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OPPENHEIM’S PROBLEM AND RELATED
INEQUALITIES FOR DUNKL KERNELS

FREJ CHOUCHENE

(Communicated by I. Peric)

Abstract. In this paper, we establish some inequalities related to Oppenheim’s problem for
Dunkl kernels. In order to prove our main results, we present new inequalities involving modi-
fied Bessel functions of the first kind. Refinements of inequalities for modified Bessel functions
are also given.

1. Introduction

We consider the Oppenheim’s problem: What are the best possible constants
l1,1b,r1,r € R such that

sinh
[icoshx+ 1, < *

< rpcoshx+rp
X
hold for all x e R\ {0}?

Since the hyperbolic cosine and hyperbolic sine functions are particular cases of
modified Bessel functions, then it is natural to generalize some formulas and inequali-
ties involving these elementary functions to modified Bessel functions. The extension
of the Oppenheim’s problem to Bessel and modified Bessel functions was first con-
sidered by A. Baricz in [1]. L. Zhu solved completely this problem for trigonometric
functions, see [15].

Our aim is to solve the analogues of the Oppenheim’s problem for Dunkl kernels

1 .
l//f‘i: What are, for o > 5 the best possible constants I, l>, 1, r» € R such that

hy%() + L <y () <ny%) +n

hold forall xe I; I =R, [a,b], a, bER; a< b, [a,+[, a €R, | —e0,b], b€ R?
In the beginning, we present some new inequalities related to this problem for hy-

perbolic functions. These inequalities and Sonine integral formula for modified Bessel

functions allow us to get a new version of the solution of this type of problem for mod-

. . 1 . ..
ified Bessel functions %y, o0 > — 3 Next, by using Sonine integral formula for Dunkl
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1
kernels, we solve the Oppenheim’s problem for Dunkl kernels y%;, o > —5 At the
end of this paper, we give refinements of inequalities for modified Bessel functions .7,

o> — 3 More precisely, in view of the inequalities given in [3], we prove that for all

1
o> —3 and x € R\ {0}, we have

(a+1)Fu(x)+1 - 2(a+1)a;Fo(x) + 1

Z, <
a1 (%) o+2 Qo+ Das +a

1 3
where a1>§,a2::a1+1>§.

2. Dunkl kernels

In this section, we take o > —1.

DEFINITION 2.1. Let A € C. We call Dunkl kernel the function y;* defined by

W (2) = Fa(Az)+ %,@H(Az), zeC,

where 7, is the normalized Bessel function of index o given by

@ =T+ 3 I
Sol2) = L T (ot 1)

For more details of these functions, we can see [2, 4, 5,6, 7, 8,9, 10, 11, 12, 13].
PROPOSITION 2.2. Forall A, z€ C, x € R and n € N, we have

Loy (@) = v (A) = w7 ().

2. % () =i (=2), v (=2 = v (2), vi(@) =y (-2).

3.y 0)=1.

4. yi(z) =T(a+1) (Jic (—1)*(Az)>" +i+2°:> (—1)"(Az)2+! ) |

=22 T(a+n+1) S22 0! T(o+n+2)

INa+1) ! 1 1o
5. a = 7/ l_t O(+2 1 t o 2 llzfdt.
VIO = gy [0 0 e

6. |y < P,

)

< A"yi3, (x). In particular, if A € R then |y (x)] < 1.
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8 N %(x) =0, 0.
Jim g (x) x#

Io+1)

Proof. We denote by ag, := .
) YO (ot 1)

3) It suffices to use _#Z(0) = 1.
5)Let A,z € C. We have
! 2yo—t il
Fa(A2) :aa/ (1= )% 3eha gy,
-1
1
(X+ 1 / (1 _t2)a+%67ilztdt'

/a+l(lz) = aaa_i_% .

An integration by parts shows that

Az 1 ‘

b Fatr1(Az) = —aa/ 1(1 —tz)af%ef”lztdt.
~1

2(a+1)
Hence
1 2 1 il 1 1 L "
W}?(Z) = aa/ (l —1 )0‘—7(1 —t)e—t 4t = aa/ (1 _t)oc+7(1 —l—t)a_?e_l <
—1 1

7)Let A € C. For all x € R, we have

1 ,
v () :aa/ (1= 1)@ 3 (1 41)% e gy,
-1
For all 7 €] — 1, 1], the function x — a1 —t)‘”%(l —H)a*%e*’“’ is C” on R.

Foralln € N, x€ R and 7 €] — 1, 1], we have
<A (1 — )2 (14 1)

(1= )% 2 (1 41)% 2 (—ids)te= it

and .
aa/ (1= 03 (14 0)% 3 dr = y2(0) = 1.

-1
Then, from the derivation theorem under the sign integral, l///‘{‘ is C” on R and for all

ne N and x € R, we have
D0 =aa [ (101 ) iy
dx" A o 1 '
8) Let x > 0. Remark that the function f; defined by

(=97 (49" 10

Ao
t) = —
£l =
is integrable on R and its Fourier transformation is the function A —— w7 (x).
By the same way we get the result in the case x < 0. [
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PROPOSITION 2.3. The Dunkl kernel u/)‘i‘, A € C, is the unique entire solution
on R of the following equation:
Aqut = idu,
u(0) = 1,
1
where Mg, is the Dunkl operator on R of index (a + E) associated to the reflexions

groupe 7, and given by

mﬁ@y:%faﬂga+1<ﬂ@_fgw

- 5 ), fECl(R),(x>—l.

2

Proof. Let x€ R, y§(x) =1 and Aqy§ =0=ix0x y§.Let L € C\{0}. We

have "
ilx
v (0)=1, yi(x)= Fa(Ax)+ m/aﬂ(h)
and 4
afa(x): (a+1)fa+1( )
Hence
d 20+ 1 (Y7 (x) — wi(—x)
o _ %o
Aoy (x) = dxw’l (x) P 2
d 200+ 1  idx
_a[/a(lx)"'z(a_’_l Ao+ lx] X 2(a+ 1) fa.u (Ax)
d i d? i2a+1d
= /e~ Mz[/a (Ax)] = == 2 (A)
= gy Sert ()~ el Fald)
:l},(z(llx /OC+1 lx +/a A«X)
= iAyy (x),
where Ly is the Bessel operator on R given by
d? 200+ 1 d 1
Laf(x) = 25 f(x) + /), fECR), a>—. (1)
Unicity: Let A € C, x € R and u an entire function on R such that
Aqut = idu,
u(0) = 0.
foo foo
Writting u(x 2 a,x", where a, are complex numbers, we get iAu(x) = 2 ilapx"
n=0 n=0

and
foo L
Agqu(x 2 anho (x") = 2 apb, X" = 2 api1bp X",
n=1 n=0
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1—(=1)"
=ilAay,. Since ap =0 and for all n € N\ {0}, we have b, > 0, then for all n € N, we
geta,=0. U

. By identification we obtain for all n € N, a4 15,11

REMARKS 2.4. If f € C'(R), then we have

< 10).

L Aaf(0) =2(a+1)—

d o0
2 (Aaf)e=Aalfy) = -fo+ Qo+ D22,

d
3. (Aaf)o :A(X(fe) = afe,

4 Aaf ()= 210 ( )/ oy, e,
where f, (resp. f,) is the even (resp. odd) part of f.
For all z € C, we have the following relation:

WO (2) = I (2) + ——

mfa+1(z)7

where .#, is the normalized modified Bessel function of index o given by

+°°
= ch(a)Z2"7
n=0
with for all n € N, we have
I'o+1)
= . 2
(@) = Tt n s 1) @
PROPOSITION 2.5. Forall ze€ C, x€ R and n € N, we have
+°°
= Z ak(a)zk, with for all k € N, we have
=0
cr(o)
- S A 3
ay (o) = (o), agyi(a) = 2tatrl) 3)

where ci (o) is given by (2).

_ Ia+1) ! _ ot a3,
NCTTSY /_1(1 0% 2(1+1) dt.
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4. [y%(2)] <™.
5. 0<e My <o
6. ) .
V0 = 3 (e
a, . 3
dxn(‘V—i)(x) < y%(x).
8. The function y?; is the unique entire solution on R of the following equation:

Aglt = u,
u(0) = 1.
EXAMPLES 2.6. Forall x € R\ {0}, we have

1
1. /_%(x):cosx, f_%(x):coshx, v 2 (x)=¢", xeR.

