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FRACTIONAL INTEGRALS ON B;-WEIGHTED MORREY SPACES

YASUO KOMORI-FURUYA AND KATSUO MATSUOKA

(Communicated by B. Opic)

Abstract. By using B -weighted function spaces, we will investigate the weighted estimates of
fractional integrals on B -weighted Morrey spaces, which unify the weighted estimates of them
on several function spaces.

1. Introduction

In [8] (cf. [6]), we introduced Bs-Morrey-Campanato spaces, in order to unify
central Morrey spaces, A -central mean oscillation spaces and usual Morrey-Campanato
spaces, and to unify the results of the boundedness of fractional integrals on several
classical function spaces because Morrey and Campanato spaces contain LP, BMO
and Lipschitz spaces as particular cases. As a result, for the fractional integrals I
and the modified fractional integrals Iy, 0 < o < n, which are defined in Definition 9
below, the following boundedness results were showed:

(i) ForO<o<n,l<p<e, —n/p<A<0, —n/qg<u=14+0<0,0< 0 <eo,
1/g=1/p—a/n, (—p)qg=(—A)p and i+ 0 <0,

lo 2 Bo(Ly 2)(R") = Bo(Lgu)(R");

(ii)) ForO<oa<n, l<p<e, —n/p<A<0,0<u=12+a<1,0< 0 <o and
u+o<l1,
Io i Bo(Ly ) (R") — Bo(Lip, )(R").

As for the definition of By -functioh spaces, see Definition 3 below. In these bounded-
ness results, (i) unifies

I : LP*(R") — LYM(R")  (see [11])

and
I : BP*(R") — B9M(R")  (see[1]),
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and (ii) unifies
Io:LPM(R") — Lip,(R")  (see [10])

and
I : BP*(R") = Lip,_,/,6(R")  (see [5], [7] and [8]).

Here, note that LP*(R"), BP*(R"), Lipg(R") and Lipg 5(R") stand for Morrey
space, (non-homogeneous) central Morrey space, Lipschitz space and o -Lipschitz space,
respectively.

In this paper, we will consider the weighted estimates of fractional integrals on
Bs-Morrey spaces and unify the results of the boundedness on several weighted func-
tion spaces.

2. Notation and definitions

We start by explaining necessary notation. For » > 0, by B, we mean that B, =
{yeR":|y| <r}. And for x € R", we set B(x,r) =x+B,={x+y:y€B,}. Fora
nonnegative measurable function w and a measurable set G C R”, let

For a measurable set G C R", we denote the Lebesgue measure of G by |G| and
the characteristic function of G by yg. And also, for a function f € L] (R") and a
measurable set G C R" with |G| >0, let

mo(f) = [£()dy = ﬁ | ray

Further, for 1 < p < oo, let p’ be the dual exponent of p,i.e., p'=p/(p—1).

Now, we state the definitions of several weighted function spaces by means of
weight, which is a nonnegative locally integrable function on R" that takes values in
(0,00) almost everywhere. First we define the weighted Morrey, Lipschitz and BMO
spaces on U, where U =R" or U = B, with r > 0 as follows:

DEFINITION 1. Let w be a weight and U = R" or U = B, with r > 0. For

1< p<oo, —0<A <ooand 0< B < 1,let L,;(w)(U) and Lipg(w)(U) be the sets
of all functions f on U such that the following functionals are finite:

1 1/p
s = s S (f 1roPwear)
X0,

B(xp,s)CU S
111 sup inf 5 [ ()~ cla
ips (w)(U) = 5 R y) —cldy.
HRO) T o ek P w(Bx,5)) St

In particular, let BMO(w)(U) = Lipy(w)(U) and

1
f Wi(U) = sup infi/ f(y)—cldy.
1/ lBmo(w) @) D (B (v0,9) B<x0,5)| () =<l
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REMARK 1. Let E(U) be a function space on U C R" with semi norm || - [| () -
In this paper, when U = R", we abbreviate | f||gg») to [|f|z for the symbol of the
norm, while we don’t abbreviate E(R") for the symbol of the function space.

