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HARDY AND RELLICH TYPE INEQUALITIES
WITH TWO WEIGHT FUNCTIONS

SEMRA AHMETOLAN AND ISMAIL KOMBE

(Communicated by I. Peric)

Abstract. In the present paper we prove several sharp two-weight Hardy, Hardy-Poincaré, and
Rellich type inequalities on the sub-Riemannian manifold R*'+! = R” x R” x R defined by the
vector fields:

J 2% 9 J %2 9 .
X; = — +2ky; —, Y= — —2kx; -, =1,2,...,
J ij+ ky;lzl 10 2y, il BTk J s 2y eens

where (z,y) = (x,3,1) € R, [z = (|x? +[y[*)"/? and k> 1.

1. Introduction

The present work is concerned with the two-weight Hardy, Hardy-Poincaré, and
Rellich type inequalities on the sub-Riemannian manifold R*"*! = R” x R” x R de-
fined by the vector fields:

d d d d
X;= o +2ky,,»\z|2"*2m, Y= P —2kx.,»|z|2k*25, ji=12,...n (1
where |z] = (Jx|> + [y[?)'/? and k > 1. The vector fields (1) satisfy Hormander’s con-
dition for any k € N, i.e, X;,Y; and their iterated Lie brackets span the tangent space
of R¥"*1 at each point [17].

In order to motivate our work, we first present Hardy and Rellich inequalities on
the Euclidean space R". The classical Hardy inequality for the Laplacianin R", n >3,
states that for any smooth, compactly supported function ¢ € C;’(R"), the following
inequality holds [15] :

o2 2
/Rn Vo 2dx > %/ 19F 1. )

[x[?

An extension of the Hardy’s inequality to second-order derivative is referred as the
Rellich inequality [25]:

2 2 2
2 n“(n—4) 9|
[ jmopar > 250 [ Es 3)
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where ¢ € C5(R") and n > 5. The coefficients (";2)2 and * (164)2 are sharp, but
are never achieved. Hardy and Rellich type inequalities and their improved versions
play important role in the study of elliptic and parabolic partial differential equations
involving singular potentials, e.g. [1], [2], [3], [5], [6], [9], [10], [12], [13], [18], [20],
[21], [24], [26], [27] and references therein.

There has been a growing interest in Hardy and Rellich type inequalities on the
sub-Riemannian manifold R?**! = R” x R” x R defined by the vector fields (1). In
the article [28], Niu and Zhang established the following Hardy type inequality for all

¢ R\ {(0,0)}:

/Rzn+1 Vio|Pdw > (Q p) /Rzn+1 <;|> e ;Z;Lpdw 4)

where p denotes the homogeneous norm: p = (|z|* +12)1/4 0 = 2n + 2k the ho-
mogeneous dimension, 1l < p < Q, Vi ¢ = (X19,...,X,0,10,...,Y,0) the sub-elliptic
gradient. On the other hand, Niu, Ou and Han [22] obtained (among other inequalities)
a weighted version of (4):

Q—p+oap\r |2\ Pk ||
ap p
/RZ)HI p |Vk¢‘ dW 2 ( p ) ‘/RZ)HI p ( p ) pp dW (5)

where ¢ € R?*F1\ {(0,0)}, 1 < p< Q and Q— p+ ap > 0. Furthermore, the constant
o\ P .
W) is sharp.

In our previous work [4], we studied sharp uncertainty principle inequality and
Hardy-Poincaré type inequality with radial weight p®*. So far only one weight function
has been considered in above inequalities and the role of the radial weight function p“
is well known.

The purpose of this paper is to give new sharp weighted Hardy, Hardy-Poincaré
and Rellich type inequalities where weight function is given by the product of the radial
functions p* and |z|' on the sub-Riemannian manifold R?**! = R" x R” x R defined
by the vector fields (1). We note that the new radial weight function |z|* has influence
on the sharp constant, brings some difficulties in some computations and also leads to
obtain nonnegative remainder term in Rellich-type inequality (see Theorem 4). Fur-
thermore, our results improve and include previously known some results as special
cases.

