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ON A MORE ACCURATE MULTIDIMENSIONAL
HILBERT-TYPE INEQUALITY WITH PARAMETERS

BICHENG YANG

(Communicated by J. Pecaric)

Abstract. In this paper, by using the way of weight coefficients and technique of real analysis
and complex analysis, a more accurate multidimensional discrete Hilbert-type inequality with a
best possible constant factor and some parameters is given. The equivalent form, the operator
expression with the norm are also considered.

1. Introduction

Assuming that p > 1, %4—% =1, f(x), gy) 20, feLP(Ry), ge LI(R,),
f1lp={Jo f? (x)dx}% >0, ||g||g > 0, we have the following Hardy-Hilbert’s integral

inequality (cf. [1]):
= = fx)g(y)
T vty < 21l W

with the best possible constant factor - If am,by >0, a={an},_, €I, b=

T
sin(z/p) *
{bu} €4, |lall, ={Zm- lam}l’ >0, ||b]|4 >0, then we have the following Hardy-

Hilbert’s inequality with the same best constant n(r /p (cf [1D:

3Ian

Inequalities (1) and (2) are important in analysis and its applications (cf. [1], [2], [3],
(41, [6], [7D-

In 1998, by introducing an independent parameter A € (0,1], Yang [5] gave an
extension of (1) for p = g = 2. Following the results of [5], Yang [6] gave some best
extensions of (1) and (2) as follows:

)II allp[[bllg- 2)

n sm(n/p
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430 BICHENG YANG
If A1,A42,A €R, A1 + A, = A,k; («x,y) is a non-negative homogeneous function of
degree —A, with
k(A1) :/ Kt 1) dr € R,
0
9(x) = xPU=A)=1y(x) = 1072070 £ (), g(y) >0,
o 1
retpo®0) = {Fillflle =1 [ owlrran’t <f.

8 € Lay R ), [ fllpg- [18llg.y >0, then

3)

| [ o te)sstasdy < k)
0 Jo

where the constant factor k(A;) is the best possible. Moreover, if k) (x,y) is finite
and kj (x,y)xM 1 (ky (x,y)y*2 1) is decreasing with respect to x > 0(y > 0), then for
amby, =0,

- .
aclyy=1qallallpoe ::{Z¢(n)|an\ Jr<eon,
n=1

b={bu}; | €lyy, |lallpe, |bllgy >0, it follows

o oo

Y, 2 ka(m,n)amby < k(A)|lallp.ol[bllq.v )

m=1n=1

where, the constant factor k(A;) is still the best possible

Clearly, for A =1, ki(x,y) = - +y7 M= q , A= 1_? inequality (3) reduces to (1),
while (4) reduces to (2). Some other results including the multidimensional Hilbert-
type integral inequalities are provided by [8]-[22].

About half-discrete Hilbert-type inequalities with the non-homogeneous kernels,
Hardy et al. provided a few results in Theorem 351 of [1]. But they did not prove that
the the constant factors are the best possible. However, Yang [23] gave a result with the
kernel m (0 < A <2) by introducing a variable and proved that the constant factor
is the best possible. In 2011 Yang [24] gave the following half-discrete Hardy-Hilbert’s
inequality with the best possible constant factor B (41,4;):

/w WY 4 —dx < B(A1, %) )
n—l x+n

where, 11 >0, 0< L <1, A +4, =4,

oo 1 B
B(u7v):/0 Wr” Ydt (u,v > 0)

is the beta function. Zhong et al ([25]-[17]) investigated several half-discrete Hilbert-
type inequalities with particular kernels.



ON A MORE ACCURATE MULTIDIMENSIONAL HILBERT-TYPE INEQUALITY 431

Using the way of weight functions and the techniques of discrete and integral
Hilbert-type inequalities with some additional conditions on the kernel, a half-discrete
Hilbert-type inequality with a general homogeneous kernel of degree —4 € R and a
best constant factor k (41) is obtained as follows:

560 X kaemand < kRl 1|l el ©
n=1

which is an extension of (5) (see Yang and Chen [33]). At the same time, a half-discrete
Hilbert-type inequality with a general non-homogeneous kernel and a best constant
factor is given by Yang [34].

In this paper, by using the way of weight coefficients and technique of real analy-
sis, a multidimensional discrete Hilbert’s inequality with parameters and a best possible

constant factor is given, which is an extension of (4) for ky (m,n) = W
k=1 SCEn

The equivalent form, the operator expression with the norm are also considered.

