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NECESSARY CONDITIONS FOR THE BOUNDEDNESS OF LINEAR
AND BILINEAR COMMUTATORS ON BANACH FUNCTION SPACES

Lucas CHAFFEE AND DAVID CRUZ-URIBE, OFS

(Communicated by I. Peric)

Abstract. In this article we extend recent results by the first author [3] on the necessity of BMO
for the boundedness of commutators on the classical Lebesgue spaces. We generalize these
results to a large class of Banach function spaces. We show that with modest assumptions on the
underlying spaces and on the operator T, if the commutator [b,T] is bounded, then the function
b isin BMO.

1. Introduction

The purpose of this paper is to extend a recent result of the first author [3] on nec-
essary conditions for commutators to be bounded on the classical Lebesgue spaces. He
showed that if T is a “nice” operator, and if (for example) the commutator [b,T] is
bounded on L?, then b € BMO. He also proved an analogous result for bilinear com-
mutators. We generalize these results to a large collection of Banach function spaces.
To do so requires the assumption of a geometric condition on the underlying spaces that
is closely related to the boundedness of the Hardy-Littlewood maximal operator, and
which holds in a large number of important special cases.

To state our results we recall some basic facts about Banach function spaces. For
further information, see Bennett and Sharpley [1]. By a Banach function space X we
mean a Banach space of measurable functions over R" whose norm || - ||y satisfies the
following for all f, g€ X:

L7l = NATxs
2. if |f] < [g| a.e., then | fllx < lgllx:

3. if {f4} C X is a sequence such that |f,| increases to |f| a.e., then ||f,|/x in-
creases to || f||x;

4. if E C R" is bounded, then || yg||x < o;
5. if E is bounded, then [ |f(x)|du < C|f|lx, where C =C(E,X).
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2 L. CHAFFEE AND D. CRUZ-URIBE

Given a Banach function space X, there exists another Banach function space X',
called the associate space of X, such that for all f € X,

[fllx~ sup [ f(x)g(x)dx.
gex’ JR”
llglly <1

In many (but not all) cases, the associate space is equal to the dual space X*. The
associate space, however, is always reflexive, in the sense that (X ! )’ = X . Moreover,
we have the following generalization of Holder’s inequality:

L reg@ldx < 71 gl

Given a linear operator 7', define the commutator [b, T| f(x)=b(x)T f(x)—T (bf)(x),
where b is a locally integrable function. We can now state our first result.

THEOREM 1.1. Given Banach function spaces X and Y, and 0 < o < n, suppose
that for every cube Q,

1077 llxollyllxollx < ClOI- (1)

Let T be a linear operator defined on X which can be represented by

Tf(x) = | Ka=y)f)dy
Sorall x & supp(f), where K is a homogeneous kernel of degree n— o.. Suppose further
that there exists a ball B € R" on which % has an absolutely convergent Fourier series.
If the commutator satisfies [b,T]:X — Y, then b € BMO(R").

A wide variety of classical operators satisfy the hypotheses of Theorem 1.1. The
kernel K is such that % has an absolutely convergent Fourier series if it is non-zero
on a ball B and has enough regularity: K € C*(B) for s > n/2 is sufficient. (See
Grafakos [17, Theorem 3.2.16]. For weaker sufficient conditions, see recent results
by Moéricz and Veres [31].) In the linear case this condition is satisfied by Calderdén-
Zygmund singular integrals of convolution type whose kernels are smooth, and in par-
ticular the Riesz transforms. It also includes the fractional integral operators (also re-
ferred to as Riesz potentials). For precise definitions, see Section 2 below.

To state our result in bilinear case we recall that there are two commutators to
consider: if T is a bilinear operator and b € L _(R"), define

loc
(b, T](f,8)(x) =b(x)T(f,g)(x) = T(bf,8)(x),

(b, T]2(f,8)(x) = ()T (f,8)(x) = T(f,bg)(x)-

THEOREM 1.2. Given Banach function spaces X, Xp, and Y, and 0 < o < 2n,
suppose that for every cube Q,

01" 1 xellv 120 l1x 1 xollx, < ClQl. 2)
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Let T be a bilinear operator defined on X; X X, which can be represented by

8w = [ [ Ke—yx=af0)e()dy:

Sor all x & supp(f) Nsupp(g), where K is a homogeneous kernel of degree 2n — o.
Suppose further that there exists a ball B € R*" on which % has an absolutely conver-

gent Fourier series. If for j =1 or j =2, the bilinear commutator satisfies
[b,TL’ X1 xXo =Y,
then b € BMO(R").

REMARK 1. Theorem 1.2 extends naturally to multilinear operators. We leave the
statement and proof of this generalization to the interested reader.