Second we define the weighted (non-homogeneous) central Morrey, o -Lipschitz
and o -BMO spaces as follows:

DEFINITION 2. Let w be a weight. For 1 < p <o, —o <A <, 0< B <1 and

0 < 0 < oo, let B*(w)(R") and Lipg 5(w)(R") be the sets of all functions f on R"
such that the following functionals are finite:

1 » 1/1’
1l = 5907 (£ roiwoar)
1
1/ ILipg o) = gll)r—c\\f||upﬁ(w)(3,)~

In particular, let BMOg (w)(R") = Lip, (w)(R") and

1
£ lBMOG (w) = igfl)r_o—Hf”BMO(w)(B,)-

Further, we recall the definition of (non-homogeneous) B -function space. For
details, see [8] (cf. [6]).

DEFINITION 3. For each r > 0, let E(B,) be a function space on B, with semi
norm || - [|g(g,). Then, for 0 < 6 < e, we define a function space Bs(E)(R") as the
set of all functions f on R" such that || f|z, ) < e, where

1
1F 8o () = fl;llbr—gllf\\m,)-

REMARK 2. We note that Bs (L, ; )(R") unifies L, 3 (R") and BPA(R") as fol-
lows:

BolLp () (B") = Ly s W) (R), B splLp,-nyp(9)(RY) = BPH(w)(RY).
And we also note that
Bo(Lipy (w))(R") = Lipy (w) (R"), Bo(Lipg(w))(R") = Lips o (w)(R")
and
Bo(BMO(w))(R") = BMO(w) (R"), Bo(BMO(w))(R") = BMOo(w)(R").

We also need to define some classes of weights. As to the basic properties of
weights, see, e.g., [2] and [3].
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DEFINITION 4. For 1 < p < oo, let A, be the set of all weights w such that

sup  mp(w)mg(w™ /PPl < oo
R"DB:ball

DEFINITION 5. Let A; be the set of all weights w such that for any ball B C R",

B
% <Cw(x) ae.xeB

for some constant C.
DEFINITION 6. For 1 < p,q <<, let A, , be the set of all weights w such that

sup mB(wq)l/qu(w_pl)l/p, < oo,
R"DB:ball

REMARK 3. Note that w € A, if and only if w e Aripg-

DEFINITION 7. For 1 < p < e, let A, .. be the set of all weights w such that
Wipl EA;.

REMARK 4. Note thatfor | <p <eoand 1 < g < g < oo,
Ape CApg CApy,
andfor l<p<p<oand 1 < g < oo,
Apg CApg

DEFINITION 8. (strong doubling) For 0 < a < o, let SD(a) be the set of all
weights w such that for all balls B and Q provided B C Q, there exists a constant

C > 0 such that |
101\*
w(Q)<C <?> w(B).

REMARK 5. Note that if w € A,, 1 < p < oo, then w € SD(p). Moreover, if
wE A, 1 < p <eo, then by self-improvement property of A,, w € SD(a) for some
a<p.

3. Fractional integrals on Bs(L, 3 (w”))(R")

In this section we consider the By -weighted function spaces estimates of frac-
tional integral I, and modified fractional integral I, 0 < o < n, which are defined by
the following.
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DEFINITION 9. For 0 < oo <n and f € L} _(R"),

)= [ Y

e

ot = [ 0) (rpma — )

|x — y[r—e y[r—e

and

Then for a fractional integral I, the following estimates on the weighted L? and
Morrey spaces are known.

THEOREM A. ([9) Let 0 < a<n, 1 <p<n/o and 1/g=1/p—o/n. If
w €A, , then Iy is bounded from LP (wP)(R") to LI(w?)(R"), that is, there exists a
constant C > 0 such that

o1y < CllfllLrury,  f € LP(WP)(RY),

where LP (wP)(R") is the set of all functions f on R" such that
1/p
i = ([, F0IPwr o)) <o

THEOREM B. ([4]) Let 0 < a<n, |l <p,g<e, —n/p<A <0, —n/g< u=
A+a<0,1/g=1/p—a/nand (—u)g=(=A)p. If wEA, _, ., then Iy is bounded
from Ly, ; (WP)(R") to Ly (w?)(R"), that is, there exists a constant C > 0 such that

o1y way < Clfllz, o) f € Lpa (W) (R").

On the other hand, for a fractional integral I, we can prove the following Bs-
weighted Morrey estimate.