_ sinx __ sinhx L. xcoshx+ (x—1)sinhx
2 A 0="0 0= = 2 .
Sinx — xcosx xcoshx — sinhx
3. /%(x):.’)T, f%(x):3x—3,
3 x(x —3) coshx + (x> —x +3) sinhx
V/Ei(x) = 4 .

REMARKS 2.7.

1. The function ¢, is the unique entire solution on R of the following equation:

Lou = —u,
u(0) = 1,

d

2. The function %, is the unique entire solution on R of the following equation:

Lou =u,
u(0) =1,
d
—u(0)=0
u(0) =0,

where Ly, is the Bessel operator on R given by (1).
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PROPOSITION 2.8. Forall o« >0 and x € R, we have

1S Fal) = e e

2 Surl)= Fal)- 4a(;+1)fa+1<>
3. %fa(x): ﬁfaﬂ(x).

£ I = Fulo) + s S

PROPOSITION 2.9. Forall k, n€ N and x € R, we have

d2k
d2k+1
2. Ifx > —1, then W(ng)(X) > 0.

n

d
3. If x> —1, then ﬁ(u/f‘i)(x) > 0.
x

Proof. Let k € N and x € R. We have

d* o+ 1 1 1
m(wai)(x)zﬁ/fzk(l NOFE(141)% 3¢ dt >0
s
and
P Mo+ 1)

1
/ t2k+1(1 —I)OH_%(I _’_t)oc—%e—xt dt
1

A2kt (Wfi)(x) = _\/EF(OC-F%) 8

2o+ 1 1
CACADE / 244 (1= )%} (¢ cosh(xt) + sinh(x)) di.
\/EF(OH— §) 0
1 1 2
Let t €]0,1] and x > —1. We have +x > —1= > 0. Then
1—12 1—12 1-12

1 1

Eln ( { i ) +xt >0 and ¢+ tanh(xr) > 0. Hence forall 7 €]0, 1] and x > —1, we have
2K+

tcosh(xt) +sinh(xr) > 0. We deduce that for all x > —1, we have W(wf‘i)(x) >

0. O
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REMARKS 2.10.
1. Forall k€ N and x € R, we have
2k
d—(wf‘,-)(x) _ M/
dx* VAL (a+1) Jo

In fact, if 7 € [—1,1]\ {0} and x € R, then 1 +¢tanh(xt) > 1 —|¢| > 0. Morever,
1+0.tanh(x.0) = 1> 0. Hence, forall # € [ 1, 1] and x € R, we have cosh(xz) +
tsinh(xt) > 0.

1
12(1 - 12)*~3 (cosh(xt) + ¢ sinh(xt)) dt > 0.

2. Forall n € N and x > 0, we have

n oo n
=y o

where a;(o) is given by (3).

3. Main results

3.1. Oppenheim’s problem for modified Bessel functions
We begin to find the best possible constants /1, 5, 71, 2 € R such that
llfi%(x)—klzgf%(x)grlfi%(x)—i—rz 4
hold forall xe I; I =R, [—b,b], b > 0.
The solution of this problem can be stated in the following theorem:

THEOREM 3.1.

1. Forall x € R, we have

1 2
lgf%(x)g gf_%(xﬂ—géf_%(x).

2. Forall x >0, we have xcoshx — sinhx > 0.
3. Forall x <0, we have xcoshx — sinhx < 0.
4. Forall b >0 and x € R, we have

1< f% (x) < ul(b)f_%(x) +uy(b).
5. Forall b> 0 and x € [—b,b], we have

sup{in (0)7_4 () 1= (o), e 2 g

3bcoshb -3

< inf{%f 1 (x)+ ;ul(b)«ﬂ,%(x) +”4(b)} )

2
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where uy and ug are respectively given by (6) and (7).

With the aid of Sonine integral formula for modified Bessel functions we get the
following theorem:

1
THEOREM 3.2. Let o0 > 5 b >0 and x € R. We have

1. fa+1(x)<inf{(a+l)j“(x)+1 2(a+1)u1(b)fa(x)+u4(b)}

0 +2 T Qo+ Du(b)+1
2. If x € |=b,D], then

2(0c+ Dui(b) Iu(x) + 1 —u1(b) 2(a+1)(3sinhb —2b).F,(x) +2bcoshb
{ (2a+ Duy(b)+1 " (2ot +1)(3sinhb — 2b) + 3bcoshb }

< i) < inf{ (04 1) Tax) +1 2(0+ D)ug (b) I (x) + ua(b) }

o+2 ’ 20+ 1)u; (b) + 1

where uy and uy4 are respectively given by (6) and (7).

3.2. Oppenheim’s problem for Dunkl kernels

Now, we are going to find the best possible constants Iy, l>, r;, 2 € R such that

1l 1 1
hy [ (x)+L <y?x) <ny /(x)+n (5)
hold forall xe I; I =R, [a,b], a, bER; a<b, [a,+[, a €R, | —o0, D], b €R.

The solution of this problem can be stated in the following theorem:

THEOREM 3.3.

1. Forall a < ag and x € R, we have

1 1

0@y )+ 57 (@) < v (),

2. Foralla, beR; b>0, a<b and x € [a,b], we have

_ 1 a

1
VoF )+ @) - 5

[OSHIE

o a2 <yl
e | wii(b) - 3 ) V=i (x) + 3 SyZix) <
3. Forall a, beR; a<b <0 and x € [a,b], we have

1
v2(b)
el +2

_1 1 1 1 1 a
(viwe2) <vh < guiosvi@- 5,
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4. Forall a <0 and x > a, we have
1 _1 2
V20 < 0 (—a)yF () + 574 a).
5. Forall b>0 and x < b, we have

1

0 ()Y} () + 3.7 () < W (o),

where ay and 0y are respectively given by (10) and (19).

By using Sonine integral formula for Dunkl kernels, the following theorem gives

1
the solution of the problem: Find, for o > —5 the best possible constants [, I, 71,
> € R such that
Ly (x)+hL <y (x) <ny%(x) +n
hold forall xe I; I =R, [a,b], a, bER; a<b, [a,+[, a €R, | —o0, D], b €R.

1
THEOREM 3.4. Let 00 > ——.

1. Forall a €las,ap] and x € R, we have

23(a+ 181 (a)y%(x) + 73 (a)] .
3[(2a+1)6y(a) + 1] Sy ().

2. Forall a, beR; a<0<b, a<b and x € [a,b], we have

2(a+1)e® <3w%i(b) — 2) v (x)+2

(a+1)e? <3V/_5i(b) - z) +3

1
2(0c+ 1)y (x) +3y2,(a) — e
g a‘+1 < i i )
v= () 2001 2)
3. Forall a<<0 and x > a, we have

2[3(ec+ )01 (—a)y%;(x) + 3 (a)]
3[2a+1)01(—a)+1]

a+1
v

(%) <

4. Forall b € [0,—a3[ and x < b, we have

2[3(a+1)61 (=) y%i(x)

+73(b)]
3[2a+1)6,(—b) +

3
2 o+1
1]

< iji ()C),
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1
200+ 1°

where ay,0; and az are respectively given by (10), (19) and 0y (a3) := —

1
COROLLARY 3.5. Let o > ) and x € R. We have

1. by <y (x).

—i

o+ 1)y% 1
2. If x>0, then u/f‘,*l(x)g( + 1y (x) + .

a+2
o+ 1)y%(x)+1
3. If x<0, then ( JYZi(x) < f‘;fl(x),

a+2

where by is given by (11).

1
COROLLARY 3.6. Let o > —5 A, z€C; R(Az) =0. We have

L by <yit(2).

Dy 1
2. If 3(A2) <O, then ' (z) < (et Dy +1

a+2
(a+1)ys(z) +1 il
. >0, ————< ,
3. If 3(Az) =0, then P, L (2)

where by is given by (11).

Now, we give the following interesting result.

1
THEOREM 3.7. Let ot > 5

1. Forall b €]0,1] and x € R, we have

Wy (x) < inf{lﬂa (v), I_Lbz(fa (x) — b)} .

2. Forall b>1 and x € R, we have

_bzz—_l(ja(x) —b) < ¥%(x).

