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MAJORIZATION AND REFINEMENTS OF
HERMITE-HADAMARD INEQUALITY

MAREK NIEZGODA

(Communicated by I. Peric)

Abstract. In this note we use majorization methods to derive and analyze refinements of Hermite-
Hadamard inequality for a convex function.

1. Introduction and preliminaries

In this expository section we recall some important properties of convex functions.
We begin with the following Hermite-Hadamard inequality (1).

THEOREM A. [2,p.137] Let f:1 — R be a convex function on an interval I C R,
a,b eI with a < b. Then the following inequality holds

b
f(“;b><bia/f(x>dx<w. M

Hammer-Bullen’s inequality (2) provides a refinement of the right-hand side of
inequality (1).

THEOREM B. [4, 7] Assume that f :1 — R is a convex function on an interval
I CR, a,bel with a<b. Then the following inequality holds:

— a/f fa+ 37 (52 )+ gy LD

2

A generalization of (2) is due to Farissi [0].
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THEOREM C. [6] Assume that f :1 — R is a convex function on an interval
I CR, a,b el with a<b. Then forall u € [0,1] the following inequality holds:

f(“;b> <I(w) < bl [rear <L) < ZOTEE 3)

where

I(n) ::uf<w> +(1_”)f<(1+ﬂ)b;(l—u)a)7

L) = 3 F b+ (1 p)a) + (@) + (1~ )1 (B)]

b
The above inequalities provide some bounds for the integral mean - [ f(x)dx

by using the sums of 1-3 components. A related results with n-components is due to
Dragomir [5, Theorem 4 and Corollary 4].

In the present note, we continue this approach by employing the majorization
theory [10].

To give a motivation for our studies, remind that the Riemann integral of a function
can be viewed as a result of a limiting process for the corresponding finite Riemann
sums of some values of a function. In consequence, proving integral inequalities can be
reduced to the problem of comparing two sequences of such finite sums.

Some class of important inequalities for convex functions is closely related to the
notion of majorization preorder on R™ .

DEFINITION 1. ([10, p. 8]) Let x = (x1,X2,...,%,) and y = (y1,y2,...,Vm) be
two given sequences in R™. We say that x majorizes y (written as y < x), if the
sum of j largest entries of y does not exceed the sum of j largest entries of x for all
j=1,2,...,m with equality for j =m

That is, y < x iff

Eym < Ex[,-] for j=1,2,...,m, and Eyi = Exi,
i=1 i=1 i=1 i=1

where the symbols x|; and yj;) stand for the ith largest entry of x and y, respectively.

DEFINITION 2. An m X k real matrix S = (sl ;) is said to be column stochastic if
sij=z0fori=1,2,....m, j=1,2,...,k,and Zslj_lforJ—IZ k.

An m x m real matrix S = (s j) is sald to be doubly stochastic if s;; > 0 for
i=1,2,....m, j=1,2,...,m, and Z sij=1fori=1,2,...,m, and Zsij =1 for

j=1 i=1
j=12,....m
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It is well known that y < x iff there exists an m x m doubly stochastic matrix S
such that y = xS [10, p. 10].

The next result, due to Hardy, Littlewood, Pélya and Karamata, provides a useful
inequality for two finite sums involving values of a convex function.

THEOREM D. [10, pp. 92] Let f:1 — R be a convex function defined on an
interval I C R. Let X = (x1,x2,...,%m) €™ and y = (y1,y2,...,ym) € I".
Then

m m

y=<x implies Y f(y:) < ¥ f(xi). “
i=1 i=1
It follows from Theorem D for m = 2 that if f:I — R is convex, a,b € I with
a<band & € [a,42] and n =a+b—&, then

&)+ f(n) < fla)+ f(D). (5)

To see this, note that the vector (a,b) € R? majorizes the vector (&,1) € R>.
Similarly, if f:7— R is convex, and [c,d] C [a,b] C I and a <& <c < L =
“dd <d<n<bwithd=a+b—cand n=a+b—&,then

(c,d) < (&,n) < (a,b),

and, in consequence,

f(e)+f(d) < f(8)+f(n) < fla)+ f(b). (6)
An extension of Theorem D is the following result.