2. Some lemmas

If ip, jo € N(N is the set of positive integers), o, B > 0, we put

1
io o ‘

H'XHOC = <2xka> (x:(xla"'7xi0>eRlo>7 (7
k=1
Jo % )

Iyllg := (2 )’kﬁ> v=01,,yj) ERP). 8)
k=1

LEMMA 1. If s€N, v, M >0, Y(u) is a non-negative measurable function in
(0,1], and

Dy = {x € Rﬁr;ZxB./ < MY} ,

i=1
then we have (cf. [35])

7>/01‘P(u)u;1du. 9

LEMMA 2. If seN,y>0, €>0, c=(cy, -,c5) €10,1), then we have

(L)

Dlim—cll;* ¢ = ——TL—ss + 0(1) (g — 07). (10)
es€/1y=1T(E)
m y
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Proof. For M > s'/7, we set

0, 0< u<

Then by (9), it follows

Zl\m ol =

= _ [Juel ], du
{ueR’ u;>1}

—m [ ST EAVAP
g [ (8 G )

[|x — cH_S €dx

/{)CERS+ wizl+ci}

M.\'r\\'(l) 1 R l—‘s(l)
= lim (Mul/y)"’euf'_ldu - 77
T M=o PT(E) Sy ese/TyIT(5)
For s = 1, it follows 0 < ¥2_, Hm—cH;l_'S < oo; for s > 2,
0< Y mdlt<at Xm0
{mENS;Hio,miO:l,z} {mENSil;m,'Z:i}
Pl
<a+ r <oo(a €Ry).
(R PR YC R
Then we have
0< Y llm—cll;""
{meNs;m;>1}
= > Im—cll;* 54+ X llm—cll;"*
{meN*:Jig,mj, =12} {meNsm; >3}
. (L)
<o)+ L (e —0™).

eseTp-1T(3)

Hence we have (10). [J
LEMMA 3. If C is the set of complex numbers and Coo = CU{0}, z; € C\{z|Rez
>0, Imz=0} (k=1,2,---,n) are different points, the function f(z) is analytic in Ce

except for zi(i=1,2,---,n), and z = o is a zero point of f(z) whose order is not less
than 1, then for oo € R, we have

| s 1dx—mZRes @, ()
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where, 0 < Imlnz = argz < 2m. In particular, if z; (k=1,---,n) are all poles of order
1, setting @(z) = (z—z) f(2) (@x(zx) # 0), then

oo . P n .
/Of(x)x 1dx=sinmk§1(—zk) Lo (z0)- (12)

Proof. By [36] (P. 118), we have (11). We find

1 — 2™ — | —cos2mo — isin27wa

= —2isinmo(coswo +isinmar) = —2ie™* sinwa.
In particular, since f(z)z% ! = ﬁ((pk(z)za_l), it is obvious that
Res[f(2)2" ", —ar] = 2% oulze) = =™ (—20) " i zx)-

Then by (11), we obtain (12). [

EXAMPLE 1. For s € N, we set

S 1

k) =11l
kl:II (xl/s + Ckyl/s)

0<cp <+ <es,0<A <),
For 0 < Ay <ip, 0 <Az < jo, At +A2 = A, by (12), we find
oo 8 1
= / H}Litllildt
0 k=lt /S"I_Ck

u=t*/s S “li[ 1 YM -1y
= z/ u
0 k=1u+ck

s 2o g
= ———— ¢ 11 eR.. (13)
Asin() 5 J=1Gih) €T
In particular, for s = 1, we obtain
uM/A)— T oy
ki(A1) = / ) of
A u+ci JLsm(Tl)

LEMMA 4. If (—=1)'h(1) >0 (t > 0; i=1,2), thenfor b >0, 0 < o < 1, we
have
dl

- h((b+x%)7) > 0(x > 05 = 1,2). (14)

(=1)'
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Proof. We find

d
h((b+x")) = ((b+x)@)(b+2) 7 k" <0,
d? d

Th((b+x%) @) = W ((b+x*) &) (b+x")a ']

= 1'((b+x%)7
b — DR ((b+x%)3)(b+x%) 7 2x%2 > 0.
The lemma is proved. [J

DEFINITION 1. For se N, 0< o, <1,0<c; < <¢, 0<A<s, 0< A <
io, O<Az<j0, Al-l-AQ:A,T:(Tl, ~~,T,‘0) S (0,%]&’, GZ(Gl,~~~,GjO) S (O,%}jo,
m—Tz(ml—Tl,---,m,-O—T,-O) ER s n—GZ(nl—Gl,~~~,nj0—Gj0)ER;’E, define
two weight coefficients wy (A;,n) and W), (A1, m) as follows:

A A—i
o) =S [l — [ |m —<||5 " )
wy (A2,n) 1=
w Ty (Il — ol + cilln— o [5)
Aa—Jjo

[lm—l[6![In — ][5

Wy (Ai,m) ==Y, — e (16)