REMARK 2. The restrictions on « are not actually necessary in the proofs of
Theorems 1.1 and 1.2: we can take any oo € R. However, we are not aware of any
operators for which Banach function space estimates hold that do not satisfy the given
restrictions on .

For the absolute convergence of multiple Fourier series, see the above references.
In the bilinear case, Theorem 1.2 covers such operators as the bilinear Calderén-Zyg-
mund operators with smooth kernels [20, 22, 21, 28] and the bilinear fractional integral
operator [16, 19, 25, 30].

One drawback of Theorem 1.2 is that we must assume that the target space Y is a
Banach function space. This is somewhat restrictive: even in the case of the Lebesgue
spaces, bilinear operators satisfy inequalities of the form 7 : LP! x LP2 — LP where
p < 1. This assumption, however, is intrinsic to the statement and proof of our result,
since we need to use the generalized Holder’s inequality. We are uncertain what the
correct assumption should be when we assume that Y is only a quasi-Banach space.

REMARK 3. The necessity of BMO for the boundedness on Lebesgue spaces of
commutators of certain multilinear singular integrals was recently proved in [29] using
a completely different approach, but the authors were also required to assume that for
the target space L, p > 1.

The remainder of this paper is split into two parts. We defer the actual proof of
Theorems 1.1 and 1.2 to Section 3 and in fact we will only give the proof of the latter;
the proof of the former is gotten by a trivial adaptation of the proof in the bilinear
case. But first, in Section 2 we give a number of specific examples of Banach function
spaces and consider the relationship between the conditions (1) and (2), and sufficient
conditions for maximal operators and commutators to be bounded.

Throughout this paper, n will denote the dimension of the underlying space, R".
We will consider real-valued functions over R”. Cubes in R” will always have their
sides parallel to the coordinate axes. If we write A < B, we mean A < c¢B, where
the constant ¢ depends on the operator 7', the Banach function spaces, and on the
dimension n. These implicit constants may change from line to line. If we write A ~ B,
then A S B and B SA.
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2. Examples of Banach function spaces

Averaging and maximal operators

The necessary condition (1) in Theorem 1.1 is closely related to a necessary condi-
tion for the boundedness of averaging operators and fractional maximal operators. For
0 < a < n, given a cube Q define the linear o -averaging operator

A2F(x) m\ff )y xo(x).

We define the associated fractional maximal operator by
Maf () = suplel f 1701y -xo).

We immediately have that for all Q, [A9 f(x)| < Mf(x). We also make the analogous
definitions in the bilinear case: for 0 < o < 2n,

A8(1.0)) = l0f* f )y s0)dy-zo(),

Malf.)() = suplel ][Q If(y)\dy][g 2] dy- x0(x)-

Again, we have the pointwise bound [A9(f,g)(x)| < M«(f,g)(x). In both the linear
and bilinear case, when o = 0 we write M instead of M.

In the linear case the maximal operators are classical; the averaging operators
were implicit but seem to have first been considered explicitly when o = 0 in [24]. In
the bilinear case, when o = 0, the bilinear maximal operator was introduced in [28],
and when 0 < o < 2n in [30]. The bilinear averaging operators were first considered
in [27]. The following result is due to Berezhnoi [2, Lemma 2.1] in the linear case and
to Kokilashvili et al. [27, Theorem 2.1] in the bilinear case.

PROPOSITION 2.1. Fix 0 < o < n. Given Banach function spaces X, Y, there
exists a constant C such that for every cube Q,

xollyllxollx < ClO)'~7; 3)

if and only if
1A £Ily < CIIf1x- 4)
Similarly, in the bilinear case fix 0 < oo < 2n. Given Banach function spaces X,
Xo and Y there exists a constant C such that for every cube Q,

lxolly zollx; I xelly; < ClOI'7; (5)

if and only if
1AG(f.&)lly < Clflx, l1gllx,- ©)



COMMUTATORS ON BANACH FUNCTION SPACES 5

By the pointwise estimates above, (4) holds whenever the fractional maximal op-
erator satisfies My : X — Y, and the corresponding fact is true in the bilinear case.
Moreover, when o =0 and X =Y, condition (3) is the same as (1). This yields the
following important corollary to Theorem 1.1.

COROLLARY 2.2. Given a Banach function space X, if M : X — X, then (1)
holds. Equivalently, if the maximal operator is bounded and T is an operator with a
kernel that is homogenous of degree n, then a necessary condition for [b,T]: X — X
is that b € BMO.

As we will discuss below, the assumption that the maximal operator is bounded
on the Banach function space X is a natural one. Unfortunately, we cannot generalize
Corollary 2.2 to the case o > 0 for linear operators or to any bilinear operators act-
ing on general Banach function spaces. However, we can prove that the conditions in
Proposition 2.1 and the hypotheses in Theorems 1.1 and 1.2 are related in two important
examples of Banach function spaces—the weighted and variable Lebesgue spaces—and
for singular integrals of convolution type and fractional integral operators.

