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2_1\2
LEMMA 5. Let B> 1 and p > 1. Then y(Bt) < ()—l—p(ﬁ%l)t,t>0.

Proof. By Remark 2, y,(Bt) — y(1) <0 for B > 1. Hence we have
p((Br)* 1)

v(Br) = — 5 T v (1)
2_
= 2D sy + 28— )+ w(e) - vl
L R
< W(I)+p(ﬁ22_ l)tz
This completes the proof. O

4. Complexity analysis

In this section, we analyze the complexity of small- and large-update interior-
point algorithms for SDO. For the analysis of the algorithm we also use the norm-based
proximity measure &(V) as follows:

1 [& 1
8(V) = W)l = 3,/ S(w — SIDx+Dsl, vesi.  an

i=1

In the following lemma, we give a relationship between two proximity measures.

LEMMA 6. Let 6(V) and W(V) be defined as in (17) and (13), respectively. Then
we have

S(V) > %\P(w vest,, p>1L.

Proof. Using (17) and the second inequality of Lemma 2 (i),

Hence we have §(V) > |/ £W(V). This completes the lemma. O

In the following, using Remark 1, we estimate the effect of a t-update on the value of
(V).

LEMMA 7. (Lemma4.16in [15]) Let p be defined as in Lemma 3. Then we have

Y(BV) < ny ([33 (@)) ,Vesi,, p>1
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LEMMA 8. LetO<9<1andV+:=\/7 If ¥(V) < t, then for p > 1 and
q >0, we have

()ka%’“(\fﬂ zY,
(i) (V) < ggy (254 06+ Oyape).

)
Proof. For (i), since \/ﬁ > landp(M> > 1, we have B\(/L_O) > 1.

Using Lemma 7 with § = \/_, Lemma 2 (ii), Lemma 3 and ¥ (V) < 7, we have

1 Y(V) np(pg+q+2) B<\P§7V)> 2
v <y (57)) < RS T

FE
np(pg+q+2) (1~ V10
2(g+1) V1—06

2
2T 2
nppa+a+2) (0T Vw | _ plpa+q+2) o
2(g+1) V1-6 2(g+1)(1-0) )
where the last inequality holds from 1 — \/1 —-0=

For (ii), using Lemma 7 with 8 =
obtain the other upper bound of ‘P(V) as follows

Y(Vy) < ny (%) <n<w<g<@>) +PQ2(;§1W) (119 _1>>
2

=¥(V)+ 2(’1”0_99)32 (TS/)> cor 0 [y 2—T>

_ 2T1+np6+0+/8npt
o 2(1—9)

1+ﬁ <0,0<0<1.

(V) < v and Lemma 3, we

This completes the proof. O

Definefor p>1,g>0and 0< 0 < 1,

2
u . Plpatq+2) _ 20+npO+68npt
Foi= 2100 )<fe+,/p> , o= 20-6) .38

We will use ¥ and ¥, for the upper bounds of ¥(V) for small- and large-update
methods, respectively.
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REMARK 3. For small-update method with 7 = ¢(1) and 6 = ©(L), ¥,

n

ﬁ(%), and for large-update method with 7 = &(n) and 6 = ©(1), ¥

O(pn).

LEMMA 9. (Lemma3.3.14(d)in [7]) Let M, N € S" be two nonsingular matrices
and f(t) a real-valued function such that f(€') is a convex function. Then

n

2. f(Gi(MN)) <

i=1 i

f(6i(M)0i(N)),

-

1

where 6;(M) , i = 1,2, ---, n, denote the singular values of M.

Using Lemma 1 (i) and Lemma 9, we obtain the following lemma.

LEMMA 10. (Proposition 5.2.6in [12]) Let Vi, Vo € 8" . Then we have
1/2 1
Y ([vf/zvzvf/z] ) < 5 (¥ +¥(V).

Now we compute a feasible step size ¢ and the decrement of the proximity function
during an inner iteration. For fixed u , if we take a step size o along the search direction
(AX, Ay, AS), we obtain a new iteration (X, y+, S+), where

Xy =X+ 0AX, yy :=y+0Ay, S;:=S+aAS, o>0.
Using (7), we can rewrite X, and Sy as follows:
X, =/uD(V+aDx)D, Sy =/uD ' (V+aDs)D™". (19)
From (6), we have V; = (D'X.5.D)"*. From (19), we have
V2 = (V+aDx)(V +aDs).