3. Forall a, beR; a<0<b and x € [a,b], we have

2

_m(fa(x) —e ) < yY(x).
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Forall a, beR; a<0<b and x € |a,b], we have

1 —a a—
sup{m(Zfa(x) —e —¢€ 2h)7

2 _
<o) < m(fa(x) —e").

(e*sinhb + 1) Iy (x) — cosha
coshasinhb

Forall a, beR; —In(coshb) <a<0<b, a<b and x € |a,b], we have

2(SJu(x) —e) a

e 2b_ Do (ath) 4 | < Yoi).

Forall a, b€ R; a < —In(coshb) <0< b and x € [a,b], we have

2( Iy (x)—e™ )
o
l//fi(x) < e—2b _ 26—(a+b) +1 :

For all a <0 and x > a, we have

255(x) —e < y¥%(x) < (\/ e~2 4 1+ 1) Fo(x) —e

Forall a €] —1In2,0] and x > a, we have
o 4 a
V) < g (Tl — e )
—e
Forall a < —In2 and x > a, we have
4 zj —a < o
- (2T — ) W),

Forall b >0 and x < b, we have

- (\/e2b+ - 1) T (x) + e < W% (x) < 2I0(x) — e P

1
COROLLARY 3.8. Let 0x > —5

For all x > 0, we have
2.70(x) — 1 < & (x) < inf{ (f2+ 1) To(x) — 1, %‘(wa(x) - 1)}.

For all x <0, we have

- (\fz— 1) T () + 1 < Y& (x) < 250 (x) — 1.
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4. Preliminary results
In order to solve Problem (4), we present the following propositions:

PROPOSITION 4.1. Let b >0, 0 <a < b and x € [—b,b]. We have

sinhb
1. lgf%(x)g b
1 3sinhb — bcoshb 1 2
— v T < < -
2. 3%7%()6)-1- 3 \f%(x)\:;ff%(x)—i—:;

3. ul(b)fi%(x) +1—u(b) < f% (x) < ul(b)ff%(x) +uy(b).

4. If x € [-b,—a]U]a,b], then

ui(a)7 () + Si‘;)hb —wi(a)coshb < 7 () Sur(a). sy (x) + us(a),

[~}

where
f% (x) __xcoshx — sinhx

ul(x) = 3.7, ()C) - X 7é Ov (6)

x2sinhx

o __sinh(2x) —2x
ug(x) := f% (x) —coshx uj(x) = 2 sinhx

, x#0. (7

PROPOSITION 4.2. Let b >0, 0 <a < b and x € [—b,b]. We have
3sinhb —2b 2 1 2
— 7 o AR 3

Sbooshs -1 T3S <30+

2. (1—ug(b)I_1(x) +us(b) < A1 (x) < ul(b)f_%(x) +uq(b).

2 2

3. Ifxe[—b,—a]lUla,b], then

sinhb —us(a)b 1 (X) +uga) < I

bcoshb -3 %(X) g’ll(a)j_%(x)-i-u4(a),

where uy and ug are respectively given by (6) and (7).

PROPOSITION 4.3. Let b >0, 0 <a < b and x € [—b,b]. We have

sinhb 1 >
" b(coshb+2) (j—%(x)“) SAW <L+ 3
#1(1;) (‘ﬂf%(” e (b)) < S (x) Sun(b)I_ 1 (x) +ua (D).

3. Ifxe€|—b,—alUla,b], then

oo (40— @) € 40 < @)y W)+ ula),
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where uy, us and wy are respectively given by (6), (7) and

o) (20 -1 __ sinh(2x) —2x x#0.  (8)

wi(x) = ) -3 xzf% (x) 2(xcoshx — sinhx)’

We are going to find the best possible constants /1, I, r;, r, € R such that
_1 _1
Yo7 () +b <7y () < nylF () ©

hold forall xe I; I =R, [a,b], a, beER; a<b, [a,+[, a € R, | —0,b], b € R.
In order to solve this problem, we present the following propositions:

PROPOSITION 4.4. Let a, b € R; a < b and x € [a,b]. We have

R TR WPy R W TR
VWS < W <+ G
l—e 2 1 1l—e 20 1 —a a—2b
2. Ze v l(x)+et < ff%(x) < 26 v 2 (x)+ %
l—e 2 _1 l—e20 _1 ~b_ b—2a
3. ¢ Wf‘z (x)_’_e—agj (x) < e W,'z (x)—l—&
2 ! 2 ! 2
PROPOSITION 4.5. Let a, b € R; a < b and x € [a,b]. We have
1 _1 1 | 1 -2a |
LSV < Sy ) < (0 < —— v ).
l—e 20 1 —2a_9p=lath) 4y | _1
2y et s ) < ey ) e
|—e2 1 “2 _p,—(ath) L] _1
v eSS ) < Ty ) e

PROPOSITION 4.6. Let a, b € R; a < b and x € [a,b]. We have
1 1 l —2b 1 1 —2a 1
LSy < T ) < () < v ).

l—e? 1 cosha 1
. 2 b < <—— [ si 2 .
2 V- (x) +e I 1(x) < g (smhbwl (x) + l)

3. If a> 0, then

1— 672a 1 —a coshb . -1
5 W—i2 (x)+e < j_%(x) < Sinhae? 11 (s]nhal//_i2 (x)+ 1)

_1 1
' 2sinha’
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4. If a <0, then

2 1 1 sinhae? + 1 1
e 2a_17 3 (x) sinha v () sinhacoshb ™~ ~3 () sinha
1
2.9 — .
< -3 () sinha

The solution of Problem (9) can be stated as follows.

COROLLARY 4.7. Let a, be R; a<b and x € R. We have

1
1. SV (x)<f7%(x).

4.

1— e—Za -1 —a 1— 6_2b -4 b
supy Y ()t =y ) +e " < Iy ()
1— =20 —a a—2b 72b_2 —(a+b) 1 _1
<inf{ R e AR
cosha _1
————— ( sinhby_? 1 .
etsinhb+1 (sm vt () + )}
(a) i Ifx>a, x#a+1In2, then
4_e2a 1 e ¢ 1 1 e ¢
2 _ 2
g Ve (x) + 3 <f1(x)<211/ﬂ (x)+ >
ii. If x=a+1n2, then
4—e2 | —a 1 1 e @
2 A+ > zf_%(x)< SV (x)+ 5
—2a —a 1
iii. If x=a, then 3 v_ 2 (x)+ <I i()=zy_ (x)+
1 -1 4
. If x <a, then E‘V—iz(x)"‘ez <f7%(x).

(b) i Ifx>a,x7éa+ln<1+ 6*2“+1>,then

<\/M—e“> (e“l//:ii (x)+ l) < I < %W:i% (x) + <

15
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i Ifx:a+1n<1+\/e*2“+l>, then
<\/ e+ 1 —e“) (e”l//_i% (x) + l) =7 1(x)< %l[/:i% (x) + ¢

iii. If x=a, then

(VA=) (v i) <oy = v f )+

2
(c) i Ifxga,x#a—ln(l—k\/ez“—kl),then

e

1 _1
iv. If x<a, then El//_iz(X)-i- <J_%(x).

— <e_a +Ve 2+ l) (e_“u/_i% (x)— l) < fi% (x).
ii. Ifx=a—1n<l+\/62“+l>, then

- (e*“+ e 2y 1) (wwﬁ (x) — 1) s

1 -1 ¢
iii. If x> a, then E‘V—iz (x) —% < fi%(x).

The study of the modified Bessel function .# 3 gives the following proposition:

PROPOSITION 4.8. The function %3 is even on R, strictly decreasing on

] = 0,0], strictly increasing on [0,+oo[, and satisfies

1. lim Z3(x) =4, £3(0) =1, lim F3(x)= +oo.
X——00 2 2 X—>+o0 2
2
2. Forall x e R, we have ?f% (x) =S %(x) — f% (x).

LS}

3. Forall x € R, we have f%(x)—i—% < I 1 (x).

[~}

1
The study of the Dunkl kernel y?; gives the following proposition:

PROPOSITION 4.9. Let ag be the root of the equation

—(x42)e 42 —3x42=0, —1,4<ag<—1,3, (10
1 2 2e0

by := l//El-(ao) == (ao) = 6]0,778,0,822[, (11)
3 2 ap+2

1
and x € R. The function y?, is strictly decreasing on | — o, a), strictly increasing on
[ao, +eo[, and satisfies
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1 1 1
1. lim y2(x) = 4o, y2,(0)=1, lim y?,(x) = +oo.