Before considering these spaces, we want to specify the operators we are interested
in. In the linear setting, we will consider singular integrals of the form

Qy) ..
o o ST

Tf(x)=p.v.

where x' = x/|x|" and Q is defined on $"~!, has mean 0, and is sufﬁciently smooth.
Examples include the Riesz transforms R, which have kernels K;(x) = D & . For 0 <

a < n, we will consider the fractional integral operator: i.e., the convolution operator
fo)
I f(x) = / —_—
O(f( ) Rn ‘x_y‘n_a

For more information on both kinds of operators, see [17, 18].
In the bilinear setting, we consider singular integral operators of the form

y7y2
T(f, =p-v // s (x—yl)g(x—yz)dyldyz,
n n }’b}’z‘

where Q is defined on $?"~!, has mean 0 and is sufficiently smooth. Examples in-
clude the multilinear Riesz transforms. For more on these operators, see [22]. We also
consider the bilinear fractional integral operator, which is defined for 0 < o0 < 2n by

)g(y2)
dvyidys.
// (r— ylmx v 12

For more on these operators see [16, 30].
For brevity, in the following sections we will refer to linear and bilinear singular
integral operators whose kernels satisfy these hypotheses as regular operators.
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Weighted Lebesgue spaces

In this section we apply Theorems 1.1 and 1.2 to the weighted Lebesgue spaces.
Given a weight w (i.e., a non-negative, locally integrable function) and 1 < p < e, we
define the space LP(w) to be the set of all measurable functions f such that

£ = (L wiax) e

We say that a weight w is in the Muckenhoupt class A, if for every cube Q,

]{2 w(x) dx ( ]{2 w(x)! =7 dx)pl <cC.

Then LP(w) is a Banach function space, and it is well known that the associate space
is L7 (w'=7"). Further, the Hardy-Littlewood maximal operator is bounded on L”(w)
ifand only if w € A,.

For commutators, if w € A, and if T is any Calderén-Zygmund singular integral
operator (and not just the class of singular integrals described above), and if b € BMO,
then the commutator [b,T]: L (w) — L”(w) [33]. Moreover, it is easy to see that the
A, condition is equivalent to

101 X0l 1 20l 11y < €

which is condition (1). Therefore, we have proved the following.

COROLLARY 2.3. For 1 <p <o and w € A), given a regular singular integral
operator T and a function b, if [b,T| is bounded on LP(w), then b € BMO.

For 0 < o < n the corresponding weight condition is the A, , condition. Given
1 <p<g,define g by %— Ll] = 2. Wesay we A, if for every cube Q,

<][Q w(x)qu> ’ ( ][Q w(x) P dx) 7 <cC.

We have that the fractional maximal operator satisfies My, : LP (wP) — L1(w?) if and
onlyif we Ay, [32].

For commutators of the fractional integral operator Iy, if w €A, , and b € BMO,
[b,1y] : LP(wP) — L9(w?) [6]. The A, , condition also implies (1), though unlike the
case of A, weights, this is less obvious. In this case we have X = LP(w”) and ¥ =
L4(w9), s0 Y = L7 (w4, and we can rewrite (1) as

1 1
/ ! P
<][ w4 dx)q (prdx) <C.
0] o
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. 11 11 .
Hereweusethefacchats1nF:e i g, Sty = 1+ %, Since p<gq, q <p',s0
if we apply Holder’s inequality twice we get that

€L

1 1 1
/ ! p / ! a
<][wq dx)q (fw”dx) < (pr dx)p <][w‘1dx> <C.
o o o o

b e BMO.

We have similar results for bilinear operators, but they are much less complete.

Given 1 < py, py < oo, define the vector “exponent” p = (py,p2,p), Where }; = % +

é . Given p and weights wy, w, define the triple w = (wy,w;,w), where w =w{" w;?

Define the multilinear analog of the Muckenhoupt A, weights as follows: given j, we
say that w € A if for every cube Q,

1 1
<][ wdx) ! <][ wi_pl dx) " <][ wé_pzdx> " <c.
o o o

These weights were introduced in [28], where they showed that the bilinear maximal
operator satisfies M : LP1(wy) x LP2(wy) — LP(w) if and only if w € Aj. Itis an
immediate consequence of Holder’s inequality that if w; € A, and wp € A),, then
weEA 5 however, this condition is not necessary.

