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ON A MULTIDIMENSIONAL HILBERT-TYPE INTEGRAL
INEQUALITY WITH LOGARITHM FUNCTION

Tuo L1U, BICHENG YANG AND LEPING HE*

(Communicated by J. Pecari¢)

Abstract. By the use of the transfer formula, the methods of weight functions and technique of
Real Analysis, a multidimensional Hilbert-type integral inequality with a few parameters and a
best possible constant factor related to the kernel of logarithm function is given. The equivalent
forms and some reverses are obtained. The operator expressions and a few particular results
related to the kernels of non-homogeneous and homogeneous are considered.

1. Introduction
Ifp>1 ;+;=1 flx),g0) >0, feL’(Ry), g€ LIRy), [If]l, =

(o 7 (x)dx)% >0, ||g|lg > 0, then we have Hardy-Hilbert’s integral inequality as
follows (cf. [1]):

= [ f(x)gy) U
——dxdy < ——— , 1
) ey < oS llely M
where, the constant factor m is the best possible. Assuming that a,,,b, > 0,
1 .
a={amtpm_y €1, b={bu};_ €19, |la||p = ( et @m)? >0, |[b]lg > 0, we still
have the following discrete variant of the above inequality with the same best constant
STk
O o~ by T
DD s [l 1511 2

m+n  sin(m/p)

m=1n=1

Inequalities (1) and (2) are important in Analysis and its applications (cf. [1], [2], [3],
[4], [51, [6D).

In 1998, by introducing an independent parameter A € (0,1], Yang [7] gave an
extension of (1) at p =g =2. In 2009 and 2011, Yang [3], [4] gave some extensions
of (1) and (2) as follows:
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If A;,L e R, A1+ 4, = A, ky(x,y) is a non-negative homogeneous function of
degree —A, with

k(A1) = /Owkx(t, )M ~ldr e R,
o (x) = xPU=A0=1 Dy (y) = ya(=R)=1 | f(x) g(y) >0,

re @)= {Fllfllo = ([ o0IrWIPa9} <=},

8 € Lay(Ry), [Ifllp.0, llgllgy > 0, then we have

.y 3)

/Om /()ka (x,)f(x)g(v)dxdy < k(20)]|f]p.0]l8]

where, the constant factor k(A;) is the best possible. Moreover, if k; (x,y) is finite
and kj (x,y)x" 1 (ky, (x,y)y*2~1) is decreasing with respect to x > 0 (y > 0), then for
am,b, =0,

a€lpo= {a;lalp,(p = (X 6()|arl")? < w},

n=1

b={bu};y_ €lyy, |lallpe, ||b|lgy >0, we have

oo oo

D, 2 ka(m,n)ambn < k(Ar)llallpgllbllg.y, )

m=1n=1

with the best possible constant factor k(A;).

Clearly, for A = 1,k;(x,y) = )ﬁy, M= é,?tg = ;;, (3) reduces to (1), while (4)
reduces to (2).

In 2006, by applying the transfer formula, Hong [8] first published a multidimen-
sional Hilbert’s integral inequality, which is an extension of (3). Some other results
relating integral, discrete and half-discrete multidimensional Hilbert-type inequalities
were given by [9]-[21], which provided some new ways to study these kinds of inequal-
ities.

In this paper, by the use of the transfer formula, the methods of weight functions
and technique of Real Analysis, we give a multidimensional Hilbert-type integral in-
equality with a few parameters and a best possible constant factor related to the kernel
of logarithm function. The equivalent forms and some reverses are obtained. We also
consider the operator expressions and some particular results related to the kernels of
non-homogeneous and homogeneous.

2. Some lemmas

If iy, jo € N(N is the set of positive integers), o, § > 0, we put

1

io o ]
HXHOC:: (Zxk|a> (x:(xlv"'7xi0)€RlO)7
k=1
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L

Jo B '
HyHﬁ = <Zykﬁ> (y:(yl7"'7yj0)6RjO)~
k=1

LEMMA 1. Assuming that s € N, y,M > 0, W¥(u) is a non-negative measurable
Sunction in (0,1], and

) al iV
Dy = {xER'}r;0<u:2<;—/l> gl},

we have the following transfer formula (cf. [6]):

/ /D ( )dxl dxs—Mer%')/‘Pu urdu, (5)

rTG

where, T'(-) is the gamma function defined by

() = /0 Te v > 0).