[N X—oo
1 _1
2. 32, (x) = w2 ()= ) (0),

3 Lyt =yt (-2
Lt = v -2s 0.

1
4. l//fi is strictly convex on R.

6. If x > ag, then §f% (x) < y?(x) <

1

1
7. If x < ag, then y?,(x) < ;ﬂ% (x).

2 1 !
8 If x>0, then 1 < Z.53(x) + 3 < v (x).

i 2 1
9. If x <0, then y?,(x) < §f% (x) + 3

We are going to find the best possible constants /;, I, r;, r» € R such that
_1 _1
by () +h < @) <y () +7n2 (12)

hold forall xe I; I =R, [a,b], a, beR; a <b.
In order to solve this problem, we present the following propositions:

PROPOSITION 4.10. Let a, b€ R; a<b and x € [a,b]. We have

(=2b1b+1)eb — e~

(=2bja+1)e? —e™“
2b '

_1
1. bll//_i2 (x)+ a

b _1
gf%(x) <hiy 7 (x)+
2. If b< —ay, then

B0+ v (8 <7y ) < kb g 4 DSt

1
2

3. If a< 0, then

@y W)+ vh(-a) < (0 <k @y )+ 2L =

2

4. If0<a< —ayg<b; ki(a) =ki(b), then

k(@) 7 () + w2 (—a) <7 (0) < k(D) y () + (D).
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5. If a> —ay, then

1 (—2ki(a)b+1)eb —e®

k(@) P () + <) < k@ F () + v i(—a),

2b =

D=

where ay is given by (10),

xe™ (x+1)e > 4+x—1
X

ki(x) = f%( )= 7 , x#£0, (13)
and )
ape~0
by :=ki(— =— 0,137,0,142]. 14
1 1(—ao) a0+2€]’ ,0,142] (14)

PROPOSITION 4.11. Let a, b€ R; a< b and x € [a,b]. We have

—e 2 _2bgbebP+1 _1 —e 2 Dboae 41 _1
T Ty )b <7y () < e w2 ()40,

2. If b < —ay, then

1.

1

1
k(D)W E (v (—b) < 7 _ me M ae Yl (<h)+L

1
3 30
a v (x)+w2(=Db).

1
3. Ifa<—ay<b; y’(—a)=wy?,(=b), then
_1 1
@YW+ v (o< s
4. If a > —ay, then

1
—e 2 _2pe~ty? (—a)+1 _1 1 1 1
¢ e VL vt (—a) < 5y ) <ha @y F )y (a),

2

where ay, by and ki are respectively given by (10), (11) and (13).

PROPOSITION 4.12. Let a, b€ R; a<b and x € [a,b]. We have

sinh b 1 sinha 1
] — 2(x)=by | < .7 < — 2(x)—by ).
s (v -ne) << S (v o)
2. If b <0, then

bcoshb—sinhb -
b2eb '

3. If a< 0, then

aZea -
— <w_ ! <
acosha — sinha %(x)"‘%(a) Sy x

o=
—
=
ol
—~
o
S
|
Q
—_
—
IS}
=
N
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4. If 0 < b < —ay, then

POt S (b)) < 730 < s (v -,

5. If0<a<—ay<b; qi(a) =q:1(b),
acosha—sinha 1 bcoshb—sinhb 1
TR (VA a@) < 0 < ST (v -0,

6. If a > —ay, then
sinhb -1 acosha—sinha [/ -1

Ty | Wl ()~ < < gcoshazsinha [ -3

b —q1(a)) (‘I/, (x) Q1(a)) <A () < o (11/ 2 () ql(a)>,

where ay, q1 and by are respectively given by (10),

1
ey’ (—x) —e¥ 4 2x+ 1
= : = 1
ql(x) 3 xf%(x) (x—l)e"—f—(x—f—l)e"" X#O, ( 5)
and

s

by = qi(—ag) = 25— €] — 5,794, 5,643]. (16)
ao

The solution of Problem (12) can be stated as follows.
COROLLARY 4.13. Leta, beR; a<b and x € R.

1. If a<0, then
_1
ki(a)y_; (x) =i 1

2. If a< 0, then
acosha — sinha 1
—a (W i (X)—fh(a)) < I ().

3. Ifa<0 and x € [a,b], then
_1 —2b1b+1)eP —e? _1 1
sup{ vy ) + 2D @y )+ v ),
—e 2P —2bgbe P +1 1 sinhb 1
; - ; — <
eyt w kb s (Vi -n) f <

—1

1 _ a__ ,—a 1 _ b__ ,—b
<inf{blll/:i2(x)+( 2b1a;i)e ‘ ,kl(a)‘I/_iz(x)Jr( Zkl(a)b;;l)e ¢ },
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where ki, q1, b1, by and by are respectively given by (13), (15), (14), (11) and
(16).

In order to solve Problem (5), we present the following propositions:

PROPOSITION 4.14. Let a, b€ R; a< b and x € [a,b]. We have

1 _1 1 eb 1
L gllffiz (x) +y2,(b) — 3 Syiilx) <

a

v+ @ -5

[

W] —

2. If b <0, then
_1 2 1 _1 1
O1(D)_ () + 573(5) S W2, (x) < B1(D)y_7” (%) + W2 (a) — 61 (b)-
3. Ifap<a<0<b; 01(a) = 06,(D), then
_1
br(a)y ;7 (x)+
4. If a> 0, then
1 1 5 1 1 2
Or(@)y_; (x) +y=(0) — Bi(a)e” < w2, (x) < Or(a)y;” (x) + 573 (a).
5. If a< agp, then
1

0@V} () + 27(0) < W00 < 01 @)y () + v (b) — ()

where ay and 0y are respectively given by (10) and (19).

PROPOSITION 4.15. Let a, b€ R; a<b and x € [a,b]. We have

1 2 _l 2 ] 3 2 = 2
Loe? (w%(b) - 5) O A OR (‘”W - 5) vty

2. If b <0, then

4. If a> 0, then

(V0= 340 ) v 0+ 3@ <V <o@v 0+ 34 @),
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where 0 is given by (19).

PROPOSITION 4.16. Let a, b€ R; a<b and x € [a,b]. We have

1 1
1

P (w‘ﬁ (x)+2> <vhin< L0 ("’_’% v +2)'

~

2. If b <0, then

_1 2 1 .
2 — <yl < —
el(b)u/—z (.X) + 3j% (b) ~ W—z(x) ~ eahl(b) +l

3. If a<ag, then

. Ifap <a<0<b; hi(a)=h(b), then

N

1

0@ () + 2.7y (@) < v,

1o
=
N
Sy
~—~
=
S
ol
=
_l’_
=
=

5. If a> 0, then

i (mavr o) < v <atav 0+ 2500,

hi(a)e? +1
where ay, 01 and hy are respectively given by (10), (19) and

_361(x)  —(x+2)e P +2xr—3x42
() = 27,00~ 26— Dett (xk De ] x70. 17

In view of [14] we deduce the following Sonine integral formulas:

PROPOSITION 4.17. Forall o« > 3 > —1 and x € R, we have

L Salx) = m/olfp(ﬂ)tm“(l —)* Pl

B m /07 S (xsin 0) (sin )P+ (cos 0)2*P)~1 g6
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1
2 V) = gy [ YA 0

1
" Bo-BBtD)
1 P
_ 2 3 . x(sin 0)2 '
- m/o {jﬁ(xsme)+mjﬁ+1(xsme)]

x (sin 0)* 1 (cos 0)>( @B~ 4.

)/7,r ‘/’Ei(xsme)(l-|-Sin@)(sin(\@‘))%ﬂ(Cose)z(a,ﬁ),lde
-2

5. Concluding remarks

REMARKS 5.1. Let b>0,0<a<b and x € R. We have

3sinh(2b) — 4b*sinh b — 6b
—6bcoshb +2b%sinh b + 6b
2

1
(b) If |x| < xo, then gf_%(xﬂ—g < ul(b)f_%(x)+u4(b).

1. (@ 1< < coshb.

(¢) If xo < |x|, then uy (b)F 1 (x)+us(b) < lf 1 (x) +%_

-2 3 72 3
2

(x) + 5 = ul(b)f_% ()C) —|—u4(b),

3sinh(2b) — 4b*sinhb — 6b

—6bcoshb +2b2sinhb +6b’

2. (1—ug(b))I_1(x)+us(b) <up(b)I_1(x)+1—uy(b).