Given a bilinear Calderén-Zygmund singular integral operator 7 and b € BMO,
we have that if W € Ay, then for i = 1,2, [b,T]; : LP'(wy) x LP2(w2) — LP(w) [28]. In
light of the results in the linear case, it seems reasonable to conjecture that when p > 1,
the A condition implies (2), which in this case can be written as

(éwlpldx>’)l,<]éw1dx)pll(éwzdx)plzgc. @)

(Here we use the fact that Ll +-L 4+ L —1.) Written in this form, this condition can
be viewed formally as the bilinear analog of the fact that in the linear case, if w € A,
then w! =7 €A,

However, we cannot prove this in general, or even in the special case when w; €
Ap;, 1=1,2. We can prove that (2) holds if we make the additional, stronger assump-
tion that w € A, . This holds, for instance, if we assume that wy, w) €A, CA),, i=1,2.
(This inclusion holds since A; C A, whenever g < r, and here p < p;.) For then, since
w; € Ap,, by a multi-variable reverse Holder inequality recently proved in [10] (and
implicit in [12, Theorem 2.6]), we have that

" 53
<][ wldx> <][ wzdx> < ][ wdx.
o o 0]
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But then, since w € A,

(o) () (o)™
() () () <

COROLLARY 2.5. Given p with p > 1 and w € Ap, suppose w; €Ay, i=1,2,
and suppose w € Ap,. If T is a regular bilinear singular integral, and b is function
such that for i = 1,2, [b,T]; : LP*(wy) x LP2(wy) — LP(w), then b € BMO.

==

For bilinear fractional integrals, the corresponding weight class was introduced
in [30]. With the notation as before, given 0 < & < 2n and p, suppose that % <p<g-

Define ¢ by % - é = 2. If we define the vector weight w = (w1, w2, w), where now
w=wwy, then w € A, if

L 1 1
(s (o) () <
o Q o

The bilinear fractional maximal operator satisfies My, : LP1 (wP) x LP2(wy) — L1 (w?)
if and only if w €Aj, - Similar to the A; weights, if w; € Ap, 4, where g; > p;, i=1,2,
and %—Fé = }I,then v"v’eAm.

For the commutators of the bilinear fractional integral operator, if w € A, then
for i =1,2, [b,Ig)i : LPt(Wh") x LP2(wh?) — Li(w?) [4, 5]. As we did for singular
integrals, we conjecture that the A, condition implies (2), which in this case can be

written as . . .
<][ w_qldx) ! <][ wi! dx) " <][ wgzdx) " <C. (8)
0] o o

(Here we use the fact that ll + pi +L =1+ )
Arguing as in the case of bilinear fractional singular integrals, we can prove this if
we assume that w; € A, ;. and w9 € A, i.e., that

N
<][ wqu> <][ w4 dx) <C.
(9] (@)

For then, again by the bilinear reverse Holder inequality (since w € Ap, 4, W € A, and
this is sufficient for this inequality to hold) and Holder’s inequality (since g; > p;),

1 1 1 1 1
<][ wqu)q > <][ w’f‘dx) B <][ wgzdx) " > <][ wf‘dx) " <][ wgzdx) " ;
(@) (@) (9] (9] (@)

Inequality (8) follows at once.
We can eliminate the assumption that w? € A, if we restrict the range of o to

n< o <2n. Suppose w; € Ap, 4> i = 1,2; then we have that 5: % —% < 1;17’” <1
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since p > 2 Moreover, we have that l, = + +( 1) > 1% +L A . Therefore, we
can apply Holder’s inequality three tlmes to get that the left-hand side of (8) is bounded

b
Y 1 1 1 1
_p 4 _pl U q q
<][ wlpld)c)p1 <][ wzpzdx)p2 <][ w’f'dx) : <][ wgzdx) ? <C.
(0] 0 0 (0]

COROLLARY 2.6. Given 0 < a < 2n, p suchthat p < ¢, and W such that w; €
Ap,.q; With q; > p;, suppose either wl € A, or n < o0 <2n. If b is a function such that
fori=1,2, [b,Iy]i : LP* (W) x LP2(Wh?) — L9 (w?), then b € BMO.

REMARK 4. In Corollaries 2.5 and 2.6, we can interpret the hypotheses w €
LP(w) and w? € L9(w?) as assuming the maximal operator is bounded on the target
space LP(w) or L4(w?). This should be compared to the assumptions in Corollaries 2.9
and 2.10 below.

Variable Lebesgue spaces

The variable Lebesgue spaces are a generalization of the classical L? spaces.
Given a measurable function p(-) : R" — [1,0), we define LP() to be the collection
of all measurable functions such that

p(x)
f||L,,<.)=inf{x>o: [ (@) dxgl}.

