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POPOVICIU TYPE INEQUALITIES VIA GREEN FUNCTION
AND GENERALIZED MONTGOMERY IDENTITY

SAAD IHSAN BUTT, KHURAM ALI KHAN AND JOSIP PECARIC

(Communicated by I. Franjic)

Abstract. We obtained useful identities via generalized Montgomery identity, by which the in-
equality of Popoviciu for convex functions is generalized for higher order convex functions.
We investigate the bounds for the identities related to the generalization of the Popoviciu in-
equality using inequalities for the CebySev functional. Some results relating to the Griiss and
Ostrowski type inequalities are constructed. Further, we also construct new families of exponen-
tially convex functions and Cauchy-type means by looking at linear functionals associated with
the obtained inequalities.

1. Introduction and preliminary results

The theory developed under the theme of convex functions, arising from intu-
itive geometrical observations, may be readily applied to topics in real analysis and
economics. In modern Era, their occurs a rapid development in the theory of convex
functions. Their are serval reasons behind it: firstly, so many areas in modern analy-
sis directly or indirectly involve the application of convex functions; secondly, convex
functions are closely related to the theory of inequalities and many important inequali-
ties are consequences of the applications of convex functions (see [13]).

A characterization of convex function established by T. Popoviciu [14] is studied
by many people (see [15, 13] and references with in). For recent work, we refer [4, 7,
8,9, 10]. The following form of Popoviciu’s inequality is by Vasi¢ and Stankovi¢ in
[15] (see also page 173 [13]):

THEOREM 1. LetmkeN, m>3,2<k<m—1, [o,,f] CR, x=(x1,...,xm) €
[a, B, p = (p1,...,Pm) be a positive m-tuple such that Y' | p; = 1. Also let f :
[, B] — R be a convex function. Then

m k—1
Pim (X, 05 f) < PLn(% )+ P (%, P ), (1)

m—1
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where
k
1 . El Pity
Pk (X, D5 f) = P (X,0: f (%)) 1= > pi | | ——
(k—l) I<ip<..<gg<m \j=1 Y pi
=
is the linear functional with respect to f.
By inequality (1), we write
m— k—1
P, pif) =~ PLn(X, 01 f) + P (%P5 f) = Pion (X, 3 f). 2)

REMARK 1. It is important to note that under the assumptions of Theorem 1, if
the function f is convex then P(x,p;f) > 0 and P(x,p;f) =0 for f(x) =xor f isa
constant function.

The mean value theorems and exponential convexity of the linear functional
P(x,p; f) are given in [7] for a positive m-tuple p. Some special classes of convex
functions are considered to construct the exponential convexity of P(x,p;f) in [7].
Consider the Green function G : [e, B] X [ot, ] — R defined as

w agsgt-

B-o ’
G{t,8) =9 (g 3)
LR <5< B.
The function G is convex and continuous w.r.t s and due to symmetry also w.r.t .
For any function vy : [t, B] — R, w € C?([, B]), we have
B—x xX—o B "
V() = g w(@) + 5o vB)+ [ Gl (s @
where the function G is defined in (3) (see [16]).
In Theorem 1 we have that p; (i =1,...,n) are positive real numbers. In [8] (see
also [4]), the results related to P(x,p;f) are generalized with help of Green function

for real values of p; (i=1,...,n) with ¥, p; =1 in the following theorem:

THEOREM 2. LetmkeN, m>3,2<k<m—1, [o,f] CR, x=(x1,...,Xm) €
[o, B, p= (p1,-.-,Pm) be areal m-tuple such that Z’j‘-:lpij #0 forany 1 <i) <...
k
2 Piji;
<ix <mand Y pi=1. Also let fflk € lo,B] forany 1 <ip <...<ip<m.
2 Pi;
f=ihat

Then the following statements are equivalent:

(i) For every continuous convex function f: [a, ] — R
m—k
m—1

k—1
fk,m (X7p) g fl,m (X7p) + mﬁmm (X7p)7 (5)
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where .