THEOREM 1. LetO0<a<n, 1 <p,g<oce, —n/p<A <0, —n/g<u=A+a<
0,0<0<e, I/qg=1/p—a/n, (~u)g=(-A)pand u+06 <0.IfwEA, _,/(u+0)
then Iy is bounded from Bs(L,, 5 (WP))(R") to Bs(Lgu(w))(R"), that is, there exists
a constant C > 0 such that

ot 11Bg (L)) < CIFllBow, 0> f € Bo(Lpa(w?))(RY).
REMARK 6. Note that Theorem 1 with 0 = 0 means Theorem B.

In the above theorem, if A = —n/p and ¢ = A +n/p, then the following corollary
is obtained by Remark 2.

COROLLARY 1. Let 0 < a<n, 1 <p,g<e, —n/p<A <0, —n/q<
A+o<0,1/g=1/p—0o/n, (—p)g=(-A)p, 0= l+n/pand[,t+6<0 If
W E Ay _/(uto), then Iy is bounded from BPA(wP)(R™) to BT (w9)(R"), that is,
there exists a constant C > 0 such that

e f Vo way < CllFllgoigurys | € B (WP )(R").
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Moreover, in Theorem 1, if we put tt = 0 formally, then the condition of w be-
comes w € A, ... Therefore, for a modified fractional integral I,, we can show the
following By -weighted function spaces estimate on the weighted Morrey spaces.

THEOREM 2. Let 0 < a<n, 1l <p<oo, —n/p<A<0,0<u=2+0<1,
0<o<ewand py+o<1.1If

we{ Ap (I<p<n/a)
Apjae (N0 p <o),

then Iy, is bounded from Bs (L, ; (w))(R") to Bs(Lip, (w=))(R"), that is, there ex-
ists a constant C > 0 such that

HINOCfHBG(LipH(w*I)) SClfllsor, ey f € Bo(Lpa(wh))(R").
In particular, when 4 =0, i.e., A = —a,
1Toof 15, vogw-1)) < CllS 8oLy —atwr))s € Bo(Lp—a(wWh))(R"),
where 1 < p <n/a.

In the above theorem, if ¢ = 0, then we obtaine the following corollary by Re-
mark 2.

COROLLARY 2. Let0< o <n, l<p<oeo, —n/p<A<0and0<pu=~A+a<
1. If

we{ Ap  (I<p<n/a)
Apjae (N0 p <o),

then Iy, is bounded from L, 3 (w”)(R") 1o Lip,, (w1 (R™), that is, there exists a con-
stant C > 0 such that

e gy SISl e € Ly (W) (R,
In particular, when 4 =0, i.e., A = —a,
e f Moy < CllfllL, gowr)s [ € Lp—a(w’)(R"),
where 1 < p <n/a.

Alsoif A =—n/p and 6 = A +n/p in Theorem 2, then by Remark 2, the follow-
ing corollary is obtained.

COROLLARY 3. Let0<a<n, 1 <p<oo, —n/p<A<0,0<u=A+a<1,
o=A+n/pand p+oc<1.1If

WE{ Ap (I<p<n/a)
Anjae M/ p <o),
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then I is bounded from BP*(wP)(R") to Lipﬂﬁ(w_l)(R”), that is, there exists a
constant C > 0 such that

iy sty < CUlgmaurys £ € BP(07) (R,
In particular, when 4 =0, i.e., A = —a,
e f Moo w1y < Cllfllr-aury,  f € B *(WP)(R"),

where 1 < p <njo.

4. Proofs of theorems

In what follows, we use the symbol A < B to denote that there exists a constant
C >0 suchthat A< CB.If A<B and B <A, we then write A ~ B.

First of all, we show the following lemma, which is necessary to prove Theorems 1
and 2.

LEMMA 1. Let BER, 1<p<e, —n/p<A<0,0<0<oand f+A+0<
0.If weA, ,/piar+c) then there exists a constant C > 0 such that

|f(y)‘ c.—n/ /+ﬁ+l _ /9
————dy<C np P (B(xg,5))"/? y
Awmﬂwﬁwpy r7s w P (B(x0. )71, , o)

Sorall f € B5(L

p A (WP))(R"), x € B(xo,5) C Brand r > 1.

In particular, when x =x9 =0 and s =r,

O] —n/p+B+A+o. —p' (p /P
/1‘{"\3,- ‘y‘n_l} dy < Cr w (Br) H‘f”BO'(L,,)A(W”))

forall f € Bo(Ly,; (WP))(R") andr > 1.