2. Preliminary and notations

In this section, we will introduce some notations, definitions, and preliminary facts
which will be used throughout the article. A generic pointin R?**!, n > 1 is defined by
w=(z,1) = (x,y,]) € R*"*! where x,y € R", z=x++/—1y. The sub-elliptic gradient
is the 2n dimensional vector field given by

Vk = (Xla"ﬂXI’HYla"')Yn)
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where X; and Y; are the smooth vector fields which are defined as in (1). The general-
ized Greiner operator on R?"*! is defined by,

P
+4k|z)* 2 =T

n 92
2 X7 +Y7) = A+ 47|42 ~

2

where A, = 3 (% 52 + ) is the Laplacian in the variable z = (x,y) € R?* and T

denotes the vector ﬁeld as T = 2?:1()’ Ty ay ) . When k =1, A; becomes the

sub-Laplacian on the Heisenberg group H” [11]. We note that there exists family of
dilations
&1 () = (u,v) == (A2, A%D), A >0

associated with the vector fields in (1). It is easy to see that A; is the homogeneous
of degree two with respect to the dilation J; . The change of variable formula for the
Lebesgue measure gives that

dudv = 22dzdl

where
0=2(k+n)

is the homogeneous dimension with respect to dilation 8, and dzdl denotes the Lebesgue
measure on R?"*1. For w = (z,1) € R?" x R, there is a natural norm:

p=p(w) = (| + [y + 1) H = (j2 % - 12) %,

The norm function p is related to the fundamental solution of sub-Laplacian A, at the
origin (see, [7], [8], [14], [28]).
A direct computation shows that

2>+~ 2%k L 2%
Xip = p4k_1 [)Cj‘Z| +yjl]7 Yip = p4k_1 [yj‘Z| _le]'

Let ¢ = ¢(p) is a smooth radial function (i.e., ¢ only depends on the function p), then
using a direct computation, it can be easily shown that [19]

‘Z|2k 1

IVio(p)| = o 1o (p)

and
|Z‘4k72

8u0(p) = S (7 E=0') = VipP? (o7 + =),

In particular

Vip|?
np = VL oy,
p
The norm function is eo- harmonic, that is p is the solution of

Vi(|Vip]?) - Vip =0. (6)
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A direct computations shows that

p _
V- (WW”) =0 @

The open ball with respect to p centered at the origin (0,0) € R?" x R with radius
R will be denoted by

Br(0) :={(z,]) eR* xR:p < R}.

Let D = Bg,(0) \ Bg,(0) be an annulus with 0 < R; < R,. Introducing the spherical
coordinate transformation as in [19], the volume element satisfies the following relation

n—1

dw = dzdl = p~'dp (sin ) 'T do [ | [cos w;(sin wj)%"—f')dwj} 46, ()
=1 =1

where 0< @ <7, 0<y;<m/2,j=1,..,n—1and 0< 6; <2m, j=1,...,n,and
|2> = p?sint . )
3. Sharp Hardy-Poincaré and Hardy type inequalities
The following theorem is the main result of this section.

THEOREM 1. Let Q=2n+2k, p>1,t+2n>0 and Q+ o+t > 0. Then the
following inequality is valid for all ¢ € Cy(R>*1):

' PP Vip - Vi O+a+t\r a
> (=2 Pdzdl.
/RZ"H |Vip|?P dzdl > ( p ) /Rznﬂ 2 p¥| | dzdl (10)

P is sharp.

Furthermore, the constant (%)

Proof. Multiply both sides of (7) by the function p%*|z|'|¢|” and integrating over
R+ yields

o+1 t
ot P _ ot )4 P |Z‘ p
0 [, poloraa= [ p“kllordza [ P tlolapdzal. (1)

Applying integration by parts to the second integral in the righthand side, we have,

/ paH‘Z't\ml’A d dl——(a+1)/ |f |9 |Pdzdl
R2n+1 |VkP|2 kp < o R2n+lp < <

pa+1
o o Vi Vil (12

Pa+l|z\t
_/]RZVH»I Vip|? Vi|9|P - Vipdzdl.
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Substituting (12) into (11), we get

Q+a+t/ PRI / Pzl glolP 2
Lross dzdl = — [ P_EIOIOF ©
p R2n+1 p |Z‘ ‘¢| < R2n+1 |Vkp|2

- Pzl 9|l
A== /RZn+1 vaq) -Vipdzdl.