In view of (5) and the conditions, it follows that
(1) For R’ = limy; . Dy;, we have

MTS )
/ / ( )dxl dx, = lim ’)/Sr(();)/ Wi du;  (6)
(i) for
s . s 1 S xXi\7
{xeR ;|x|y>1}zﬂ}[g1w{x€R ,My\u—Z(M> <1},

setting W(u) =0 (u € (0, 577)), we have

K MT 1 1 R
/ / (X (Xl> dxy---dx; = lim #/ Y du;
{reRy: el 21\ o= pT() S,

i=1

(iii) for
{xeR;||xly < 1}:1‘}@%{xeki;0<u=_

setting W(u) =0 (u € (557,)), we have

S X MT (L) iy ,
// ¥ Z(ﬁy’ dxy---dxg = hm #/MV ‘I‘(u)uf’*ldu.
(<1 \&S\M M—e PT(3) Jo
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NOTE 1. Setting Eg := {u > 0;u® >
and the above result, it follows

Y MTS (L) -
¥ L) | dxy-erdxg = lim ——2- [ ® du.
/ /{xeR-;;lx|$>1} (2 <M> ) I Mo PI(3) g (u)u?

i=1

MfW} (6 € {-1,1}, M > 1), in view of (7)

(3
LEMMA 2. For s € Ny, € > 0, we have
()
[ A= s L)
{xeR%:[|x]]>1} {xeR [ [x][,<1} ey 'I'(5)
Proof. By (7), it follows
/ el
{xeRY:[|x][,>1}
1 —5—&
/ / M i(xi)y 7 dx---d
— e i xl... X
{xeR, o x|y >1} = ’
M (L) 1 . (L
= lim A/ (Mul/y)fsfguf’_ldu:%.
M=o PT(5) Jiky ey ~'I'(5)
By (iii), we find
/ el
{xeR [ |x][,<1}
1 —s+€
/] m|TEY Y an
— .. Xi Lo
(weRS, ol <1} = ’
MLy (L
= lim %E)/)/MY(MMUY) S+£ du— %
M= yT(3) Jo ey 'I(3)
Hence, we have (9). [
NOTE 2. For € >0, 6 € {—1,1}, in view of (9), we still have
(1)
[l %€ dx = [l P dx = ——L . (10)
AxERi;|x|$>l} Y (reRy|wS<ty T ey IT(3)

DEFINITION 1. Assuming that io, jo €N, o, ,6>0,0<0o<n, §€ {-1,1}
(i=1,2), x=(x1,-,x,) €ERL, y=(y1,--,yj,) € RY, we define two weight func-
tions w(o,y) and @(0,x) as follows:

n
/1 1

. —60
0(0.9) = s> [, In | e
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a(o.x) = |1 IEPYEL A I (12)
X X . - .
R g ) | e

By (6), we find

i . ;
In 1+b<—5 bl 5l> ]
_ Ml[zz Xi o
o(0.) = Ibll™ [ [, — (@7 L,
+

in—9;0

Moae |50, ()]

. dx,-o

e )"
Vg
62 Mlo lo(i) 1ln 1+b<M61M51/‘1> ] o
= HyH ° lim lo‘ / —— we gy
M—eo OC’OF(EO) Mi()*élo'uo !
5 n
MéoTio(L [l 50
= |Iy[[5> lim 7““)/ In 146 | —L | |0 tdu,
M—oo alol"(%) 0 Moy 1/

5, n
. H)’Hﬁ . . 1 -8 & Si 5—705
= TS o1 o b - )
Setting v=>b | ~5-577 | inthe above, since u = (b"M 1|\y\|l3 R

du= g (bTM 2 )T

for 6; = +1, by simplification, it follows that

b"/”l"io 1 ot o
(U(O'J)Zi( )/ vfﬁflln(l—kv)dv
nato='T(g) Jo

bG/nrzO 1 _ oo .
L) <—">/ In(1 4 v)dv ™7
noo=Ir(z) \ o /Jo

_ —po/rio( Ly ln(1+v)| = (=) ld

~ oo r() |5 /0 I+v v}
bo/MTio (L) n
cai-1T(2)sinz(1—F)

ro(Lty poing
oo~ 11(2) osin(%2)