THEOREM E. [13, 1, 3] Let f be a real convex function defined on an interval
JCR. Leta= (al,az,...,am) ERﬁ, b= (bl,bg,...,bn) ER'_:_, X= (xl,xz,...,xm) S
J" and y = (y1,v2,...,yn) € J".

If

y=xS and a=bST (7)

for some m x n column stochastic matrix S = (s;;), then

bif(vj) < Y aif (xi). (8)

1 i=1

n m
Jj=

Inequality (8) is referred as Sherman’s inequality, and statement (7) determines
the notion of weighted majorization of the pairs (b,y) and (a,x).

2. Refinements of Hermite-Hadamard inequalities for convex functions

The forthcomming theorem is in a line of Dragomir’s multipoints improvement
of Hermite-Hadamard inequalities for convex functions (see [5, Theorem 4 and Corol-
lary 4]). Here we demonstrate an alternative approach by making use of the majoriza-
tion preorder on R? via the property (6).
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THEOREM 1. Let f: 1 — R be a convex function on an interval I CR, a,b €1,
a<b.
For a given fixed positive integer r, let

a+b
a=ap<a;<...<ap_1<ar=

=b,<b_1<...<by<by=b, (9

where b; =a+b—a;, I; = [a,-_l,a,-], Ji= [b,',bi_l},
i=1,...,r
Then the following Hermite-Hadamard type inequalities hold:

Ji| = bi—1 = bi for

i|=di—di-1,

b
b T2 1
1(%57) < Eiv@sen < 4 [roa

< % P (fla) 4+ foi) <« LOTIO)

= 2 1o

Proof. Taking into account (9), fori=1,...,rlet I;;, j=1,...,k;, be consecutive
intervals (from left to right) forming a partition of ;, and J;;, j=1,...,k;, be consec-
utive intervals (from right to left) forming a partition of J; so that J;; is symmetric to

ki ki
I;; about “%” Thus I; = 'UII,- jand J; = 'UIJi ;. Evidently, the lengths of /;; and J;;
j= j=
are equal, i.e., |I;;| = |J/;j].
Fori=1,...,r, j=1,...,k;, take éij to be an immediate point in /;;, and 7);; be
the pointin J;; symmetric to éi,/ about # ,thatis, m;; =a+b— ’g',-j.
Fori=1,...,r, j=1,...,k;, since
Cijelij CIi=[ai—1,ail,
it is readily seen that

(ai,bi) < (&ijnij) < (@i—1,bi-1),

where < denotes the majorization preorder on R?. Therefore by (6),
flai)+ f(bi) < f(&j) + f(nij) < flaizr) + f(biz1).
Because |I;;| = |J;j| fori=1,...,r ,j=1,...,k;, it follows that
\lij 1 f (ai) + Ll £ (Bi) < Ll £(Gi) + il f (Mig) < Wil £ (@imr) + il £ (Biz1).
Hence,fori=1,...,r,

ki

ki ki
ZUIJ‘ a, +f |Ilj‘f 5” +‘Jlj‘f nlj Z J”\ al 1 +f( ))

—_

~.

Equivalently,

o

i (f (ai) + 1/ (i Z i1 (i) + Vil f (nig)) < Vil (f (@i1) + S (bi1))-

J=1



MAJORIZATION AND HERMITE-HADAMARD INEQUALITY 141

Now, for each i = 1,...,r, by letting k; tend to e, and |I;;| and |J;;| tend to O,
we obtain inequalities

L] (f (ai) + f(bi) < /f(f)df< il (f (ai-1) + f(bi-1)).
L0

By summing over i from 1 to », we obtain

S IH(7(a) + 0 ﬁ/ 1)t = /f < S @) + £ 1),
=0

This easily leads to the second and third inequalities in (10).
To show the first and last inequalities in (10), notice that

(ar,br) < (a,-,b,-) < (ao,bo) fori=0,1,...,r,

where a, = b, = w and ag = a, by = b. From this via (6) we deduce that

f<a+b>+f<a+b)<f(ai)+f(bi)<f(a)+f(b) fori=0,1,...,r. (D)

For this reason,

However,

So, we get

completing the proof of the first inequality in (10).
In order to see the last inequality in (10), we use (11) and obtain

Pl +110) < 3 5 () +710) = S(7@) 4 £0).