2 2

1
(d) If |x| = xo, then gf_

1
2

where cosh(xg) :=

0<xg<b.

1

3. ﬁl(b)(‘ﬂf%(x)_wl(b))gm(b)f L(x)+ 1 —u(b).

2

3sinhb — bcoshb < 3sinhb —2b 2

3b = 3pcoshh 3

) - 3sinhb —2b 2
S “3bcoshh 2

1
4. If x € [-b,b], then gf_%(x) +

inhb
5. If x € [~b,b], then —— 0 (

b(coshb+2) Sy +2

2

(b +3)sinh(2b) — 6b(coshb)>
3sinh(2b) — 4b*sinhb — 6b

3sinhb —2b 2

Shoosnn -y @+ 3 <w(0)I ) () +1-u(b).

3sinhb — 2b 2
sin P

6. (a) 1< < coshb.
(b) If |x| < x1, then

< — e —
(© Ifx1<\x\\b,thenu1(b)f7%(x)+l u(b) < 3booshh 7%(x)+3.
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3sinhb —2b 2
3booshh _%(x) t3= ul(b)f_%(x) +1—uy(b),

(b* 4 3)sinh(2b) — 6b(coshb)?

(d) If |x| = x1, then

h h = 0 b.
where cosh(x1) = = S —4bZsinhb —6b " 0 =1 <
7. If x € [—=b,—a]U[a,b], then
sinhb sinhb — ug(a)b

F_1(x) +us(a).

ur(a)I_y (x) + bcoshb 2

- <
- 5 ui(a)coshdb <
8. If x € [—-b,—a]U]a,b], then

sinhb
b(coshb —w(a))

sinhb —u4(a)b
(# 4@ @) < DD ;) 4 e
9. If x € [-b,—a|U][a,b], then

3sinhd —2b . sinhd — ug(a)b

2
< Y .
3bcoshb 7%(x) 3 booshb ,%(x)+u4(a)

REMARKS 5.2. Let a, b € R; a < b and x € [a,b]. We have

l—e2 _1 e 4 e 2 1 )1 e
) 2 - L -y ? .

1 W)+ 3 SV () +

1—e 2 _1 e 4t e
2 Ly ST L,

l—e 2 _i e gt g2 _pe(ath) y )
3. > v () + 2 S 2 VW
4. If b> 0, then

l—e? e it cosha ~3
. < inhby 2 1).
2 Ve () + 2 etsinhb + 1 (sm Vi (0F )

5. If b <0, then

cosha _1 l—e 20 _1 04 a2
———(sinhby F(x)+1) < T4l te T
e“sinhb + 1 (sm Vo () + ) 5 Ve (x) + 2
—2b _n,—(a+b) 1 _ ,2a 1 —b b—2a
2 1 1 1 _1
6. e €2 + W_iz (x) _|_efu < 26 W—iz (x) + e +2€

7. If0<aor (a<0and b < —In(—sinha)), then

—2b _ ~,—(a+b) 1
e 2e +1 1 —a coshb
. < _
2 VoS te s sinhae? + 1

1
(sinhal//:i2 (x) + 1) .
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1 _1 —b 1— -2b
8. waf (x)+ % < Ze v 2(x)+e?.

1 —2b 1 1— —2b 1

9. te v 7 (x) < - v/ (x)te
2 2

10. If a <0 and —In(—sinha) < b, then

coshb _1
———— | sinhay_/ 1)< :
sinhae? + 1 (sm ay_i(x) + ) 2 V-

b b b—
11. (a)a<a; <a42— +1n<c0sh< 2a ><b.

b b
(b) If a <x < %Jrln (cosh (Ta>),then

—b

1— 67217 7% e+ ea72b 672}) _ 267(a+h) +1 7% .
> Ve (x) + 5 < 2 L7 () +e
b b—
(c) If % +1In (cosh (Ta>) < x < b, then
e 2b _ 26_(a+b) +1 _1 l—e 20 _1 e ¢ +ea—2b
) V(X)) +e < 5 V.7 (x)+ —
b b—
d If x= % +In (cosh (Ta)> , then
l—e 20 _1 —ay a—2b -2b_ 9 —(a+b)+l 1
26 Wfl‘z (‘x) + ‘ Ze = ‘ 62 W7[2 (-x) + e—ll.

12. (a) If a < x < xp, then
cosha 1 e 2 _pe-latb) 1
——— | sinhby_? 1

e@sinhb+ 1 (Sm Yo )+ ) < 2 Ve

Trol—

(x)+e

(b) If xp <x < b, then

e b _Delath) L1 1 cosha -1
2 4 __ 7" |(sinhbw 2 1].
3 vy ) +e i< eI (sm v 2 (x)+ )

(c) If x=xp, then
=26 _gp—lath) 4y | _1 h _1
¢ ¢ + Z(x)+e __cona (sinhbl//l-2 (x) + 1) ,

2 Ve = casinhb + 1
a+b
where %2 = 4C05h(%) .
2cosh(b—a) + 7 (3eb—a—1)
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a+b b—a a+b
13. (a)a<T—ln<cosh< 5 )>< 7 <b.

b)) Ifa<x< aT-Fb —In (cosh (%)) , then

1_ —2b 1 1_ —2a 1
Ve < v () e

> _
b b—
(c) If a—;— —In (cosh (Ta>) < x < b, then

—2a 1

l1—e -1
oy W<

d If x= azib —1In (cosh (b%a)> , then

1— e—2a B
5 Vi

l—e 20 1

) V_;

REMARK 5.3. Let b > 0.

1-b% 1
3 l//iiz(x)+b<f7%(x).

1 1
1. If x<In2—1Inb, x # —1Inb, then SV Ax) <

1-b* 1
7 Vi (x)—|—b:f_%(x).

1 -1
2. If x=—Inb, then El[/_l-2 (x) <

1 —p? 1
3. If x=1In2 —Inb, then %q/:iz(x) 1 2b u/_iz(x)+b<f7%(x).
—bp* 1 1 -1
V)b <Y (0 < ),

1
4. If x>1n2 —Inb, then

REMARKS 5.4. Leta, b€ R; a<b and x € [a,b].

1. If b < —ag, then

1
—e 2 2ae "y (~b)+1 1 1 —e 2 Dpoae 41 _1

— 2 2(-b) < 2
2(1 Wfl (x)‘“l/ﬂ( b)\ 261 sz ()C)+b()

2. If 0 < b < —agp, then

sinha -1 ) sinha ( _1 )
" 2(x)—q(h) | K ———— v 2(x)=b> ).
Mﬂ_mw»(wﬂ<>qm> ey (v b
3. If a <0, then

-4 (—2bja+1)e* —e @  —e 2 —2bpae +1 _
b 2 < .
)+ 2a 2a V=i

=
—
=
~—
+
S
S
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—2bja+1)e*—e™ ¢ sinha _1
( ! ) < < _iz (x) — b2> .

_1
4. If a <0, then byy_; (x)+ 2a = alet—by)
— D2

(—2b1h+1)eb —e?
2b

where ag, bo, q1, b2, by and k; are respectively given by (10), (11), (15), (16),
(14) and (13).

_1 1 1
5. If b < —ag, then byy_7 (x) + <ki(b)y_7 (x)+ w2, (=),

REMARKS 5.5. Let a, b € R; a < b and x € [a,b]. We have

1 1

11 1 e 1 2\ -1 2
I (a)——=<e [yl (a)—= 2 —.
Lo i) +yia) -5 <e (w,(a) 3>w, () +3

2 Syt e - S < v ("’f%(’“)”)

1 1

1 1 1 b 1 2 2
O (OB IR

1 _1 1
4. gllffiz (x) + w2 (b) -

1
v, (b)
eb+2

7N
N
o
=
_l’_
[\)
S—— S
VA
o
&
7N
<
| o=
@/‘\
=
|
[SSEINS)
N———
N
o=
=
_l’_
W

5. If b >0, then

1
6. If <0, then e (wzi(b) — —) v () + % <
7. If 0 < a, then
N 3 b b [yt 2 12
01 (@) 7 () + w2, (b) 01 (a)e” <o (w%(b) - <a>) V()45 (@)
8. If 0 < a, then

W—%i(b)

-3 - i 2 L 2
W (hl(a)lV—i (x)+ 1) <e® (W_i(b) - gf% (a)) v (x)—|—§j% (a).