LEMMA 3. Assuming that iy, jo €N, o, B,b>0, 0< 0,6 <n, §<0<n,
6e{-1,1} (i=1,2), we have

ro(Ly  poing
l

Jo
oo~ 1T( )Gsin(’ﬁ]—")(yERJr)’ (19

0(0,y) = Ku(0) :=
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Ti(g)  po/ng

o — Ka(0) := R? 15
(0,%) = Ky(0) B r(%)asin(%—")(xe +) (1
n
_ 5 /1 1
w(@y) =M [ 0|1+ L ix
P e ) WiE ) ] e
= Ko(&)(1- 65(7)). (16)
Gsin(%%) = In(14v) X .
0- ::7’7/ 2 =0 : RI). 17
5 () nr bHanBz v%'H v (||y|‘ﬁ )(y ERY) (17)

Proof. By (13), we have (14). By the same way, we still can obtain (15).
—ns
By Note 1, setting v=5bM~ ”5l|\y\|”52u @, for ud > W7 wefind 0<u o <

M"% and

B n
Moo (L H)’HEZ
w(G,y) = lim —()/ ue Mn|l1+b 57(5/0(

W5 |yl B T () I MPhu
po/nTo bblp?

_ A/ BT (1 4 v)dv
naio~'r(g) Jo
po/MTo > In(1 fad In(1

= ( : / n(N—'—V)dv_/ 5 (N—H})dv
nodo-1T(%) pirt! bibllg 2yt

_ bc/nrlo(a) nm_ /°° ln(1~+v)dv
naio-'T(2) | Gsin(Z8)  Jpip> 5+

ro(ly  po/ng
o0~ 11(G) osin(57)
For 0 < 6 < n, since
. fbo;v;’—“—l}n(l_'_v)dv i bgyu)%“—lln~(1+bu) _o,
L u-o/(2n) H—roo [0/(2,7)]”—6/(211)—1
o =0 _]
i Joym ~ln(1 +v)dv o,
u—0+ u—0/(2n)

there exists a constant L > 0, such that

O</ v “n(1+v)dv < Lu
bu

;«,N‘Qt

and then for u = ||y| \382, it follows that

5sm(—0) 5
0<65(y) < TLHyHﬁ ;
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Y .
namely, 65 (y) = O(|lyll; * )(v€RY). O

LEMMA 4. On the assumptions of Definition 1, if p € R\{0,1}, Il—,—|— é =1,

f(x) :f(xl7"'axi0) 2 0’ g(y) :g(y177y/0) 2 07 then (l)for P > 17 we have the
following inequality:

1
.l
[yl]57= % vl15? ’
Jp = /,7/.lnl+b () dx
1 R{B( (G’y))p,I RIE [ (Hngl) } ( )
1
< | [ @to i wax) a3
R+

(ii) for 0 < p < 1, or p <0, we have the reverse of (18).

Proof. (i) For p > 1, by Holder’s inequality with weight (cf. [23]), it follows

i T
H)’Hﬁ
/io In|l+b 5 f(x)dx
RO 1% )|
- o
/ i 11 ]| o Mwﬂ) |\y\|’°*52"/
= | —F——f(x —_—
i 5 in—o
O N 0 ettt g
- 1
< /1 14b Hyng " lls”> )f”( )d
. 1n X)dax
~ i 5
R Il )] IlgTe
1
n 1 q
A R
X /ioln 1+b 5 P
R [RE EEn
1 j—0+520'
= (@(6.) 7|l
1
b\ "] -2y ”
X /ln gl [l F7(x)dx (19)
i S :
R [ Il
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Then by Fubini theorem (cf. [22]), we have

==

AN
5 < /jo /I.Oln b —E [l o7 (@)dx § dy
S A NN N T
_ _ 1
N e o-dre)o-D '
_ /l_o //Oln 1+b | —5 [l oy ¢ [7(¥)dx
Ro e T ) |
B [/ o B0 5 (x| 20)
R+

Hence, (18) follows.