Proof.
Let f € B(L, ;(wP))(R"), B(xo,s) C B, and r > 1. Then, by Holder’s inequal-
ity, we obtain

[ IO,
R™\B(xg,s) |y — x[" P

=

lfO)l

/f3(XO72f+1S)\B(XO72jS) |y —x|"—P

Jj=0

- 1
/go (2]s)n—[3 /B(XO,2j+l.Y)\B(x072fs) ‘f(y)| Y

B3 (2B
TV O

X0,2/1Ls)

A

A
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o 1/p 1/p
< B 2By (/L PP (v)d ) (/L -2 (y\d )
<s ,go( Y Uity FONW0Yay ) W 0)dy

oo

~ B 2 (zﬁ)./’(zjﬂs)fn/ﬁurlw*l’/ (B(xo,z.f+15))l/p’ ||fHL,,‘A(W”)(B

2j+1 )
j=0 '

< rO'S*I’l/P/JrﬁJrl 2 (zfn/p’JrﬁJrlJrG)ijp/ (B(xo, 2,/+1S))1/p' Hf”Bo—(Lp].(W’))).
J=0 '

As it follows from Remarks 3 and 5 that when w € A, _,, /(542 +q), there exist C >0
and € > 0 such that

W (B(x0,27%s)) < €27V (BHA+0)=2,=0 (B(xy, 5)),

we have

[ SO g,
R™\B(xo,s) [y — x[" P

< 7O s—n/P' B+ { 2 (ZS/P/)j} w P (B(xO,s))l/pl ”fHBg(L,;JL (wP))

j=0

- rgsin/lerﬁJrlwipl(B(XO,S))l/pl”fHBg(L,,#;L(W”))' U

Next we recall the following two lemmas.
LEMMA 2. (Lemma 3.50f [8]) Let 1l <p<ooand r>0.If —n/p <A <0, then
1281y, <y pmy)  Jorall £ € L (R with ||, g,) <o

LEMMA 3. (Theorem 7.2.5 of [2]) If w € A), with 1 < p < oo, then there exists an
a>1 such that w* € A,.

Finally, we prepare the following lemma in order to prove the case of n/a < p < oo
of Theorem 2.

LEMMA 4. Let 0 < ax <n, n/fa < p <o and w € Ay/qe- Then there exists an
exponent pg, which is sufficiently close to n/ o, such that 1 < po <nj/o., 1/po—o/n <
1/p and w € Ap; co.

Proof. Letn/o < p<ooand we Ay g e i€ w—(n/a) €A;. Then, by Lemma 3,
there exists an @ > 1 such that w~("/®)'a € A; . Now, if we put p = ((n/c)'a)’, then
I <p<n/o and w € Aj ... Therefore, we can choose pg, which is sufficiently close
to n/a, such that p < pg <n/o and 1/pg— o /n < 1/p. Moreover, it follows from
Remark 4 that w € Ap) ... U

Proof of Theorem 1. Let f € B°(L,, ; (w”))(R"). We prove that

o f |y vy r) S 7N oL, 00))
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for any ball B, with r > 1.
For x € B,, let

Lo f(x) = la(f X8y, ) (%) + 1o (f (1 = 2By, )) (X)-

First, applying Theorem B, we get

o (2B ) |y ey 8,) < M (F 2B 1) S N 2B N 5

<A lle, 5 000 By 5r6Hf||B(,L L (w))
by Lemma 2.
Next, since for x € B,
()]
Lo (f(1 = xB,,))(x 5/ d
/0= )05 [, e

and we A

p.—n/(u+o)»it follows from Lemma 1 that for B(xo,s) C By,
1 1/q
i (f =m0 w0 )
05
< 1 1 /e —n/p'+a+A+o  —p 1/p q 1/q
<ol mom) W BV gt oy W (B0.)