A
7 Hz:1<|\m—r|\a“+ck|\n olls

where, 3., =23, 1+ Xy -1 and 3, =30 Y=l -

nj,=

LEMMA 5. Let the assumptions as in Definition 1 are fulfilled.
Then, we have (i)

w (A2,n) < Kp(n € N/0), (17)
Wy (A1,m) < Ki(m € N), (18)
where, -
Io(%) To(L
P ), K ), (19
BAo~'T(f) o0 (g)

where, kg(A1) is indicated by (13);

(ii) for p > 1, 0 < &€ < pmin{A;,1 — A}, setting Il =A — %,Iz =L+ f;, we
have B B ~
0 <Kx(1—86(n)) <wy(42,n), (20)
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where,
)L/om Als AL
- 1 /lln—ollg vz lay 1
0,(n) = —— - ol ——, @
ks(A1) 70 [T (v+ ) H”—GHgl
_ To(Lyr(a
K = M cR,. (22)
an-IT(%)

Proof. By Lemma 4, Hermite-Hadamard’s inequality (cf. [37]), (9) and (13), it
follows

A A —ii
I\n—Gl\ﬁz\lx—TH [

G < [ 7
=)0 Th_ (| — 7[5 + el ln — o] [ e

A
B I — o [ u[ 62"
(R > 1~ 1) I I(HuHMX—FCan—GHMS)

Hn—GH,fHuHM o
<
\/'0 Als
IT;- 1(”14”0: ' cxlln — GH )

= lim
M—so0

du

I — ol pMh oIS, ()] R e
/I;M lO Ui\o L %
T M5 [, (4% +exlln— o5}

Miorio(é) /1 ||n— o] |g2M7Ll—iot(7tl—io)/adt

T M—e g io A A A
oI () Jo Il (M55 + el [n— o] )

2’ . 1 A,z )Llfl
. MMTo(Ly g1 Hn—GH te T dr
= MG A
— 00 1 2L =
o0l(g) o (m rtm+ck|\n_g|\ﬁ)
tan_O.HgM—avm/)L sl"io(é) - vbil 1

dv

Acio=1T(2) Jo Thiey (v+cr)

o(L
M) a0 —k.
i I (E)

Hence, we have (17). By the same way, we have (18).
By the decreasing property and the same way of obtaining (10), we have

- [In— o[ — el
o> [ R o
(R 145} T (|lv— [+ cilln — o [5"")

[l [ du

_ X
= [[n— o[y’ io. /s
weR 1) T ([[ul[5° +alln—oll")
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sTio - pA1
% / T,

Aoio=1T(2) Jig/ ¥ jin—o |5 Thiey (v +ct)
= Ky(1-6,(n)) >0,

(n

Als sAp 1

0.< () P i/ ol y
< 0yn)= = / ——dv
Aks(Ap) Jo [T (v+cx)
)L/om

[lIn—ol3*
< % ol v%_ldv
Aks(A) T ci Jo
1

/llk( ) =1 cx Hn—GH

.11/0(
Yo

The lemma is proved. [

3. Main results and operator expressions

Setting ®(m) = ||m — 7[ [0 (m € N©0) and W(n) == ||n — o|[§ 040
(n € N/0), we have

THEOREM 1. If seN, 0< o, B <1, O<c1< <y, 0<A <, 0< Ay <,
0< A <jo, M+A =247, 16(07%]"’7 o € (0, }107 then for p > 1, %—F}I:l,
amabn 2 07 0 < HaHp,q)y

bl|qw < oo, we have the following inequality

amby,
I _ZZ A/s l/s)

nm Iz (llm = 7llo" + il n — o]

< Kf’quHaHp,mel

0¥ (23)

where the constant factor

1

1
PRrd —
KlKZ_

rjo(%) r[ rio(é
pi-iT(g)| | B

is the best possible (ky(1) is indicated by (13)).

0)] k(1) (24)

Proof. By Holder’s inequality (cf. [37]), we have
1

=33

A A
o Ty (Im—tll6” + elln— o)
(io—M)/q l|n — GH Jo—22)/p

jo—A2)/p (io—=21)/a

[m = le

In— o]l m—
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1
in—A1 ) —i )4
< {Zwml,m>|m—r|z“° 1) }
m
1

<SGl ol g}

Then by (17) and (18), we have (23). N B
For 0 < € < pmin{Ay,1— A}, 41 =4 — %,lg :lz—i-%, we set
. —iptA —£
am = Hm_THaO l ",
- At . .
by = lln— 0|57 (m e Non € N).