1 k El PijXi;

Jen(X,p) 1= —— > pi | | =

(k—l) I<ip<...<ip<m \j=1 z Pz]
j=1
(ii) For all s € [o, B]
m—k k—1

Grn(%,5:) < - Gum(X,519) + —— G (X, 51D), (6)

where

Mo

pi_,'xij

1 k 1
Grm(X,5;p) = -] Z ri; |G A Z sy 1<k<m,
(k—l) 1< <..<igsm \j=1 S pi
J
Jj=1

for the function G : [o, B] X [0, B] — R defined in (3).
Moreover, the statements (i) and (ii) are also equivalent if we change the sign of

inequality in both (5) and (6).
In order to obtain our main results in the present paper, we use the generalized
Montgomery identity via Taylor’s formula given in paper [1].
THEOREM 3. Let n €N, y:I — R be such that l[/("’l) is absolutely continuous,
I C R an open interval, o, € I, oe < B. Then the following identity holds
n—2 lV(ZJrl) (OC) (x_ a)l+2 n—2 lI/(lJrl) (ﬂ) (x ﬁ 142

1 /B _
w(x)=ﬁ_a/a ‘/’(’>d’+l:20 IN(I+2) B-o A 1(+2) B-«a

t ot Ry ) ™
e 0 (0, 8) W' (s)ds
where o
_nxf—;\'_’_g(x_s)nfl7a<s<x7
Ries)=¢ T T ®)
—n(ﬁ;a)—kﬁfa(x—s) ,x<s<B.

In case n =1 the sum 2;1;5 --- is empty, so identity (7) reduces to well-known

Montgomery identity (see for instance [11])

B B
v =g [ v [ ey s

where P (x,s) is the Peano kernel, defined by

S—0
—, O s < x,
mez{ﬁ“

s—p x<s<pB.

o
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The organization of the paper follows the following pattern: In Section 2, we
generalize weighted Popoviciu’s inequality by using Green function and generalized
Montgomery identity for higher order convex functions. In Section 3, we use the
classical Cebysev functional and obtain results related to Griiss-type inequalities and
Ostrowski-type inequalities. In Section 4, we study the functional defined as the differ-
ence between the R.H.S. and the L.H.S. of the generalized inequality and our goal is
to investigate the n-exponential and logarithmic convexity of the obtained functional.
Furthermore, we prove monotonicity property of the generalized Cauchy means ob-
tained via this functional. Finally, we conclude our paper by giving several examples
of the families of functions for which the obtained results can be applied.

2. Popoviciu’s inequality by Green function and extension of Montgomery
identity via Taylor’s formula

Motivated by identity (2), we construct the following identity with the help of (4)
and the generalized Montgomery identity.

THEOREM 4. Let all the assumptions of Theorem 3 be valid with n > 2 and
let mkeN, m>23, 2<k<m—1, [0,B] CR, x= (x1,...,x4m) € [0, B]", p =
(p1y---,Pm) be a real m-tuple such that lec-zlp,-j #0 forany 1 <ip<...<ip<m

k
X pijXi;
and Y pi=1. Also let Fl € lo,B] forany 1 <iy <...<ix <m with G, R,
2 Pi;

f=)

be the same as defined in (3) (8) respectively. Then we have the following two identi-
ties:

P(x,p; y(x))

_W(;a) VYO Py
n—1
1 / (x,p;G(x,s)) (% (l—ll)l (W(l)(a) (s—a) 1_W(Z) (B) (s ﬂ)l_1>>ds

+(n_l3 / P(x,p;G(x,5))Ry—2 (s,v)ds)d 9)

where
A [E o) (s, a v s,
R, 2 (s,v) = P [( 2) ]
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and

P(x,p; y(x))

= (W) /aﬁ P(x,p;G(x,s))ds

1 B n=1 ) s—o) " =y (B) (s— B)!
f(x/a P(x,p; G(x,s)) (lzéw (o) ?—3)!(1‘,/—1() )(s—B) )ds

+ﬁ /a P v () ( /a P p(x,p;c;(x,s))zen_z(s,v)ds) dv. (10)