With this norm LP() is a Banach function space the associate space is (isomorphic to)
LP'() where we define p'(+) pointwise by ( 5+ ,( y = = 1. For brevity, we define

p— =essinfp(x), p+ = esssupp(x).
xeR? xeRn

For complete information on these spaces, see [7].

The boundedness of the maximal operator depends (in a very subtle way) on the
regularity of the exponent function p(-). A sufficient condition for M : LP() — LP()
is that p_ > 1 and p(-) satisfies the log-Holder continuity conditions locally and at
infinity:

1 1 ' < Co | < 1
- X ) X=VIx 5>
p(x)  p(y)| = —log(lx—yl) 2
and there exists a constant 1 < pe < o such that
‘ 1 1 Co
p(x)  pe|  logle+|x])’

By Proposition 2.1, if M : L0 — pC) , then for every cube Q,

Ixollrollxell e < ClQI, ©)
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which s (1). However, we have a stronger result. Suppose p(+) is such that the maximal
operator is bounded on LP(). Given a cube Q, if we define the exponents po and p’Q

by
Ll g Ll
po  Jopk) Py Jor'(x)
then 1 1
Ixoll,cy =107 and  [|xoll) ~|0I%, (10)

and the implicit constants are independent of Q [7, Proposition 4.66].

Let T be a Calderén-Zygmund singular integral operator. If p(-) is such that
1<p_<py<eo and the maximal operator is bounded on 0 ,then forall b€ BMO,
[b,T] : LP1) — LPU) [8, Corollary 2.10].

COROLLARY 2.7. Let p(-) be an exponentfunctton suchthat 1 < p_ < py < oo

and the maximal operator is bounded on L) . Af T is a regular singular integral and
b is a function such that [b,T] is bounded on LP'), then b € BMO.

Given 0 < o <n and p(-) suchthat I <p_ < py < ¢, define ¢(-) pointwise by
1 1

) ql) n—o
on L40)/a0)" then for all b € BMO, [b,1,] : L) — L40) _ (This result does not appear
explicitly in the literature, but it is a straightforward application of known results. For
instance, it follows by extrapolation, arguing as in [7, Theorem 5.46] but using the
weighted norm inequalities for commutators from [6, Theorem 1.6].)

If the maximal operator is bounded on L40)/90)" | then by [7, Corollary 4.64], it is
also bounded on L9()/490 and so on L9() [7, Theorem 4.37]. If we let 6 = q—lo, then we
can write

1 n o 6 n 1-6
px) qlx) n  qlx)/q0 (1-6)7
By our assumption on go, = (1 —0)7 > 1, and so the maximal operator is bounded on
L". Hence, by interpolation (see [7, Theorem 3.38]) the maximal operator is bounded
on LP0), Therefore, by (10),

€1 1
_a _a 7 L
101" " lxoll vo el o S 1017 7072 ]Q]7e <10

So again, (1) holds.

COROLLARY 2.8. Given 0 < o <nand p(-) suchthat 1 <p- < py < g, define

ﬁ 5 such that the maximal

operator is bounded on L /‘10 If b is such that [b, 1] : LPC ) — L9, then b € BMO.

q(-) pointwise by ﬁ — . Suppose there exists qo >

n—

We have similar results for bilinear operators. Suppose pi(-), p2(-) are such that

) ) o j— . intwi S0 S SR S

1 < (pi)- < (pi)+ <o, i=1,2, and define p(-) pointwise by 20 = e T me
Note that p_ > % . If we further assume that the (linear) maximal operator is bounded
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on LPi) | i=1,2, then given any bilinear Calderén-Zygmund singular integral operator
T, we have that T L0 2 () 5 pp() [11, Corollary 4.1]. Moreover, given any
be BMO, [b,T]; : LP'() x LP2() — LP0) | This is not proved explicitly in the literature,
but the proof is the same as for bilinear singular integrals, using bilinear extrapolation
and using the weighted inequalities for bilinear commutators in [28].

With the same assumptions we also have that M : L") x [P2() — [P(): by the
generalized Holder’s inequality [7, Corollary 2.28],

IM(f,8)llp) < [IMf-Mgllpiy SIME|p ) 1My (-

Note that we pass from the bilinear to the linear maximal operator. Also, note that the
generalized Holder’s inequality is only proved in [7] assuming p_ > 1, but for p_ >0
it follows by a rescaling argument: cf. [13, Lemma 2.7].

If we further assume p_ > 1 and the maximal operator is bounded on L” ('), then
by (10) we have that

xollyo)llxell ) 2ellpy) S 10

COROLLARY 2.9. Suppose pi(-), p2(-) are such that 1 < (p;)— < (pi)+ < oo,

i = 1,2, and we define p(-) pointwise by o) = 1%()6) + 172;()5) Suppose further that

p— > 1 and the maximal operator is bounded on LPY) and LP0) | i=1,2. If T isa
regular bilinear singular integral and b is such that [b,T]; : LP10) s [p20) — 1P0) | then
be BMO.