9. If b <0, then

ey 0+ v @) o) <o (Whia) - 3550 ) v W+ 540

10. If a9 < b <0, then

0 )y E () + v (@) — e, () < —19)

<1 (hl(b)wj(x)H).
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11. If b < ag, then
1

L (mew o) <ot 0+ vk - o)

ehy(b)+1

12. If a < ap and b = —a, then

13. If a1 <a < ap and b = —a, then

4 vi(—a) s
- F )+ 5740 < 0 (v ).

where e “'hy(a;) :=—1, a; < ayp.

1
REMARKS 5.6. From [3], forall ¢ > ——= and x € R, we have

2(c+1)ay g (x) + 1
Jor1(x) < Qo+ Dar +a

1 1
where (0 <a; < 3 and ap :=4a;(1 —a%)) or (al > 3 and ap == a; + 1)
We can show the refinements of these inequalities as follows.
3
ay:=a +1> 3 and x € R\ {0}. We have

1 1

1. Letax > — =, -,
et o 2a1>2

1 1

2(a+1)ay o+1

ag 1 1 2
@ 73 % 3 BatData  at? CatData otz
b) (a+1)ﬂa( Y+ 1 2(0+1)a Fu(x)+1
o+2 2o+ 1)a; +ar
© (0041).76(0)+1  2(a+1)a;Fx(0)+1 1
a+2 - Qo+ Day+a

1 3
2. Let a; Zi,ag ::al—f—l)z and b > 0. We have

1 2

1

(b) If |x| < x3, then ﬂfﬁl()c) +— <u(b)F_1(x)+us(b).
a 2 a 2

1

(©) If |x| > x3, then u (b).7 1 (x) +us(b) < L7 1 (x) + —.
2 an 2 an
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1
() If |x| = x3, then uy (b).7 1 (x) +us(b) = L7 | (x)+ —.,
2 an 2 an
b)—1
where cosh(xz) := M, 0<x3<b.
ay —ayu; (D)

1 3
3. Let a4 E]O7E[and ay :=4a;(1—a}) 6}0,5[. We have

(a) 1<a_l<l i>z _861?—8611—{-3
4 “ay 3 ay” 37 a(1—4ad)
(b) If |x| < x4, then lf (x)+%<ﬂf (x)—f—i
4 3 7% 3 a 7% az'
(c) If |x| > x4, then a4 g (x)+i<lf ()c)-i-z
4 a 7% a 3 7% 3’
1 2 a 1
d) If |x| = x4, then =.% -=—7 —,
@ 1F ] = s then 5.7 (05 = 2 (94—
8a} —8a; +3
where cosh(xs) := %, x4 >0.
a1(1—4a1)
6. Proofs

Proof of Proposition4.1. Let x>0, c € R and

inhx — h -1 De =
u(x) == j%(x)_cj_%(x):sm x—cxcoshx  (cx )ex42—x(cx+ Je .

X

We have u/(x) = _;xz [—(ex® —x41)e* +ex® + x4 1].
J3(¥)  xcoshx—sinhx  (x—1)eX +x+1
/ = 0 .f d 1 f = = 2 = = .
w(x) if and only if ¢ =1 (x) 3.7, (x) x?sinhx x2(e*—1)

Uy (x) = )63(522)67()?1)27 up(x) i= —(x—2)e™ —4(x> +1)e™ +x+2,

uy(x) = —(dx —7)e® —8(X +x+ e+ 1, uy(x) = —8e*u3(x),
uz(x) := (2)62 +4x+3)e_2x+2x— 3, uh(x)= _2[(2X2+2x+ l)e—Zx_ 1],

us(x) = 8x2e .

uy is strictly decreasing on [0, 4|,
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If ¢ <0, then u is strictly increasing on [0, +oo],

u)=1-c>1, lim u(x) = +oo.

X—o0

If ¢ > =, then u is strictly decreasing on [0, +eo,

1
3

u(0)=1-c¢, lim u(x) = —oo.

X—>—+oo

1
Ifce ] 0, 3 [, then there exists x; > 0 such that u;(x;) = c¢. u is strictly increasing

on [0,x;] and strictly decreasing on [x;,+eo],

2 cu(0)=1—c<u(n)=u(n), lim ulx)=—o

3 X—> o0
where
__sinh(2x) —2x
ual¥) = =
—3x
() = g oW

- 2x3 (ex _ 67X)2 ’
. 6x 2 4x 2 2x

us(x) ;== (x—2)e™ + (dx"+x+2)e™ + (dx" —x+2)e™ — (x +2),

us(x) = (6x — 11)e% + (16x% + 12x + 9)e™ + (8x? 4 6x + 3)e* — 1,
u?(x) = 4ePug(x), ug(x) :=3(3x—5)e* +4(4x* + 5x+3)e* + 4x* + Tx + 3,

u(x) = 3(12x — 17)e™ 4+ 4(8x* + 18x+ 11)e™ + 8x 47,
uf (x) = 8[3(6x — 7)e* +2(4x* + 13x + 10)e* + 1], uf'(x) = 16> u7(x),
ur(x) :=3(12x — 11)e™ + 8x> +34x+33, ul(x) = 2[3(12x — 5)e™ + 8x + 17],
uy (x) = 4[3(12x + 1)e** 4] > 0.

uy is strictly increasing on [0, +oo],

2
us(0) = 3 lHm ug(x) = 4oo. O

X—> o0

Proof of Proposition4.2. Let x>0, c € R and

f%(x)—c_ sinhx—cx ' —e™ —2cx

(x)  xcoshx  x(eX+e™¥)

L
2

—eP e fAx 4 2ex (e —e7Y)

/
We have v'(x) = e

V(x) =0 ifandonlyif c¢=uy(x),
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where uy is given by (7).

2
If c< 3 then v is strictly decreasing on [0, 4|,

v(0)=1-¢c>0, lim v(x)=0.

X— o0
2 . . . . .
If ¢ > 3 then there exists x; > 0 such that us(x;) = c. v is strictly increasing on
[0,x] and strictly decreasing on [x,+oo[,

v(0)=1—c¢, v(x1)=ui(x;)>0, lim v(x)=0,

X—o0

where u; is given by (6). O
Proof of Proposition 4.3. Let x >0, c € R and

wu)::j:%@y_c:x@oﬁx—C):x@x+eﬂ—2q.
f% (x) sinhx X — e X

2x 72x_4 2 —1e* e >
We have w’(x):e e x+2c[(x—1)e*+ (x+ 1)e ]

(ex _ efx)2
: inh(2x)—2x e —e P —4x
'(x) =0 if and only if ¢ = - _ ,
W) if and only if ¢ =wi (x) 2(xcoshx— sinh.x) 2[(x—1)e*+(x+1)e ]
e wy(x)

WK@ZH@—U&+@+U€W’

wa(x) i= —(x—2)e* — (4x> —x+6)e™ — (x+2)e > +4x*> +x+6,

wh(x) = —(4x—7)e* — (8x% 4+ 6x+ 11)e* + (2x+3)e > +8x+ 1,

wh(x) = —4[2(2x — 3)e* + (40 + T+ 7)e* + (x + 1)e > — 2,
wh (x) = —4e F w3 (x),
w3 (x) := 4(4x — 5)® + (8x2 +22x +21)e* —2x — 1,
wh(x) :=2[4(12x — 13)e® + (16x> + 52x + 53)e™ — 1], W) (x) = 166wy (x),
wa(x) :=3(12x — 11)e™ + 8x* +30x + 33,  w(x) = 2[3(12x — 5)e* + 8x+ 15],

wj(x) = 4[3(12x+ 1)e* 4 4] > 0.

wy is strictly decreasing on [0, +eof,

wi(0) = -2, ngwwl(x) = —oo,

If ¢ > —2, then w is strictly increasing on [0, 4o,

w(0)=1—c, lim w(x) = +-oo.