Proof. Using (4) in (2) and following the linearity of P(x,p;-), we have

P(x,p;y /Pxp, X, ) u/()d. (11)
Differentiating (7), twice with respect to the first variable, we have

" _ W/(a)_ll/(ﬂ)
Vi =Ty

- v (o) (s— o)t =y (B)(s—B) !
5 () ( = )

1 B .
+m /a Ryo(s,v) y™ (v)dv. (12)

Using (12) in (11), we get
P(x,p;y(x))
:L/ P(x,p;G(x,s))ds

. , y (o) (s—a) " =y (B)(s—B)"
+l=z§m/a P(x,p;G(x,s)) ( )ds

B—o
+%/ﬁp(x 'G(xs))(/ﬁR (5,9) y™ (v) dv)ds
(l’l—3)' o D3 ) o n—2\8,V) ¥ .

By applying Fubini’s Theorem in the last term, we have (9).
Next, using formula (7) on the function y”, replacing n by n—2 (n > 3) and
rearranging the indices, we have

W@:<w%:gm»

SV VO (@) (s ) =y (B) (s—B)""
+§<wswwn)< e

1 B
+m /a Ry 2 (s,v)y™ (v)dv. (13)
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Similarly, using (13) in (11) and applying Fubini’s Theorem, we get (10). [J

For n-convex functions, we can give the following form of new identities (9) and
(10).

THEOREM 5. Let all the assumptions of Theorem 4 be satisfied and n > 3. Also
let W be n-convex function such that W=V is absolutely continuous. Then we have
the following two results:

I
/Pxp, (5,5) R (5,v)ds > 0, v € [at, B (14)
then
<x p, <x>>
s V() -v(B) /Pxp, (x,5))ds
e / P(x.p:G(x.5)) (Zl (l_ll), (v (@) (s—e0) "=y (B) (s—BY' 1)>ds7
(15)
and if
[ PG )R 2 () ds >0, el f] (16)
then
P(x,p; y(x))

> (W)/ﬁ P(x,p;G(x,s))ds

Lo v (@) (o) (B) ()"
—|—m/ P(x,p;G(x,s)) (Z =30-1) )ds.

7)

Proof. Since y("~1) is absolutely continuous on [a,B], v exists almost every-
where. As v is n-convex, so y")(x) >0 for all x € [e, B] (see [13], p. 16). Hence
we can apply Theorem 4 to obtain (15) and (17) respectively. [

REMARK 2. The inequalities (15) and (17) hold in reverse directions if the in-
equalities in (14) and (16) are reversed.

Now we give generalization of Popoviciu’s inequality for n-convex functions.
THEOREM 6. Let all the assumptions of Theorem 4 be satisfied in addition with

the condition that p = (p1,...,pm) be a positive m-tuple such that Y" | pi = 1 and
consider y : [0, B] — R is n-convex function.
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(i) If n be even and n > 4, then (15) and (17) holds.

(ii) Let the inequality (15) be satisfied and

n—1 l
Y (V@ v BB ) 0 veelop)
=1 :
(18)
or (17) be satisfied and

'Sy s—a) =y () (s—p)"!
=3 (=3)=1)

>0; Vsela,p].

(19)
Then we have

P(x,p;y(x)) > 0. (20)
Proof. Since Green’s function G is convex and the weights are positive, P(x, p;
G(x,s)) > 0 by virtue of Remark 1.

(i) Ry_2(s,v)>0and R, »(s,v) >0 forn=4.6,...,50 (14) and (16) holds. As y
is n-convex, hence by following Theorem 5, we obtain (15) and (17).

(i1) Using (18)in (15) and (19) in (17), we have (20). O

3. Bounds for identities related to generalization of Popoviciu’s inequality

In this section we present some interesting results by using Cebysev functional
and Griiss type inequalities. For two Lebesgue integrable functions f,%: [a, f] — R,
we consider the CebySev functional

P 5
ﬁia/(xf(t)h(t)dt——a f(t)dr. ! /h(z)dz.

The following Griiss type inequalities are given in [3].