—

To prove the analogous result for the bilinear fractional integral operator, fix 0 <
o < 2n. Suppose pi(-), pa(-) are such that 1 < (p;)— < (pi)+ <o, i =1,2, and
1

1 a

again define p(-) pointwise by ﬁ =om T #(x) Define ¢(-) by ﬁ — 3 = n
Fix 0 < @, 0 < n such that oq + 0 = a, and define ¢;(-), i = 1,2, by ﬁ — ﬁ =

%. If we assume that the maximal operator is bounded on L40) | and that there exist
qi > n%a, i = 1,2, such that the maximal operator is bounded on L)/ ‘1")/, then
given any b € BMO, [b,1]; : L210) 5 1 r2() — 190) | As in the linear case, this result
has not been explicitly proved in the literature, but follows from known results. For
all w € A and any 0 < p < oo, [[Io(f,8)llr(w) S [Me(f8)llLr(w) [30, Theorem 3.1].

Since the maximal operator is bounded on L4(), by extrapolation, |In(f,g)|| a) S
|Ma(f,8)llg() [7, Theorem 5.24]. By the generalized Holder’s inequality,

1Mo (f:8)llq() < Moy |- Moy8llgy S 1Moy £l g, () [1Mon&llgriy S N pyy 181 pas

the last inequality follows from our assumptions on ¢;(-) and [7, Remark 5.51].
In this case (2) becomes

101" xelly ) lxellp, ) 1 xall sy < CIOI.

If we make the same assumptions on the exponents as used to prove the inequalities for
the commutators, then arguing as we did above using (10), we get this inequality.
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COROLLARY 2.10. Fix 0 < a < 2n. Suppose pi(-), p2(-) are such that 1 <

(pi)— < (pi)4 < oo, i=1,2, and again define p(-) pointwise by ( 5= pll( 5+ ﬁ(x).

Define q(-) by ﬁ — ﬁ = 2. Fix 0 < oy, 00 < n such that oy + oy = o, and define

qi(-), i=1,2, by ﬁ — ﬁ = %. Suppose that the maximal operator is bounded

on Lq('), and that there exist q; >

n_”a_. i = 1,2, such that the maximal operator is
1

bounded on LY40)/4) _ Given any b, if [b,15]; : LP'0) x LP20) — [40) | then b € BMO.

REMARK 5. Sufficient conditions for the boundedness of commutators of singu-
lar and fractional integrals on Orlicz spaces are known or can be readily proved using
extrapolation: see [15, 26]. Similarly, such results can be proved in the weighted vari-
able Lebesgue spaces and generalized Orlicz spaces (also known as Nakano spaces or
Musielak-Orlicz spaces) using extrapolation: see [9, 14] for definitions and the corre-
sponding extrapolation results. Results similar to those for the variable Lebesgue spaces
above can be deduced in these settings — we leave the precise statements and proofs to
the interested reader.

3. Proof of Theorem 1.2

In this section we prove Theorem 1.2. As we noted in the Introduction, the proof of
Theorem 1.1 is gotten by a simple adaptation of this proof. Our proof actually closely
follows the argument due to the first author in [3], which was in turn following the
techniques of Janson in [23]. Here we will concentrate on the parts of the proof which
change because we are working in the setting of Banach function spaces, and we refer
the reader to [3] for further details.

Proof. 'We will assume without loss of generality that [, T]; is bounded; the proof
for the other commutator is identical.

Let B = B((v0,20),8v/2n) C R*" be a ball upon which + has an absolutely con-
vergent Fourier series. By the homogeneity of K, we may assume without loss of
generality that 2,/n < |(0,20)| < 4y/n and 6 < 1. These conditions guarantee that
BN {0} = 0, avoiding any potential singularity of K ; this will be important below as it
will let us use the integral representation of [b,T]; .

Write the Fourier series of l as

=S 09 = Tl

note that the individual vectors v; = (v Vi 2) € R" x R" do not play any significant role

in the proof, and we introduce them simply to be precise.
Let y; = 8 'yg, z1 = 6 'z0; then by homogeneity we have that for all (y,z) €

B((y1,21),V2n),

1 §—2nto
_ 6—2n+a Za etﬁvj (n,z )

K(y.z)  K(8y,82) 7
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Let QO = Q(xp,r) be an arbitrary cube in R”, and set § = xo+ ry;, Z = x9 +rz; . Define
Q' =Q(5.r) and Q" = Q7).