Applying successively the Cauchy-Schwarz, Holder and Young inequalities, we get

aEP ||t 1/p (r=1)/p
a<( [, i wip-Viopazn)" ([ oLl oleazar)

Vk(P Vkdedl (13)

Let

w1 |Vipl|2P
| olc)Jr| t (14)
e vip Viglrazar + LD [ g gpaza
= p JR2+1 ‘Vkp‘zp pgl’%l R2n+1 '
where € > 0. Substituting (14) into (13) and then rearranging terms, we get,
[ 2 ip Viglraza > f0.apie) [ et ol azai
R+t |Vip 2P = VIR feont '
where f(Q,a,p,t;e) = e P[(Q+a+1)—(p— 1)87(”’%1)}. Note that the function
[ attains the maximum for & = (3 - +t)(l’_l)/ P and this maximum value is equal to

(—QJFI? )P Therefore we obtain the desired inequality

prHPlef » (Q+O¢+t>1’/ it
. S (220 p )
/th+1 o Ve Vedlldzdt > (5 [ PO Ozl 13)
Now, we need to show that (%)’7 is the best constant. Let Cy be defined as the
best constant of (15);

PPl

fR2n+l W |Vkp . VkQ)‘dedl

Cy:= inf
f 0£peCy (R21+1) Jrant1 P12 |@|Pdzdl

It is clear from (15) that

o+p|,|t
<Q+a+t)p _ Jront1 %Wkp'vkmpdzdl

16
P Jaanes ol 107 dadl (1o

holds for all ¢ € C3(R*™!). By taking the infimum in (16), we have
(%) "<y (17)

To prove that Cy = (%)p

, we now only need to show that Cy < (%)p . Hence,

fora given € > 0, we define the radial function ¢ (p) € C3’(R?"*1) that can be approx-
imated by smooth functions with compact support in R?**1:

B+e if 0<p<l1
. P 1 Pl
9e(p) = {pwm it op 1, (18)
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where 3 = % It is clear that
a+p|Z‘t| belP = (ﬁ+8)p|z‘tpa+p(8+l3) if 0<p<l,
Viplr VP VRO =N gy gplepare ) i ps1,

In the sequel we indicate B = {(z,1) € R?"*1,0 < p < 1} p-ball centered at the origin
in R?**! with radius 1. By direct computation we get

/ Pl G Vit lPdadl =(B ey [ porP g azar
Rl |Vkp|2p k kQe 5, .
a—p(B+e)|, |t
+/RZn+l\B| p |Z‘ dZdl:|

—(B+e)P / p%2[ |0 [Pdzdl
R2n+l

By the spherical coordinates in Section 2, we have

1 Vs L Bk
o+p(B+e)| |t _ / . 2k Tk K
Blp |z|' dzdl Oﬂ+p(ﬁ+£)+t+Q{ A (smq)) d(p} ;

1 T Lok
a+p(B+E) |, dod] — / . T olk
/RZnJrl\Blp e dz a—p(ﬁ+s)+t+Q[ 0 <Sm(p> (p] "

where
7n 1 2r 2n n
K, = / / cosy/j sin ;)2 du/j / / [146;. (19
j=1

L+;k
Note that the improper integral / sin qo) *ha ¢ converges for t > —2n. It

is clear that
D!+p|z‘t

Jrant1 W\V}Cp -Vio|Pdzdl
Jrone1 P2l @|Pdzdl
Letting € — 0, it follows that Cy < (%)F . Therefore, from (17) and (20) we have

Cn=(2i8)7. O

We now prove the following weighted L? Hardy-type inequality which plays an
important role in the proof of the weighted Rellich type inequalities.

Cy < (ﬁ +£)p:

(20)

THEOREM 2. Let Q =2n+2k, p>1, c eR, teR, Q+a+t—p >0 and
t+2kp — p+2n> 0. Then the following inequality is valid for all ¢ € Cy (R2H1Y

O+a+t—p\r B
Cardi 14 =z 7 o—p||t PIAIp
/RMP |z [Vio| dzdl>< , ) /szp 2 |Vip|P|0|Pdzdl  (21)

P is sharp.