A(f,h) =

THEOREM 7. Let f:[a, ] — R be a Lebesgue integrable function and h: [, B] —
R be an absolutely continuous function with (.— o)(B —.)[I']> € L[, B]. Then we have
the inequality

L
V2

=

i 3
IACf, )| < —=[A(f, £)] ¥</ (x—a)(ﬁ—x>[h’(x>]2dx) .@n

VB—a\Ja

The constant % in (21) is the best possible.
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THEOREM 8. Assume that h: [ot, 3] — R is monotonic nondecreasing on [ct, 3]

and f: [, B] — R be an absolutely continuous with f' € Le|ct,]. Then we have the
inequality

A, B)] < 2B a)l\f\loo/ (x— a) (B —x)[l (x)*dh(x). (22)

The constant % in (22) is the best possible.

In the sequel, we consider above theorems to derive generalizations of the results
proved in the previous section. In order to avoid many notions let us denote

= [P Pap G R (s 20, velwpl @)

and

B
V) Z/(;( P(X7p§G(x,s))Rn72 (S,V) ds=0, ve [a’[ﬂ' 24)

Consider the Ceby3ev functional A(9,9) and A(D,O) given as:

(i (5 [ B
wiv (s [ o)

THEOREM 9. Let y: [, 3] — R be such that for n > 4, l[/( ") is absolutely con-
tinuous with (. — o)(B — [yt € L[, B]. Let mkeN, m>3, 2<k<m—1,
[, B] C R, x = (x1,...,xn) € [a,B]", p= (pl,...,pm) be a real m- tuple such that

and

AD,D) =

respectively.

Zplxz
Zﬁzlpij#Oforany1<i1< <y <mand Y1 pi=1. Also let = o

le 171]

forany 1 <ip <...<ip <m with O and O defined in (23) and (24) respectively.
Then

€ [o, Bl

P(x,p;y(x))
:W(Ogia/ P(x,p;G(x,s))ds

P -G - l () -1 0) -1 d
g [ PGt 3 i (V0 @)y (B 5-p) ) as

y"U(B) -y

T B3

/ S(v)dv+ Ru(a, B ), (25)
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and
(X P W(x))
/ P(x,p;G(x
. "y (o) (s—a) T =y (B)(s—B) !
fa/a P(x,p;G(x,5)) (123 T ds
y V() — yl
L T e / O(W)dv+ Ra(at, B ), (26)

the remainders R,(ct,B;y) and R,(a, B;w) satisfy the bounds

% (o B: S gt Be| [P n :
Rl B:w)| < gy MO 0N P57 | [ (v (B —ly )|
(27)
. 1 % ﬁ_a B n ?
(e By < gy 8000 P52 [T = a8y P
(28)
respectively.
Proof. If we apply Theorem 7 for f+— O and h+— l[/(") we get
! P Wy (v)dy —
‘(ﬁ—oo/ao““’ W= 5= a>/ "B a/‘”
© =l B 3
< 5. D)Pﬁ " =B -y ) 29)
Divide both sides of (29) by (n— 3)! and multiplying by (8 — &), we have
L P v 0B~y (e
(n—3)! /D (n— 3)/D(V)d“ (B—a)
< =1 [B—a| /B 5
< (n_13)![A<o,o>]f —’32“ [ =By ek (30)
By denoting
B . (n=1)(B)—y(n—1)
Rule,B9) = 3 /o o 3) / Sw)anY (Z;_:’x’) (@),

in (30), we have (27). Hence, we have

_y(B) —yln
o 3 /o v =Yg /o Vv + R0t B ),
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where the remainder &, (o, B; y) satisfies the estimation (27). Now from identity (9),
we obtain (25).
Similarly, from identity (10), we obtain (26). O

The following Griiss type inequalities can be obtained by using Theorem 8

THEOREM 10. Let y : [or, B] — R be such that for n > 2, y") is absolutely
continuous and let w" ) >0 on [0, B] with O and O defined in (23) and (24)
respectively. Then the representation (25) and the remainder R,(o, B; W) satisfies the
estimation