Then by (10) and (20), we obtain

1

1
" ~ i0— s )—i P i) in q
ol = { 3= el b L5 - oo~ -0

1 1
—in— p e q
St} S oy
1 . 5
1 (L P o(L) ~
= 2 | % .(a> — +¢€0(1) 8/,3,—[3.-1-80(1) , (25)
€ i/ “oio-1T(2) J/Ppi-ir(e)
~ a -
[=312— e A/s
| T (= 7l[6 + el In = o|[5)
= Ywa(an)lln—oll;"°
K ! —Jo—¢€
> B Y 1-0(————) | [ln—ol|
Z In— o]/}
_ r‘./o(l) _
_a B 1o -o()]. (26)

ejy/"BhIT(§)
L1 11
If there exists a constant K < K" K, such that (23) is valid as we replace K" K,

by K, then we have

(K> +0(1)) L(Fl)+£5(l)_go(l) <el
o PBi T ()
_ L . :
< ekl By = K | oo @eon]” | o5

l(g)/aaio—lr‘(%) jg/ﬁﬁjo—lr(%))
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For € — 0", we find

To(5) T
ﬁjo—lr( Jo

| F—
~
| — |
=
>
|2
ol IS
o
i e
N—
| I
E~)

and then Kf K; < K. Hence, K = Kf K2a is the best possible constant factor of (23). [

THEOREM 2. With the assumptions of Theorem 1, for 0 < ||a||p.o < o, we have
1 1

the following inequality with the best constant factor K f Kzﬁ :

Py p
Ar—J Am

J = ZHn—Gngm 2 s YWE
z o Tl (1l — 76" + el In = o[5")
11

< K{ Ky l|al|p.o, 27
which is equivalent to (23).
Proof. We set b,, as follows:
p—1

— a
by = |In— o[> =
! P gnm|m—r|§“+ck|n—a|z“>

Then it follows J” = ||| \Z - If J =0, then (27) is trivially valid since 0 < ||a||p.o < oo
if J = oo, then it is a contradiction since the right hand side of (27) is finite. Suppose
that 0 < J < eo. Then by (23), we find

1 1
16]|8 = I =1 < K K ||al[p0|1b]]4.%,
namely,

1 1
—1 - =
HbHZ =J <K K}||a||p.e,

and then (27) follows.
On the other hand, assuming that (27) is valid, by Holder’s inequality, we have

—1 1
=Y ®m)7 |3 — | [(¥(n))7b,] < Jb]lgv-
z o Tl (lm — 715 + eelln — o [5°) ’
(28)

Then by (27), we have (23). Hence (27) and (23) are equivalent.
1 1

By the equivalency, the constant factor Kf Kf in (27) is the best possible. Other-
1 1

wise, we would reach a contradiction by (28) that the constant factor Kf K2a in (23) is
not the best possible. [
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For p > 1, we define two real weight normal discrete spaces [, , and ;. as
follows:

%@:{a=MMHMMF%Z¢WM%5<w}
%w:{bZ%ﬁHMw:%ZTW%ﬁ<W}

11
With the assumptions of Theorem 1, in view of J < K"K/ ||a||, », we have the
following definition:

DEFINITION 2. Define a multidimensional Hilbert-type operator 7' : [, o — 1, g1-p
as follows: For a € [, o, there exists an unique representation Ta € [, y1-p, satisfying

for n € NJo,

am
(Ta)(n) =3, T - (29)
o Ty ([ = 7015 + el In— o5
For b € I, y, we define the following formal inner product of Ta and b as follows:
(Tap):=FY b - (30)
o m Il ([lm = 2llo” +celln—ol[5™)

Then by Theorem 1 and Theorem 2, for 0 < ||a||,,¢, ||P||g,y < o2, We have the following
equivalent inequalities:

11
(Ta,b) < KK, ||a||p.o||b]

a9 (3D
L1
| Tall,p1-» < K{' K []al|p,0- (32)
It follows that 7" is bounded since
Ta - L1
7] := IITall, -0 <K/K]. (33)

a(#0)el, 0 |al|p.o

11
Since the constant factor K/ K,/ in (32) is the best possible, we have

COROLLARY 1. With the assumptions of Theorem 2, T is defined by Definition 2,
it follows

Lol
IT]| = K/ Ky =

1"/0(%) ]p[ l—‘if’(é)
pr(d)| [ (E)

REMARK 1. (i) Setting ®q(m) := ||m]|50*)7 (4 € Nio) and

ks(Ar). (34)

Wo(n) := [lnl[§ 077 (n € NI),
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then putting T = ¢ =0 in (23) and (27), we have the following equivalent inequalities
1 1

with the best constant factor Kf K;’ :

ab 11
2 T < K{ K5 [|al[p., (5] lgw (335)
A A 172 ;%o 4,10
o T (mlle” + el lnll5")
Py 7
Yl (3 n KK lallpoy (36)
n < al|p.®,-
B N A R ™2 P, %Po
7 o T (ml[& + cal Inl] )
Hence, (23) and (27) are more accurate inequalities of (35) and (36).
(i) Putting ip = jo = 1 in (32), we have inequality
O amb
n < kg(A 37
mz:, g, Hk l(ml/s_’_cknk/s) ( l) ( )

Hence, (35) is an extension of (4) for
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