It follows from the size conditions on yg and zo that Q and either Q' or Q" are
disjoint. To see that this is the case, note that the minimum size condition on (yg,zo)
implies that max{|yo|, |20/} = v/2n; without loss of generality, suppose that it is |yo|.
This in turn implies that the distance between xo and ¥ is greater than rv/2n. Since
Q and Q' each have side-length r, the distance of their centers from one another guar-
antees that they must be disjoint. If |zg]| is larger, then we get the same conclusion for
Q//

As a consequence, QN Q' N Q" = 0, which allows us to use the kernel represen-
tation of [b,T]; for (x,y,z) € O x Q' x Q”. Additionally, for (x,y,z) € 0 x Q' x 0",
(xry ,=%) € B((y1,21),v/2n), and so by our above calculations we may use the Fourier
series representation of 1/K((x—y)/r,(x—z)/r) there as well. Further details of these
calculations can be found in [3].

It also follows from the maximum size condition on (yg,zo) that

I CEI ) R (O PR

To see this, note that the maximum size of yq or zq is 4,/n which implies that the max-
imum distance from xp to J or 7 is %. The containment in B (xo, (# (1 + %)))

follows from this.
We can now estimate as follows. Fix Q and let o(x) = sgn(b(x) — bp); then

/Q\b(x)—bQ,|dx
—/ —by)o(x)dx
107 IQ’I/ Jo fp 00 )90
= / @ —pon= Kf(_‘y_)‘ )

o () xo(x)xe (¥ )XQ"( )dzdydx
— § it —a/ / / (x_y,x_Z)Zajeigv_,w(x—y,x—z)
J

0 (x)x0(x) X (¥)xg(2) dzdydx

Define the functions

o1

ey (y)

i)
2@ =e " ei(2)
hi(x) = €709 6 (x) g0 (x).
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Note that the norm of each of these functions in any Banach function space will be the
same as the norm of its support. We can now continue the above estimate:

/Q 1b(x)—bg| dx
P _azaj/ . //

X K(x—y,x—2)f(y)g;(z) dzdydx
5101 E B, [ Wb T ) ) d

<6 2n+a‘Q|——Z|aj|/ H b T (fj»gj)(x)‘ dx
<5720 % Y lasl Iyl | 0.1 (.2 v
J

) _«a
<8217 Y lajllIjlly I[B, Thllx, sox,—v [1fllx, g 11,
J
82 b, T xy o X Ll 2ol 120 13 [ 207 1, | Q1
J

Let P=2/n(1+ %)Q By inequality (11) we have that Q, Q', Q” C P, and |P| ~
|Q|. Therefore, by (2),

|b(x)—by| dx
|, 1px)=bg
STy X lajlll el el lxellx, |PI ™
J
< P Th s el
J

Slal

Since this is true for every cube Q, b € BMO and the proofis complete. [

REFERENCES

[1] C.BENNETT AND R. SHARPLEY, Interpolation of Operators, volume 129 of Pure and Applied Math-
ematics. Academic Press Inc., Boston, MA, 1988.

[2] E.I. BEREZHNOI, Two-weighted estimations for the Hardy-Littlewood maximal function in ideal Ba-
nachspaces, Proc. Amer. Math. Soc., 127 (1): 79-87, 1999.

[3] L. CHAFFEE, Characterizations of BMO through commutators of bilinear singular integral operators,
Proc. Roy. Soc. Edinburgh Sect. A, 146 (6): 1159-1166, 2016.

[4] S. CHEN AND H. WU, Multiple weighted estimates for commutators of multilinear fractional inte-
graloperators, Sci. China, 56 (9): 1879-1894, 2013.

[5] X. CHEN AND Q. XUE, Weighted estimates for a class of multilinear fractional type operators, J.
Math.Anal. Appl., 362 (2): 355-373, 2010.



[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]
[30]

[31]

COMMUTATORS ON BANACH FUNCTION SPACES 15

D. CRUZ-URIBE AND A. FIORENZA, Endpoint estimates and weighted norm inequalities for com-
mutators of fractional integrals, Publ. Mat., 47 (1): 103-131, 2003.

D. CRUZ-URIBE AND A. FIORENZA, Variable Lebesgue Spaces: Foundations and Harmonic Analy-
sis.Applied and Numerical Harmonic Analysis, Birkhiuser, Basel, 2013.

D. CRUZ-URIBE, A. FIORENZA, J. M. MARTELL, AND C. PEREZ, The boundedness of classical
operators on variable LP spaces, Ann. Acad. Sci. Fenn. Math., 31 (1): 239-264, 2006.

D. CRUZ-URIBE AND P. HASTO, Extrapolation and interpolation in generalized Orlicz spaces, Trans.
Amer. Math. Soc., to appear.

D. CRUZ-URIBE AND K. MOEN, A multilinear reverse Holder inequality with applications to multi-
linear weighted norm inequalities, preprint, 2017.