1R (00, B w)| < (B —=a)[|9]-- [W”(ﬁ) +yr D)yt () - l,/<n2)(a)} |

(n—3)! 2 B B—a)
31

whereas the representation (26) and the remainder R,(c, B; ) satisfies the estimation

o (B[] [ (B + v V() w2 (B) — v (a)
e = 2 (e
(32)
Proof. Applying Theorem 8 for f— © and h+— y) we get
R S L VRN PR S L YRS SR LaW P,
e [ 0w e s Mot [T
I STV (w+1)
< s IOl [ () (B—w T as (33)
Multiplying both sides of (33) by (B — ), we get
B B 1 B
W™ (v)dy — v)dy. ——— ") () dy
[, S0 esas— [ S g [Ty wya
o B
<1l [ = @B ) 64

Since

B
| =)=y

aﬁ
= [ v+ By )ay
— (B—a) [y V(B) + v V()] —2(w" 2 (B) - v V(@)

Therefore, using identity (9) and the inequality (34), we deduce (31).
Similarly, using (10) instead of (9), we have (32). [

Now we intend to give the Ostrowski type inequalities related to generalizations
of Popoviciu’s inequality.
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THEOREM 11. Suppose all the assumptions of Theorem 4 be satisfied. Moreover,
assume (p,q) is a pair of conjugate exponents, that is p,q € [1,e0] such that 1/p+
1/g=1. Let [y™|? : [0, B] — R be a R-integrable function for some n > 4. Then, we
have

P(x,p: y(x)— LGP (Bp(x p:G(x,5))ds
—1

~a fa PORpGles) ( S o (v (@) )=y (B) (s—ﬂ)ll>> as

=2
<ot 3) [y |,,</ ‘/ P(x,p;G(x,5))R, 2 (s,v)ds "av )Uq, (35)

P(x,p: y(x) — LY (Bp(x p:G(x,s))ds
n—1 (1 s—o) 1y s_B)-1
TR (xpG(x,s»(lg” B Ay B )ds
1 B| /B q 1/q
< WOl ( [ ][ PemGs)R s ds| av) . G6)
(n 3)! o o

The constants on the R.H.S. of (35) and (36) are sharp for 1 < p < oo and the best
possible for p =1, respectively.

Proof. Denote

3=7</ P(x, p; G(x,))Ro_a (s, v)d) ve [a, B

(1—3)

Using identity (9), we obtain

P(x,p: y(x)— G- (Bp(x p:G(x,5))ds

= £P<x,p;c<x,s>>(§ 5w (v <l><a><s—a>’—1—w<l><ﬁ><s—ﬁ>’—1))ds

(37)

Apply Holder’s inequality for integrals on the right hand side of (37), we have

< (/ﬁ Yo (v))”dv)% (/ﬁ 3<v>qdv)%,

which combine together with (37) gives (35).

1/q
For the proof of the sharpness of the constant | |, 5 }j(v)}qdv) , let us define

the function y for which the equality in (35) is obtained.
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For 1 < p < oo take ¥ to be such that

L

Y (v) = sgnd()[3()| 7.

For p = oo take y(v) = sgnJ(v).
For p =1, we prove that

< max |J (/ 14/ ) (38)

is the best possible inequality. Suppose that |J(v)| attains its maximum at v € [o, f].
To start with first we assume that J(vg) > 0. For § small enough we define ys(v) by

W5(V): L(V_VO) ) V()<V<V0+6,

Then for 6 small enough

vo+8 1
/VO Ci(v)gdv

Now from inequality (38), we have

1 [vo+d vo+d 1
- I()dv < I(vo) / ~dv="73(v).
5 Vi Vo 6

Since

the statement follows. The case when J(vg) < 0, we define yg(v) by

1 —
(v—vg—6)" o<y,

N

vo+ 6,

v<B,

Ws(v) =4 s (v—v—8)", vo<v

0
0, Vo o

+
VA

and rest of the proof is the same as above.
The proof of (36) is also similar, but we use (10) instead of (9). [
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4. Mean value theorems and r-exponential convexity

We recall some definitions and basic results from [2], [5] and [12] which are re-
quired in sequel.