Furthermore, the constant (W)
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Proof. Using the identity (6) we get the following inequality |Vip - Vi(|Vip|0)| <
Vo ?|Vid|. We now replace |Vp|¢ instead of ¢ in the inequality (10) and we get

+a+1\’
Joo 0 el Va0 Pt > (QT> Lo PRI ViplPlo P dzdl. (22

Next, using the well known inequality in L, - spaces, ||f+gl||, = ||f]|, — ||g]lp. yields;

" 1/p
(/2 |PO“Z|’Vk(p¢)|dedl> + </ pa‘z|t|vkp‘p‘¢|pdzdl>
R2n+1 o (23)
1/p
o+ t
2 (/Rznﬂ P p‘z| \qu)\pdzdl)

Substituting (23) into (22) yields,

O+o+1r—p\r
%zl P x> " P ot PIAIP
[ P IVpO) Pzt > (SN [ Vi)Yo Pzt

Now, we replace % instead of ¢ to obtain the usual weighted L”— Hardy inequality:

O+a+t—p\p _
/Rznﬂpa\zy‘vkml’dzdl > (T> /Rznﬂpa Pl |Vip|P|@|Pdzdl.

To show that the constant (W)p is sharp, we use the same family of functions
¢:(p) in Theorem 1 and pass to the limitas € — 0. O

4. Sharp weighted Rellich type inequalities with two weight functions

The purpose of this section is to derive sharp weighted Rellich type inequalities
with two radial weight functions on the sub-Riemannian manifold R*"*! =R” x R” x R
defined by the vector fields (1). First, we prove the following theorem:

THEOREM 3. Let € R, t€R, 0>3, Q+t+a—2>0and Q+t+2k—2>0.
Then the following inequality is valid for all ¢ € Cy(R>"1):

L0 UL N o Pz 263 [ o el 6 Vap Pz
R2n+1 |Vkp‘2 ' 0 R2n+1 (24)

B r o) 1—2 42
26 (4 1—|—n>/Rz"Hp 12202 dzd

0+1-2)2—a(a+2t)
4

where {y = ( . Furthermore, the constant {3 is sharp.

Proof. A straightforward computation shows that

Ap® =Ep* 2| Vip|?, (25)
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where & = o(Q + o —2). Multiplying both sides of (25) by the function |z|'$? and
integrating over R?**! we obtain

t 42 o o =2\t 42 2
/RM1 |l 0" Arpdzdl = ¢ /R o POl 0 Vip Pdzdl.
By integration by parts, we have
/2 +1 20 Akpadzdl _2/ 2o Vip® - Vipdzdl

(26)
—/ 0*Vi(p®) - Vi(|z|")dzdl.
R2n+l

Applying integration by parts to the first and second integrals on the right hand side,
(26) becomes

/RZnH <A p% Vgl dudi = (% " w) /R 2| p* 2% |Vip|Pdzdl
! o [t—2 42 27
i (E -1 +n> R21+1 P79 dzdl @7

— [, Pl o8 dzdl.

By using the sharp weighted L” -Hardy inequality (21) into (27), we get

_/Rzn+1 Pzl 9Angdzdl >Go / %22 9| Vip|Pdzdl

R2:+1 (28)
R o (t—2 42
1 <2 l—l—n) /Rzn+1 p%lz| "¢ dzdl
where {y = MM. Applying Cauchy-Schwarz and Young’s inequalities
gives
o o |t =2 |t 42 2
L polelondzai <e [ p® 2 6% Vip Pz
1 a+2|Z|t 5 (29)
— A¢|“dzdl.
48/1‘@1“ ‘Vkp|2| ¢’| !
Substituting (29) into (28) yields
pa+2|Z|t 5 wi .
A |“dzdl >4 — - \% dzdl
L S raelaza ae—e) [ o 2Nl Vip ol .

! 04212
—48t<§—1+n>/Rz"Hp 02|z ~2dzdl.