(i) For 0 < p < 1, or p < 0, by the reverse Holder’s inequality with weight (cf.
[23]), we obtain the reverse of (19). Then by Fubini theorem, we still can obtain the
reverse of (18). [

LEMMA 5. On the assumptions of Lemma 4, then

(1) for p > 1, we have the following inequality equivalent to (18):

S\
bl
1;://_ /,- In (146 —E | | f(x)g(y)dxdy
R0 JRD 1

|1l

< | ffp @onle o wa|
R+

1
o L
x [ / , ©0(0,)|][§ =) "“gq(y)dy] ; @1)
R+

(i) for 0 < p < 1, or p < 0, we have the reverse of (21) equivalent to the reverse of
(18).

Proof. (i) For p > 1, by Holder’s inequality (cf. [23]), it follows

—(jo+620) n
Hyng ! /15
I= |, —— /l.0 In|l+b 5 f(x)dx
R (oo |/R? [x[12
Jjo+6,0)—
(@@ bl <y>} ay
. . 7
<Ji URjow(my)lyI%(’M”) ’qu(y)dy] : (22)
+

Then by (18), we have (21).
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On the other hand, assuming that (21) is valid, we set

() by / In|1+b il flx)d €R?
g =r———5q [, In x)dxp , yeRY.
(o(o,y))r~1 | JrD ]| i

n p—1

Then it follows
5= [, @I gt )y
+

If J; =0, then (18) is trivially valid; if J; = oo, then by (20), (18) keeps the form of
equality (=eo). Suppose that 0 < J; < e. By (21), we have

0< //0w(c,y)l\y\|7§(j°+526)_j°gq(y)dy=Jf =1
R

+

1
< | Lo BRI ]
R+

) . 7
< | L @@ R )y] " <o
R+

It follows that
1
P

5= | [ 07 1))
R+

P

< | Lo @@ RINE A0 0]
R+

and then (18) follows. Hence, (18) and (21) are equivalent.
@ii) For 0 < p < 1, or p <0, by the same way, we can obtain the reverse of (21)
equivalent to the reverse of (18). [

3. Main results and operator expressions

Setting
iy—8,0)—i 7 —J i 7
D(x) i= |Ia] [0 W) o= [0 2O R (x e RY, y e RD),
we have

THEOREM 1. Suppose that iy, jo €N, o, B, b>0,0<oc<n,&e{-1,1} (i=
172)7 pE R\{O,l}, %4‘% = 1, f(x) :f(x17...7xi0) > O, g(y) :g(yl,...7yj0) > 07
0 < |lfllpo= / (507070 ()| < oo,
X R0

0 < [lgllgw = UR,O IyI%(’°+526)_’°g"(y)dy] < oo,
+
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(1) For p > 1, we have the following equivalent inequalities with the best possible
constant factor K(o):

n
Iyl1%?
1= /R /Rioln Lo | | | S@s0dsdy <K@)Ifllpallslay, @D
1 /1 7
J = S ————— | [ In[1+b( )M f (x)dx
/Ri(wyv,;@"*fo /Rf TR
K(o)|Ifllp.@s (24)
where,
K(0) = (K5(0))7 (Ka(0))
1 1
To(l 2 io (1 q o/
Ll D) ' 70 25)
Bio—1 (jFO) al()*l]"(‘ao) GSIH(T)

(i) For 0 < p < 1, or p < 0, we still can obtain the equivalent reverses of (23)
and (24) with the same best constant factor K(o).