DEFINITION 1. A function y :I — R is n-exponentially convex in the Jensen

sense on [ if
< X +Xx;

i,j=1

hold for all choices &i,...,&, € R and all choices xi,...,x, € I. A function v : [ —
R is n-exponentially convex if it is n-exponentially convex in the Jensen sense and
continuous on /.

DEFINITION 2. A function y : [ — R is exponentially convex in the Jensen sense
on [ if it is n-exponentially convex in the Jensen sense for all n € N.

A function ¥ : I — R is exponentially convex if it is exponentially convex in the
Jensen sense and continuous.

PROPOSITION 1. If v :I — R is an n-exponentially convex in the Jensen sense,

. . m
then the matrix [q/ (%) ] is a positive semi-definite matrix for all m € Nym < n.
ij=1

(-]
ij=1

forallmeN, m=1,2,...,n.

Particularly,

REMARK 3. Itis known that y: I — R is a log-convex in the Jensen sense if and
only if
x+y
ay) +20py () 4 w0 >0
holds for every o, B € R and x,y € I. It follows that a positive function is log-convex
in the Jensen sense if and only if it is 2-exponentially convex in the Jensen sense.

A positive function is log-convex if and only if it is 2-exponentially convex.

REMARK 4. By the virtue of Theorem 5, we define the positive linear functionals
with respect to n-convex function y as follows

/ o B
() = Plxpiy) ~ LG Mot piGin))as

1
B—

x(nil (V@6 g (B)(s—B)"l)>ds>07 (39)
=2

B
— [ Px.p:Gr)

(I—1)!
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and

v'(B)—v'(a)
B—a

B
5= [ PG

"y (e)(s—a) T =y () (s—p)!
X(% (—300-1)

Lagrange and Cauchy type mean value theorems related to defined functional is
given in the following theorems.

B
Q(y) == P(x,p: w(x)) | Px.piGlr.)ds

) ds>0.  (40)

THEOREM 12. Let v : [0, ] — R be such that y € C"[o, B]. If the inequalities
in (14) and (16) are valid, then there exist &; € [0, B] such that

Qi(y) =y (E)Qu(p): i=12,
where @(x) = ’r‘l—’: and Q;(-) are defined in Remark 4.

Proof. Similar to the proof of Theorem 4.1 in [6]. [

THEOREM 13. Let y,A : [a,B] — R be such that y,A € C"[a,B]. If the in-
equalities in (14) and (16) are valid, then there exist &; € [o, 3] such that

Q(y) _ y™(&).
Qi(A) A&’

i=1.2,
provided that the denominators are non-zero and Q;(-) are defined in Remark 4.

Proof. Similar to the proof of Corollary 4.2 in [6]. [

Theorem 13 enables us to define Cauchy means, because if

~1
P Qi(y)
l A () Q) )’
which show that & (i =1,2) are means of o, B for given functions y and A .
Next we construct the non trivial examples of n-exponentially and exponentially

convex functions from positive linear functionals Q;(-) (i = 1,2). We use the idea
given in [12]. In the sequel I and J are intervals in R.

THEOREM 14. Let © = {y; :t € J}, where J is an interval in R, be a family of
functions defined on an interval I in R such that the function t «— [xq,...,X;; ;] is
n-exponentially convex in the Jensen sense on J for every (n+ 1) mutually different
points xo,...,x, € I. Then for the linear functionals Q;(y;) (i = 1,2) as defined in
Remark 4, the following statements are valid for each i = 1,2:
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(i) The function t — Q;(y;) is n-exponentially convex in the Jensen sense on J and
the matrix [Q;(Yr;+,)])_y is a positive semi-definite for all m € N, m < n,

t1,..,tm €J. Particularly,

det[Q; (w4 )]7)—y 20 forall meN, m=1,2,....n
T

(ii) If the function t — Q;(y;) is continuous on J, then it is n-exponentially convex
onJ.