Inequality (24) follows from (30) by taking € = % . We now show that Cg is the best
constant in (24):

or+ \Z

Jgani1 B B 1A 0 |*dzdl
inf P
o;é¢ec°° ®2+1) Jpant1 P22 |2[1 92| Vip|Pdzdl”

CR =
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It is clear that
PI2l | A 2 dzdl
fR2)1+l WkP|2 | k¢| Z

;< 31
O S s po 2 2§ Vap Pl Gh
holds for all ¢ € C5(R*™1). If we take the infimum in (31) we get,
3 < Cr. (32)

We only need to show that COZ > Cg and for this we use the following family of radial
functions

¢g(p):{—(ﬁ+6)(p—l)+1 it 0<p<l, .

p~(B+e) it p>1,

-2 (2-0)*—4&

where € >0 and 8 = 7 >

quotient:

. First we construct the Rayleigh

Pa+2|z\t

_ Jrant1 Vol |Ac Qe |2dzdl .
fRZnH p“‘z\z|’¢§\vkp ‘2dzdl
By direct computation, we have,

pa+2|z‘t 5 B 1 o )
/Rz,,+l Vipp |Akde(p)ldzdl —C(Q,ﬁ,8)</0 portite 1dp)K
—|—D(Q,ﬁ,g)</wp(*2ﬁ72e+a+t+Q73)dp>[?.
1
Here C(0,8.€) = (B+£)2(Q— 1), D(Q.B.&) = (-B—£)*(@~2~B—¢)* and

T
K=K, / (sin @) (~2+0/% g
0

1
where K, is given in (19). The integral / p2BH2e+ati+0=3 5 i finite and C(Q, B, €)
0

is positive. Therefore,

/ pa+2|z‘l |A o ( )|2dzdl :D(Q B 8)(/00 (a+tf2ﬁ72s+Q73)d >k+ 0(1)
R0+ ‘Vkp|2 kPe(P bl ) | p p .

Similarly we get

[ p% 2kl 02(0) Vap Pzl = ([ pleti=22650ap ) R - 0(1).
R2n+1 1

Letting € — 0, it follows that

P2z 2
R Jrot K 1Ak ge P dzdl B 2:[(Q+t—2)2—a((x+2t)r 4
™ Teo O 02 VapPalzdl % 1 ’

and then the constant COZ is sharp. [
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THEOREM 4. Let c € R, t€R, 0>3, Q+t4+a—2>0and Q+t+2k—2>0.
Then the following inequality is valid for all ¢ € Cy(R*"1):

/ pO(+2|Z‘I ‘A ¢‘2d2dl >4—C02/ ‘ | |V ¢|2d2dl
R2n+1 |Vkp‘2 k stz (Q+ o+t ) R2n+1 k ’

—Got(t+2n—2) /Rzn+1 Pzl 292 dzdl

(35)

(Q+1-2)>—a(a+2t)

402 .
where {y = “—=7———=. Furthermore, the constant b > 1s sharp.

(O+o+1-2)

Proof. To prove the theorem, we apply Cauchy-Schwarz inequality to the integral
on the left hand side of (27) and we get

2ot
%! 2 < -+ / =2 it 42 2
/szp <l (VegPdzdt <(>5= ) [ p® 2Ll 0% Vip Pzl

ro oy 1—2 42
+t (2 +n 1>‘/RZ)1+IP ‘Z| (P dZdl (36)

1 P2l | Ao
— ——— dzdl.
+ de /Rznﬂ ‘VkP|2 <

Now, by using the Rellich type inequality in (24) and rearranging the resulting inequal-
ity, we have,

‘o P22 Ao
Lo ol VbRt <plo.ece) [ | Pt e

+3(0, 0676)/ p%z| 2 ¢>dzdl
R2n+l

where
(E+201) 1 _(0+1-2—a(a+2)
r0e) =g (EF M ve)+ i 6= ; ,
and
t(t+2n-2 +2o0t t
g(0.6.¢) = (1+2n-2) (¢ +e +t<—+n—1).
% 2 2
Note that the function f attains its minimum value % at € = % Therefore
0

we obtain the desired inequality:

/ pa+2|Z‘t |A ¢|2d2dl >¢/ |Z‘tpa‘v ¢‘2d2dl
R2+1 \Vkp|2 k /(Q-|-(x-|-z—2)2 R2n+1 k

— Got(t+2n— 2)/ p%z 2 ¢%dzdl.
R2n+1
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2
ﬁ , we use the family of radial functions
(B+e) i
_Jp if 0<p<l,
0P)=Y “pre i po, (37)
(Q+a—2)>+t2o—1)
200+a+1-2)

and pass to the limitas € — 0. [
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