X——+oo
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If ¢ < —2, then there exists x; > 0 such that w;(x;) = c¢. w is strictly decreasing
on [0,x;] and strictly increasing on [x,4oo[,

3<wln) = <w(0)=1—c, lim w(x) = o,

ul(xl) X——+oo

where u; is given by (6). O

Proof of Theorem 3.1. We get the result from Propositions 4.1, 4.2, 4.3 and Re-
marks 5.1. O

Proof of Proposition 4.4. Let x, c € R and

_1 1—2¢c)e +e*
r(x) := Ji% (x) —cy_/ (x) = coshx —ce* = %.
X —2x
— 1-2
We have 7/(x) = (e 2+ ) :
, 1— e—2x
r(x)=0 ifandonlyif c= 5
1 . . .
If c = 7 then r is strictly decreasing on R,
lim r(x) =+, #(0) =3, lim r(x)=0
im r(x) = 4o, r(0)== im r(x) =0.
X—>—o0 X ’ 27 X—o0 X

1
If ¢ > 3 then r is strictly decreasing on R,

lim r(x) =4, r(0)=1-c, lim r(x)= —oo.

X—>—o0 X—> oo

1
If c < 7 then r is strictly decreasing on } —oo,—In (\/1 — Zcﬂ and strictly in-
creasing on {—ln (\/1 — 20) , oo {,

r(0)=1-c, r<—1n<\/1—2c>>=\/1—20, lim r(x) = lim r(x) =+e. O

X—>—o0 X— oo

Proof of Proposition 4.5. Let x, c € R and

fil(x)—c 72x_2 |
s(x) 1= —=5—— =e¢ *(coshx —¢) = #.
v (x)

We have s'(x) =e *(c—e ™).
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If ¢ <0, then s is strictly decreasing on R,

1
lim s(x) = 4o, 5(0)=1-c<1, lil}rl s(x) = 5

If ¢ > 0, then s is strictly decreasing on | — oo, —Inc| and strictly increasing on
[—1Inc, oo,

_ 2
lim s(x) =+, 5(0)=1-¢, s(—Inc)= 2C ,  lim s(x) = % O

X—>—o0 X—steo

Proof of Proposition 4.6. Let x, c € R and

Y —c 2t —o)
(x) e te '

csinhx+ 1
We have t/(x) = W .

If ¢ =0, then 7 is strictly increasing on R,

lim 1(x) =0, £(0)=1, lim 7(x)=2.

X—>—o0 X—> oo

. . Lo . .
If ¢ <0, then there exists x; > 0 such that sinhx; = ——. ¢ is strictly increasing
c

on | —eo,x1] and strictly decreasing on [x|,+oo],

. 2 .
XEIPMI(X):O, t(O):l—C>1, t(x1):m>2, XETMI(X):z.
. . Lo .
If ¢ > 0, then there exists x, < 0 such that sinhx, = ——. ¢ is strictly decreasing
c
on | — o, x5] and strictly increasing on [xp, oo,
li =0 0)=1 = 2 0, =2. O
)HHEX,I(X)_ ; 1H0)=1-c, f(xz)——m< ; xjffwf(x)— .

Proof of Proposition 4.8. Let x € R\ {0} and

d(x) := I3 (x) :3(x_ 1)€x+(x+1)e""

) 2x3
, 3e*
We have d'(x) = ﬁdl (x), where
dy(x) = —(x> +3x+3)e x> —3x+3, (18)

di(x) = (2% +dx+3)e > +2x =3, d(x) = —2[2¥° +2x+ 1)e > — 1],
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d'(x) = 8x*¢ > > 0. d, is strictly increasing on R,

lim di(x) = —co, d1(0)=0, lim dj(x)= +oe.

X——+oo X—>—+foo
d is even on R and strictly increasing on [0, 4o,

d0)=1, lim d(x)=+e. O

X—o0

Proof of Proposition 4.9. Let x € R\ {0} and

(2x—1)e"+e™*

00 1= 2, () = =25

We have 6'(x) = ¢"0; (x), where

1

—(x42)e > 4 2x* —3x+2

x 2
)= (VA0 -3 ) - 7 D
/ _ di (x) P . . . .
01 (x) =— , where d; is given by (18). 0y is strictly increasing on | — oo, 0] and
strictly decreasing on [0, 4|,
1
lim 91 ()C) = —oo, 91 (0) = -, lim 91 ()C) =0.
Pt 37 xopoe

There exists ag < 0 such that —1,4 < ap < —1,3, 81(ap) =0. 0 is strictly decreasing
on | — o, ap] and strictly increasing on [ag, oo,
lim O(x) =+4oe, 6(0)=1, lim 6(x) = H-oo.
x——oo x—too

X

0'(x) = 55

05 (x) =2[— (X2 +3x+4)e > +3x2 —5x+4], 60} (x) =2[(2x° +4x+5)e F+6x—5],

0,(x), 6r(x):= (x> +4x+6)e F+2x> — 54> +8x— 6,

0y (x) = 4[— (2% +2x+3)e > +3], 687 (x) = 16(:x>+ 1)e > > 0.

1
0'=y? — gfg is strictly increasing on R,
2

1
lim 0'(x) = —w, 6'(ag)=0, 6(0)==, lim 6'(x)=tco.

X——o0 X—>+o0
x? -1 x? -1
0 =25y () + sy (W) = ) WA=y ) -s ). D
Proof of Proposition 4.10. Let x ¢ R\ {0}, c € R and

k(x) = j% (x) — iji% ()C) _ (_26‘)(3 —|—2lx)ex_ e—x.
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(—2ex? +x— 1)+ (x+ 1)e™*

We have k' (x) = 5z
x

xe’XJS (x) = (x—|—1)e’2x—|—x—1'

/ _ . . o L
kK'(x)=0 ifandonlyif c=k(x):= 3 53

ky (x)
2x3 7

Ky (x) = ky(x) = —(2x° +3x+2)e P —x+2, kh(x)=(4x>4+2x+1)e ¥ —1,

1
Ky (x) = —4x(2x — 1)e 2", K, is strictly decreasing on ] — eo,0] and [574—0{, and

1
strictly increasing on [0, E] ,

X——o0

1
lim k/z(x) = oo, k/z(()) = O, k/2 <§> = 3@71 —1> O, llI}rl k/z(x) =—1.

1
There exists x; € ] ok 1 [ such that > = 4x% +2x1+ 1. ko is strictly increasing on

] = eo,x1] and strictly decreasing on [x;, oo,

3 2
AR T+l . o L
kz(O) = kz( a()) =0, kz(xl) = 474)6% Fov 1 >0, XLIIPM]Q (x) —ngmkz(x) = ,

where qay is given by (10). k; is strictly increasing on | — e, —qay] and strictly decreas-
ing on [—ag, 4|,
aoe2a0

Jim ki (x) = =, k1(0) =0, ki(—ao) = by := ) >0, lim k& (x)=0.

If ¢ > by, then k is strictly decreasing on R,

lim k(x) =4, k(0)=1—c, lim k(x) = —co.

x—s—oo X0

If ¢ <0, then there exists x, < 0 such that k; (x) = c. k is strictly decreasing on
] — e0,x] and strictly increasing on [x3, 40|,
1

k(0)=1—c>1, k(x2)=y?(—x2) >0, lim k(x)= lim k(x) = +oo.

X—>—o0 X—> o0

If ¢ €]0,b,[, then there exist x3,x4 € R such that 0 < x3 < —ag < x4, ki (x3) =

ki(xq)=c.
k is strictly decreasing on | — oo, x3] and [x4,+ee[, and strictly increasing on
[X3,X4],
1 2cag+ 1)e 40 — ¢ 1
0 < k(xs) = W (—x3) < K(—ag) = — 220t < K(g) =y (—xa),

2a0

k(0)=1—c>0, lim k(x)= 4o, lim k(x) = —c. O

X——o0 X—>too
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Proof of Proposition 4.11. Let x ¢ R\ {0}, c € R and

N\'EQ

(X) = _e=2_2exe +1
plx) == —— = 2 .
v/ (x)

(2x+1)e 4+ 2cx?e ™™ — 1

We have p’(x) = 52
x

1

P/(x) =0 ifandonlyif c=y?(—x).
If ¢ < by, where by is given by (11), then p is strictly decreasing on R,

lim p(x) =+e, p(0)=1-c>0, liIJIrl p(x)=0.