Proof. Fix i=1,2.
(i)For {jeRand rj €J, j=1,...,n, we define the function

2 &i&vitn (v)-

JiJl=1

Using the assumption that the function 7 — [xo, ..., X,; W] is n-exponentially convex in
the Jensen sense, we have

[x07'”7xn7h] = Z éjél[wa‘wxn;Wm} 20,
Jia=1 2

which in turn implies that 4 is a n-convex function on J, therefore from Remark 4 we
have Q;(h) > 0. The linearity of Q;(-) gives

2 £i&iQ; V/f +’1)

Jil=1

We conclude that the function ¢ — Q;(y;) is n-exponentially convex on J in the Jensen
sense.

The remaining part follows from Proposition 1.

(ii) If the function # — €;(y;) is continuous on J, then it is n-exponentially con-
vex on J by definition. [J

The following corollary is an immediate consequence of the above theorem

COROLLARY 1. Let ® = {y; :t € J}, where J is an interval in R, be a family
of functions defined on an interval I in R, such that the function t — [xo,...,Xn; W]
is exponentially convex in the Jensen sense on J for every (n+ 1) mutually different
points xg,...,x, € I. Then for the linear functional Q;(y) (i = 1,2), the following
statements hold:

(i) The function t — Q;(y;) is exponentially convex in the Jensen sense on J and
the matrix [Q (l//x -+ )] _, Is a positive semi-definite for all m € N, m < n,

t,otm €J. Parttcularly,

det[Q;(yij+)]7 1=y 20 forall meN, m=1.2,....n
e
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(ii) If the function t — Q;(y) is continuous on J, then it is exponentially convex on
J.

COROLLARY 2. Let ©@ ={y; :t € J}, where J is an interval in R, be a family
of functions defined on an interval I in R, such that the function t +— [xq, ... ,Xn; W] is
2-exponentially convex in the Jensen sense on J for every (n+ 1) mutually different
points xg,...,xn € I. Let Q;(-) (i = 1,2) be linear functionals, then the following
statements hold:

(i) If the function t — Q;(y;) is continuous on J, then it is 2-exponentially convex
function on J. If t — Q;(W;) is additionally strictly positive, then it is also log-
convex on J. Furthermore, the following inequality holds true:

[ (ys)] ™" < [Qiw)] ™ [Qu(ya)]
for every choice r,s,t € J, such that r < s <t.

(ii) If the function t — Q;(y) is strictly positive and differentiable on J, then for
every p,q,u,v € J, such that p < u and q < v, we have

.up,q(QiaG) < “M,V(Qiae)a (41)
where
oL
(o ),, P#4,
Upq(Q:,0) = (42)
e (4502), =,
for yy,y, €0,

Proof. Fix i=1,2.
(i) This is an immediate consequence of Theorem 14 and Remark 3.

(ii) Since p +— Q;(y;) is positive and continuous, by (i) we have that 7 — Q;(y;) is
log-convex on J, that is, the function # — log€;(y;) is convex on J. Hence we
get

log Q;(yp) — log Qi(vy) < log Qi(yi) —1ogQi(y)
P—q = u—v ’
for p<u, g<v, p#q, u#v.So, we conclude that

(43)

ouP,q(Qh 6) < .uuA/(Qi» @)~

Cases p = ¢ and u = v follow from (43) as limit cases. [
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5. Applications to Cauchy means

In this section, we present some families of functions which fulfil the conditions of
Theorem 14, Corollary 1 and Corollary 2. This enables us to construct a large families
of functions which are exponentially convex. Explicit form of this functions is obtained
after we calculate explicit action of functionals on a given family.

EXAMPLE 1. Let us consider a family of functions

O={y,:R—R:reR}

defined by
Ix
Gt #0,
vilx) =4 L
o t= O
Since d;x",,” (x) = €* > 0, the function y; is n-convex on R for every t € R and ¢ —
d"u/t

T (x) is exponentially convex by definition. Using analogous arguing as in the proof
of Theorem 14 we also have that 7 — [xg,...,X,; ;] is exponentially convex (and so
exponentially convex in the Jensen sense). Now, using Corollary 1 we conclude that
t— Q;(y;) (i =1,2) are exponentially convex in the Jensen sense. It is easy to verify
that this mapping is continuous (although the mapping ¢ — y; is not continuous for
t = 0), so it is exponentially convex. For this family of functions, t; 4(£2;,©;) from
(42), becomes