This completes the proof of Theorem 1. [
For equidistant partition (9), Theorem 1 takes the following form.

COROLLARY 1. Under the hypotheses of Theorem 1, if in addition

L =Ll =...= L == -1l =...= ], (12)
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then

b
1(%57) < $EU@ren < [rwa

(Flai) + fbi)) < LOESB)

< 13
1 : (13)

1
2r

M~

14
Proof. By (12) we have
b—a
L|=|i|=—— fori=1,...
=il = 222 fori=1,..r
By putting this to (10), we get inequalities (13). [
REMARK 1. For r=1 we have
b
a:ao<a1:%:b1<b0:b

(see (9)), so in this case inequality (13) reduces to the Hermite-Hadamard inequality
(1) (see Theorem A).

REMARK 2. Inequality (13) can be restated as

f(ar)+f( r)
b a/f i — flay)+. r+f(ar 1) f(br71)+2.r..+f(b1) (14)
< fao) +f(bo).

2r

‘We now consider the case of Theorem 1 for r = 2.

COROLLARY 2. Let f:I— R be a convex function on an interval | CR, a,bel,
a<b.Leta<ay <L <by <bwithby=a+b—ay.

Then
_ a+b b
Tttt o)) 422 (450
1 ’ b—b bl_w
<o [Fwde < 2P+ £0) + P () +5B)). ()
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Proof. By putting r = 2 into (10) we obtain

%(f(al) (b)) + %(f(m) +/(b2))

<o [roa < i)+ 00+ 2 ) 00) a6

with b
a:a0<a1<a2:%:b2<b1<b0:b
and b =a+b—a;, I; = ai_1,a)], J; = [bi,bi_1], |Ii| = ai—a;_1, |Ji| = bi_1 — b; for

i=1,2.
Therefore (16) implies (15), as claimed. [J

REMARK 3. Itis not hard to verify that the Hermite-Hadamard inequality (1) is a
limiting case of the above inequality (16) when a; — (“f2)" and by =a+b—a; —
(w)+ . Indeed we have

2
lim f(a1)=f<a+b) and  lim f(b1)=f<a;b>,
b

2 —(25)"

as f is convex on [a,b] and therefore f is continuous on (a,b).

3. Comparison results

We are now interested in comparison of bounds for integral mean of a convex
function with two partitions of the interval [a,b].

THEOREM 2. Assume that the hypotheses of Theorem | are satisfied.
If additionally a; < ¢; < # <di<bjwithci+di=a+bfori=1,...,r, then

f(““’) < £ (s + )

2 -
< 3 i < / 17
El pa(f(ai) + f(bi b—a f() aa7)
In particular, if ¢; = =d; for i=1,...,r, then the first inequality of (17) becomes

an equality.
Ifa<ci-1<aj—1 and bi—y <di—_1 <bwithci+di=a~+Dbfori=1,...,r, then

£ L (flai) + fbi-0)

< élj_l‘,l(f(ci—l)+f(di—l)) S T
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In particular, if ¢c;_1 =a and d;i_y = b for i =1,...,r, then the last inequality of (18)
becomes an equality.

Proof. Tt follows that

(a—f—b a+b

5 T, )-<(ci7di)<(ai7bi) fori=1,...,r

So,

zf<“;b)<f(c,>+f( ) < fla)+ f(by) fori=1,....r,

and therefore

3 0r(57) <2 b'l"'amc» ) < 3 5@+ 1)

This and (10) yield (17), since 2 |I;| =

l
Likewise, we have

(a,-,hb,-,l) < (C,;l,dl;l) < (a7b) fori=1,...,r
In consequence,

flaim1) + f(bie1) < fleim1) + f(dim1) < fla) + f(b) fori=1,....r

Hence
- il il ’ IJ,\

- bi )< b).
Z{b—a(f(al 1)+ f(bi-1)) Z{b—a( ci-1)+ f(d Z{b a + f(b)
This together with (10) imply (18), because Z |Ji] = _“ . This completes the proof of
Theorem 2. [J

In the next results we apply the weighted majorization method described in Theo-
rem E.