X——oco

1
If ¢ > by, then there exist x;, xp € R such that x| < —ap < x2, Y?;(—x;) =

l . . . . .
v?,(—x2) = ¢, where qq is given by (10). p is strictly decreasing on | —eo,x;] and

[x2, o<, and strictly increasing on [x,x],
Jim p(x) = +eo, p(0)=1—¢, pla)=ki(x),

p(x2) =ki(x2) >0, lil}rl p(x)=0. O
X— {e5)

Proof of Proposition 4.12. Let x € R\ {0}, c € R and

Vi e
q(X) E f% ()C) - X — e X :

c[x—1)e" + (x+1)e ] +e* — (2x+ 1)
(e —e™)2

We have ¢'(x) =2

1

2x 2 (—
' ) —e _|_Zx—|—1 _'( X)
q/ x) =0 d ly if - : —. :
( ) if an only 1 c ql(X) (X l)ex (X l)e X kl(x) ’

e3x

[(x=1)eX+ (x+1)e]

where k; is given by (13). ¢} (x) = 5q2(x), where

@ (x) = (22 +3x+2)e ¥ —2( +x+2)e F—x+2,
dh(x) = —(8x +8x+5)e ¥ 4+2(2x% +3)e X —1, gy(x) =4e Zq3(x),
g3(x) i= (8% +dx+3)e > — (2* —2x+3),  qh(x) = —2q4(x),
ga(x) = (8% —dx+ e > +2x— 1, ¢j(x) =2[—(8x* — 12x+3)e > + 1],
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i (x) = 4(8x* —20x+9)e %,
/ , 5—1—\/’7 5+[
43(0) = —4, ‘14< 4 ) 2[ 2(2+V7)e ] 0,

q4(0) = ¢3(0) = ¢5(0) = q2(0) = g2(—a1) = 0.

q) is strictly increasing on | —eo,0[ and ]0, —ao], and strictly decreasing on [—ag, +o°],
where qy is given by (10),

lim gi(x) =0, lim gi(x) =+4ee, lim gi(x) =—c0, lim q(x) = —co,

X—r—o0 x—0— x—0t X—oo

e %

ql(—ao) = b2 =2

ap '
If ¢ € [b,,0], then g is strictly increasing on R,

lim g(x)=0, q(0)=1—c>1, lim g(x) = +oo.

X—>—o0 X——+oo

If ¢ > 0, then there exists x; < 0 such that g;(x;) = c. ¢ is strictly decreasing on
] — o0,x1] and strictly increasing on [x|, 40|,

2
xyet
lim ¢g(x) =0, X1) = 1 - <0, 0)=1—c¢, lim g(x)=-co.
Jim g(x) 900) = S~ sinha q(0) Jim g(x) =+

If ¢ < by, then there exist x;, x3 € R such that 0 < x; < —ap < x3, q1(x2) =
qi(x3) =c

q is strictly increasing on ] — oo, xp| and [x3, oo, and strictly decreasing on
[x2ax3]7

2 X3 2,2
x3e* x;5e*

qg0)=1-c>1, 0<gq(x)= <q(x)=

x3coshxs — sinhxs X coshx, — sinhxy

lim g(x) =0, lim g(x) =+e. O

X——o0 X—>too

Proof of Proposition 4.14. Let x € R\ {0}, c € R and

flx) = W,%( )_CV/ 1( - (— 2ex? +2;x2 l)e"—f—e—x.

We have f'(x) = ¢*(0)(x) —c), where 0 is given by (19).

1
If c> 3 then f is strictly decreasing on R,

lim f(x) =4, f(0)=1—c, lim f(x)=—oo.

X——oo X—>—+foo
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1 .
IfOo<ce< 3 then there exist x;, xo € R such that ag < x; <0< —x1 < xp,

01(x1) = 01(x2) = c. f is strictly decreasing on | — oo, x1] and [x,+oo[, and strictly
increasing on [x1,x2],

Fy0) < F0) = 1= < flw) = 35300, fln) <bo,

2

W N

§<f(x1)=

lim f(x) =+eo, lim f(x)= —eo,
X oo X—rfoo
where by is given by (11).
If ¢ <0, then there exists x3 < ag such that 6;(x3) =c. f is strictly decreasing
on | — o, x3] and strictly increasing on [x3, oo,

bo < fs) = 2.5 (1) < O) =1, Tim f(x) = lim f(x)= e O

X— o0

Proof of Proposition 4.15. Let x € R\ {0}, ¢ € R and

1
o) = 2(x)—c¢ B e X _2cx?e ¥ +2x—1
= = 5 )
v () >

—X

We have g’(x) = % <3c— 2.7 (x)) :

If c < 3 then g is strictly decreasing on R,

lim g(x) =+, g(0)=1—¢, lim g(x)=0.

x—s—oo X0

2 2
If ¢ > —, then there exists x; > O such that §f% (x1) =c. g isstrictly decreasing

on | —oeo, —xi| and [x;, oo, and strictly increasing on [—xj,x1],

1
g(=x1) = 01(—x1) <g(0)=1-c<gln)=01(x) <3, gbu)>0,
lim g(x) =4, lim g(x)=0,
x——oo X—too
where 0, is given by (19). O
Proof of Proposition 4.16. Let x ¢ R\ {0}, c € R and
1
"2 (x)— 2(p%
h(x) := Ve l(x) € _ B 2x iixex—:) —.
3 X — e
wZi(x)
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, 2exf% (x)
We have #'(x) = —————5(chi(x) + 1), where

3 (wé,-(x))

h 3601(x)  —(x+2)e T 4227 —3x+2
= 0 T 2 e G e

9y, (x)ds (x)

where 0, is given by (19), K} (x) = — 5 » Where d is given by (18). Iy

4yt (f% (x))
is strictly increasing on | — eo,0] and strictly decreasing on [0, 4|,
1
lim hl(x) = —oo, h1 (ao) = 07 hl(O) = —, lim hl(x) = 07
Pails 27 e

where qy is given by (10).
If —2 < ¢ <0, then £ is strictly increasing on R,

ao_c

lim A(x) =0 < h(ag) = <h(0)=1—c¢, lim h(x) = oo,

X—>—o0 0 X—> o0

where by is given by (11).

If ¢ > 0, then there exists x; < min{ao,Inc} such that — =c. h is strictly

h] (xl)
decreasing on | — oo, x1] and strictly increasing on [xj, oo,

Jim A(x) =0, h(x) = ﬁ < 0=h(Inc), XETNh(x) = oo

1
If ¢ < —2, then there exist x,x3 € R such that ag < x; < 0 < x3, —m =
1(X2
1

=c. h is strictly increasing on | —eo, x5] and [x3,4eo[, and strictly decreasing

hi(x3)
on [6,x3],
lim A(x) =0 < h(x3) = ! <h(0)=1—-c<h(x)= !
X——oo 3 91 (X3) 2 91 ()CQ) ’
lim h(x) = +4ee. O
X—> o0
1 1
Proof of Theorem 3.2. Letoc>—— I, € 2 T [ lh,r,a, beR;
a<0<b,a<bandxe[a,b].Ifllf 2()+l2 ()< 72(x)+r2,thenby
13\ B(e+3,3) B(a+3,}
using Proposition 4.17 and B (OH— X 2) g((x +21)2) = (ZOC +212) , we deduce

2(o+ 1) Io(x)+ b <

- 2o+ 1)r o (x) +12
o+ 1) +1 '

a1 (X) (2a+1)r +1
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Theorem 3.1 finishes the proof. [J

Proof of Theorem 3.3. We get the result from Propositions 4.14, 4.15, 4.16 and
Remarks 5.2, 5.4,55. O

1
~ . 4 oo ’l’ ) 7b R;
] 201 [zrza ©
_ 1 Tl
a<0<b,a<bandx6[a,b].Ifllu/_i()+l2<u/_2(x)<r1u/_2()+r2,thenby
_|_

3:3) _B(O‘+272)
1)

1
Proof of Theorem 3.4. Let o > —=, 11, r €

= et , we deduce

. i, 13\ _ B(a
using Proposition 4.17 and B | o + 35)= Nat
Z(OC—Fl)lll[/fi(x)—Flz ol

200+ 1)y (x) +r
<wl(n) <
Batinr1 S¥e WS

Qo+ 1)r;+1

Theorem 3.3 finishes the proof. [l

Proof of Theorem 3.7. Let o0 > —%, L,lL,rn,n,a,beR;a<0<b,a<b
and x € [a,b].

If llfi% (x)+1 < u/:i% (x) < fi% (x) + r2, then by using Proposition 4.17 and
Corollary 4.7, we deduce

L Iu(x) + 1 < Y(x) <1 Iu(x) + 12 O
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