Qi(y) \ 74
(&63)"  t#e
M g(€2,01) = exp(gg"z(jglu'/%’)—’[l>7t:q7é0, i=12

Q;(id-
xp (i i) 1 = =0,

where “id” is the identity function. By Corollary 2 y; ,(€2;,©1) is a monotone function

in parameters ¢ and q.
Since
1
(Z i \ T4
" —
d”fq (logx) =X,
R

using Theorem 13 it follows that:
Mt7q(Qi7®1) :log/,tt7q(Q,-7®1), = 1,2

satisfies
(X<Mt7q(Qi7®1)<ﬁ7 i=1,2.

Hence M, ,(Q;,0) (i=1,2) are monotonic means.
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EXAMPLE 2. Let us consider a family of functions

0y ={g::(0,00) > R:r R}

defined by
X
. oo (E{0 L. n—1},
8i1\X) = x/ logx .
W,l:‘]e{o,l,,n—l}
Since ‘Z’;”,’{ (x) =x"7" > 0, the function g, is n-convex for x > 0 and 7 f;;%’ (x) is

exponentially convex by definition. Arguing as in Example 1 we get that the mappings
t+— Q;(g;) is exponentially convex for each i = 1,2. Hence, for this family of functions
Up¢(Q:,07) (i=1,2), from (42), are equal to

1
Qi(g) | =4
<Qi(g‘1)> ’ t#qa
exp ((—1) 1 (n— 1124808 'S L) =g g {011}
Hr.q(Q4,02) = TQile) T & ) ) PR :

a1 Quleoz) | 5! 1
eXp (—1) (n—l)'m—FkgOE ,t=q€{0,l,...,n—l}.
k;ét
Again, using Theorem 13 we conclude that

1

“<lagy) e

Hence ,LLW(Q,', ©,) (i =1,2) are means and their monotonicity is followed by (41).

EXAMPLE 3. Let
O3={§ :(0,00) > R:7 € (0,00)}

be a family of functions defined by

— .
Crgy (7L

G =1,
W’ t= 1
Since ‘Z;E’ (x) = 17" is the Laplace transform of a non-negative function (see [16]) it is

exponentially convex. Obviously §; are n-convex functions for every 7 > 0.
For this family of functions, ;4 (Q;,03), in this case for [a, ] C RT, from (42)
become

G

Hrg (2, 03) = exr)(‘%fféfﬁ)_zlggr), t=q#1; i=12
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where “id” is the identity function. By Corollary 2 1, 4(€2;,03) (i = 1,2) are mono-
tone functions in parameters 7 and q.
Using Theorem 13 it follows that

Mt7q (Qi7®3) = _L(t7q)l0gu't.,q (Qi7®3)7 i= 172
satisfy
o< My (Q1,03) < B, i=1,2.

This shows that M; , (€2;,0©3) is a mean for each i = 1,2. Because of the inequality
(41), these means are monotonic. Furthermore, L(f,q) is logarithmic mean defined by

—q .
Zlogg ! 7 4>

L(t,q) _ logt—logq
t, t=gq.

EXAMPLE 4. Let
0= (¥ : (0,00) = R:1 € (0,0)}
be a family of functions defined by
e V1
%(x) = W
Since ‘g;?;’ (x) = e~V is the Laplace transform of a non-negative function (see [16]) it
is exponentially convex. Obviously ¥ are n-convex function for every ¢ > 0.

For this family of functions, i 4 (€2;,04) (i =1,2), in this case for [a,f] C R,
from (42) become

<%>L 7
P (_2%5.();)) - %) =g

By Corollary 2, these are monotone functions in parameters ¢ and q.
Using Theorem 13 it follows that

Mg (€i,04) = i=1,2.

M4 (Q0,04) = — (VI + /@) Inpir g (24,04), i=1,2
satisfy
o< M 4(Q,04) <B, i=1,2.

This shows that M; , (Q;,04) (i = 1,2) are means. Because of the above inequality
(41), these means are monotonic in nature.
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