Since V+aDyx €S, , V+aDseS", , V2 issimilarto (V + aDx)"/? (V +aDs)(V +
aDyx)!/2. This implies that the eigenvalues of V, are the same as those of ((V +

aDy)'/2(V + aDg)(V + aDx)"/?)"/?. From (13), we have
(V) = ‘P(((V +aDy) 2V + aDs)(V + an)1/2)1/2>.
By Lemma 10, we obtain

Y(V.) < = (Y(V+aDx)+¥(V + aDs)). (20)

N —

Define for oc > 0,

Fla) =BV —W(V), fi(a):= % (W(V + aDy) - ¥(V + aDs)) — (V).
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From (20), f(et) < fi(a) and f(0) = f1(0) = 0.

Recall that a matrix M(¢) is said to be a matrix of functions if each entry of M(z) is a
function of t, i.e., M(r) = [M;;(r)], 1 <i,j <n([7]). M(t) is said to be differentiable if
and only if M;;(r), 1 <i,j < n,is differentiable. Let M(r) := [M;;(¢)], 1 <i,j <n,be
a matrix of functions which are differentiable and diagonalizable at 7. Then we have

%M(z) = [%Mij(t)} .

For notational convenience, we denote by M’ (¢) the derivative of the matrix of functions
M(t). Furthermore, we have

S 0a0) =T (10 ) =T (1), @1
ey (M(1) = Tr (v (MM (1)) @)

Using (21), (22) and (13), we have

filo) = %n (y'(V + aDx)Dx + y/'(V + aDs)Ds) ,

1
(o) = ST (y"(V + aDx)D% + v (V + aDs)D3) .

From the third equation of the system (12) and (17), we have

1 1
A(0) = 3T (W' (V)(Dx + Ds)) = STr (=(y'(V))?) = =28%(V).  (23)
For notational convenience, let 0 := 6(V) and ¥ := W¥(V). To find the default step

size, we need the following lemmas.
Using Dy and Dy are orthogonal and Lemma 1 (iii), we have the following lemma.

LEMMA 11. (Lemma 5.191in [15]) Let 0 be defined as in (17). Then we have
1(00) <282y (2(V) - 208).
Using Lemma 11 and (23), we have the following lemma.
LEMMA 12. (Lemma 4.2 in [2]) If the step size o satisfies
— ¥ (A(V) =208) + v/ ((V)) < 28, (24)

then
fi(e) 0.

Using Lemma 1 (iii), we have following lemma.
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LEMMA 13. (Lemma4.3in [2]) Let p be defined as in Lemma 4. Then the largest

step size o which satisfies (24) is given by
_ 1
a:=5(p(8)—p(29)).

Using Lemma 13 and Lemma 1 (iii), we have the following lemma.

LEMMA 14. (Lemma 4.4 in [2]) Let p and o be defined as in Lemma 4 and
Lemma 13, respectively. Then

_ 1
“Z Ypas)
We define the default step size & as follows:
P — (25)
V" (p(26))
Since f1(0) =0, f](0) = —28% and Lemma 1 (iii), using Lemma 1.3.3 in [12], we
have the following lemma.

LEMMA 15. If the step size o, is such that o < &, then
fla) < —ad?®.

Combining Lemma 15 and (25), we have the following lemma.

LEMMA 16. Let ¢ be defined as in (25). Then we have
52
lI/// < p (2 5))

LEMMA 17. Let T > 1 and & be defined as in (25). Then we have

q

5 Y 2(pg+1)

1
32v2p(pg+1)(q+1)7T

fle) < -

Proof. Since y(t) is eligible, using Lemma 1 (iii), Lemma 4, Lemma 6 and the
assumption 7 > 1, we have

" 7 1% pqlﬁ
v'(p(26)) < v ((m) )

+p(pq+1) <1+4(CI+1)5)’”’“
qg+1 p

Pq+2

1 4 1) patt pa+2

<p 24_& \/§+M)pq 8 bt (26)
g+1 p
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Using (26), Lemma 16, g > 0, p > 1 and Lemma 6, we have

~ 5?
fla) < -
( bl (7 e )) -
61"’1)11
< —
pq+%
p<2+(pq+1)(q+1) i (V2+4) " )
S Ny
< - — < - —.
32p(pg+1)(g+ 1)t 32v2p(pg+1)(g+1)reT
This completes the proof. O

LEMMA 18. (Proposition 1.3.2 in [12]) Suppose that a sequence {#x > 0, k =
0,1,2,---,K} is satisfying the following inequality:

tk+l <lk—nf;2/» n >07 ']/6 [071)7 k=0,1,2,---,1€.