D. CRUZ-URIBE AND V. NAIBO, Kato-Ponce inequalities on weighted and variable Lebesgue spaces,
Differential Integral Equations, 29 (9-10): 801-836, 2016.

D. CRUZ-URIBE AND C. J. NEUGEBAUER, The structure of the reverse Holder classes, Trans. Amer.
Math. Soc., 347 (8): 2941-2960, 1995.

D. CrRUZ-URIBE AND L.-A. WANG, Variable Hardy spaces, Indiana Univ. Math. J., 63 (2):447-493,
June2014.

D. CRUZ-URIBE AND L.-A. WANG, Extrapolation and weighted norm inequalities in the variable
Lebesgue spaces, Trans. Amer. Math. Soc., to appear.

G. CURBERA, J. GARCfA-CUERVA, J. M. MARTELL, AND C. PEREZ, Extrapolation with weights,
rearrangement-invariant function spaces, modular inequalities and applications to singular integrals,
Adv. Math., 203 (1): 256-318, 2006.

L. GRAFAKOS, On multilinear fractional integrals, Studia Math., 102 (1): 49-56, 1992.

L. GRAFAKOS, Classical Fourier Analysis, volume 249 of Graduate Texts in Mathematics, Springer,
New York, 2nd edition, 2008.

L. GRAFAKOS, Modern Fourier Analysis, volume 250 of Graduate Texts in Mathematics, Springer,
New York, 2nd edition, 2008.

L. GRAFAKOS AND N. KALTON, Some remarks on multilinear maps and interpolation, Math. Ann.,
319 (1): 151-180, 2001.

L. GRAFAKOS AND J. M. MARTELL, Extrapolation of weighted norm inequalities for multivariable
operators and applications, J. Geom. Anal., 14 (1): 19-46, 2004.

L. GRAFAKOS AND R. H. TORRES, Maximal operator and weighted norm inequalities for multilinear
sin-gular integrals, Indiana Univ. Math. J., 51 (5): 1261-1276, 2002.

L. GRAFAKOS AND R. H. TORRES, Multilinear Calderén-Zygmund theory, Adv. Math., 165 (1):
124-164, 2002.

S. JANSON, Mean oscillation and commutators of singular integral operators, Ark. Mat., 16 (1): 263—
270, 1978.

B. JAWERTH, Weighted inequalities for maximal operators: linearization, localization and factoriza-
tion, Amer. J. Math., 108 (2): 361-414, 1986.

C. KENIG AND E. M. STEIN, Multilinear estimates and fractional integration, Math. Res. Lett., 6
(1): 1-15, 1999.

V. KOKILASHVILI AND M. KRBEC, Weighted inequalities in Lorentz and Orlicz spaces, World Sci-
entific Publishing Co. Inc., River Edge, NJ, 1991.

V. KOKILASHVILI, M. MASTYLO, AND A. MESKHI, The multisublinear maximal type operators in
Banach function lattices, J. Math. Anal. Appl., 421 (1): 656-668, 2015.

A. K. LERNER, S. OMBROSI, C. PEREZ, R. H. TORRES, AND R. TRUJILLO-GONZALEZ, New
maximal functions and multiple weights for the multilinear Calderon-Zygmund theory, Adv. Math.,
220 (4): 1222-1264, 2009.

J. L1 AND B. D. WICK, Weak factorizations of the Hardy space H'(R") in terms of multilinear Riesz
transforms, preprint, 2016. arXiv:1603.02699v2.

K. MOEN, Weighted inequalities for multilinear fractional integral operators, Collect. Math., 60 (2):
213-238, 2009.

F. MORICZ AND A. VERES, On the absolute convergence of multiple Fourier series, Acta Math.
Hungar., 117 (3): 275-292, 2007.



16 L. CHAFFEE AND D. CRUZ-URIBE

[32] B.MUCKENHOUPTAND R. L. WHEEDEN, Weighted norm inequalities for fractional integrals, Trans.
Amer. Math. Soc., 192: 261-274, 1974.

[33] C. PEREZ, Sharp estimates for commutators of singular integrals via iterations of the Hardy-
Littlewood maximal function, J. Fourier Anal. Appl., 3 (6): 743-756, 1997.

(Received January 26, 2017) Lucas Chaffee
Department of Mathematics

Western Washington University

Bellingham, WA 98225-9063

e-mail: lucas.chaffee@wwu.edu

David Cruz-Uribe, OFS
Department of Mathematics
University of Alabama

Box 870350, Tuscaloosa, AL 35487

e-mail: dcruzuribe@ua.edu

Mathematical Inequalities & Applications
w ele-math.com

mia@ele-math.com