Proof. (i) For p > 1, by the conditions, we can prove that (19) takes the form of
strict inequality. Otherwise, if (19) takes the form of equality for a y € R’?, then, there
exist constants A and B, which are not all zero, such that (cf. [23])

(ip—810)(p—1) HyH (Jot+6,0)(q—1) '
fP(x)= B— ae.inx € Rlﬁ. (26)

x|~

[|x[|er
Jot+0
bil]

If A =0, then B =0, which is impossible; if A # 0, then (26) reduces to

. _ BHyHtI(J'0+520) .
B0y = 2B ae inxeRY,
Allxlle
which contradicts the fact that 0 < || f|| & < e°. In fact, by (9), it follows fRio I |;i0 dx
+

= co. Hence, (19) takes the form of strict inequality. So does (18). By (14) and (15),
we have (24).
In view of (22) (for w(o,y) = 1), we still have

. . q
I1<J |:/Rj0 HyH%(JOJrSzG) Dgd(y)dy| . 7)
+

Then by (27) and (24), we have (23). Itis evident that by Lemma 5 and the assumptions,
(23) and (24) are also equivalent.
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For 0 <& < BZ, weset f(x),g(y) as follows:

#) { 0,0 < [lx]|& < 1,

X) = (0—5)=i 5
HxHocl r 07”’“”051 > 1,

_ 0,0 < [[y[|§ <1,

gly) =

—&(c+%)—Jjo
vl ™ I =1

Then for 6 =0 — £ € (§,7), by (10), we find

1
7l ~ —ip—0O1€ P
= . X dx
170l = (o, 1512 75)

—jo—&e
X - [Iyll7*dy
</{yeR-’£:ly|‘,§2>1} P

BYECRYALS)
IEACERCV RV

In view of (17) and (10), it follows that

_—

. _526'
o< 540l )dy
peRL iz P P

<uf Iy
S ey P

B Lll"jo(%) _ Lll"jo(%)
(e+0/2pTIT(R)  (e+o/HBITIT(R)

and

5 n
~ ||Y|‘/3 ~
I= / . / Jn|1+p | —E ) | F)3(y)dady
RY JRY Il o

—Jjo—&¢& I~
) o,y)d
/{yew;m?w DI~ %5w(E,y)dy

K@) [ oo 1 (1000l )
perD Ry P P
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If there exists a constant K < K(o), such that (23) is valid when replacing K (o)
by K, then in particular, we have

l—*io 1 G/n l"JO 5
. (a)i b°m (ﬁ) —£04(1)
oo~ 1T(2) o'sin( %7 o) \ Bio~ F(JEO)
<el < sKHﬂlpmHqu,‘P

:K( rio(é) )é( rjo(%) )%
oanIT(2) ) \BT(}))

and then K(0) < K(e¢ — 07). Hence K = K(0) is the best possible constant factor of
(23).

By the equivalency, we can prove that the constant factor K(o) in (24) is the best
possible. Otherwise, we would reach a contradiction by (27) that the constant factor
K (o) in (23) is not the best possible.

(i) For 0 < p < 1, or p < 0, by the same way, we still can obtain the equivalent
reverses of (23) and (24) with the same best constant factor. [

On the assumptions of Theorem 1, for p > 1, in view of J < K(0)||f||,.», we
give the following definition:

DEFINITION 2. We define a multidimensional Hilbert-type integral operator
T:L,0(RY) =L,y »(RY)

as follgws: For f € Lp@(Rf,?), there exists a unique representation 7 f € L, g1 (R”f),
satisfying

n
[yl -
(TF)(y) = / S [ 14n [ B )] fdx(y e RD), 28)
Ry [l [of
and ||Tf|[, y1-» =J. For g € Ly, \}'(R ), we define the following formal inner product
of Tf and g as follows:
& n
I3
(Tf.2) / . / e I s (29)
Xl

Then by Theorem 1, for p > 1, 0 <||f]|,.e. ||g
equivalent inequalities:

¢.¥ < °, we have the following

(Tf.g) < K(O)||fllpollgllqgw (30)
T £l w1-» < K(O)||f]|p.0- (31
It follows that 7' is bounded with
T B
17| = sup m <K(0).