-y
_ [0
K| ——|.
{n (1- Y)—‘
We denote the value of W after p-update as Wy and the subsequent values in the
same outer iteration are denoted as W;, [ =0,1,2,3,---,K, where K denotes the total

number of inner iterations per an outer iteration. Then we have ¥ < ¥, and Wy < ¥,
where ¥ and ‘I’o are defined in (18). Then we have Wx_; > 7 and 0 < Wx < 7.

Then

THEOREM 1. Let Wy and P be defined as in (18) and let K\ and K, be the total
numbers of inner iterations in the outer iteration for small- and large-update methods,
respectively. Then for p > 1 and q > 0, we have

pq +2
(i) Ki < {64\/—P(pq+l)(4+l)”q*'q’ o l

Pq+2
(i) Ky < [64\/_p(pq+1)(Q+1)”q“T Wﬂ

Proof. For (i), combining Lemma 17 and Lemma 18 with 1 := L

T
32v2p(pg+1)(g+1)Pa+T

and y:= we have

P4
2(pg+1)°

_pq+2
{64\/—p(pq+ 1)(g+ 1) gD l '
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For (ii), by the same way, we have

' Pq+2
Ky < i64\f2p(pq +1)(g+ 1)”*"1’3(""“)i ~
This completes the proof. O

THEOREM 2. Let a SDO (1) and (2) be givenand p>1, ¢ >0, 0< 0 <1, and
> 1. If there is a strictly feasible starting point (X°,5°) s.1. ‘l’(XO,SO,,LL =1)<
then the total number of iterations required by the algorithm to have an approximate
solution s.t. nl < € is bounded by

Pg+2

i64ﬁp(pq+ 1)(g+1)mm T 5 log gl

and

”‘”21 1 n
i64\/—iv(ivcl+1)(61“)”"*“P o gl gei

for small- and large-update methods, respectively.

Proof. 1f the central path parameter u has the initial value u° = 1 and is updated
by multiplying 1 — 6 with 0 < 6 < 1, then after at most | 4 log2 ] iterations we have
nu < €([13]). Hence the total number of iterations for small- and large-update methods
are bounded by

Pq+2
NI ol |
’764\/§p(pq + 1)(q + l)pqlJrl \Pé(l’q+l) _ log g—‘

0
and
Z ‘”21 1 n
i64fp(pq+ D(g+ 1) e g 102 ei
respectively. This completes the proof. O

REMARK 4 Using Remark 3 and Theorem 2, we obtain ﬁ( (pq +1)(g+1)patT T

(P52 o505 flog ) and &/(p(pq -+ 1)(g+ 1)1 (pn) 25i:1 log 2).teration
complex1ty for small- and large update methods, respectively. Let i(p,q) := p(pq +
+2 - q+2 q+2
1)(g+ 1) (%) 0. Then for p = 1, hi(1,q) = 27470 (g + 1) is in-
creasing for ¢ > 0. Choosing p = 1, g = any constant, we havg O(\/nlog?) it-
eration complexity result for small-update method. Similarly, let h(p,q) := p(pq+
+2 +2
1)(q+ 1)r T (pn)>t a1 . Then for p=1, h(l,q) =n Za+n (g+ l)“iﬁ is increasing if
g > 3logn—2 . Choosing p =1 and g = $logn—1, we have €(\/nlognlog?) itera-

tion complexity for large-update method. These are the best known complexity results
for such methods.
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In the following Table 1, we summarize the kernel functions which obtained the best
known complexity results for small- and large-update methods for SDO until now.

Tablel. Kernel functions which obtained the best known complexity for SDO

No. kernel function Reference
P T pg
! p(p+1) q(q;l) + lpqu (l 1)7P = 17 q> 1 [12]
2 %+tq7T1»51>1 [4]
o B L e OO
3 2 q(qliz) q (t=1),q>1 [4]
4 t1+—1+f(q7;1,0<p<17q>1 [14]
I+p po(1=1) _
5 ’11,712 ———L0<p<l,o>1 (6]
6 P(t271)+;*1’2717 p=>1,¢g>0 [10]
p>—1) | =Pi—1 | pg(t—1)
! 2 +‘1(‘I+1)+ q+1 7p>174>0 new
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