II:) a(.ldition, as w e Ap7,n/(#+c), which means w*' € AI,I,/(#H,)/H by Remark 3, we
obtain

n—p'(u+o) /
v (B)<c (%) W (B(xo,5)
s
in terms of Remark 5. Therefore, since ¢ < —n/u < —n/(U+ o), by using Remark 4,

1

1/q
RV Mo £(1 = %Bzr))(y)lqwq(y)dy>

1 n/p'-(uro) o ( wi(B(x0,9)) \
< —,n/p'tuto P 1/t L A2AR0,0))
~ Sl'l <S> w (B(XO,S)) ( |B()C0,S)| Hf”Bg(Lp‘x(wl’))

, i
< (M)l ’ (M)I/qllf&,@ A (07))

|B(x0,5)] |B(x0,5)]
SN lBo(L, 5 000))-
Thus, we have for r > 1,
1o f |y w3y S 7 M oL, 5 (0))

which shows the conclusion. [
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Proof of Theorem 2. Let f € B9 (L, ; (wP))(R"). We prove that

HiocfHLipu(w*l)(B,) SN llBo (L, 4 00m)

for any ball B, with r > 1.
Now, letting for y € B(xg,s) C B,

Iof (v) = Ta(fXB(xg.25) ) F+ T (F(1 = XB(xp.26))) (¥)
=1y (f%B(xo,Zv))(Y) + Coxgsf + Ja,xo,Sf(Y)a

where
Casas = | T 124 T (1 = g 0)
o B(xo.25)\B, |2~ o
and
e )= [ 16 (e~ e )
R W I Ve T P T 7
we have

/ ’iaf(y) _Ca,xo,sf’ dy
B(xp,s)

< /B o) et (f X(x0,26)) ()| dy + Vags f ()| dy

B(xg,s)

=11 +5.

First, by using Lemma 1, we get for y € B(xo,s) C B,

s )] S5 _ V@l

"\ B(xo.2s) |2 — xo|” |z—xo|—o+t

< POV (B30, 29) 7| 3oz, (wr)-

Therefore, since w € A .., we have for B(xg,s) C By,

“alp. —p 1/p
S ) s W (B(xg,25)) /P 1£ 3oz, , 0or)) - 1B (0,5)]

/ 1/1’/
B(xo, ~(B(xo,
< 0. 1Bk s>|>) <w (B(x s>>> T

w1 (B(xg,s |B(x0,5)]

S rUHfHBg(Lp‘;L(w/’))'
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Next, when 1 < p <n/o,let 1/g=1/p—o/n. Then, applying Holder’s inequal-
ity, Remark 4 and Theorem A, we obtain

¢ 1/q L 1/
ne ([ a0 e ) ([ o)

~ "
1/17/

1/p / , /
< (/B(xo,2s) f(Y)Il’w(y)de) </B()C07_\') wP (y) dy> . |B(X0,s)|l/‘1 —1/p

/ 1/17, !
<120 800,25 oy (w7 01ay) B0

(22020) 0)] "7 ) dY) : </B( w e (y) dy> N

x0:9)

X0,5)
A , /v
7@ Wl (w7 0)ay) B

Srostlf IIBG<Lp.x<wv))/§( ) W™ (v)dy- |B(xo,5)|
X0y

X0,5)

=28 fllBo(r, 5 o)) -w™ ! (B(x0,9)).

When n/a < p < oo, in terms of Lemma 4, we choose po such that 1 < py < n/c,
1/po—oa/n<1/pand we A, ., andlet 1/go=1/po— o /n. Then, applying Holder’s
inequality, Remark 4 and Theorem A, we obtain

q 1/q0 , 1/51(),
ne ([, Melmueno™moa) ([ wwo)
B(xg,s) B(x0.5)
< ( /
~Y Rn
1/p
S (/ f(Y)|pW(y)pdy) |B(x0,23)|1/1?071/p
B(x0,2s)

/ l/p/ / /
x ( [oow (y)dy) Bxg.5) [/ p
B(x0,5)

”GSAJFOCHJCHBG(L,,#;L(WI’)) . W*p’(B(xo,s))l/p/|B(x0,s)|1/17

(fXB(xo.20)) )] WP () dy ) " </B( w40’ (y) dY> .

X0,5)

o

S
S S”HfHBG(LM(Wp)) -w(B(xo,5)).

Hence, it follows that for 1 < p < eo,

1 1 .
s—umh S Ol so(r, , 0or))-

Thus, we have for r > 1,
e WLip, w1y(8,) S 7 IF lBo(L, 5 wr))-

which concludes the proof of Theorem 2. [
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