[ f1]p.0

F(+6)€L, o(RY)
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Since the constant factor K(o) in (31) is the best possible, we have

- B o(1) ’ l""‘)(é) g po/Ny
ko - (5 r(%o)) (i) sy O

'@I

4. Some corollaries

We also set
B(x) = HxH"("O*"*"% Bx) = [alle 7 (x e RY),
B(y) = DI, Py = [yl Iy e RY).
For 6; = —1, 6, =1 in Theorem 1, we have

COROLLARY 1. Suppose that iy, jo €N, o, B,b>0, 0< o <n,peR\{0,1},
%‘Fi:h f(x):f(xl77xlo)>07 g(y):g(yla7yj0)>07

io+0)—i v
0< Hpr@: [/Rio|x|g‘(0+0) Ofp(x)dx:| < oo,
+

q
0<llgll, = U ][50 ge(y )dy] <o,

(1) For p > 1, we have the equivalent inequalities with the non-homogeneous ker-
nel and the best possible constant factor K(o) as follows:

A ) /. o [16(ilalbllp) "] £s0Iaxdy < K(Ifl el g0 G

L

1 p r
{ L TR [ Lo [18(blalyllp)"] f(x)dx} dy} <K(O)Ifll, 4 (34
+ B +

(i) For 0 < p < 1, or p < 0, we still have the equivalent reverses of (33) and (34)

with the same best constant factor K(o).
For 6; = 1,0, = —1 in Theorem 1, we have

COROLLARY 2. Suppose that iy, jo €N, o, ,b>0, 0<o<n, peR\{0,1},

%4—%}:1’ f(x):f(xla"'7xio)>0’ g(y):g(yla"'ayjo)>0a

inp—0)—i r
0<|f|p§=[/Ri0|x|$(° o) Ofl’(x)dx} < oo,
+

SN q
0 < lell, 5= | [y IV Per0)r] " <=
+
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(1) For p > 1, we have the equivalent inequalities with the non-homogeneous ker-
nel and the best possible constant factor K(o) as follows:

b
Jeo Joo [+ TRy | Iy < @l 9

/ T [/ 1““+$}f<x>dxrd %<K(0)|f| 5 (36)
R [[y[|5" 0 LR ([[dlallyllp)" Y pd

(i) For 0 < p < 1, or p < 0, we still have the equivalent reverses of (35) and (36)
with the same best constant factor K(o).

For 6; = & =1 in Theorem 1, we have

COROLLARY 3. Suppose that iy, jo €N, o, ,b>0, 0<o<n, peR\{0,1},
%4—%}:1’ f(x):f(xla"'7xio)>0’ g(y):g(yla"'ayjo)>0a

ig—0)—i p
0<lfll, 5= [/R,-O ][50~ Of”(x)dx} < oo,
+

) . a
0< Hqu?q, - [/Rjo HyH%(JoJrG) Jogq(y)dy] < oo,
+

(i) For p > 1, we have the following equivalent inequalities with the homogeneous
kernel of degree 0 and the best possible constant factor K(0) :

o™

1 P %
{ / WUR ,-Eln[1+b(||)yc||i)”]f(X)dX] dy} <k@lfl,s 6

(i) For 0 < p < 1, or p < 0, we still have the equivalent reverses of (37) and (38)
with the same best constant factor K(o).

For 6; = & = —1 in Theorem 1, we have

|1l

1+b <|y|,3 ) 1 F(x)g(y)dxdy < K(g)Hpr@Hqu@, 37

COROLLARY 4. Suppose that io, jo €N, o, ,b>0, 0<o <1, peR\{0,1},
1

% L_]_l f() f(xla"'7xi0)>0? g(y):g(yl7ayjo)>0a

|1 —1 P
0<lfll, o= [ /R,-O x| 50+ OfP(x>dx} < oo,
+

1
0 < lell, 5= | [y IV Per0)r] " <=
+
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(i) For p > 1, we have the following equivalent inequalities with the homogeneous

kernel of degree 0 and the best possible constant factor K(o) :

L 1n[1+b<||x|a>n}f(x)g(Y)dde<K(G)|f| slgll g (39
RO /RO Bl PO e

X |o P %
Joo e | e o] v <K@l GO

o il Lre ™ bl

(i) For 0 < p < 1, or p < 0, we still have the equivalent reverses of (39) and (40)

with the same best constant factor K(o).
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