THEOREM 3. Let f:1 — R be a convex function on an interval I CR, a,b €1,
a<hb.
For a given fixed positive integer r, let

a+b

a=aqy<a;<...<a,|<a,= =b,<b_1<...<b <by=b, (19)

where b; =a+b—a;, I; = [a,-_l,a,-], Ji= [b,',bi_l},
i=1,...,r

Ji| = bi—1 — bi for

i|=di—di-1,
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For a given fixed positive integer 7, let

- ~ ~ b ~ ~ ~  ~
a:a0<a1<...<a;,1<a;z%:by<by,1<...<b1<b0:b, (20)

where bi=a-+b—a;, I =[a;1,a), Ji = [bi,bi_1], || =@ —ai_1, [Jil = bi_1 — b; for
i=1,...,r
If there exists a column stochastic matrix S of size ¥ X r such that
(ai,...,a;) = (ay,...,a»)S and (|L|,....|E)=(1],...,|I))ST, 1)

then

< $ L@ ey < g [foa @)

Proof. We denote
a=(ay,...,a,) and b= (by,...,b,),
= (0], B and T= (1], 1),
a=(a,....a;) and b= (by,...,b;),
= (IDi],..,[F]) and = (|7i],.... [ 7).

The first and last inequalities of (22) are satisfied by Theorem 1 applied to a, b,
Aanda, b, A, respectively. It remains to prove the middle inequality of (22).
To do so, it is enough to show that

7

2 L1 f(ai) < Y |LIf (@), (23)

—

and

il £ (By). (24)

sz

ZlJ\f

In fact, in light of (21), inequality (23) is an immediate consequence of Sherman’s

inequality (8) (see Theorem E). B B
To see (24), we now establish an analog of (21) correspondingto b, b, I" and T".
We denote

I
—_

e=(1,...,1)eR" and €=(1,...,1) eR".

Since S is column stochastic, we get
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It follows that b = (a4 b)e —a and b = (a+ b)e—a. Hence via (21) we derive
bS = (a+b)eS—aS = (a+ble—a=h.
On the other hand, we infer from A= AST (see (21)) that
F = (i) = (s, ST =TS,
because |J;| = |I;| for i=1,....r and |J;| = |Ij| fori=1,...,7.

In consequence, by Sherman’s inequality (8) (see Theorem E), we obtain (24), as
wanted. [J

THEOREM 4. Let f:1 — R be a convex function on an interval I CR, a,b €1,
a<b.
For a given fixed positive integer r, let

a+b

a=ap<a; <...<a,_1<a,= =b,<b,_1<...<by <by=0b, (25)
where b =a+b—a;, I; =[a;_1,a;], J;= [bi,bi_1], |li| = ai—ai_y, |Ji| = bi—1 —b; for
i=1,...,r.

For a given fixed positive integer 7, let

bh o~ o~ -~
a;’ —bp<br <..<b <by=b, (26)

a=ap<a;<... <£77,1 <C~17=
where bj=a-+b—a;, I; = [a;—1,a;], J;i = [bi,bi_1],
i=1,...,r.

If there exists a column stochastic matrix S of size r X ¥ such that

Ji| = bi_1 —b; for

Ll =a—a i,

(Zi()v"'va?fl) = (a07'”7ar71)s and (|J1|77|JI’D = (|‘E|77|‘ff|)ST7 27

then
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we see that the first and third inequalities of (28) are valid by Theorem 1 applied to a,
b, I',and a, b, T', respectively.

In order to prove the second inequality of (28), we employ Theorem E in the
context of (27) and obtain

r

Z il £ (@i-1) < Y 1l f(aizr). (29)

i=1
We utilize equalities
b=(a+b)e—a, b=(a+b)e—a and €=eS,
where e = (1,...,1) € R" and € = (1,...,1) € R". Therefore, by (27),
bS = (a+b)eS—aS= (a+b)e—a=bh.
On account of (27) we find that
(oo Wel) = (- 1)ST
In summary, by Sherman’s inequality (8) we get

r

S il f(Bi1) < D | f(bio). (30)
i=1

i=1

This together with (29) completes the proof of (28). [
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